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Waiting in Line 

Have you ever noticed that traffic might be moving 
along smoothly and then all of a sudden it comes to a 
crawl? For a while, an increase in cars on the road affects 
the traffic flow very little. Then, if the traffic intensity 
increases even slightly above a certain level, congestion 
occurs. We can make predictions about waiting in traffic 
or waiting to exit a parking ramp by using rational 
functions. (See Example 2 on page 324 and Chapter 4: 
Collaborative Activity on page AP-6 in Appendix A.) 


Projecting Investment in 
“The Internet of Things” 


The “Internet of Things”, or IoT, refers to devices with 
Wi-Fi capabilities and sensors built into them, such as 
wearable devices and coffee makers. Global IoT investment 
is growing rapidly and can be modeled with a quadratic 
function, Being able to mathematically describe growth in 
business gives decision makers an edge. (See the Chapter 3 
Opener on page 179.) 


Monitoring Heart Rate and Exercise 


When well-conditioned athletes stop exercising, their 
heart rates decrease rapidly at first and then decrease 
more gradually, We can use a nonlinear function to 
describe this nonconstant rate of change in heart rate. 
(See Example 10 on page 190 and Exercises 137-138 
on page 197.) 


Predicting How High the Clouds Are 


Have you noticed that the height of the clouds often de- 
pends on the weather? If we know both the ground-level 
temperature and dew point, we can use linear inequalities 
to predict where clouds might form. (See Exercises 95-96 
on page 133.) 


Showing Why Math Matters 


Rockswold teaches precalculus in context, answering the question, 
“Why am I learning this?” 


Seeing Lightning and Hearing Thunder 
Sometimes during a thunderstorm, you might see a flash of light- 
ning and then seconds later hear thunder. By using this time delay 
and the concept of a function, the distance between you and the 
lightning can easily be estimated. (See Section 1.3 on page 31.) 


Growing Numbers of Active Facebook Users 
The number of daily active users on Facebook has experienced 
remarkable growth. We can use linear functions to understand 
and analyze this growth and make predictions. (See the Chapter 2 
Opener on page 77 and Example 4 on page 81.) 


Understanding the Digital World 


Today, almost every type of electronic communication and photograph is 
digital. A digital format is important because it is easy to transmit from one 
person to the next. To describe and understand the digital world, people often 
use mathematics and matrices. (See Example 2 on page 815 and Chapter 9: 
Collaborative Activity on page AP-13 in Appendix A.) 
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using composition of functions. (See Example 10 on page 395.) 
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In today’s dynamic society, students need to understand mathematics regardless of 
their major, However, at every level, students continue to have difficulty learning and 
retaining mathematics. A purely traditional, or abstract, approach to teaching math- 
ematics does not meet the needs of most of our students and has lead to 
exclusivity in mathematics, rather than inclusivity. In order to both learn 
and retain mathematics, research shows that students must see a connec- 
tion between the concepts and their real-life experiences, Precalculus with 
Modeling and Visualization, Sixth Edition, addresses these issues by appro- 
priately connecting applications, modeling, and visualization to mathemati- 
cal concepts and skills. This text consistently gives meaning to the equations 
and demonstrates that mathematics is relevant. It allows students to learn 
mathematics in the context of their experiences. Students learn mathematics 
more fully when concepts are presented not only symbolically but also visu- 
ally. By complementing a symbolic approach with an emphasis on visual 
presentations, this text allows students to absorb information faster and 
more intuitively, As a result, this text promotes inclusivity and diversity 
within our discipline and beyond. 

The concept of a function is the unifying theme in this text with an 
emphasis on the rule of four (verbal, graphical, numerical, and symbolic 
representations), A flexible approach allows instructors to strike their 
own balance of skills, rule of four, applications, modeling, and technology. Rather 
than reviewing all of the necessary intermediate algebra skills in the first chapter, this 
text integrates required math skills seamlessly by referring students “just in time” to 
Chapter R, “Basic Concepts from Algebra and Geometry.” Instructors are free to assign 
supplemental homework from this chapter. Students also have additional opportunities 
to review their skills in the MyMathLab® course when needed. Here, personalized 
homework and quizzes are readily available on a wide variety of review topics, 

Students frequently do not realize that mathematics is transforming our society, To 
communicate this fact, the author has established a website at www.garyrockswold,net. 
Here, several resources are available, including a number of invited addresses given by 
the author, These presentations are accessible to students and allow them to under- 
stand the big picture of how mathematics influences everyone’s life, 
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Changes to the Sixth Edition 


The Sixth Edition continues to gives meaning to the numbers that students encounter 
by developing concepts in context through the use of applications, multiple represen- 
tations, and visualization. Seamlessly integrated real-life connections, graphs, tables, 
and meaningful data help deepen student understanding. To this end, there are many 
new and exciting changes to the Sixth Edition. 


All See the Concept boxes now have a corresponding video that takes a student 
through the concept step-by-step to make them more accessible for students. 
Additional See the Concept boxes have also been included. 
Hundreds of application examples and exercises have been updated to bring 
timely meaning and relevance to the mathematics. 

» About 750 new exercises have been added throughout the text, both at the basic 
and higher levels of difficulty. 
Clarity has been emphasized throughout to make the text easier for students to 
read with the use of bubbles, labels, and headings. 
At the request of reviewers, the definition of intercept has been changed to be a 
point rather than a real number. 
More emphasis on domain and range in context has been included. 
More critical thinking about graphical interpretation has been added. These exam- 
ples and exercises often ask students to identify characteristics of a graph, such as 
intercepts, zeros, extrema, and intervals where the graph is increasing or decreasing. 
Chapter 1 includes the new topics of finding percent change and the center of a 
circle by completing the square, Interval notation is introduced earlier in Chapter 1, 
More discussion of graphing linear functions by hand, interpreting domain and 
range in context, applying the Pythagorean theorem, and determining an appropri- 
ate calculator window has been added. 
Chapter 2 has additional examples and exercises covering piecewise-defined func- 
tions, absolute value inequalities, and critical thinking about graphs of functions, 
A new subsection on percentages has been included and a more complete discus- 
sion of the x-intercept method has also been added. 
Chapter 3 now has a graphical derivation of the vertex formula that is accessible 
to students, There is additional emphasis on domain and range in context and 
also identifying the domain and range of translated and reflected functions. 
Chapter 4 has a new subsection covering graphs of power functions having inte- 
ger exponents, Much of Section 4.2 has been rewritten to make it more accessible 
for students. 
Chapter 5 has a new subsection covering exponential and logarithmic inequali- 
ties, More discussion of linear and exponential growth, simplifying functions and 
their domains, and logarithmic and exponential forms has been added. More 
modeling examples and exercises that require students to select a modeling func- 
tion have been added to Section 5.7. 

: Chapter 6 has approximately 100 additional exercises. These new exercises cover basic 
trigonometric concepts, critical thinking, checking symbolic skills, and applications. 
Chapter 7 At the request of reviewers, the chapter now includes the topic of 
solving trigonometric inequalities. In addition, more discussion of trigonometric 
equations with no solutions is also included. 

Chapter 8 includes a new chapter opener, additional examples, and exercises that 
cover real life topics, such as airport runway bearings. 
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Chapter 9 has new coverage of supply and demand applications along with find- 
ing equilibrium prices and quantities. Additional business and social network 
applications have also been included. A new discussion of steps for solving a 
system of equations using the elimination method has been added. 

Chapter 10 has new examples and exercises for finding the standard equation of 
a circle by completing the square. 

Chapter 11 has new See the Concept boxes that help explain the distinction 
between arithmetic and geometric sequences, 

Appendix A is new and contains several Collaborative Activities that can be com- 
pleted in or out of class, These activities, or projects, are application-based, include 
discussion of results, and often require connections with previous concepts. 


Features 


The Sixth Edition places an emphasis on conceptual learning, developing students’ 
understanding of The Big Picture, and providing more tools for classrooms looking 
to incorporate more activities and group projects, 


A NU\Y set of 9 collaborative activities is available in Appendix A. Developed by 
the author, these activities follow a project-based learning approach and allow stu- 
dents to actively explore real-world challenges and apply what they know to produce 
results that matter, Some activities focus on a specific concept while others span 
multiple concepts, requiring students to synthesize their knowledge and leading to 
a greater understanding of The Big Picture. Even more projects can be found in the 
new Guided Notebook, available in MyMathLab or bundled with the book. 


This student supplement, authored by Laura J. Younts (Santa Fe College), 
offers a one-stop-shop for student support and engagement. Each section contains 
a structured lecture outline that begins with an application that students fill in dur- 
ing lecture, followed by a group activity to complete in class, A student reflection 
section gives students the opportunity to record questions they have for the next 
class, as well as a space for “my homework,” where students write down the work to 
be done at home. An extended project is included for most chapters. This notebook 
is ideal for any classroom looking to incorporate more active learning. 


Also included in the Guided Notebook are the Rockswold Integrated Review work- 
sheets. These worksheets offer additional practice exercises of relevant intermediate 
algebra topics with ample space for students to show their work. The MyMathLab 
Integrated Review course option is just like our time-tested MyMathLab course but 
with even more resources specially designed to bring underprepared students up to 
speed for college algebra: 


Take Skills Check Quiz 
Determines which developmental topics, if any, to review. 


Did you master 
all objectives? 


(Move into College Algebra material 


Take advantage of review videos and 


worksheets to practice objectives not 
yet mastered. 


i 


Review exercises for any topics not 
mastered will be automatically 
incorporated into that students’ homework. 


| MyMathLab® | 
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e the Concept with Videos and A 


This exciting feature allows students to make important connections by walking 
them through detailed visualizations. Students use graphs, tables, and diagrams 
to learn new concepts in a concise and efficient way. N!°\V for the Sixth Edition, 
this popular feature is brought to life with videos, created for concepts in the text 
where students would benefit from seeing the math explained visually, They are 
integrated throughout the eText for immediate access when students need it most 
and are also available in the multimedia library for easy in-class use. Additionally, 
each See the Concept video has an accompanying MyMathLab assessment ques- 
tion, making these videos truly assignable (see pages 38, 54, 108, and 125). Look 
for them in the MyMathLab Assignment Manager with the label “STC.” 


tting Started with “Set Up & Solve” Questic 


This feature occurs in select examples that require multistep solutions. Getting 
Started helps students develop an overall problem-solving strategy before they 
begin writing a detailed solution. N10 for the Sixth Edition, these problems have 
been rendered in MyMathLab utilizing a Set Up & Solve technique. These multi- 
part exercises require students to show the setup of the solution for a particular 
exercise as well as the solution to gauge a students’ conceptual understanding of 
the topic (see pages 7 and 80). Look for them in the MyMathLab Assignment 
Manager with the label “Set Up & Solve.” 


All ‘Logether 


This unique and helpful feature at the end of every section summarizes techniques 
and reinforces the mathematical concepts presented in the section. It is given in an 
easy-to-follow grid. NIV for the Sixth Edition, these questions are rendered in 
MyMathLab as conceptual questions, asking students to classify, sort, categorize, 
or order mathematical expressions, graphs, and terms (see pages 113 and 368). 
Look for them in the MyMathLab Assignment Manager with the label “PIAT.” 


hecking Basic Concept 


This feature, included after every two sections, provides a small set of exercises 
that can be used as mixed review. These exercises require about 15 to 20 minutes 
to complete and can be used for collaborative, peer-to-peer learning during class 
(see pages 119 and 152). 


Critical Thinking 
This feature, included in most sections, poses a question that requires students to 


take a concept a step further. They can be used for either classroom discussion or 
homework (see pages 55 and 181). 


This feature occurs after each example. It suggests a similar exercise students can 
work to see if they understand the concept presented in the example (see pages 
19 and 85), 


Making Connections 


This feature, which occurs throughout the text, shows students how concepts 
covered previously are related to new concepts being presented (see pages 155 
and 240). 


it B 


This feature allows graphs, tables, and symbolic explanations to be labeled in such 
a way that a concept is easier to understand. The explanation is now tied closely 
to a graph, table, or equation (see pages 31 and 99). 


Throughout the text, Algebra and Geometry Review Notes, located in the mar- 
gins, direct students “just in time” to Chapter R, where important topics in algebra 
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and geometry are reviewed. Instructors can use this chapter for extra review or 
refer students to it as needed. The feature frees instructors from having to fre- 
quently review materials from intermediate algebra and geometry (see pages 111 
and 185). In addition, quizzes and personalized homework on review skills are 
available in MyMathLab—see “Getting Ready” assignments, 


Chapter summaries are presented in an easy-to-read grid format, listing the 
Concept and providing an Explanation and Example. They allow students to 
quickly review key concepts from the chapter (see pages 256 and 375). 


Exercise Sets 


The exercise sets are the heart of any mathematics text, and this text includes a large 
variety of nearly 9000 instructive exercises, Each set of exercises covers skill building, 
mathematical concepts, and applications. Graphical interpretation and tables of data are 
often used to extend students’ understanding of mathematical concepts. The exercise sets 
are graded carefully and categorized according to topic, making it easy for an instruc- 
tor to select appropriate assignments. Additional exercise sets include Chapter Review 
Exercises, Extended and Discovery Exercises, Cumulative Review Exercises, and Writing 
About Mathematics, For the Sixth Edition, three new categories of exercises are available: 


These exercises ask students to take a mathematical concept a step further than 
what is discussed in the text. They challenge students to think beyond the pages 
of the book (see pages 67-68 and 94-95). 


Identified by a green gear icon, these exercises indicate where students need to 
interpret or analyze math used to describe real life (see pages 96-97 and 147). 


These exercises provide a preview into important topics that students will see 
again in calculus (see pages 47, 314, and 353-354), 


Data-Driven Revision 


A goal of this revision is to improve learning outcomes for students. To help achieve 
this goal, we analyzed aggregated student usage and performance data from the previ- 
ous edition’s MyMathLab course. The results of this analysis yielded specific improve- 
ments to this edition, including: 


Adjusted difficulty levels—We analyzed the easiest and most challenging exercises 
in the text to see whether adjustments needed to be made to those exercises or 
to the instruction in the text that supports them. This also allowed us to refine 
the progression of difficulty in the exercise sets so that they unfold evenly from 
simpler to more challenging. 

Added or adjusted content—We analyzed exercise usage data to determine where 
content might need to be added to this text and its MyMathLab course. We also 
analyzed exercise and eText usage data to help inform whether content that was 
seldom used might be covered more succinctly, 


?P 


Get the Most Out of Pearson 
MyMathLab mm 


MyMathLab is the leading online homework, tutorial, and assessment program 
for teaching and learning mathematics, built around Pearson's best-selling 
content. MyMathLab helps students and instructors improve results; it provides 
engaging experiences and personalized learning for each student so learning 
can happen in any environment. Plus, it offers flexible and time-saving course 
management features to allow instructors to easily manage their classes while 
remaining in complete control, regardless of course format. 


Preparedness 


One of the biggest challenges in many mathematics courses is making sure 
students are adequately prepared with the prerequisite skills needed to 
successfully complete their coursework, MyMathLab offers a variety of content 
and course options to support students with just-in-time remediation and 
key-concept review. 


* MyMathLab with Integrated Review—available for Developmental 
Mathematics through Calculus—can be used for just-in-time prerequisite 
review or corequisite courses, These courses provide videos on review 
topics, along with premade, assignable skills-check quizzes and 
personalized review homework assignments. 


*  |n recent years many new course models have emerged as institutions 
“redesign” to help improve retention and results. At Pearson, we're focused 
on creating solutions tailored to support your plans and programs. In 
addition to the new Integrated Review courses, we offer non-STEM 
pathways and STEM-track options. 


Used by more than 37 million students worldwide, MyMathLab delivers 
consistent, measurable gains in student learning outcomes, retention, and 
subsequent course success, 


www.mymathlab.com 
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Resources for Success 
MyMathLab® Online Course for Precalculus 
with Modeling & Visualization, by Rockswold 


(access code required) 


MyMathLab is available to accompany Pearson's market leading text offerings. 
To give students a consistent tone, voice, and teaching methods, each text's 
flavor and approach is tightly integrated throughout the accompanying My- 
MathLab course, making learning the material as seamless as possible, 


_NEW! See the Concept 
Videos with Assessment 


See the Concept videos support visualization and 
conceptual understanding. Many students do better 

if they can visualize the math, These videos have been 
created for concepts in the text where students would 
benefit from seeing the math worked out. They are 
integrated throughout the eText and also available in 
the multimedia library, All videos have an accompanying 
MyMathLab assessment question, making these videos 
truly assignable. 


a | NEW! Putting It All Together 


ob d a9) This helpful feature at the end of every 

owe retaon etal section summarizes techniques and 
reinforces the mathematical concepts 
presented in the section. ew for the Sixth 
Edition, these questions are rendered in 
MyMathLab as conceptual questions, asking 
students to classify, sort, categorize, or order 
mathematical expressions, graphs, and terms. 


NEW! Getting Started 


Getting Started helps students develop an overall 
problem-solving strategy in addition to finding the 
solution. Ew for the Sixth Edition, these problems 
are rendered in MyMathLab utilizing a Set Up & Solve 
technique. These multipart exercises require students 
to show the setup of the solution for a particular 
exercise as well as the solution. 


www.mymathlab.com 
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Resources for Success 
MyMathLab® Online Course for Precalculus 
with Modeling & Visualization, by Rockswold 


(access code required) 


NEW! Guided Notebook with Seta Mi una lna 
Integrated Review Worksheets 


An invaluable companion to the book, the Guided 
Notebook, by Laura J. Younts (Santa Fe College) contains 
structured lecture outlines, additional application 
questions, group activities, reflection sections, and 
Extended Projects, Integrated Review worksheets 
for extra practice on intermediate algebra topics are 
included, This notebook is ideal for any classroom 
looking to incorporate more active learning. 


My Selectors (14) Pwr Arponant WU — Questions: 14 areemmenlt vapemeeds 
4 Ci# Quettion 10 / Media Section / Book Association ave eae Polnts: 14, a ae 
GOV 4.0) Factor polynemnial functions and: 46 y . = 
whO2 4.0.37 Facter patynomtal functions and 2m 408 F ; N EW! En ha nced 
WhO? tea graphing cakuhter tofled. Am 4 y hy Sample Assignments 
o4 Oxtermine the behartes of the 9 oailh, 
ou ‘oulded Vis 4.1.2 aeere: 0. pt 4| Weriseccomuia)y Tb" HA Ge0re:0%, Oo 130% These newly redesigned 
16 AAO 
ey 4.2.0.1 Bows |  aSSignments put a powerful 
a soo #4 a aod Da sb Be pt gon elon combination of author expertise 
Jul Ge 4.2.27 (Chic hac ba mich Se, 
ae aaa Ss copuwersaecissals and dynamic MyMathLab content 
On 42No4 Reena at your fingertips. Composed of 
ee }} eee we canect ah tte author-selected exercises and our 
wl O19 4929 4 OA on oc OD. 
Ow doar 1 @ 1 @ maf’, & vet newest question types, including 
ae ie iu Ale video assessment and interactive 


figures with assessment, 

these fully editable, prebuilt 

[lose wsecryo sane antnen cn cree tone @ assignments give you the best of 
a the best for each section in a snap! 


wap eapea Keuntonse Cech (eA a 


NEW! Guided Visualizations 


These engaging interactive figures bring 
mathematical concepts to life, helping 
students visualize the concepts through 
directed explorations and purposeful 
manipulation. Excellent to use during lecture, 
Guided Visualizations are also assignable in 
MyMathLab with accompanying assessment. 


(ea steed 


www.mymathlab.com 
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Instructor Resources 


Available from www.pearsonhighered.com or 
from within your MyMathLab course. 


Annotated Instructor's Edition 

The Instructor's Edition includes all answers to the 
exercise sets, Teaching Examples provide an extra 
set of examples for instructors to present in class, 
doubling the number of examples available for 
instructors, and Teaching Tips offer helpful ideas 
about presenting topics or teaching from the text. 
Solutions and PowerPoint® slides are available for 
Teaching Examples. 

Instructor's Solutions 

Manual (download only) 

This resource provides complete solutions to all text 
exercises, excluding Writing about Mathematics. 
Guided Solutions for 

Collaborative Activities (download only) 
This resource provides objectives, a list of concepts 
covered, and the solutions for each Collaborative 
Activity found in Appendix A. Objectives and con- 
cepts for the extended projects found in the Guided 
Notebook are also available here. 

Instructor's Testing 

Manual (download only) 

This resource provides prepared tests for each 
chapter of the text as well as answers. 
PowerPoint® Lecture Slides 
(download only) 

Written and designed specifically for this text, these 
lecture slides provide an outline for presenting defi- 
nitions, figures, and key examples from the text. 
TestGen® (download only) 

TestGen® (www.pearsoned.com/testgen) enables 
instructors to build, edit, print, and administer tests 
using a computerized bank of questions developed 
to cover all the objectives of the text. 


Resources for Success 


a) 


Pearson 


Student Resources 


Additional resources to help student success. 


Guided Notebook with Integrated 
Review Worksheets 
This new student supplement, authored by Laura J, 
Younts (Santa Fe College), offers a one-stop-shop for 
student support and engagement. Each section con- 
tains a structured lecture outline that begins with 
an application that students fill in during lecture, 
followed by a group activity to complete in class, 
A student reflection section gives students the op- 
portunity to record questions they have for the next 
class, as well as a space for “my homework," where 
students write down the work to be done at home. 
An extended project is included for most chapters. 

Also included in the Guided Notebook are the 
Rockswold Integrated Review Worksheets, offering ad- 
ditional practice exercises for relevant intermediate 
algebra topics, 

Editable files are available for download within 
MyMathLab, or a hard copy can be bundled with the 
book or MyMathLab access card. 


Student's Solutions Manual 

This resource provides complete solutions to all 
odd-numbered text exercises, excluding Writing 
about Mathematics and Extended and Discovery 
Exercises. Available within MML or as a hard copy, 


www.mymathlab.com 
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Numbers, Data, and 
Problem Solving 
Visualizing and 
Graphing Data 
Functions and Their 
Representations 

Types of Functions and 
Their Rates of Change 


Introduction to 
Functions and Graphs 


H ave you ever thought about how we “live by the numbers?” Money, sports, 
digital televisions, speed limits, grade point averages, gas mileages, and tem- 
peratures are all based on numbers. When we are told what our weight, blood 
pressure, body mass index, and cholesterol levels are, it can even affect how we 
feel about ourselves. Numbers permeate our society. 

Numbers are an essential part of mathematics. Mathematics is used not only 
in science and technology; it is also used to describe almost every facet of life, 
including consumer behavior, social networks, and the Internet. Most vocations 
and professions require a higher level of mathematical understanding than in 
the past. Seldom are the mathematical expectations for employees lowered, as 
the workplace becomes more technical—not less. Mathematics gives people the 
reasoning skills to solve problems from work and life. 

In this chapter we discuss numbers and how functions are used to do calcu- 
lations with these numbers. Understanding numbers and mathematical concepts 
is essential to understanding and dealing with the many changes that will occur 
in our lifetimes. Mathematics makes life easier! 


< 
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« Recognize common sets of 
numbers 

« Evaluate expressions by 
applying the order of 
operations 

» Learn scientific notation 
and use it in applications 

« Apply problem-solving 
strategies 

« Calculate percent change 


Introduction 


Because society is becoming more complex and diverse, our need for mathematics is 
increasing dramatically each year. Numbers are essential to our everyday lives, For 
example, the iPhone 7 has either a 4.7- or 5.5-inch display, 3 gigabytes of RAM, and 
a 12-megapixal rear camera. It can operate at temperatures between 32° and 95°F, 
(Source: Apple Corporation.) 

Mathematics not only provides numbers to describe new products but also gives 
us problem-solving strategies. This section discusses basic sets of numbers and intro- 
duces some essential problem-solving strategies. 


Sets of Numbers 


One important set of numbers is the set of natural numbers, This set comprises the 


counting numbers \\ {1,2,3,4,...}. Another important set of numbers is the 
whole numbers }} {0, 1,2, 3,...}. Whole numbers include the natural numbers 
and the number 0. 

The integers / = {..., —3, —2, —1,0,1,2,3,...} are a set of numbers that 


contains the natural numbers, their additive inverses (negatives), and 0. 
* . p 
A rational number can be expressed as the ratio of two integers f where g # 0.A 
rational number results when an integer is divided by a nonzero integer. Thus rational 
numbers include fractions and the integers. 


Examples of Rational Numbers 
od 1 HM © ig ee 12 


Note that 0 and 1.2 are both rational numbers. They can be represented by the frac- 
tions : and t. Because two fractions that look different can be equivalent, such as 5 
and x, rational numbers have more than one form, A rational number can always be 
expressed in a decimal form that either repeats or terminates. For example, 5 = 0.6, 


a repeating decimal, and { = 0.25, a terminating decimal. The overbar indicates that 
0.6 = 0.6666666 .... 


have a zero—for example, there is no Roman numeral for 0. Discuss some possible 
reasons for this. 


Real numbers can be represented by decimal numbers. Since every rational 
number has a decimal form, real numbers include rational numbers. However, some 
real numbers cannot be expressed as a ratio of two integers. These numbers are 
called irrational numbers. The numbers V2, V 15, and a are examples of irrational 
numbers. They can be represented by nonrepeating, nonterminating decimals. 


For any positive integer a, if Va is not an integer, then the real number ‘Va 
is an irrational number. 


Real numbers are either rational or irrational numbers and can always be approx- 
imated by a terminating decimal. 


Examples of Real Numbers Approximately equal | 


2, -10, 131.3337, 5 0.3, -V5 ~ —2.2361, V11 ~ 3.3166 
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G9 The symbol ~ means approximately equal. This symbol is used in place 
of an equals sign hpeagneed two unequal quantities are close in value, For example, 


b= = 0.5, whereas } = 0.3333, 


FIGURE 1.1 illustrates how the different sets of numbers are related. 


Rational numbers are 
either fractions or 
decimals that repeat 
or terminate. 


Ly vel TS 
E St =, — =, -2, 0.45, 2.5 
xamples 372 2, 0.4: 


Real Numbers 


Irrational Numbers 


Examples: V2, 0,-VI1 


Rational Numbers 
Every real number 
that is not rational 
is irrational, 


Integers 


{4.45 -2,-1,0, 1,2...) 


Natural Numbers 
{1, 2,3, 4, 5, «+} 


FIGURE 1.1 


| Classifying numbers 


Classify each real number as one or more of the following: natural number, whole 
number, integer, rational number, or irrational number. 


B _W7,-12,-Vi6,0 


5, 7? 


12, 


SOLUTION 
5: natural number, whole number, integer, and rational number 
= 12; 


13 ‘ 
— rational number 


-V7: 
=]2) 
V16 = 4: 


0: whole number, integer, and rational number 


rational number 


irrational number 
integer and rational number 
natural number, whole number, integer, and rational number 


Order of Operations 


Does 6 — 3 + 2 equal 0 or 6? Does —5? equal 25 or —25? FIGURE 1.2 correctly shows 
that 6 — 3+ 2 = 0 and that —5* = —25. Because multiplication is performed before 
subtraction, 6 — 3» 2 = 6 — 6 = 0, Similarly, because exponents are evaluated before 
performing negation or multiplication, —S° = (—1)5° = —25. It is essential that alge- 
braic expressions be evaluated consistently, so the following rules have been established. 


FIGURE 1,2 = 


)F OP 


om 
| ORDE! 


Using the following order of operations, perform all calculations within parenthe- 
ses, square roots, and absolute value bars and above and below fraction bars, Then | | 
use the same order of operations to perform any remaining calculations. 


1, Evaluate all exponents. Then do any negation after evaluating exponents. 
2. Do all multiplication and division from /eft to right. | 
3, Do all addition and subtraction from left to right. 
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(TQ Negation can generally be thought of as multiplying by —1. Because expo- 
nents are evaluated before multiplication, exponents are also evaluated before 
negation, 


PTW APA, Evaluating arithmetic expressions by hand 


Evaluate each expression by hand. 


@) 31-sy?- 8 @ D8 -4-|7-9 

SOLUTION 10 6 4 

Saas F=i(-4-2 zs 4-7 -a = 5-4 (5 
= 3(16) — 16 2S en Wa 
= 48 — 16 Smese. 
= 32 ae 


QU (-4)? = (-4)(-4) = 16 and -4? = (-1)4? = -(4)(4) = -16. 


Scientific Notation 


Numbers that are large or small in absolute value are often expressed in scientific 
notation, TABLE 1.1 lists examples of numbers in standard (decimal) form and in 
scientific notation. 


Applications of Scientific Notation 


Standard Form | Scientific Notation | Application 
93,000,000 mi_| 9.3 x 10? mi 
205,000 2.05 X 10° Number of U.S. cell towers in 2015 


9,000,000,000 Estimated world population in 2050 
0.00000538 sec | 5.38 X 10°6 sec Time for light to travel 1 mile 
0.000005 cm Size of a typical virus 


TABLE 1,1 


jor P Who Writing a number in scientific notation 
Write 0.000578 in scientific notation. 


SOLUTION To write 0.000578 in scientific notation, start by moving the decimal 
point to the right of the first nonzero digit, 5, to obtain 5.78. 


Decimal Form Scientific Notation 
0.0005.78 —> 5.78 X 1074 Move the decimal point right 
Aw" 
1234 


Since the decimal point was moved four places to the /v/ir, the exponent of 10 is 
negative 4, or —4, If the decimal point had been moved to the /v/, the exponent of 


10 would be positive 4. 
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Here is a formal definition of scientific notation. 


SCIENTIFIC NOTATION os -_ 


A real number r is in scientific notation when r is written as c X 10", where 
1 < |e] < 10 and nis an integer. 


An Application The next example demonstrates how scientific notation appears in 
the description of a new technology. 


ioawiohoes Analyzing the energy produced by your body 


Nanotechnology is a technology of the very small—on the order of one billionth of a 

meter. Researchers are using nanotechnology to power tiny devices with energy from 

the human body. (Source: Z. Wang, “Self-Powered Nanotech,” Scientific American.) 

(a) Write one billionth in scientific notation. 

(b) While typing, a person’s fingers generate about 2.2 x 10°? watt of electrical energy. 
Write this number in standard (decimal) form. 


SOLUTION 
(a) One billionth can be written as TROON, = as =1X 107°, 
(b) Move the decimal point in 2.2 three places to the left: 2.2 x 1) ' = 0.0022. 


Now Try Exercise 09 


The next example illustrates how to evaluate expressions in scientific notation. 


iS Wwignom evaluating expressions by hand 
Evaluate each expression. Write your result in scientific notation and standard form, 


=I 
(a) (3 x 10°)(2 x 104) (b) (5 X 107)(6 x 10°) © ee 


SOLUTION 
(a) (3 X 10°)(2 x 104) = 3 x 2 X 10° X 104 Commutative property 


6 X 108*4 Add exponents 
= 6x 107 ientific notation 
= 60,000,000 tandard form 


(b) (5 X 1073)(6 X 105) = 5 X 6 X 1073 X 105 Commutative property 


= 30 X 10° Add exponent 
Algebra Review 


3x 10° scientific notation 
To review exponents, see Chapter R : 
(page R-8). = 3000 stan clard form 


=i =1 
© ~ * = = “ x a Multiplication of fractions 
= 2.3 X 10°'~? ubtract exponent 
= 2,3 x 10% ientific notation 
= 0.0023 tandard form 


Now Try Exercisos 53, 55 and 57 


Calculators Calculators often use !) to express powers of 10. For example, 4.2 x 10% 
might be displayed as 4.2 -3. On some calculators, numbers can be entered in scientific 
notation with the key. 
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| EXAMPLE 6 | Computing in scientific notation with a calculator 


| EXAMPLE 7 


Algebra Review 
To review cube roots, 
see Chapter R (Page R-39), 


| 
i 


Approximate each expression. Write your answer in scientific notation. 


3 
os (s* 10 Juax ey eae aay 


4x 10° 0.233 
SOLUTION 
(a) The given expression is entered in two ways in FIGURE 1.3, Note that in both cases 
6 x 103 
(§ x 10° 


\qua x 107) = 0.18 = 1.8 x 107, 


(b) Be sure to insert parentheses around 45007 and around the numerator, 103 + 450, 
in the expression V 45007 (103 4450) From FIGURE 1.4 we can see that the result 
is approximately 1.59 x 10!?, 


(6%1 ano 
)*(1.2%1042) 


18 
(6£3)/(466) *(1 aa 
E2) 
18 


Ur ogaee +4 
50)/.233)43 
1.58960355e12 


FIGURE 1,3 FIGURE 1.4 


Now: Try Exercise: 61 and 63) 


Computing with a calculator 
Use a calculator to evaluate each expression. Round answers to the nearest thousandth, 


1+ V2 
(a) W131 (b) a + 1,27 (c) 1+ V2 (a) V3 — 6| 
3.7 + 9.8 
SOLUTION 
(a) On some calculators the cube root can be found by using the MATH menu. If 
your calculator does not have a cube root key, enter 1314( 1/3). From the first 


two lines in FIGURE 1.5, we see that W131 ~ 5,079, 

Do not use 3.14 for the value of 7. Instead, use the built-in key to obtain 

a jmore accurate value of a. From the bottom two lines in FIGURE 1.5, 

am + 1.2? ~ 32,446, 

(c) When evaluating this expression be sure to include parentheses around the 
numerator and around the denominator. Most calculators have a special 


(b 


~ 


square root 4 that can be used to evaluate V2, From the first three lines in 
1+ V2 

FIGURE 1.6, ee Fog ~ 0.179. 

The absolute value can be found on some calculators by using the MATH NUM 

menus. From the bottom two lines in FIGURE 1.6, 1V3 — 6| ~ 4.268. 


(d 


S 


(1+ ¥(2))/(3.74+9. 
8) 


-1788306342 


abs(¥(3 )=6) 
1 67849192 


1. 
32.44627668 


FIGURE 1.5 FIGURE 1.6 


| Now Try Exercises 67, 69, 71, and 73 } 


EXAMPLE 8 


Earth’s Orbit 


93,000,000 mi 


Sun 


FIGURE 1.7 


Geometry Review 


—.> Earth 


(Not to scale) 


To find the circumference of a circle, see 


Chapter R (Page R-2). 


A Soda Can 
ert 


FIGURE 1.8 


EXAMPLE 9 
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Problem Solving 


Many problem-solving strategies are used in algebra. However, in this subsection we 
focus on two important strategies that are used frequently: making a sketch and apply- 
ing one or more formulas, These strategies are illustrated in the next three examples. 


Finding the speed of Earth 


Earth travels around the sun in an approximately circular orbit with an average 
radius of 93 million miles. If Earth takes | year, or about 365 days, to complete one 
orbit, estimate the orbital speed of Earth in miles per hour. 


SOLUTION 
Getting Started Speed S equals distance D divided by time T, 5 = 2. We need to 


find the number of miles Earth travels in | year and then divide it by the number of 
hours in 1 year. » 


Distance Traveled Make a sketch of Earth orbiting the sun, as shown in FIGURE 1.7, 
In | year Earth travels the circumference of a circle with a radius of 93 million miles. 
The circumference of a circle is 277, where r is the radius, so the distance D is 


D = 2m = 277(93,000,000) ~ 584,300,000 miles. 
Hours in 1 Year The number of hours 7 in | year, or 365 days, equals 
T = 365 X 24 = 8760 hours. 


584,300,000 


Speed of Earth S = 2 = 3700 = 66,700 miles per hour. 


Many times in geometry we evaluate formulas to determine quantities, such as 
perimeter, area, and volume. In the next example we use a formula to determine the 
number of fluid ounces in a soda can. 


Finding the volume of a soda can 


The volume V of the cylindrical soda can in FIGURE 1.8 is given by V = 7h, where 
r is its radius and / is its height. 

(a) If r = 1.4 inches and h = 5 inches, find the volume of the can in cubic inches, 
(b) Could this can hold 16 fluid ounces? (Hint: 1 cubic inch equals 0.55 fluid ounce.) 


SOLUTION 
(a) V = mh = 1(1.4)?(5) = 9.8 ~ 30.8 cubic inches. 
(b) To find the number of fluid ounces, multiply the number of cubic inches by 0.55. 


30.8 < 0.55 = 16.94 


Yes, the can could hold 16 fluid ounces. 


Percent Change The Consumer Price Index (CPI) is often referred to as the “cost 
of living index” and is the numerical scale most commonly used to measure inflation. 
It tracks the prices of basic consumer goods. If the CPI changes from c, to c, then the 
percent change is given by 


O27 4 


x 100. 
Cy 
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EXAMPLE 10 


By what factor did tuition and fees 
increase from 1980 to 2015? By 
what factor did the CPI increase 
over the same time period? 


eee 7.4 | Putting It All Together It All Together 


CONCEPT 


The time from 1982 to 1984 is called the reference period, where the CPI is defined 
to be 100. 


Calculating percent change 


TABLE 1,2 lists the CPI for selected years from 1970 to 2015. A CPI of 39 indicates 
that a typical sample of consumer goods costing $100 in 1982-1984 would have cost 
$39 in 1970. 


Consumer Price Index 


985 


Source: Bureau of Labor Statistics. 
TABLE 1,2 


(a) Discuss the change in the CPI over this 45-year period. 

(b) Approximate the percent change in prices from 1980 to 2015. 

(c) From 1980 to 2015 the average tuition and fees at public colleges and universities 
rose from $804 to $9410. Determine if the percent change in tuition and fees was 
more or less than the percent change in the CPI for the same time period, (Source: 
The College Board.) 


SOLUTION 
(a) The CPI increased during every five-year period between 1970 and 2015, This 
reflects the fact that prices have consistently risen. 
(b) In 1980 the CPI was 82 and in 2015 it was 237. The percent change was approxi- 
mately 
2741 199 = 237 — 82 199 % Ig0%, 
Cy 82 
(c) During the same time period tuition and fees rose from $804 to $9410, so the 
percent change was 
C2 — ey 9410 — 804 


Sst = —_ = 9, 
> x 100 804 x 100 ~ 1070%. 


Since the percent change in the CPI was 189%, the rise in tuition dramatically 


outpaced the CPI, 


COMMENTS EXAMPLES 


Natural numbers | Sometimes referred to as the counting numbers 12) 845s cca: 
Whole numbers Include the natural numbers and 0 0,-1,-2,-3 4; ve 


Integers Include the natural numbers, their opposites, DDO De esas 
and 0 
12 


Rational numbers | Include integers, all fractions fH where p and q 


ee 


? 


Ao as 


3; 0.335, 0, 


are integers with q # 0, all repeating and all 
terminating decimals 
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CONCEPT 


a, V2, -V3, V7, 04 


Irrational 
numbers 


Can be written as nonrepeating, nonterminating 
decimals; cannot be a rational number; if a square 
root of a positive integer is not an integer, it is an 
irrational number. 


a, V7, 5 0, —10, 1.237 


06 = > 1000, V15, -V5 


Real numbers Any number that can be expressed in standard 


(decimal) form 
Include the rational numbers and irrational 
numbers 


Order of 
operations 


-“16= 12+2—2 
16 = 6-2 
22 = 2 


Using the following order of operations, perform 
all calculations within parentheses, square roots, 
and absolute value bars and above and below 
fraction bars, Then perform any remaining 
calculations, 


1, Evaluate all exponents. Then do any negation 
after evaluating exponents, 

2. Do all multiplication and division from /eft 
to right. 

3, Do all addition and subtraction from /eft to 
right. 


3.12 x 104 = 31,200 

1.4521 x 10°? = —0,014521 
5 X 10° = 5,000,000,000 
1.5987 x 10-6 = 0,0000015987 


If A = 10 and B = 5S, the percent 
change is 5 sr X 100 = —50% 


Scientific notation | A number in the form c X 10”, where 
1 < |e| < 10 and nis an integer 


Used to represent numbers that are large or small 
in absolute value 


Percent change If a quantity changes from A to B, 
the percent change is # 7 Ax 100. 
pee Exercises 


Classifying Numbers 


5. V2 (Distance in feet from home plate to second 


Exercises 1-6: Classify the number as one or more of the 
following: natural number, integer, rational number, or real 
number, 


1. 3 (Fraction of people in the United States completing at 
least 4 years of high school) 


2. 100,000 (Number of Facebook new friend requests 
every 60 seconds) 


3. 7.5 (Average number of gallons of water used each minute 
while taking a shower) 


4, 12.3 (Neilsen rating of Sunday Night Football) 


base on a baseball field) 


6. —71 (Wind chill when the temperature is —30°F and 
the wind speed is 40 mi/hr) 


Exercises 7-10: Classify each number as one or more of the 
following: natural number, whole number, integer, rational 
number, or irrational number, 


7. 7,-3.3, V9, 1.3, -V2 

8. 2,3, V7, 0.45, 0, 5.6 x 10° 

9, V13,4,5.1 x 10°, -2.33, 0.7, - V4, 0 
10. —103, 34, V100, -33, 3, -1.457, V3 
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Exercises 11-16: For the measured quantity, state the set 
of numbers that most appropriately describes it, Choose 
from the natural numbers, integers, and rational numbers. 
Explain your answer. 

11. Shoe sizes 


12. Populations of states 

13. Speed limits 

14, Gallons of gasoline 

15. Temperatures in a winter weather forecast in Montana 


16. Numbers of DVD sales 


Order of Operations 
Exercises 17-28; Evaluate by hand. 


17, |5-—8°7]| 18. —2(16 - 3+5) +2 
19, -6 — 3(2 - 4)4 20. (4—5)?-3?-3V9 
a RSM 6-4F +23 
BAT 9- a ay a a a 
3 132 — 122 24, 13 — V9 + 16 eek 
|5 — 7 
44+9 32-3 5, 5+ 10 
3.344 5 26.10 +2 + 5 


27, -2 -2+4-2 28, 5— (-4)3 - (4)3 


Scientific Notation 


Exercises 29-40: Write the number in scientific notation. 


29, 82 (Percent of smartphones that run the Android 
operating system in 2016) 


30. 14,500,000 (Number of U.S. cancer survivors in 2016) 


31. 0.00365 (Proportion of cosmetic surgeries performed 
on 13-19 year olds) 


32, 0.62 (Number of miles in | kilometer) 


33, 2450 34, 105.6 
35. 0.56 36. —0.00456 
37, —0.0087 38. 1,250,000 
39, 206.8 40. 0.00007 


Exercises 41-52: Write the number in standard form. 
41. 1 x 10-6 (Wavelength of visible light in meters) 


42, 9.11 x 1073! (Weight of an electron in kilograms) 


43. 2 x 108 (Years required for the sun to orbit our 
galaxy) 


44, 8 X 10° (Annual dollars spent in the United States 
on cosmetics) 


45, 1.567 X 107 46. —5.68 x 107! 


47. 5 x 10° 48. 3.5 x 103 


49. 0.045 x 10° 50. —5.4 x 10-5 


51. 67 x 103 52. 0.0032 x 107! 
Exercises 53-60; Evaluate the expression by hand. Write your 
result in scientific notation and standard form. 


53. (4 x 10°)(2 x 105) 54, (3 x 10!)(3 x 104) 


55. (5 x 107)(7 x 104) 56, (8 x 10°9)(7 x 10!) 


57, 83% 107? 8.2°x 10? 
* 3x 10! “2x 107 
ibe 4x 10% “a 2.4 x 10° 

“8 107 "4.8 x 1077 


Exercises 61-66; Use a calculator to approximate the 
expression. Write your result in scientific notation. 


8.947 x 107 8 
61.) oo095 ~ (45 * 10°) 


62. (9.87 X 10°)(3.4 x 10!?) 


101 + 23 
a ( 0.42 


64, W/(2.5 x 10-8) + 107 


65. (8.5 X 10-5)(—9.5 x 107)? 


2 
) + V3.4 x 107 


66. Vr(4.56 X 104) + (3.1 x 10-2) 


Exercises 67-76: Use a calculator to evaluate the expression. 
Round your result to the nearest thousandth. 


67. W192 68, V (32 + 7m) 

69, |r — 3.2| 70. jones 

71. =) 72, 3.2(1.1)? — 4(1.1) +2 
73. ze <5 74, 4.32 — 4 

5, 15+ 4¥3 76, 55 


7 2 


Percent Change 


Exercises 77-80: (Refer to Example 10.) For the following 
time periods, calculate the percent change in the CPI to the 
nearest tenth, 


77. From 1985 to 2005 
78. From 2010 to 2015 
79, From 1995 to 2015 


80. From 1970 to 2000 


Exercises 81-86; For the given amounts A and B, find each 
of the following, Round values to the nearest hundredth 
when appropriate. 


(a) The percent change if A changes to B 
(b) The percent change if B changes to A 


81. A = $500, B = $1000 82, A = $500, B = $200 
83, A = $1.27, B = $1.30 84, A 
85. A = 45, B = 65 


ll 


15,B=5 
86. A = 75, B = 50 


87, Critical Thinking If your salary is $35,000 per year 
and increases by 200%, what is your new salary? 


88, Critical Thinking If your salary is $50,000 per year, 
decreases by 50%, and then increases by 50%, what is 
your new salary? 


Applications 


89, Nanotechnology (Refer to Example 4.) During inha- 
lation, the typical body generates 0,14 watt of electri- 
cal power, which could be used to power tiny electrical 
circuits, Write this number in scientific notation. 


90, Movement of the Pacific Plate The Pacific plate (the 
floor of the Pacific Ocean) near Hawaii is moving at 
about 0,000071 kilometer per year, This is about the 
speed at which a fingernail grows. Use scientific nota- 
tion to determine how many kilometers the Pacific 
plate travels in 1 million years, 
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91, Orbital Speed (Refer to Example 8.) The planet Mars 
travels around the sun in a nearly circular orbit with 
a radius of 141 million miles. If it takes 1.88 years for 
Mars to complete one orbit, estimate the orbital speed 
of Mars in miles per hour, 


Mars 


(Not to scale) 


92, Size of the Milky Way The speed of light is about 
186,000 miles per second. The Milly Way galaxy has 
an approximate diameter of 6 X 10!7 miles. Estimate, 
to the nearest thousand, the number of years it takes 
for light to travel across the Milky Way. (Source: 
C. Ronan, The Natural History of the Universe.) 


93, Living with Cancer The number of people living 
with cancer (cancer survivors) has increased dramati- 
cally from 1971 to 2016, (Source: Center for Disease 
Control and Prevention, U.S. Department of Health & 
Human Services.) 

(a) In 1971 the population of the United States was 
208 million and the number living with cancer 
was 3,000,000, To the nearest tenth, approximate 
the percentage of the population living with can- 
cer in 1971, 


(b 


J 


In 2016 the population of the United States was 
324 million and the number living with cancer 
was 14,500,000. To the nearest tenth, approxi- 
mate the percentage of the population living with 
cancer in 2016. 


& 94, Discharge of Water The Amazon River discharges 


water into the Atlantic Ocean at an average rate of 
4,200,000 cubic feet per second, the highest rate of 
any river in the world, Is this more or less than | cubic 
mile of water per day? Explain your calculations, 
(Source: The Guinness Book of Records.) 


Analyzing Debt A 1-inch-high stack of $100 bills 

contains about 250 bills. In 2016 the gross federal 

debt was approximately 19.5 trillion dollars. 

(a) If the entire federal debt were converted into a 
stack of $100 bills, how many feet high would 
it be? 


(b) The distance between Los Angeles and New York 
is approximately 2500 miles. Could this stack 
of $100 bills reach between these two cities? 
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96, Volume of a Cone The volume V of a cone is given 
by V = 4mrh, where ris its radius and /ris its height. 


Find V when r = 4 inches and 4 = | foot. Round 
your answer to the nearest hundredth, 


97, Size of a Soda Can (Refer to Example 9.) The 
volume V of a cylindrical soda can is given by 
V = ah, where r is its radius and / is its height. 
(a) If r = 1.3 inches and 4 = 4.4 inches, find the 
volume of the can in cubic inches. 


(b) Could this can hold 12 fluid ounces? (Hint: 1 
cubic inch equals about 0.55 fluid ounce.) 


98. Volume of a Sphere The volume of a sphere is given 
by V= fa, where r is the radius of the sphere. 


Calculate the volume if the radius is 3 feet. Approxi- 
mate your answer to the nearest tenth. 


Writing about Mathematics 


99, Describe the basic sets of numbers that are used in 
mathematics and where you find them in everyday life, 


100, Suppose that a positive number @ is written in scien- 
tific notation as a = ¢ X 10", where 7 is an integer 
and | se < 10. Explain what n indicates about the 
size of a, 


Extended and Discovery Exercises 


tt : : / ‘ , 
(> Exercises 1-4: Measuring the thickness of a very thin layer 
re ) ly 


of material can be difficult to do directly. For example, with 
a ruler it would be difficult to measure the thickness of an 
oil film on water or a coat of paint. However, it can be done 
indirectly using the following formula. 
Volume 
Thickness 
Area 
That is, the thickness of a thin layer equals the volume 
of the substance divided by the area that it covers. For 
example, if'a volume of 1 cubic inch of paint is spread over 
an area of 100 square inches, then the thickness of the paint 


equals TH inch. Use this formula in the following exercises. 


1, Thickness of an Oil Film A drop of oil measuring 
0.12 cubic centimeter in volume is spilled onto a lake. 
The oil spreads out in a circular shape having a diam- 
eter of 23 centimeters. Approximate the thickness of 
the oil film. 


2. Thickness of Gold Foil A flat, rectangular sheet of 
gold foil measures 20 centimeters by 30 centimeters 
and has a mass of 23.16 grams. If | cubic centimeter of 
gold has a mass of 19.3 grams, find the thickness of the 
gold foil. (Source: U. Haber-Schaim, Introductory Physical 
Science.) 


ad 


Thickness of Cement A 100-foot-long sidewalk is 
5 feet wide. If 125 cubic feet of cement are evenly 
poured to form the sidewalk, find the thickness of the 
sidewalk, 


4, Depth of a Lake A lake covers 2.5 X 107 square feet 
and contains 7.5 X 108 cubic feet of water. Find the 
average depth of the lake. 
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= Analyze one-variable data 


« Find the domain and 
range of a relation 


« Graph in the xy-plane 
= Calculate distance 
« Find the midpoint 


« Learn the standard 
equation of a circle 


= Complete the square to 
find the center and radius 


» Learn to graph equations 
with a calculator 


——— _——— 


Introduction 


There is a wealth of information in data, but the challenge is to convert data into 
meaningful information that can be used to solve problems. About 65% of us are 
visual learners, The vast majority of information, about 90%, transmitted to the brain 
is visual, and the brain processes visual information 60 thousand times faster than 
it processes text. For this reason visualization and graphs can be a powerful way to 
analyze and display data. (Source: Zabisco.) 


One-Variable Data 


Data often occur in the form ofa list. A list of test scores without names is an example; 
the only variable is the score. Data of this type are referred to as one-yariable data. 
If the values in a list are unique, they can be represented visually on a number line, 
Means and medians can be found for one-variable data sets. To calculate the 
mean (or average) of a set of n numbers, we add the 7 numbers and then divide the 
sum by n. The median is equal to the value that is located in the middle of a sorted list. 
If there is an odd number of data items, the median is the middle data item. If there 
is an even number of data items, the median is the average of the two middle items, 


lore Aowe § Analyzing a list of temperatures 


TABLE 1.3 lists the low temperatures T in degrees Fahrenheit that occurred in 
Minneapolis, Minnesota, for six consecutive nights, 


Low Temperatures in Minneapolis for Six Nights 


Fl-e[ = crite | 


TABLE 1.3 


(a) Plot these temperatures on a number line. 

(b) Find the maximum and minimum of these temperatures. 
(c) Determine the mean of these six temperatures. 

(d) Find the median and interpret the result. 


SOLUTION 
(a) In FIGURE 1.9 the numbers in TABLE 1.3 are plotted on a number line. 


Number Line Graph of Low Temperatures 


<t—\_1— 40-0 0} —2-+2_+> 
-30 -—20 —10 0 10 20 30 


FIGURE 1.9 


(b) The maximum is 21°F and the minimum is —12°F. 
(c) The mean temperature is calculated as follows: 


—12 + (—4) + (-8) +214+18+9 24 Calculating the 
6 6 4. average 


Thus the average low temperature is 4°F. 


(d@) In the ordered list -12, -8, — 4, 9, 18, 21, the median is the average of the two 


middle temperatures, — 4°F and 9°F. The median is =4 oh 2 2.5°F. This means 


that half of the temperatures are above 2.5°F and half are below. 


14 
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This table forms a 
relation with ordered 


Two-Variable Data 


Relations Sometimes a relationship exists between two lists of data, TABLE 1.4 lists 

the monthly average precipitation in inches for Portland, Oregon, In this table, | cor- 

responds to January, 2 to February, and so on. We show the relationship between a 

month and its average precipitation by combining the two lists so that corresponding 
Average Precipitation for Portland, Oregon 


pairs in the form 


Month} 1 2 3 4 5 
Precipitation (inches) | 6.2 | 3.9 | 3.6 | 2.3 | 2.0 


months and precipitations are visually paired. 
6{[7]8 [9 | to] | i2] 
15] 0.5[ 11 | 16 | 3.1 | 5.2 | 64 | 


(month, precipitation). 


TABLE 1.4 


| EXAMPLE 


If x is the month and y is the precipitation in inches, then the ordered pair (.x, y) 
represents the average amount of precipitation y during month x, For example, the 
ordered pair (5, 2.0) indicates that the average precipitation in May is 2.0 inches, 
whereas the ordered pair (2, 3.9) indicates that the average precipitation in February 
is 3.9 inches, Order is important in an ordered pair. 

Since the data in TABLE 1.4 involve two variables, the month and precipitation, we 
refer to them as two-variable data. It is important to realize that a relation established 
by two-variable data is between two lists rather than within a single list. January is 
not related to August, and 6.2 inches of precipitation is not associated with 1.1 inches 
of precipitation, Instead, January is paired with 6,2 inches, and August is paired with 
1.1 inches, We now formally define the mathematical concept of a relation. 


| A relation is a set of ordered pairs. 


If we denote the ordered pairs in a relation by (x, )), then the set of all x-values 
is called the domain of the relation and the set of all y-values is called the range. The 
relation shown in TABLE 1.4 has domain 


D = {1,2,3,4, 5,6, 7, 8,9, 10, 11, 12} 
The domain is the set of months, 


x-values | 


and range 
R = {0.5, 1.1, 1.5, 1.6, 2.0, 2.3, 3.1, 3.6, 3.9, 5.2, 6.2, 6.4}. — y-values | 
The range is the set of average precipitations. 
Finding the domain and range of a relation 


A physics class measured the time y that it takes for an object to fall x feet, as shown 
in TABLE 1.5, The object was dropped twice from each height. 


Falling Object 
x (feet)} 20 20 40 40 
y (seconds) | 1.2 of Ls | 
TABLE 1.5 


(a) Express the data as a relation S. 
(b) Find the domain and range of S. 


SOLUTION 
(a) A relation is a set of ordered pairs, so we can write 


S = { (20, 1.2), (20, 1.1), (40, 1.5), (40, 1.6) }, 
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(b) The domain is the set of v-yalues of the ordered pairs, or D = {20, 40}. The 
range is the set of )-yalues of the ordered pairs, or R = {1.1, 1.2, 1.5, 1.6}. 


If an element in the domain or range occurs more than once in a data table, 
it is listed only once in the set for the domain or the range. 
| Now 4 ry] mHercise 


Graphing Relations To visualize a relation, we often use the Cartesian (rectangular) 
coordinate plane, or xy-plane. The horizontal axis is the x-axis and the vertical axis is 
the y-axis. The axes intersect at the origin and determine four regions called quadrants, 
numbered I, II, III, and IV, counterclockwise, as shown in FIGURE 1.10. We can plot 
the ordered pair (x,y) using the x- and y-axes. A grid is sometimes helpful when 
plotting points, as shown in FIGURE 1.11. A point lying on the x-axis or y-axis does 
not belong to any quadrant. The point (—3, 0) is located on the x-axis, whereas the 
point (0, —3) lies on the y-axis, Neither point belongs to any of the four quadrants. 


The xy-plane 
y 


Plotting Points in the xy-plane 


Quadrant I Quadrant I 


Origin | 


x-axis | 


Quadrant HI 


Quadrant TV 


FIGURE 1.10 


FIGURE 1.11 


The term scatterplot is given to a graph in the xy-plane where distinct points are 
plotted. FIGURE 1.11 is an example of a scatterplot. 


Graphing a relation 
Complete the following for the relation 


S = {(5, 10), (5,—5), (—10, 10), (0, 15), (15, -10) }. 


(a) Find the domain and range of the relation. 

(b) Determine the maximum and minimum of the x-values and then of the p-values. 
(c) Label appropriate scales on the x- and y-axes. 

(d) Plot the relation as a scatterplot. 


SOLUTION 
(a) The elements of the domain D correspond to the first number in each ordered 
pair. 


D= { -15, — 10, 0, 5} —— List each element only once. | 
The elements of the range R correspond to the second number in each ordered 
pair. 
R= {- 10, —5, 10, 15} —— List each element only once. | 
(b) x-minimum: — 15; x-maximum: 5; 
y-minimum: — 10; y-maximum: 15 
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Other scales for the x- 15 (-10, 10) (0, 15) 
and y-axes are possible SORES +145) 10) 
5} = ni ae oe sell | 


| EX/ AIVIP 


Geometry Review 
To review the Pythagorean theorem, see 
Chapter R (page R-2). 


Pythagorean Theorem c? = a? + b? 


FIGURE 1,16 


(c) An appropriate scale for both the x-axis and the y-axis might be —20 to 20, with 
each tick mark representing a distance of 5. This scale is shown in FIGURE 1.12. 


Selecting a Scale for the Axes Plotting the Given Points 
y 


Lan’ 


++ PePeectt 


FIGURE 1,13 


FIGURE 1.12 


(d) The points in S are plotted in FIGURE 1.13, 


\ Wow Try Exercise 17 | 


Sometimes it is helpful to connect consecutive data points in a scatterplot with 
straight-line segments. This type of graph is called a line graph. 


| Making a scatterplot and a line graph 


Use TABLE 1.4 to make a scatterplot of average monthly precipitation in Portland, 
Oregon, Then make a line graph. 


SOLUTION 

Use the x-axis for the months and the y-axis for the precipitation amounts, To make 
a scatterplot, simply graph the ordered pairs (1, 6.2), (2, 3.9), (3, 3.6), (4, 2.3), 
(5, 2.0), (6, 1.5), (7, 0.5), (8, 1.1), (9, 1.6), (10, 3.1), (11, 5.2), and (12, 6.4) in 
the xy-plane, as shown in FIGURE 1.14. Then connect consecutive data points to make 
a line graph, as shown in FIGURE 1.15. 


Scatterplot Line Graph 
3g 3 
3 3 
& & Connect consecutive 
§ § data points to make 
4 4 a line graph. 
‘a ‘a 
5 3 5 
é 2 
a 
Sh & 
: : 
< * < 
Month Month 
FIGURE 1,14 Monthly Average FIGURE 1.15 
Precipitation 


Now Try Exercise 23 


The Distance Formula 


If a right triangle has hypotenuse c, and legs « and /, then by the Pythagorean 
theorem, ¢? = «2 + /?, See FIGURE 1.16. The distance between two points in the 
xy-planes can found by applying this theorem, as illustrated in the following See 
the Concept. 
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See the Concept: Distance Between Two Points 


y 
@ The length of the vertical leg is y2 — yj. 


© The length of the horizontal leg is x) — »). 
(x2, Y2) @ By the Pythagorean theorem: 
P=(x, — m+ (vy - nw? 


’ Distance is nonnegative. | 


Thus,d = V(x — ~)? + (y — yi)? 


FIGURE 1,17 


For example, FIGURE 1.17 shows a line segment connecting the points (— 1,3) and 
(4, —3). Its length is calculated as follows. 


d= V(E= (=I) + (=3= 37 Distance formula 


= Vol Exact length 


~ 781 Approximate 


DISTANCE FORMULA 
The distance d between the points (x), y,) and (x, y2) in the xy-plane is 


d= V(x2- 4)? + (92 — 1). 


lod Witioy Finding the distance between two points 


Find the exact distance between (3, —4) and (—2,7). Then approximate this dis- 
tance to the nearest hundredth. 


SOLUTION 
In the distance formula, let (2°), »;) be (3, —4) and (2, )2) be (—2,7). 


Vx = i)? + (2 n)?= V(-2 3)? + (7 - (-4))? Distance formula 
Vaart Subd 


= V146 


ll 


Simplify. 
= 12.08 Approximate 


The exact distance is V146, and the approximate distance, rounded to the nearest 
hundredth, is 12.08. Note that we would obtain the same answer if we let (x1, 91) be 


(2,7) and (x2, y2) be (3, —4). 


In the next example the distance between two moving cars is found. 
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KA MPLE 6 | Finding the distance between two moving cars 


Distance Between Two Cars 


Litr dry p 
“Near (60, 0) 


Noon | 


FIGURE 1.18 


Finding the Midpoint 


FIGURE 1.20 


Suppose that at noon car A is traveling south at 20 miles per hour and is located 

80 miles north of car B. Car B is traveling east at 40 miles per hour. 

(a) Let (0,0) be the initial coordinates of car B in the xy-plane, where units are in 
miles. Plot the location of each car at noon and at 1:30 P.M. 

(b) Approximate the distance between the cars at 1:30 P.M. 


SOLUTION 

(a) If the initial coordinates of car B are (0,0), then the initial coordinates of car A 
are (0, 80), because car A is 80 miles north of car B. After | hour and 30 min- 
utes, or 1.5 hours, car A has traveled 1.5 X 20 = 30 miles south, and so it is 
located 50 miles north of the initial location of car B. Thus its coordinates are 
(0, 50) at 1:30 p.m. Car B traveled 1.5 x 40 = 60 miles east, so its coordinates 
are (60, 0) at 1:30 p.m. See FIGURE 1.18, where these points are plotted. 

(b) To find the distance between the cars at 1:30 p.M. we must find the distance d 
between the points (0, 50) and (60,0). 


d= V(o0 — 0)? + (0 — 50)? = V6100 ~ 78.1 miles 


| Now ‘ry Exercise 51 ] 


The Midpoint Formula 


A common way to make estimations is to average data values. For example, in 1995 
the average cost of tuition and fees at public colleges and universities was about 
$4000, whereas in 2015 it was about $7000. One might estimate the cost of tuition and 
fees in 2005 to be $5500. This type of averaging is referred to as finding the midpoint. 
If a line segment is drawn between two data points, then its midpoint is the unique 
point on the line segment that is equidistant from the endpoints. 

On a real number line, the midpoint M of two data points x; and xp is calculated 
by averaging their coordinates, as shown in FIGURE 1.19. For example, the midpoint 


of 3 and Sis M = 3545 = 1. 


Finding the Midpoint on a Number Line 


xy M NX 
FIGURE 1.19 


The midpoint formula in the xy-plane is similar to the formula for the real num- 
ber line, except that both coordinates are averaged. FIGURE 1.20 shows midpoint Mf 
located on the line segment connecting the two data points (1°), ))) and (2%, )). 
The x-coordinate of the midpoint M is located halfway between x; and x and is 


; “ =, Similarly, the y-coordinate of M is the average of ), and )»,. For example, 
if we let (0,,),) be (—3,1) and («,))) be (—1,3) in FIGURE 1.20, then the 


midpoint is computed by 
Lt Ls 
ary ) (=2;.2) 


Ger 


| The midpoint of the line segment with endpoints (x), y;) and (x2, y2) in the 


xy-plane is 
(@ tx wt 2) 
3°” 2 : 
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| EXAMPLE 7 | Finding the midpoint 


4). | 


EXAMPLE 8 


Circle with Center (h, k) 
and Radius r 


FIGURE 1.22 


Find the midpoint of the line segment connecting the points (6, —7) and (—4, 6). 


SOLUTION 


In the midpoint formula, let (“,,.),) be (6, ~7) and (>, 3») be (—4, 6). Then the 
midpoint M can be found as follows. 


" (= +x +) ; ; 
Me ——S SS Midpoint formula 
?) 2 ‘ 


~(e468.=129 


i ees 


The midpoint \/ of this line segment is shown in FIGURE 1.21. 


Now Try Exercise 59 


Estimating U.S. population 


In 1990 the population of the United States was 249 million, and by 2020 it is pro- 
jected to be 335 million, Use the midpoint formula to estimate the population in 2005, 
(Source; U.S, Census Bureau.) 


SOLUTION 
The U.S, populations in 1990 and 2020 are given by the points (1990, 249) and 
(2020, 335), The midpoint M of the line segment connecting these points is 


1990 + 2020 249 + 335 
M= , 
( 2 2 


The midpoint formula estimates a population of 292 million in 2005. (The actual 


population was 296 million.) 


) (2005, 292), 


Circles 


Finding Equations of Circles A eirele consists of the set of points in a plane that 
are equidistant from a fixed point. The distance is called the radius of the circle, and 
the fixed point is called the center. If we let the center of the circle be (f,k), the 
radius be r, and (x, y) be any point on the circle, then the distance between (x, y) 
and (h,k) must equal r, See FIGURE 1.22. By the distance formula we have 


V(x =i) + (y— HP = 0, 
Squaring each side gives 
(x — 1)? + (y— hk)? =, 


STANDARD EQUATION OF A CIRCLE 
The circle with center (/, k) and radius r has equation 


(x —h)? + (y — k)? = 92, 


(TEED If the center of a circle is (0,0), then the equation simplifies to x? + y? = 7°, 
For example, the equation of the circle with center (0,0) and radius 7is x? + y? = 49, 
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| EXAMPLE 9 


EXAMPLE 10 


Finding the center and radius of a circle 


Find the center and radius of the circle with the given equation. Graph each circle. 
(a) r+y=9  (b) (x- 1)? + (y+ 2)? =4 


SOLUTION 

(a) Because the equation x? + y? = 9canbewrittenas (x — 0)? + (y — 0)? =, 
the center is ((), ()) and the radius is V9, or 3. The graph of this circle is shown 
in FIGURE 1.23. 

(b) For (x — 1)? + (y + 2)? = 4, the center is (1, -2) and the radius is V4, or 2. 
The graph is shown in FIGURE 1.24. 


FIGURE 1.23 FIGURE 1,24 


Finding the equation of a circle 


Find the equation of the circle that satisfies the conditions. Graph each circle, 
(a) Radius 4, center (—3, 5) 
(b) Center (6, —3) with the point (1, 2) on the circle 


SOLUTION 
(a) Let r = 4and (h,k) = (—3,5). The equation of this circle is 
(x - (-3))? #(9- 5)2=4 or (x +3)? + (y- 5)? = 16, 
A graph of the circle is shown in FIGURE 1,25. 


(b) First we must find the distance between the points (6, —3) and (1, 2) to 
determine the radius r. 


r= V(6— 1)? + (-3 - 2)? = V50 = 7.1 


Since 12 = 50), the equation of the circle is (x — 6)? + (y + 3)? = 50, Its 
graph is shown in FIGURE 1.26, 


y 


50 


FIGURE 1.25 


FIGURE 1.27 


Algebra Review 

To review how to square a binomial, 
such as (x + 2)%, see Chapter R 
(page R-17). 


Completing the Square 
P+ dy 4 = (x + 27 


x 2 
FIGURE 1.28 
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Finding the equation of a circle 


The diameter of a circle is shown in FIGURE 1.27. Find the standard equation of the 
circle. 


SOLUTION 
Getting Started First find the center of the circle, which is the midpoint of a diam- 
eter, Then find the radius by calculating the distance between the center and one of 
the given endpoints of the diameter. » 

Find the center C of the circle by applying the midpoint formula to the endpoints 
of the diameter (—3, 4) and (5,6). 


-3+5 44+6\_ 
c-(S5 2 y= a5) 


Use the distance formula to find the radius, which equals the distance from the center 
(1,5) to the endpoint (5, 6). 


r= V(5— 1)? + (6-5)? = VI7 
Thus 7? equals 17, and the standard equation is (x — 1)? + (y — 5)? = 17. 


| Now Try Exercise 97 | 


General Equation of a Circle Suppose that we expand the binomials in the stan- 
dard equation of a circle (x + 2)? + (y — 3)? = 18 by multiplying. 


(x +2)? + (y-3)= 18 
wrt 4xv+4+y?- 6y +9=18 + b) 
x? + 4x + y? — Gy = 5 Subtract 13 from eac| 


The resulting equation, x? + 4x + y? — 6y = 5, isin the form of the general equation 
of a circle. If we were given this general equation first, then it would not be obvious 
what are the center and radius of this circle. However, given this general form, we 
can find its center and radius by completing the square. That is, we can transform the 
general equation 
wt+4y+y? - 6p =5 

into its standard form 

(x + 2)? + (y - 3)? = 18, 
In standard form it is clearer that the center is (—2, 3) and the radius is V/18. 


Completing the Square to Find the Center of a Circle The center of a circle 
can be found by using a technique called completing the square. To complete the 
square for the expression x? + 4.x, consider FIGURE 1.28, 

Note that the blue and pink areas sum to 


+x + 2x = x? + dy, 


The area of the small green square must be 2+ 2 = 4, Thus to complete the square 
for x? + 4x, we add 4. 
Area of Area of large 
pink rectangles square: A= L+ W 


x? + 4x + ‘ss 


Area of 


green square 


22 CHAPTER 1 Introduction to Functions and Graphs 


p\2 F 
CRITICAL THINKING In general, to complete the square for x? + /x we must add (5) , as illustrated in 


Use the figure to complete the FIGURE 1.29. This technique is shown in Example 12, 


vex fri 2 5 
square for x° + 8x. Completing the Square 


Blue and pink areas: x? + 8x + Bx = x? + bx 
P axvg 


Complete the square by adding: (#) 


Algebra Review 
To factor perfect square trinomials, FIGURE 1.29 
such as x? + 4x + 4, see Chapter R 


(page R24), In the next example we use the technique of completing the square to write the 


general form of the equation of a circle in standard form. 


Finding the center and radius of a circle 


Find the center and radius of the circle given by x? + 4x + y? — 6y = 5, 


SOLUTION 
Begin by writing the equation as 


Add (8)° forb = 4 andb = —6. 
2 gga “a a. by = 
(x? + dx + d+ iy oy + )=5, 


. 4)? = 6)? _ ¢ e ‘ 
(CRITICAL THINKING | To complete the square, add (3) = 4 and ( 5 ) ) to each side of the equation. 


Does the following equation rep- (x? + 4x + 4) + (y? -— Gy $9) = 5S 4449 
resent a circle? If so, give its 2 _—_-——_]} 
center and radius, 


x? + y? + Oy = -32 


Factoring each perfect square trinomial yields 
(x + 2)? + (y — 3)? = 18. 
The center is (—2, 3), and because 18 = (vis), the radius is VIB, or 3V2. 
| Now Try E: i 


Finding the center and radius of a circle 
Find the center and radius of the circle given by x? — 6x + y? + 10y + 25 = 0, if 
possible, Sketch its graph. 


SOLUTION 


Add (8)? for b = 10. 
add ()Ptorb= 5. | 2 gy + y? + 1oy +25 <0 Wena 10] 


(x? — 6x + ) + (2 + 10y + ) = -25 ubtract 


2 2 
Add [3 -»)| = (-3)?=9 and [Zo = 5? = 25 inside each pair of 


parentheses to complete the squares. 


Center (3, —5);r = 3 


FIGURE 1.30 


Identifying the Window Size 


Ymax 


Xmin Xmax 


Ymin 
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ll 


(x? — 6x +9) + (y? + 1Oy + 25) = -25 +9 +25 
(x — 3)? + (y+ 5)? =9 


The standard equation represents a circle with center at (3, —5) and radius 3. See 
FIGURE 1.30, 


| Now Try 


Graphing with a Calculator 


Graphing calculators can be used to create tables, scatterplots, line graphs, and other 
types of graphs. The viewing rectangle, or window, on a graphing calculator is similar 
to the view finder in a camera. A camera cannot take a picture of an entire scene; it 
must be centered on a portion of the available scenery and then it can capture dif- 
ferent views of the same scene by zooming in and out. Graphing calculators have 
similar capabilities. The calculator screen can show only a finite, rectangular region 
of the infinite xy-plane. The viewing rectangle must be specified by setting minimum 
and maximum values for both the x- and y-axes before a graph can be drawn. 

We will use the following terminology to describe a viewing rectangle. Xmin is 
the minimum x-value and Xmax is the maximum x-value along the x-axis. Similarly, 
Ymin is the minimum y-value and Ymax is the maximum y-value along the y-axis, 
Most graphs show an y-scale and a y-scale using tick marks on the respective axes. 
The distance represented by consecutive tick marks on the x-axis is called Xsel, and 
the distance represented by consecutive tick marks on the y-axis is called Yscl. See 


FIGURE 1.31 FIGURE 1.31, This information can be written concisely as 
[Xmin, Xmax, } sel] by [Ymin, Ymax, Ysel]. 
For example, [—10, 10, 1] by [—10, 10, 1] means that Xmin = —10, Xmax = 10, 
Xsel = 1, Ymin = —10, Ymax = 10, and Yscl = 1. This setting is referred to as the 
standard viewing rectangle. 
/EXAMPLE 14| Setting the viewing rectangle 
Show the standard viewing rectangle and the viewing rectangle given by [—30, 40, 10] 
by [—400, 800, 100] on your calculator, 
SOLUTION 
The required window settings and viewing rectangles are displayed in FIGURES 1.32- 
1.35. Notice that in FIGURE 1.33, there are 10 tick marks on the positive x-axis, since 
its length is 10 and the distance between consecutive tick marks is 1. Note that Xres 
is usually equal to 1. 
The Standard Viewing Rectangle Setting a Different Window 


[-10, 10,1] by [-10, 10, 1] [-30, 40, 10] by [-400, 800, 100] 


Ymin=~10 
Ymax= 10 
Yscl=1 
Xres=1 


Yscl=100 
Xres=1 


FIGURE 1,32 FIGURE 1.33 FIGURE 1.34 FIGURE 1.35 


hess 
| Now 7) 
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/EXAMPLE 15 | Making a scatterplot with a graphing calculator 
Plot the points (—5,—5), (—2,3), (1,-7), and (4,8) in the standard viewing 
rectangle, 
SOLUTION 
The standard viewing rectangle is given by [—10, 10, 1] by [—10, 10, 1]. The points 
(-5, -5), (—2, 3), (1, -7), and (4, 8) are plotted in FIGURE 1.36. 


[=10, 10, 1] by [—10, 10, 1] 


FIGURE 1.36 


Now Try! Exercise 131 | 


[EXAMPLE 16] Creating a line graph with a graphing calculator 
TABLE 1.6 lists the percentage of music album sales accounted for by compact discs 
(CDs) from 1990 to 2015, Make a line graph of these sales in [ 1988, 2018, 2] by 
[0, 100, 20]. 
CD Album Sales 
Year | 1990 | 1995 | 2000 | 2005 | 2010 | 2015 | 
CDs (% share)| 31 65 89 90 714 49 


Source: Recording Industry Association of America, 
TABLE 1,6 


SOLUTION 

Enter the data points (1990, 31), (1995, 65), (2000, 89), (2005, 90), (2010, 74), 
and (2015, 49). A line graph can be created by selecting this option on your graphing 
calculator. The graph is shown in FIGURE 1.37, 


[1988, 2018, 2] by [0, 100, 20] 


FIGURE 1.37 


| Now Try Exercise 1 135) 


Selecting an Appropriate Window Size There are many windows that would 
be appropriate for plotting the data in Example 16. Generally, try to pick a window 
that is big enough to include all the data points, but not bigger than necessary. For 
example, since the x-value in the table vary from 1990 to 2015, a slightly larger 
x-interval from 1988 to 2018 was chosen for Xmin and Xmax. Similarly, because 
percent share can vary from 0% to 100%, the y-interval 0 to 100 was chosen for 


Ymin and Ymax. 


4 Putting It All Together 


CONCEPT 
Mean, or average 


Median 


Relation, domain, 
and range 


Distance formula 


Midpoint formula 


Pythagorean 
theorem 


Standard 
equation of a 
circle 


Complete the 
square 


TYPE OF DATA 
One-variable data 


Two-variable data 


EXPLANATION 


To find the mean, or average, of » numbers, 
divide their sum by n. 


The median of a sorted list of numbers equals the 
value that is located in the middle of the list. Half 
the data are greater than or equal to the median, 
and half the data are less than or equal to the 
median. 


A relation is a set of ordered pairs (x, y). The 
set of x-values is called the domain, and the set of 
p-values is called the range. 


The distance between (x1, y,) and (x9, y2) is 


d= V(x. - 1)? + (2-1)? 


The midpoint of the line segment connecting 
(x11) and (x2, y2) is 


XM +x. yt 
u=(2 ¥2 YA 2), 


2 2 


If a right triangle has legs a and b and 
hypotenuse ¢, then 


a+ B= ce, 


The circle with center (/, k) and radius r has the 
equation 


(x —h)? + (y—k)? =? 


To complete the square for x? + bx, add (8). 


METHODS OF VISUALIZATION 
Number line, list, one-column or one-row table 


Two-column or two-row table, scatterplot, line 
graph or other type of graph in the xy-plane 
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The mean of the four numbers —3, 5, 6, 9 is 


“3 +5+ 6 +9 


4 = 4.25, 


The median of 2, 3, 6, 9, 11 is 6, the 
middle data item. 


The median of 2, 3, 6, 9 is the average of 
the two middle values: 3 and 6. Therefore 
the median is 3 $ 645, 


The relation S = {(1,3), (2,5), (1,6) } 
has domain D = {1,2} and range 
R= {3,5,6}. 


The distance between (2, —1) and 
(-1, 3) is 
d= V(-1- 2)? + (3 - (-1))? =5. 


The midpoint of the line segment 
connecting (4,3) and (—2, 5) is 


of (=) 345) (1,4). 


If the legs of a right triangle are 5 inches 
and 12 inches, then the hypotenuse is 
13 inches because 5? + 12? = 132, 


The circle with center (—3, 4) and radius 
5 has the equation 


(x + 3)? + (y — 4)? = 25, 


To complete the square for 
x? + 8x, add (8) = 16. 
Thus x? + 8x + 16 = (x + 4)? 


COMMENTS 
The data items are the same type and can 
be described using x-values. 


Computations of the mean and median 
are performed on one-variable data. 


Two types of data are related, can be 
described by using ordered pairs (x, y), 
and are often called a relation. 
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FED exercises _ 


Data Involving One Variable 


Exercises 1-4: For the table of data, complete the following. 


(a) Plot the numbers on a number line. 
(b) Find the maximum and minimum of the data. 
(c) Determine the mean of the data. 


uf 3 [2[s]o]e]|[-1] 
as [3], 4f[-2[1 16 | 
3.[-10| 20 | 30 [-20] 0 [| 10 | 


4,[0.5 [-15] 20 | 45 [-3.5|-10] 


Exercises 5-8: Sort the list of numbers from smallest to 
largest and display the result in a table. 


(a) Determine the maximum and minimum values. 
(b) Calculate the mean and median. Round each result to 
the nearest hundredth when appropriate. 


5, —10, 25, 15, —30, 55, 61, —30, 45, 5 
6. —1.25, 4.75, -3.5, 1.5, 2.5, 4.75, 1.5 
7. V15, 223, W69, 7, 2”, 4.1 


8, 3.14, 0/28, V9.4, 4°, 31 


: 4g Exercises 9 and 10; Geography The set of numbers contains 

data about geographic features of the world. 

(a) Plot the numbers on a number line. 

(b) Calculate the mean and median for the set of numbers. 
Interpret your results. 

(c) Try to identify the geographic feature associated with 
the largest number in the set. 

9. {31,7, 22.3, 12.3, 26.8, 24.9, 23.0} (Areas of largest 

freshwater lakes in thousands of square miles) (Source: 
U.S. National Oceanic and Atmospheric Administration.) 


10. {19.3, 18.5, 29.0, 7.31, 16.1, 22.8, 20.3} (Highest 
elevations of the continents in thousands of feet) 
(Source: National Geographic Atlas of the World.) 


11. Critical Thinking Find a set of three numbers with a 
mean of 20 and a median of 18. Is your answer unique? 


12. Critical Thinking Find a set of five numbers with a 
mean of 10 and a median of 9. Is your answer unique? 


Data Involving Two Variables 


Exercises 13-16: For the table of data, complete the following. 


(a) Express the data as a relation S. 
(b) Find the domain and range of S. 


x =| 2 3 
y 3) 2 |=1 


13. 


16. 


3 =1. | =2 
3 5 
= 3 -—5 
3 Es 


Exercises 17-22; Complete the following. 


(a) Find the domain and range of the relation. 

(b) Determine the maximun and minimum of the x-values 
and then of the y-values. 

(c) Label appropriate scales on the xy-axes. 

(d) Plot the relation. 


17. {(0,5), (3,4), (—2, -5), (7, 3), (0,0) } 

18. {(1, 1), (3,0), (—5, —5), (8, -2), (0, 3) } 

19. { (2,2), (-3, 1), (-4,-1), (1,3), (0, -2)} 

20. {(1, 1), (2, -3), (-1, -1), (1 2), (-1,0)} 

21. {(10, 50), (—35, 45), (0, -55), (75, 25), (—25, -25)} 
22, {(—1.2, 1.5), (1.0, 0.5), (—0.3, 1.1), (-0.8, -1.3)} 


Exercises 23 and 24: Plotting Real Data Use the table to 
make a scatterplot and line graph of the data. 


23. Global Cell Phone Subscribers (millions) 


Year | 1995 | 2005 | 2010 
Subscribers 


2015 | 


301 | 390 | 


an 208 
Source: CTIA-The Wireless Association. 
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Algebra Review The only solution is 1. We can check our answer. 

To review factoring trinomials, see — = eb ase 

Chapter R (pages R-19-R-23), (1? - 21) + 1 =0 | iin 
0=0¥ 


(b) Start by writing the given equation in the form ax? + bx +c = 0. 
2x? +2x-1L=1 Given equation 
2x7 + 2x - 12 =0 btract 1 from each sid 
r?+x-6=0 Divide each side b 


If the product of two expressions (x + 3)(x -— 2) =0 

equals 0, then at least one of the « i 

expressions must equal 0. x+3=0 or x-2=0 ero-product property 
MS or x=2 oly 


These solutions can be checked by substituting them in the given equation. 


x-3 + 2-3) - 41 22)? + 22)-11 41 
l=1/ l=1/7 
(©) Write the given equation in the form a? t+ bt+ce=0. 
127? =1+1 Given equation 
1277 -1-1=0 ubtract t and 1 
(3¢ - 1)(4¢+ 1) =0 
31-1=0 or 44+1=0 ropert 
hat: ag  - yin alt 
3 4 


To check these solutions, substitute them into the given equation. 


p(t) = t+ n(-t)'=-F41 
ay. 4) 4 
4 4 3.3 
373% her 
| Now Try Exercises 13, 19 and 21 


We can also use factoring to find the x-intercepts of the graph of a quadratic func- 
tion, because the x-coordinates of the x-intercepts of the graph of y = ax? + bx + ¢ 
correspond to the solutions to ax* + bx +¢= 0. The y-coordinate of the 
y-intercept is c, the value of y when x = 0. 


Finding intercepts 


Find the exact values for both the x-intercepts and the y-intercept shown in FIGURE 3.27, 


SOLUTION From the graph it is difficult to determine the exact x-intercepts. 
However, they can be determined symbolically. 


24x? + 7x - 6 =0 henpresion 2a 
(3x + 2)(8x — 3) =0 ; 

3x +2=0 or 8 —-3 =0 

2 


\ a 3 
Sd or lid) 
FIGURE 3,27 3 8 
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2. 3 
The x-intercepts are (4 0) and (3 0). 
To find the y-intercept, let x = () in yy = 24x? + 7x — 6. 
24(0)? + 700) — 6 = -6 
The y-intercept is (0, — 6). 


Now Try Exercise 45 


See the Concept: Symbolic, Numerical, and Graphical Solutions 


Quadratic equations can be solved symbolically, numerically, and graphically. The following example illustrates each 
technique for the equation x(x — 2) = 3. 


Symbolic Solution Numerical Solution Graphical Solution 
x(x - 2) =3 
x? — 2x = 3 
x? -2r-3=0 


(x + Di - 3) = 0 


The solutions are — | and 3. 


Let y = x(x — 2). In the The graph of y = x(x — 2) intersects 
table y = 3 whenx = — 1 the graph of y = 3 at(~ 1,3) and 
orx = 3, (3, 3). The solutions are — | and 3. 


The Square Root Property 


A dg ebra Review Some quadratic equations can be written as x? = k, where k is a nonnegative num- 

To review square roots, see Chapter R ber, The solutions are + Vk. (Recall that the symbol + represents plus or minus.) 

(Page R-39). For example, x? = 16 has two solutions: +4 because (4)? = 16 and (—4)? = 16. 
We refer to this as the square root property. See Extended and Discovery Exercise 7 
in this section for a justification of this property. 


' sa it UA R ERTY Y 


Let k be a nonnegative number. Then the solutions to the equation 
x? =k 


are given by x = + Vk. 


oF WA Using the square root property 


Ifa metal ball is dropped 100 feet from a water tower, its height / in feet above the 
ground after / seconds is given by h(‘) = 100 — 16/?. Determine how long it takes 
the ball to hit the ground. 
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SOLUTION The ball strikes the ground when the equation 100 — 167° = Ois satisfied. 


100 - 16° =0 
100 = 16/7 Ape taveadt 
pa? Di Rewri 
t= t m 
p= 4 simplify 


In this example only positive values for time are valid, so the ball strikes the ground 
after 10 or 2,5, seconds, 


Functions can be defined by formulas, graphs, tables, and diagrams. Functions 
can also be defined by equations, In the next example we use the square root property 
to solve equations for y and then determine if y is a function of x, where y = f(x). 


Hs Wiyaoey Determining if equations represent functions 


Solve each equation for y, Determine if y is a function of x. 


@) 2 +Q-=4 Ow w= 


SOLUTION 
(a) Start by subtracting x? from each side of the equation, 


(y- 1? =4 —- x? ubtract from each sid 
yrl=+V4-%? >quare root property 
y=lt V4—x? — Add to each sid 


There are two formulas, y = 1 + V4 — x?and y = 1—- V4—- x”, which indicates 
that y is nor a function of x. That is, one x-input can produce two y-outputs, depend- 
ing on whether the + or — is used, 


The equation x? + (y — 1? = 4 is the standard form for a circle that has 
center (0, 1) and radius 2. A circle does not pass the vertical line test, so the equation 
does not represent a function, 


lgebra Review cane ae ‘ _xty 
] p' ; 
A g (b) Clear fractions by multiplying each side of 2y = —3— by 2 
To clear fractions, see Chapter R 
(page R-34), 4yaxty Multiply each side by 2 
sy =x { from | 
y= sd divid 
J 3 1 


The equation y = 3 defines a linear function, f(x) = ix, so y is a function of x. 
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Completing the Square 


Another technique that can be used to solve a quadratic equation is completing the 
square. If a quadratic equation is written in the form x? + kx = d, where k and dare 
constants, then the equation can be solved using 


k\? “ 
2 5 i 7 " = 
x + kx + (4) (x+4 . 


‘ 2 (6)2 ' 
Algebra Review For example, k = 6 in.x* + 6x = 7, so add (4) = (5) = 9 to each side, 


To review factoring perfect square 


trinomials, see Chapter R (pages R-24), 0+ 6x =7 KSI quAauer 
V+ 6x +9= 749 19 to each sid 
(x + 3 = 16 ctor the perfect squ 
x+3= 44 Square root propert 
xy=-344 1 —3 to eacl 
x=! or x=-7 [ 


(Q} If the coefficient a of the x?-term is not 1, we can divide each side of the equa- 
tion by a so that it becomes 1. See Example 5(b). 


Completing the square is useful when solving quadratic equations that do not 
factor easily. 


Completing the square 


Solve each equation. 


(a) x? - 8¥ +9 =0 (b) 2x? - 8x = 7 


SOLUTION 
(a) Start by writing the equation in the form x? + kx 


d with k 


8andd = —9, 


xv — 8 +9=0 iven equation 
x? — 8y = -9 ubtract 9 from each sid 
x? — 8x + 16 = —9 + 16 id (4)? = (38) 6 to each 
(x - 4? =7 if r 
x-4=4V7 Fr 
x=44 V7 h sid 


(b) Divide each side by 2 to obtain a | for the leading coefficient. 


2x? — Bx = ion 

2 on a me 

x 4x = 3 2 

dx t4a=h+4 4) — 4 to cach si 

— 72 = 15 

(x ys per 
= 15 

Fo B=]LVG propert 
xv=24 h 


| Now Try Exorcisos 63 and 66 | 


3.2 Quadratic Equations and Problem Solving 205 


The Quadratic Formula 


The quadratic formula can be used to find the solutions to any quadratic equation. 


QUADRATIC FORMULA a: 7 
The solutions to the quadratic equation ax? + bx + ¢ = 0, where a # 0, are 


given by 
-b + Vb? = 4ac 


x= 


2a 
lye wionoi Using the quadratic formula 
Solve the equation 3x? — 6x + 2 = 0. 
SOLUTION Let a = 3,5 = —6,andc = 2, 
—h £ Vi? - 4uc 
x= ae, ae Qu dratic formula 
A 
_-(-9 tVEP-@O 2 
Lal 20) ubstitute for a, DB, and ¢ 
6+ V2 
fj Simplify 
6 plify 
Algebra Review \ 
To review simplifying square roots, see y=H1t =V12 Divid tb r4h 
Chapter R (page R-45). ‘i 6 : 


QED Because V12 = V4» V3 = 2V3, we can write 1 + lVi2 asi Lock 13, 


When solving quadratic equations, a common strategy is to first write the 
equation in the form ax? + bx + ¢ = 0 and to then try to factor the left side of the 
equation. If the factors are not easily found, the quadratic formula is used. 


loa iivnowa Estimating an athlete's heart rate 


Anathlete’s heart rate is given by 1.875x? — 30x + 200, Determine when the heart rate 
was 110 beats per minute by solving the quadratic equation 1.875x? — 30x + 90 = 0 
symbolically, graphically, and numerically, where 0 = x = 8. (This equation was 
discussed in the introduction to this section.) 


SOLUTION 


Symbolic Solution Let a = 1.875, b = —30, and c = 90 in the quadratic formula. 


—b + Vb? = 4ac 


x= Quadratic formula 


2a 
—(—30) + V(—30)? — 4(1.875)(90) 
2(1.875) 
_ 30 + V'225 


315 
12 or 4 implif 


i 
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A zero is equal to the 
x-coordinate of an 
x-intercept. 


| EXAMI PLE 8 | 


The x-values are restricted to 0 < x < 8, so the only valid solution is 4. Thus the 
athlete’s heart rate reached 110 beats per minute 4 minutes after the athlete stopped 
exercising. 


Graphical Solution To use the x-intercept method to solve this quadratic equation, 
graph y; = 1,875x? — 30x + 90 and locate the x-intercepts, as shown in FIGURES 3.28 
and 3.29. The x-intercepts are (4, 0) and (12, 0) in agreement with the symbolic 
solution. 


Numerical Solution Make a table of values for y, = 1,875x? — 30x + 90, as shown 
in FIGURE 3.30. The numerical solution agrees with the symbolic and graphical solu- 
tions because », = 0 when x = 4 or x = 12, 


Graphical Solutions Numerical Solutions 
[0, 16, 4] by[~—125, 125, 25] (0, 16, 4] by [—125, 125, 25] 


Solution | 
Y=0 


FIGURE 3.28 FIGURE 3.29 FIGURE 3,30 


| Now Try Exercii ie 735} 


so / Solution | 
X=4 Y=0 


The Discriminant 


The quantity b? — 4ac is called the discriminant. It is the expression inside the square 
root in the quadratic formula, and provides information about the number of real 
solutions to a quadratic equation. 


| To determine the number of real solutions to ax? + bx + ¢ = 0 with a # 0, 
| evaluate the discriminant b? — 4ac, 


1, If b? — 4ac > 0, there are two real solutions, 
2. If b® — 4ac = 0, there is one real solution, 
| 3, If b? — dac < 0, there are no real solutions, 


(DY When b? — 4ac < 0, the expression under the square root in the quadratic 
formula is negative, and the solutions to a quadratic equation may be expressed as 
two complex numbers, Complex numbers are discussed in the next section, 


In Example 6 the discriminant is b? — 4ac = (—6)? — 4(3)(2) = 12. Because the 
discriminant is positive, there are two real solutions. 


Using the discriminant 


Use the discriminant to find the number of solutions to 4x? — 12x + 9 = 0, Then 
solve the equation by using the quadratic formula, Support your result graphically. 


SOLUTION 


Symbolic Solution Let a = 4,6 = —12, and ¢ = 9, The discriminant is 
i? — dae = (— 2)? — 4(4)(0) = 0, 


One Solution: b* — 4ac = 0 
y 


x-intercept: 3, 0) | 


FIGURE 3.31 
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Since the discriminant is 0), there is one solution. 


a bE Vb? = 4ac a at dead 
x a, 7 Juadratic form 
-(-12) + Vo 
x= ibstitut 
8 
x =} iplif 


The only solution is 3. 


Graphical Solution A graph of y = 4x? — 12x + 9 is shown in FIGURE 3.31. The 
graph suggests that there is one solution because there is one x-intercept: 3, 0) 


Now Try Exercise 107 


© No real solutions: 
b?-4ac <0 


y 


y=ax? + bx +¢ 


@ Two real solutions: 
b?—4ac =0 | | b?—4ac > 0 


y 


x 


© No x-intercepts | 


@ Discriminant is negative 
because the graph ... 


(B) One x-intercept cept | 


@ Discriminant equals 0 because 
the graph ... 


@ has one x-intercept. 


© Two x-intercepts | 


@ Discriminant is positive because the 
graph... 


@ has no x-intercepts. @ has two x-intercepts. J 


Factoring and the Discriminant = a, b, and ¢ are integers and b* — 4ac isa 
perfect square, then the trinomial ax? + bx + ¢ can be factored using only integer 
coefficients. For example, if 6x? + x — 2 = 0, then 


b? — 4ac = ? — 4(6)(-2) = 49, 


which is a perfect square (49 = ?). Thus we can factor the expression 6x? +x —-2 
as (2x — 1)(3x + 2) to solve 6x? + x — 2 = 0. However, if 3x? — x — 1 = 0, then 
b? — 4ac = 13, which is not a perfect square. This trinomial cannot be factored (by 
using traditional methods with integer coefficients), . either the quadratic formula 
or completing the square should be used to solve 3x? — x — 1 = 0. See Extended 
and Discovery Exercises 1-4 at the end of this section. 


Problem Solving and Modeling 


Many types of applications involve quadratic equations. To solve the next two prob- 
lems, we use the steps for “Solving Application Problems” from Section 2.2. 
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f ; la : ' nn 
|) EXAMPLE 9 | Solving a construction problem 


A box is being constructed by cutting 2-inch squares from the corners of a rectangular 
piece of cardboard that is 6 inches longer than it is wide, as illustrated in FIGURE 3.32. 
If the box is to have a volume of 224 cubic inches, find the dimensions of the piece 
of cardboard. 


FIGURE 3,32 


SOLUTION 


Geometry Review STEP 1; The rectangular piece of cardboard is 6 inches longer than it is wide. Let x be 


To review formulas related to boxes, see its width and x + 6 be its length. 
Chapter R (page R-3), 


x: Width of the cardboard in inches 
xX + 6; Length of the cardboard in inches 


STEP 2: First make a drawing of the box with the appropriate labeling, as shown in 
FIGURE 3.33, The width of the bo/tom of the box is x — 4 inches, because two 
square corners with sides of 2 inches have been removed, Similarly, the length 
of the bottom of the box is x + 2 inches. Because the height times the width 
times the length must equal the volume, or 224 cubic inches, it follows that 


|-— «+6 | 2(v — 4)(x + 2) = 224, or (a 4)(x + 2) = 112. 
FIGURE 3,33 STEP 3: Write the quadratic equation in the form ax? + bx + ¢ = 0 and factor, 
\ 8 = 112 
x? — 2x — 120 =0 
(x — 12)(¥ + 10) = 0 
x= 12 or x=-10 ; 
Since the dimensions cannot be negative, the width of the cardboard is 
12 inches and the length is 6 inches more, or {8 inches. 


STEP 4: After the 2-inch-square corners are cut out, the dimensions of the bottom of 
the box are 12 — 4 = 8 inches by 18 — 4 = {4 inches, The volume of the 
box is then 2+ 8+ {4 = 224 cubic inches, which checks. 


| Now Try Exerci: 6 130) 


When items are sold, a discount is sometimes given to a customer who makes a 
large order, which affects the revenue that a company receives. We discuss this situ- 
ation in the next example. 


¥ 


| EXAMPLE 10 | Determining revenue 


A company charges $5 for earbud headphones, but it reduces this cost by $0.05 for 
each additional pair ordered, up to a maximum of 50 earbuds, For example, the price 
for one pair is $5, the price for two pair is 2($4.95) = $9.90, the price for 3 pair is 
3($4.90) = $14.70, and so on. If the total price is $95, how many earbuds were ordered? 


{0, 100, 10] by [0, 150, 50] 


y, = x5 - 0.05(x - 1) 
Intersection 
X=251 41 V=95 
FIGURE 3.34 


[0, 100, 10] by [0, 150, 50] 


Sy = (5 - 0,05(x — 1) 
Intersection 
X=76-4 4 4Y=95 
FIGURE 3.36 
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SOLUTION 


STEP 1: 


STEP 2: 


STEP 3: 


STEP 4: 


We are asked to find the number of earbuds that results in an order costing 
$95. Let this number be x. 


x: Number of earbuds ordered 


Revenue equals the number of earbuds sold times the price of each pair. If x 
earbuds are sold, then the price in dollars of each pair is 5 — 0.05(x — 1). 
(Note that when x = | the price is 5 — 0,05(1 — 1) = $5.) The revenue R 
is given by 
R(x) = x(5 — 0,05(x — 1), 

Revenue = Number Sold X Price 
and we must solve the equation 
x(5 — 0.05(x — 1)) = 95, or  —0.05x? + 5.05 — 95 = 0. 


We can solve —0.05x? + 5.05x — 95 = 0 by using the quadratic formula 
with a = —0.05, b = 5.05, andc = —95. 


_ 5.05 + V(5.05) = 4(—0.05)(—95) 
= 2(—0.05) 
5.05 + 2.55 
-0.1 
= 25 or 16 implif 


This discount only applies to orders of 50 earbuds or fewer, so the answer is 
25 earbuds. A graphical solution is shown in FIGURE 3.34 and FIGURE 3.35. 


If 25 earbuds are ordered, then the cost of each pair is 5 — 0.05(24) = $3.80 


and the total revenue is 25(3.80) = $95. 


A Modeling Application In the first section of this chapter, we learned that the 
height s of an object propelled into the air is modeled by s() = —161? + vot + ho, 
where vo represents the object’s initial (vertical) velocity in feet per second and lig 
represents the object’s initial height in feet, as illustrated in FIGURE 3.36, In the next 
example we model the position of a projectile. 


Modeling projectile motion 


TABLE 3.5 shows the height of a projectile shot into the air. 


Height of a Projectile 


t (seconds) 0 2 6 8 
s(t) (feet) | 96 | 400 | 576 | 624 | 544 
TABLE 3.5 


(a) Use s(t) = —16¢? + vot + ho to model the data. 
(b) After how many seconds did the projectile strike the ground? 
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SOLUTION 

so s(t) “= Getting Started The value for fo can be determined by noting that s(0) = 96. 
The value for vp can be determined by using any other value in TABLE 3.5. We use 
(2) = 400 to determine vo. » 


=== (a) Because s(0) = 96, ho = 96 and s() = —167 + vot + 96. Substituting s(2) = 400 
gives the following result. 


—16(2)? + v9(2) + 96 = 400 (2) = 400 
2Qvy +32 = 400 Sinplily 
TABLE/S-8 (Repeated) 2¥) = 368 Subtract 32 from each side 
vp = 184 Divide each side by 2 
Thus s() = — 16? + 184r + 96 models the height of the projectile. 


(b) The projectile strikes the ground when s(/) = 0. 


“160? + 184 + 96 =0 s(t) = O; equation to be solved 
2? — 231 - 12 =0 Divide each term by —8 
(21 + I) — 12) =0 Factor the trinomial 
1 
t= =) or += 12 Solve the equation 
Thus the projectile strikes the ground after 12 seconds. The solution of -4 has 


no meaning in this problem because it corresponds to a time before the projectile 


is shot into the air. 
Now try Exercise 147 


Kwa Putting It All Together 


Quadratic equation | gy? + by + ¢ = 0, where a, b, and care A quadratic equation can have zero, one, or 
constants with a # 0 two real solutions. 
No real solutions 
One real solution: 2 


real solutions: +2 


Factoring A symbolic technique for solving equations, 
based on the zero-product property: if 
ab = 0, then either a = 0 or b = 0. 
(x — Dw - 2) =0 
x-1=0 or x-2=0 
x=2 


Square root The solutions to x? = k are x = + Vk, x7 = 9 is equivalent to x = +3. 
property where k = 0. x” = II is equivalent tox = +V11, 


Completing the To solve x? + kx = d symbolically, add 
equate (&y to each side to obtain a perfect square 
trinomial. Then apply the square root 


property. 


3.2 Quadratic Equations and Problem Solving 211 


Quadratic formula | The solutions to ax? + by + ¢ = 0 are To solve 2x? — x — 4 = 0, let a = 2, 
given by b=-—l,ande = —-4, 


—b + Vb? = 4ac (1) + VEGI? = 42-4) 
2a * 2(2) 
Always gives the exact solutions + 
: d a = 1,69 or -1.19 


Graphical solution | To use the x-intercept method to solve To solve x? + x — 2 = 0, graph 
ax? + bx + ¢ = 0, let y; equal the left y = x* + x — 2, The solutions are —2 and I, 
side of the equation and graph y,. The real 
solutions correspond to the x-intercepts, 


x= 


The intersection-of-graphs method can also 
be used when one side of the equation is 
not equal to 0, Let y, equal the left side of 
the equation and y equal the right side of 
the equation. The real solutions correspond 
to the v-coordinates of any points of 
intersection, 


Solutions: —2, 1 


Numerical solution | To solve ax? + bx + ¢ = 0, let »; equal the | To solve 2x? + x — 1 = 0, make a table, 
left side of the equation and create a table The solutions are —1 and 0.5, 
for y,. The zeros of y, are the real solutions, 


May not be a good method when solutions 
are fractions or irrational numbers 


rea Exercises 


Quadratic Equations 
Exercises 1-44: Checking Symbolic Skills Solve the qua- 15, (? = 21 16. °-7=0 
dratic equation. Check your answers for Exercises 1-28. 
is ‘pel 17, 3x? — 7x =0 18, Sy = 9x? 
1, x* = 2. x° = 
5 Bis 2 
¢ fen fa de mt 19, 22? = 132 + 15 20, 422 = 7 - 272 
2 = ice = 
id ects Pt ee ee 2, x2 + 6x +9=0 22, x? — 8x + 16 = 0 
\ 1 23. 4x? + 1 = 4x 24, 9x? +4 = 12x 
ov -5= 8. -=? +7=0 
a a 28, x(x + 14) = 5 26, x(Sx + 19) = 4 
9 x + 3y+2=0 10. x? + Sy +6 =0 27, 6x? + 3 = 8x 28. 8x? + 63 = —46x 
ll, x? — 6x +8 =0 12, x? — 8y + 12 =0 9. (6 +3P =5 30. (¢ - 2? = 1 


13, °%+xy-H=1 14, x? - 9x + 10 = -8 31. 4x? — 13 =0 32. 9x? - 11 =0 
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33. Av - 1? +4=0 34, -3(v + 5)? -6 =0 
35, 5x? = Bx 5 =0 36. 3? + hy = 4 =0 
37, -3227- 22 +4=0 38. -422?+24+1=0 
39, 25k? + 1 = 10k 40. 49k? + 4 = —28k 
41, —0.3x? + Oly = —0.02 

42, -O.1x? + 1 = 0.5y 

43, 2x(x + 2) = (x — I(x + 2) 

44, (2x — I(x + 2) = (x + 3)(x + 1) 


Exercises 45-50. Find the coordinates of all intercepts, 


Graphical and Numerical Solutions 

Exercises 51-56: Solve each quadratic equation (a) graph- 
ically, (b) numerically, and (c) symbolically. Express 
graphical and numerical solutions to the nearest tenth when 
appropriate. 


51, x? + 2x =0 52. 17 -4=0 


54, 2x7 + Sy -3 =0 
fg56. x? — 225 =0 


53, x7 -x-6=0 
fg 55. 2x? = 


B Exercises 57-60: Solve the quadratic equation graphically. 


57. 20x? + lly = 3 58. —2x? + dy = 1.595 


59, 2.5x? = 4,.75y — 2.1 60. x(x + 24) = 6912 


Completing the Square 
Exercises 61-74; Checking Symbolic Skills Solve by 
completing the square. 


61. x? + 4y-6=0 62. x? — 10x = 1 


63. x? + 5x = 4 64, x? + 6x —-5=0 
65. 3x? — 6x = 2 66, 2x7 — 3x +1 =0 
67. x? — 8x = 10 68, x? — 2x = 2 
69. xP 3 = 1 70, petty =2 


Nl. -227+3z2+1=0 72, —322 


73. -2-22+4=0 74, -bz?-424+2=0 


Finding Domains 


Exercises 75-78: Find the domain of the function. Write 
your answer in set-builder notation. 


1 4x 
75. f(x) = 16. fx) = 
f(x) aes f(x) 7.3 
5-1 t+ 
’ ee |e) oe ee 
Th t= ae 80 = 5a a 


Exercises 79-84; Find the domain of the function. Write 
your answer in interval notation. 
1 


I 
79. f(x) = Pol 80. f(x) = a 
5 6 
Bhs A x= x al og 4x - x? 
x+il x= 1 
83. f(x) = 43 84, f(x) = 92 +1 
Solving for a Variable 


Exercises 85-96; Checking Symbolic Skills (Refer to 
Example 4.) Solve the equation for y. Determine if y is a 
Junction of x. 


85. =x 86. y? = 3x 
87. 2 - 4y? =x 88. 1 — x = 9y? + 5x 
+1 wty 
89, 4x2 + 3p =~ 90, -—* = y-2 
3 2 
ier y SYP #1 3y 
1. 3y = 3 92, a ad 


93. x2 + (y -3P =9 
94, (x+2P+(y+1P=1 


95. x + 4y? = 12 
‘96. x — 25y? = 50 


Exercises 97-104; Checking Symbolic Skills Solve for the 
specified variable. 


97, V = 4mr°h for r 

98, V = 390? +h fort 

99, K= dmv? for y 

100. W = PR for 

101. a +b? = ce ford 

102, S = 4a? + x? forr 
103. s = —16/? + 100/ for ¢ 
104. 7? -kT- kh = 0 forT 


The Discriminant 


Exercises 105-120: Complete the following. 

(a) Write the equation as ax? + bx + ¢ = Owitha > 0. 

(b) Calculate the discriminant b? — 4ac and determine the 
number of real solutions. 

(c) Solve the equation. 


105. 3x? = 12 106, 8x? — 2 = 14 
107. x? — 2x = -1 108, 6x? = 4x 

109, 4x = x? 110, 16x? + 9 = 24x 
Wd. wr +1=x 112, 2x7 +x = 2 


113, 2x? + 3x = 12 — 2x 114, 3x? + 3 = Sy 
115, x(x — 4) = -4 116, bx? + 3x = - 4 
117, x(x + 2) = -13 118. 4x = 6 + x? 


119. 3x7 = 1-—x 120. x(5x — 3) = 1 


Exercises 121-126: Critical Thinking The figure shows 
the graph of (x) = ax? + bx +e. 

(a) State whether a > 0 ora < 0. 

(b) Solve the equation ax’? + bx +e =0. 

(c) Is the discriminant positive, negative, or zero? 

121, 122, 


Ne 
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123. y 124, y 


125. BY 126. y 


A Exercise 127-128; Critical Thinking The graph of 


f(x) = ax? + bx + ¢ is shown. Complete each of the 
following. Use interval notation when appropriate. 


(a) Give the zeros of f. Is the discriminant for the equation 
ax? + bx + ¢ = 0 positive, negative or zero? 

(b) Give any x- and y-intercepts on the graph of f. 

(c) Identify where is f negative or positive. 

(d) Identify where is f is increasing or decreasing. 

(e) Is the average rate of change of f from —\ to 1, 
positive, negative, or zero? 

(f) Estimate the average rate of change from —| to 1. 


Applications and Models 


129. Dimensions of a Square Find the dimensions of a 
square whose area numerically equals its perimeter. 


130. Dimensions of a Rectangle A rectangle is three 
times as long as it is wide. Find the dimensions 
of this rectangle if its area is numerically triple its 
perimeter. 


214 


131. 


132 


133. 


134, 


135, 


137 


138. 


139, 
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Dimensions of Two Squares A larger square has 
sides that are 4 inches longer than a smaller square. 
The sum of the areas of the two squares is 80 square 
inches, Find the dimensions of each square. 


Dimensions of Two Rectangles Two rectangles both 
have lengths that are double their widths, The larger 
rectangle has a width that is 2 inches greater than the 
width of the smaller rectangle. If the sum of the areas 
of the two rectangles is 104 square inches, find the 
dimensions of each rectangle. 


Height of a Baseball A baseball is dropped from 
a stadium seat that is 75 feet above the ground. 
Its height s in feet after ¢ seconds is given by 
s(() = 75 — 167°, Estimate to the nearest tenth of 
a second how long it takes for the baseball to strike 
the ground, 


Height of a Baseball A baseball is thrown down- 
ward with an initial velocity of 30 feet per second 
from a stadium seat that is 80 feet above the ground, 
Estimate to the nearest tenth of a second how long 
it takes for the baseball to strike the ground. 


Facebook Visitors The number of unique monthly 
visitors in millions to Facebook can be approxi- 
mated by 


V(x) = 16x? + 7x + 32, 


where x is the number of years after 2008. Estimate 
the year when Facebook averaged 55 million unique 
monthly visitors symbolically and graphically. 


U.S. AIDS Cases From 1984 to 1994 the cumula- 
tive number of AIDS cases can be modeled by the 
equation 


C(x) = 3034x? + 14,018 + 6400, 


where x represents years after 1984, Estimate the year 
when 200,000 AIDS cases had been diagnosed. 


Screen Dimensions The width of a rectangular 
computer screen is 2 inches more than its height. 
If the area of the screen is 143 square inches, deter- 
mine its dimensions symbolically, graphically, and 
numerically. Do your answers agree? 


Maximizing Area A rectangular pen for a pet is 

under construction using 100 feet of fence. 

(a) Find the dimensions that give an area of 576 
square feet, 


(b) Find the dimensions that give maximum area, 


Construction (Refer to Example 9.) A box is being 
constructed by cutting 4-inch squares from the corners 
of a rectangular sheet of metal that is 10 inches longer 
than it is wide. If the box is to have a volume of 476 
cubic inches, find the dimensions of the metal sheet. 


140. 


141, 


142, 


ts. 
pat 


144, 


145, 


Construction A box is being constructed by cutting 
2-inch squares from the corners of a square sheet of 
metal, If the box is to have a volume of 1058 cubic 
inches, find the dimensions of the metal sheet, 


Geometry A cylindrical aluminum can is being 
constructed to have a height 4 of 4 inches, If the can 
is to have a volume of 28 cubic inches, approximate 
its radius r. (Hint: V = ah.) 


Braking Distance Braking distance for cars on level 
pavement can be approximated by D(x) = OF 


The input x is the car’s velocity in miles per hour 
and the output D(x) is the braking distance in feet. 
The positive constant k is a measure of the traction 
of the tires. Small values of & indicate a slippery 
road or worn tires, (Source: L. Haefner, Introduction to 
Transportation Systems.) 

(a) Let & = 0,3. Evaluate D(60) and interpret the 

result, 


(b) If k = 0,25, find the velocity x that corresponds 
to a braking distance of 300 feet, 


Window Dimensions A window comprises a square 
with sides of length v and a semicircle with diameter x, 
as shown in the figure, If the total area of the window 
is 463 square inches, estimate the value of x to the 
nearest hundredth of an inch, 


x 


Picture Frame A frame for a picture is 2 inches 
wide, The picture inside the frame is 4 inches lon- 
ger than it is wide, See the figure, If the area of the 
picture is 320 square inches, find the outside dimen- 
sions of the picture frame, 


2in. 


Cost (Refer to Example 10.) A company charges 
$20 to make one monogrammed shirt but reduces 
this cost by $0.10 per shirt for each additional shirt 


ordered up to 100 shirts. If the cost of an order is 
$989, how many shirts were ordered? 


146, Ticket Prices The price of one airline ticket is 
$250. For each additional ticket sold to a group, the 
price of every ticket is reduced by $2, For example, 
2 tickets cost 2+ 248 = $496 and 3 tickets cost 
3+ 246 = $738. 

(a) Write a quadratic function that gives the total 
cost of buying x tickets. 


(b) What is the cost of 5 tickets? 
(c) How many tickets were sold if the cost is $5200? 


(d) What number of tickets sold gives the greatest 
total cost? 


Modeling Quadratic Data 


147, Projectile Motion The table shows the height of a 
projectile that is shot into the air. 
3 


[ + (Geconds) 0 1 2 
368 


s (feet) 176 | 288 
(a) Use s(t) = —167? + vot + hg to model the data. 


i (b) After how long did the projectile strike the 
ground? 


ag 148. Falling Object The table lists the velocity and dis- 
tance traveled by a falling object for various elapsed 
times. 


Time (sec) im 
Velocity (ft/sec) | 0 


Dias 0 [te [oe [rer [25 
f@ 


Make a scatterplot of the ordered pairs deter- 
mined by (time, velocity) and (time, distance) 
in the same viewing rectangle [—1,5,1] by 
[-10, 280, 20]. 


(b) Find a function v that models the velocity. 
(c) The distance is modeled by d(x) = ax’. Find a. 


(d) Find the time when the distance is 200 feet. 


Find the velocity at this time. 


ha] 


a Exercises 149-154: Smart Homes A smart home con- 
tains a stand-alone device that is connected to the Internet 
and can either be monitored or controlled from a remote 
location. In 2015 there were 5 million smart homes in 
the United States, and by 2020 this number will increase 

( to 25 million. Let t be years after 2015 and L, Q, and 
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S represent different functions that model the number of 
smart homes during year t. (Source: Statista.) 


149, 


150. 


151. 


152 


153 


154, 


155 


156, 


Find a linear function ZL such that L(0) = 5 and 


L(5) = 25. 


Find a quadratic function Q such that Q(0) = 
and Q(5) = 25 by letting the vertex be (0, 5). 


Find a quadratic function S such that S(0) = 5 and 
S(5) = 25 by letting the vertex be (5, 25). 


Use L(t), Q(t), and S(1) to estimate the year when 
there were 17 million smart homes. 


Sketch graphs of y = L(), y = Q(), and y = S(¢). 
Show the data points (0, 5) and (5, 25). 


Discuss how each function models the situation. 
Which function is the best? 


Pedestrian and Bicycle Programs The Department 
of Transportation’s budget for pedestrian and bicy- 
cle programs in millions of dollars for selected years 
is given in the table. 


Year 2001 2009 
Budget 340 1200 


Source: U.S. Department of Transportation. 


2015 
840 


(a) Determine a quadratic function B whose vertex 
is (2009, 1200) and whose graph passes through 
the point (2015, 840). Write the expression for 
B(x) in vertex form. 


(b) Use B(x) to determine when the budget was 
$710 million, 


Safe Runway Speed The taxiway used by an air- 
craft to exit a runway should not have sharp curves. 
The safe radius for any curve depends on the speed 
of the airplane. The table lists the minimum radius 
R of the exit curves, where the taxiing speed of the 
airplane is x miles per hour. 


x(imi/hr) 10 20 30 40 50 
R(ft) 200 | 450 | 800 | 1250 


Source: Federal Aviation Administration. 


(a) If the taxiing speed x of the plane doubles, what 
happens to the minimum radius R of the curve? 


(b) The FAA used R(x) = ax? to compute the val- 
ues in the table. Determine a. 


Bs (c) If R = 500, find x. Interpret your results. 
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Quadratic Regression 


fa 157, iPod Sales The table shows the number of iPods 
sold in millions of units for various years. 


2006 | 2007 | 2008 | 2009 | 2010 | 2011 
| sates| 39.4 | 51.6 | 54.8 | 54.1 | 50.3 | 42.6 


Source: Apple Corporation, 


(a) Use regression to find a quadratic function 7 that 
models the data. Let x = 0 correspond to 2006, 


(b) Use J to estimate when sales were 28 million 
units, 


fa 158, Biology Some types of worms have a remarkable 
capacity to live without moisture, The table shows 
the number of worms y surviving after 1 days in one 
study, 


x (days) |} 0 20 | 40 | 80 | 120} 160 
y(worms)| 50 | 48 | 45 36 20 3 


Source: D, Brown and P, Rothery, Models in Biology. 


(a) Use regression to find a quadratic function f 
that models these data, 


(b) Graph f and the data in the same window. 


Ry (c) Solve the equation f(x) = 0 graphically. Do 
7" both solutions have meaning? Explain, 


fa 159, Walmart Employees The table lists numbers of 
Walmart employees £ in millions, x years after 1987, 


ps {os {of is | 2 | 
0.20 | 0,38 | 0.68 


Source: Walmart, 


A (a) Evaluate £(15) and interpret the result, 
(b) Find a quadratic function f that models these data. 


(¢ 


oo 


Graph the data and quadratic function f in the 
same xy-plane, 


(d) Use f to estimate the year when the number of 
employees reached 3 million. 


fa 160. Women in the Workforce The number NW of women 
in millions who were gainfully employed in the 
workforce in selected years is shown in the table at 
the top of the next column. 


[ ved 1900 eros 1920 


1930 | 1940 | 1950 

N| 5.3 | 7.4 10.8 | 12.8 | 18.4 
Year | 1960 | 1970 | 1980 | 1990 | 2000 | 2010 
N{| 23.2 | 31.5 | 45.5 | 56.6 | 65.6 | 74.8 


Source; U,S. Department of Labor. 


(a) Use regression to find a quadratic function f 
that models these workforce data. Support your 
result graphically, 


(b) Predict the number of women in the labor force 
in 2020. 


Writing about Mathematics 


161, Discuss three symbolic methods for solving a qua- 
dratic equation, Make up a quadratic equation and 
use each method to find the solution set. 


162, Explain how to solve a quadratic equation graphi- 
cally, How many solutions are possible? Why? 


EXTENDED AND DISCOVERY EXERCISES 


Exercises 1-4; Critical Thinking For each equation, calcu- 
late the discriminant, Use the discriminant to decide whether 
the equation can be solved by factoring. If it can, solve the 
equation by factoring. Otherwise, use the quadratic formula. 


1, 8x? + 14x - 15 = 
2. 15x? — 17x -4=0 
3, 5x? - 3x -3=0 
4, 3x? — 2x -4=0 
5 


. Quadratic Formula Prove the quadratic formula by 
completing the following. 
(a) Write ax? + by + ¢ = Oasx? + bx = -§, 


(b) Complete the square to obtain 


b b? = dace 
(x + py = 4a 


(c) Use the square root property and solve for x, 


6. Checking Symbolic Skills If the difference quotient for 
the function f(x) = ax? — by + 1 equals the expres- 
sion 2x + h — 4, find values for a and b. 


7. Square Root Property Use the fact that Vx? = |x| 
to show that the solutions to x? = k with k > 0 are 


given by x = + Vk. 
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CHECKING BASIC CONCEPTS FOR SECTIONS 3.1 AND 3.2 


( 1, Graph f(x) = (x — 1)? — 4. Identify the vertex, 5. Write f(x) = x? + 4x — 3.as f(x) = a(x — bh)? +k. 
axis of symmetry, and x-intercepts. What are the coordinates of the vertex? What is the 
minimum y-value of the graph of f ? 


2, Critical Thinking A graph of f(x) = ax? + bx + ¢ 
is shown, 6. Solve the quadratic equations. 
(a) Is a positive, negative, or zero? (a) 16x? = 81 (b) 2x* + 3x = 2 


(b) Find the vertex and () 2 =x-3 (d) 2x? = 3x +4 
axis of symmetry. 
7. Dimensions of a Rectangle A rectangle is 4 inches 

longer than it is wide and has an area of 165 square 


inches. Find its dimensions. 


(c) Solve 
ax? + bx +e = 0. 


(d) Is the discriminant 
positive, negative, or 
zero? 


8. Height of a Baseball The height s of a baseball in feet 
after ¢ seconds is given by s(#) = —16/? + 961 + 2. 
(a) Find the height of the baseball after | second. 


(b 


LS 


After how long is the baseball 142 feet high? 
(c) Find the maximum height of the baseball. 
(d) How long is the baseball in the air? 


(e) Determine the domain and range of s(t) in this 
4, Find the vertex on the graph of y = 3x? — 9x — 2. application. 


NZ 


Complex Numbers 


« Perform arithmetic P 
operations on complex Introduction 
numbers 

= Solve quadratic equations 
having complex solutions 


Throughout history, people have invented (or discovered) new numbers to solve 
equations and describe data. New numbers were often met with resistance and were 
seen as imaginary and useless. There was no Roman numeral for 0, as many skeptics 
probably wondered why a number was needed to represent nothing. Negative num- 
bers also met strong resistance. After all, how could one possibly have —6 apples? 
Complex numbers were no different. In this section we introduce complex numbers 
and the “imaginary” unit i, Ultimately, complex numbers are no more imaginary than 
any other number. Society needs and uses complex numbers just as much as other 
numbers, For example, complex numbers are used to design the electrical circuits in 
smartphones and the wings of airplanes. 


Basic Concepts 


Graphing a quadratic equation is helpful only in finding the rea/ solutions to the 
equation. Real solutions to the equation x? + 1 = 0 correspond to x-intercepts. 
However, there are no x-intercepts on the graph of y = x? + 1, so the equation 


x’ + 1 = 0 has no real solutions. See FIGURE 3.37 on the next page. We can also 
solve this equation for real solutions symbolically, as shown next to FIGURE 3.37. 
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Solving x? + 1 = 0 Graphically and Symbolically 


wd = 
wandsothereare | + 1=0 
/ norealsolutions, | 2 , 


Bs 
No real solutions; x? = 0 | 


for any real number x 


There are no 
x-intercepts ... 


FIGURE 3.37 


Above we showed graphically and symbolically that there are no real solutions to 
the equation x? + 1 = 0. However, we can invent two solutions. 


w=-l, or v= +tV-1 


We now define a new number called the imaginary unit, denoted i. 


or 


Using the real numbers and the imaginary unit i, complex numbers can be 
defined, A complex number can be written in standard form as a + bi, where a and 
b are real numbers. The real part is a and the imaginary part is b. Every real number 
a is also a complex number because it can be written as a + 07. A complex number 
a + bi with b ¥ 0 isa nonreal complex number, or an imaginary number. A complex 
number a + bi with a = 0 and b # 0 is sometimes called a pure imaginary number. 
Examples of pure imaginary numbers include 3/ and —/. TABLE 3.6 lists several com- 
plex numbers with their real and imaginary parts. 


Complex Numbers 


TABLE 3.6 Standard form — Real part —_— Imaginary part 


(ET In some texts the term bi is defined to be the imaginary part. 


Using the imaginary unit 7, square roots of negative numbers can be written as 
complex numbers. 


Ifa > 0, then V-a = iVa. 
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ind Wioaowy Simplifying the expression V—a 


(-2+3i)+(4-6i) 
5-7i)-(8 +3! 
FE Ee aM 


FIGURE 3.38 


Simplify each expression, 


(a) V-16 (b) V-3 gq 22 


SOLUTION 
(a) When a > 0, V—a = iVa. Thus V— 16 = 'V/16 = 4i. 


6) V-3= V3; we usually do not write V3i because of the possibility of confu- 
sion about whether / is under the square root symbol. 


() First note that V—24 = 1V24 = iV'4+ V6 = 276. 
2+ V-24 2+ 2iV6 
2 


Simplify ‘V 


_b a4b 


— N(N 
i) 


a 
S 


simplify fractions 


Now Try Exercises 1, 5, and 13 


The property Va+ Vb = Vab is not true when both a and b are negative. When 
simplifying products containing square roots of negative numbers, it is important to 


first apply the property V-a = iVa, where a > 0, This technique is illustrated in 
the next example. 


Simplifying complex expressions 


Simplify each expression. 


(a) V-3» V-3—(b) V=2 V-8 


SOLUTION 


(a) V-3+ V=3 = 1V3+1V3 = 203)? = 18) = -3 0? = 1 
WS V-3. V-3 + V-3): (-3) = V9 =3 


(b) V2» V-8 = 1V2+1V8 = ?VI16 = —1(4) = -4 


Arithmetic Operations on Complex Numbers 
Arithmetic operations are also defined for complex numbers. 
Addition and Subtraction To add the complex numbers (—2 + 3/) and (4 — 6/), 
simply combine the real parts and the imaginary parts. 
(-2 + 3/) + 4 - 6) = -2 +44 37 - 6 


=2-3i 


This same process works for subtraction. 


(5 - 7) — (8 + 3) =5-8-7i - 3i 
= 310k 


These operations are performed on a calculator in FIGURE 3.38, 
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A of y= ax? + bx + ¢ does not intersect the x-axis, However, there are solutions tha 
o can be expressed as complex numbers. This is illustrated in the next example. 

oO 
of 


EXAMPLE 5 | Solving quadratic equations having complex solutions 


Solve the quadratic equation. Support your results graphically. 
(a) x2 +3x+5=0 (b) 4x? + 17 = 5x (0) -2x? = 


SOLUTION 

Getting Started Make sure each equation is in the form ax? + by + ¢ = 0, a 
then apply the quadratic formula, which always “works.” } 

(a) Leta = 1,6 = 3, and c = 5 and apply the quadratic formula. 


—b + Vb? - 4ac 


2a 


-3+£V¥ — 415) 
2(1) 


x= 


In FIGURE 3.42 the graph of » v2 + 3x 5 does not intersect the x~¢ 
which indicates that the equation x2 + 3x +5 =0 has no real soluti 
However, there are two nonreal complex solutions. 


(b) Rewrite the equation as dy? — 5x + 17 = 0, and let a = 5, b = —S,ande¢ = 
= __ 5 & VERF= A050 
, 2(0.5) 
(3+ =5+V-9 
Ans =5 +3 
In FIGURE 3.43 the graphs of ) 1.2 4 17 and yy, = 5x do not inte1 
FIGUE which indicates that the equation hy? + 17 = Sy has no real solutions, How 


there are two nonreal complex solutions, 
(c) Rather than use the quadratic formula for this equation, we apply the square 
property because the equation contains no x-term, 


—2x? = 3 siven equation 


2s 


w= > Divic 


In FIGURE 3.44 the graphs of ) 2? and yp, = 3 do not intersect, 
indicates that the equation —2x2 = 3 has no real solutions. However, the 
FIGURE 3.44 two nonreal complex solutions that are pure ima 
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What is the result if the expression is evaluated? (See Example 5(a).) 


(3 + wuy + (3 + vu) Ss 


2. 2 


<J Putting It All Together 


CONCEPT EXPLANATION COMMENTS AND EXAMPLES 


Imaginary unit i=V-L?=-1 The imaginary unit / allows us to define the 
, complex numbers. 


V~4 = 2i 
V-5 =iV5 

V-32 = 1V32 = iV16V2 = 4/2 
V-35V-20 = iV5i/20 = 2/100 = -10 


Every real number is a complex number, 
5 — 4i,5,2 + i, and —97 are examples of complex 
numbers, 


The expression V—a V-a = iVa 


with a > 0 


Complex number a + bi, where a and b are real 


numbers 


Standard form of a 
complex number 


a + bi, where a and b are real 
numbers 


Converting to standard form: 
3 ty 3 ° 3 ; 
7 ey + 2i or 2 2i 


Conjugates The conjugate of a + bi is 


Number Conjugate 
a- bi. 


5-6: 5 + 6i 

127 127 

ee -7 

2+ 3i 2-3 

(2+ 3) +(-3-) =-14+2; 

(6+)-@G-)=24+2; 

Q+)6-)=5-74+5'-7P =644) 
34i_G+OL4) 
1-i Q-Ajd+) 

=14+2i 


Arithmetic operations 
on complex numbers 


Complex numbers may be 
added, subtracted, multiplied, or 
divided. 


Use the fact that 2 = —1 to 
simplify powers of i. 


Powers of i 
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Complex solutions to 


equations b # 0can be solutions to 


equations that cannot be solved 


with only real numbers. 


Exercises 


Complex Numbers 
Exercises 1-20; Simplify by using the imaginary unit i. 
1, V-4 2. V-16 
3, V-100 4, V-49 
5, V-23 6. V-11 
1. V-12 8, V—-32 
9, V-54 10. V-28 
+ am = Nex 
i. 4t 16 D. Qt 36 
2 6 
-6 t V-72 at V-8 
13, 14, 
3 4 
15, V-5+ V-5 16. V-8: V-8 
17, V—-18* V—-2 18, V-20: V-S 
19, V-3+ V-6 20, V-15+ V-5 
Exercises 21-48: Write the expression in standard form. 
21. 3i + Si 22, “WN 


23, (3 + i) + (-5 — 2i) 
25, 21 — (—5 + 23) 


24, (—4 + 2i) + (7 + 35/) 
26, (12 — Ti) — (-1 + 91) 


27, 3 - (4 - Gi) 28, (7 + i) — (-8 + Si) 
29, (2)(2 + 4i) 30, (—5)(-7 + 3/) 

31, (1 + JQ — 3/) 32, (-2 + dl - 2/) 
33, (-3 + 2i(-2 + A) 34, (2 — 31 + 4) 

35, (-2 + 3i) 36, (2 — 3i) 

37, 21(1 -— i? 38. —i(5 — 2i) 

i ee ao, 2! 


Lee 243i 


Complex numbers a + bi with 


x2 + 5 = 0 implies x? = —5; there are no real 
solutions, but x = + iV5 are two complex 
solutions. Note that the graph of y = x? + 5 has 
no x-intercepts. 

The quadratic formula can be used to find complex 
solutions. 


4+i 10 
4. sy 2.79 
2i 3 = 2) 
a 10 — Si - 1 + 2i 
vee ¢, 22 
Be i 
—2+i 3 
41. 48, ——; 
(+i Q-iP 


fa Exercises 49-54: Evaluate the expression with a calculator, 
49, (23 — 5.6i) + (—41.5 + 93/) 


50. (—8.05 — 4.67i) + (3.5 + 5.37%) 
51. (17.1 — 6) — (8.4 + 0.71) 

sa. (}- qo) ~ (4+ we) 

53, (—12.6 — 5.7i)(5.1 — 9.34) 

54, (7.8 + 23i)(-1.04 + 2,09/) 


Exercises 55 and 56: Evaluate with a calculator. Round 
values to the nearest thousandth. 


55 17 — 135i 141 + 527 
"18 + 1427 * 102 — 3li 

Powers of i 

Exercises 57-64: Simplify the powers of i. 

57, i° 58. 78 

59, i°! 60, i?! 

61. i? 62, 7/8 

63. i°7 64, 7° 
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Quadratic Equations with Complex Solutions 
Exercises 65-82: Checking Symbolic Skills Solve. Write 


answers in standard form. 

65. x7 +5=0 66. 4x27 +3 =0 

61, 5x2 + 1 = 3x? 68, xx + 1) =! 

69, 3x = 5x7 + 1 10. 4 =x— 1 

mM, x(x - 4) = 75 12, w+xt1=0 

73, 2 = 3x - 5 14, 6x — 2x? = 10 Applications 

5, x2 + 2x + 4=0 16. x(x — 4) =-8 Exercises 89-94: Electricity Complex numbers are used in 
the study of electrical circuits. Impedance Z (or the opposi- 

11, 3x? — 4x = x -3 78, 2x7 +3=1-% tion to the flow of electricity), voltage V, and current I can 


all be represented by complex numbers. They are related by 
79, x(x - 2) = x74 ' _v mw a 3 
the equation Z = J: Find the value of the missing var iable. 


80. 3x2 +x =xG-%) ~2 39, V = 50 + 98! 1=8+ Si 
gi. 3x - x) - 8 =x - 2) 90. V = 30 + 60i T=8+ 6i 
g2, -x(7 - 2x) = -6- B- 9) 91. 7= 142i Z=3-4 
zeros of Quadratic Functions 92. 1= 344i Z=8- 9 
Exercises 83-88: The graph of a function is given. 93, Z = 22 - Si v=274+ 171 


(a) Use the graph to predict the number of real zeros and the 
number of nonreal complex zeros. 
(b) Find these zeros using the quadratic formula. 


84. y 


94. Z = 10 + Si v= 10+ 8 


Writing about Mathematics 


95, Coulda quadratic function have one real zero and one 
nonreal complex zero? Explain. 


— 5.29 

é %y 96, Give an example of a quadratic function that has only 
real zeros and an example of one that has only nonreal 
complex zeros. How do their graphs compare? Explain 
how to determine from a graph whether a quadratic 
function has real zeros. 


86 Extended and Discovery Exercise 


1. Powers of i The properties of the imaginary unit are 
j= V-land? = —1. 
(a) Begin simplifying the expressions i, 7”, Bott Pras 
until a simple pattern is discovered. For example, 
P=i-?= i+ (-l) = i. 


BS a (b) Summarize your findings by describing how to 
simplify i” for any natural number 1. 
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« Understand basic concepts 


about quadratic Introduction 
inequalities A oe Wer : ‘ 
Highway engineers often use quadratic functions to model safe Stopping distances 

* Solve quadratic f . . f es Oa it! 3 ‘ d del tl ‘ 

inequalities with graphs or cars. For example, Si) = (2\" + “sv is sometimes used to model the stopping 

and tables distance for a car traveling at x miles per hour on dry, level Pavement. If a driver can 
" Solve quadratic see only 2()() feet ahead on a highway with a sharp curve, then safe driving speeds , 

inequalities symbolically Satisfy the quadratic inequality 

I lI 
I + =* = 200, Quadratic inequality 


or equivalently, 
vf 200 = 0, 
(See Example 4.) This section discusses methods for solving quadratic inequalities, 


Basic Concepts 

A quadratic equation can be written as ax? + by +e = 0 with a ¥ 0. If the equals 
sign is replaced by >, =, <, or S, a quadratic inequality results, Examples of 
quadratic equations include 


74+ 2y-1 = 0, 4x? = 1, 2x? = 1 ~ 3y, Siete 


and examples of quadratic inequalities include 


P+ te, Ate and oA. 1 ~ 3y, inequaltes | 


CONNECTIONS 
Quadratic Function, quation, and Inequality 

f(x) = ax? + by 4 ‘, a#0 Quadratic function 
ax? + bx +e=0,a #0 Quadratic equ 
aN? + by + c>0a#0 


The three concepts are closely related, 
Be sure that you understand the 
distinction between quadratic 
functions, Equations, and inequalities, 


Because equality is (usually) the boundary between &reater than and less than, a 
first step in solving a quadratic inequality is to determine the x-values Where equality 
occurs. These x-values are boundary numbers, We begin by discussing graphical solu- 
tions to quadratic inequalities, 


Graphical and Numerical Solutions 
Quadratic inequalities can be solved graphically, as illustrated in the next example, 


Solving quadratic inequalities graphically 


Solve each inequality graphically, 
(a) wr -4<09 (b) ? -~ 450 


SOLUTION 

(a) The graph of y = x? — 4 Opens upward with X-intercepts (-2, 0) and (2, 0), as 
shown in FIGURE 3.45. Because the x-axis represents where y = 0, the solutions 
tor -4<9 correspond to the red Portion where the graph of y = y? — 4 is 
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below the x-axis, which is between the x-intercepts (—2, 0) and (2, 0). Thus the 
solution set tox? — 4 < 0is {x]|-2 < x < 2}, orin interval notation (—2, 2), 


Solving x? — 4 < Oand x? -4>0 
y 


x-values where y > 0 | 


x-values where y > 0 | 


x-intercepts: 


(—2, 0), (2, 0) x-values where y < 0 


FIGURE 3.45 


(b) From FIGURE 3.45 the green portions of the graph of y = x? — 4 are above the 
y-axis left of x-intercept (-2, 0) or right of x-intercept (2, 0), Thus the solution 
set set to x? — 4 > 0 can be written as {x|x < -2 or x > 2}, or in interval 


notation (—%, —2)U(2, ). 


The following steps summarize how to solve a quadratic inequality graphically. 


SOLVING QUADRATIC INEQUALITIES GRAPHICALLY | 


STEP 1; If necessary, rewrite the inequality as ax? + bx + ¢ > 0, where > may 
be replaced by <, S, or =. 


STEP 2: Graph y = ax? + by + ¢ and determine any x-intercepts. 


STEP 3; Depending on the inequality symbol, locate the x-values where the graph 
is either above or below the x-axis, 


STEP 4; Use the information from Step 3 to solve the inequality. 


In the next example we apply these steps to solve a quadratic inequality. 


mein Solving a quadratic inequality graphically 


Solve the inequality 2 + x = x” graphically. 


SOLUTION 
STEP 1: Rewrite 2 + x = x2as—x27+.x+220, 


STEP 2: FIGURE 3.46 on the next page shows a graph of y = —x? + x + 2 where the 
x-intercepts are (—1, 0) and (2, 0). When graphing by hand, it may be help- 
ful to locate the x-intercepts symbolically. 


—y7+y4+2=0 — Let y=O to find x-intercept 


xe—x—-2=0 ~~ Multiply each 
(x + I(x — 2) = 0 cto 
x=-l or x=2 Zero-product property 


This confirms that the x-coordinates of the x-intercepts are -1 and 2. 


STEP 3: The inequality symbol in —x? + x + 2 = 0 is =, so locate x-values where 


the parabola is above the x-axis. This occurs between the x-intercepts: 
(+1, 0), @, 0). 
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Solving —x? + x + 2 = 0 Graphically 
y 


x-intercepts: (—1, 0), (2, 0) | 


2 x 


sas x-values where the graph 


\ is above the x-axis 


\ ee 


FIGURE 3.46 


STEP 4: Because = includes equality, the solution set includes -1 and 2 and can be 
written as [—1,2], or {x]-1 = x <2}. 


| Now Try Exorcin 47 | 


In the next example we use symbolic, graphical, and numerical methods. 


f 7 5 F Po ax At a 
| EXAMP Solving quadratic equations and inequalities 


Solve each equation or inequality. 

(a) 2x7 - 3x -2=0 (b) 2x? - 3x -2 <0 (ec) 2x7 - 3x -2>0 

SOLUTION 

(a) Symbolic Solution The equation 2x? — 3x — 2 = 0 can be solved by factoring. 
(2x + 1)(x - 2) =0 Factor trinomial 


x=-> or x=2 


The solutions are -} and 2, 

(b) Graphical Solution The graph of y = 2x? — 3x — 2 is a parabola opening 
upward, Its x-intercepts are (-4 0) and (2, 0). See FIGURE 3.47. This parabola 
is below the x-axis (y < 0) for x-values between -5 and 2, so the solution set is 
(-}.2), or {x1-} <x <2}, 

(©) Graphical Solution n FIGURE 3.48, the graph of y = 2x? — 3x — 2 is above the 
x-axis (y > 0) for x-values less than -4 or greater than 2, so the solution set is 
(-», -4)UQ, «),or {x|x < -} orx > 2}. 

Numerical Solution The table of values in FIGURE 3.49 supports these graphical 


results. Note that »; = 0 for x 4 and x = 2. For -5 <x < 2, we see that 
yy < 0, and for x < -$ or x > 2, we see that y, > 0. 


Graphical Solutions Numerical Solutions 


x-values 

x-values 

where y < 0 } where y = 0 
ot es | Y 


TTT i 


x-intercepts: 


x-intercepts: | A ’ 
(3.0), 0) F 


(+3 0), (2,0) | 


FIGURE 3.47 FIGURE 3.48 FIGURE 3.49 


Now Try Exercise 7 
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(TQ For a graphical solution, it is not necessary to graph the parabola precisely. 
Instead you can simply visualize the parabola opening upward with x-intercepts 


(+. 0) and (2, 0). 


The following box describes how to use the graph of y = ax? + bx + ¢ to solve 
either ax? + bx + c > 0 orax? + bx + ¢ < 0. The solution set depends on whether 
the graph opens upward or downward and on whether there are zero, one, or two 
x-intercepts. 


SOLVING QUADRATIC INEQUALITIES GRAPHICALLY 
Opens Upward (y = ax? + bx + ewitha > 0) 


NY 


Zero x-intercepts | 


x 


One x-intercept | 


Two x-intercepts | 


y > Ofor(—%, ») y > Owheneverx # k y > 0 for (— ©, ky) U (ka, ) 
y < 0;never y < 0: never y < 0 for (k;, kz) 


Opens Downward (y = ax? + bx + e witha < 0) 


» Bf y 
One x-intercept | 


Zero x-intercepts 


y > 0: never y > Onever y > 0 for (kj, k,) 
y < 0 for (—%, ») y < Owhenever x # k y < 0 for (—®%, ky) U (kp, ) 


> Wivices Determining safe speeds 


In the introduction to this section the quadratic inequality 


x 11 
rhs + 5 x S 200 
sprintoh tad toast was explained. Solve this inequality to determine safe speeds on a curve where a 
olving yk tg = driver can see the road ahead for only 200 feet. What might be a safe speed limit for 
[-100, 100, 50] by [—300, 300, 100] this curve? 


SOLUTION Graph y; = 7x? + “fx and y) = 200, as shown in FIGURE 3.50. Since 
we are interested in positive speeds, we need to locate only the point of intersection 
where x is positive. This is where x ~ 37.5. For positive x-values to the left of 
aes x ~ 37.5, y; < 200. Thus safe speeds are less than or equal to 37.5 miles per hour. A 


Intersection , | v200 reasonable speed limit might be 35 miles per hour. 


FIGURE 3.50 | Now Try Exercise 63 
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Algebra Review 
To review factoring, see Chapter R 
(pages R-19-R-23), 


ax? — 6x - 12 = 0 


FIGURE 3.61 


(GB In Example 4 the quadratic formula could have been used to locate the 
x-value of x ~ 37.5. 


(CRITICAL THINKING) a - _ 
Sketch a graph of y = ax? + bx + c if the quadratic inequality ax? + by + ¢ <0 
satisfies the following conditions, 

(a) a > 0, solution set: {x|-1 < x < 3} 

(b) a < 0, solution set: {x|x 4 1} 

(c) a < 0, solution set: {x]x < —2 or x > 2} 


Symbolic Solutions 


Although it is usually easier to solve a quadratic inequality graphically by visualizing 
a parabola and its x-intercepts, we can also solve a quadratic inequality symbolically 
without the aid of a graph. The symbolic method, which involyes a table or a number 
line, is often used to solve more complicated inequalities. 


STEP 1: If necessary, write the inequality as ax? + bx + c < 0, where < may be 
replaced by >, S, or =. 


STEP 2: Solve the equation ax? + by + ¢ = 0. The solutions are called boundary 
numbers, | 


STEP 3: Use the boundary numbers to separate the number line into disjoint open 
intervals. Note that on each open interval, py = ax? + bx + ¢ is either 
always positive or always negative. 


STEP 4: To solve the inequality, choose a convenient test value (an x-value) from | 
each disjoint interval in Step 3. Evaluate y = ax? + by + ¢ at each test | 
point. If the result is positive, then y > 0 over that interval, If the result 
is negative, then y < 0 over that interval. You may want to use either a | 
number line or a table of values to organize your work. 


ED Do not pick a boundary number for a test value, because the result will be y = 0, 


These steps can be used to solve the inequality 2x? — Sy — 12 < 0. 


STEP 1: Step | is not necessary because the given inequality is already in the form 
ax? + bx +e <0. 


STEP 2: To solve 2x? — 5x — 12 < 0 symbolically, replace < with = and solve the 
equation by factoring. 


ax? — 5x - 12 =0 uadratic equat 
(2x + 3)(v - 4) =0 
2xv+3=0 or 


STEP 3; The boundary numbers -3 and 4 separate the number line into three disjoint 
intervals: 


(-2, -3), (-3, 4), and (4,%), 
as illustrated in FIGURE 3.51. 
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STEP 4: The expression 2x” — 5x — 12 is either always positive or always negative on 
a particular interval. To determine where 2x? — 5x — 12 < 0, we can use the 
test values shown in TABLE 3.8. 


Checking Test Values 


Interval | Test Value x | 2x? — 5x — 12] Positive or Negative? 


2x? — 5x — 12 isless than 0 


i 2 Negative 
for this x-interval. I 8 


TABLE 3.8 
ax? — 5x — 12 For example, since the test value —2 lies in the interval (-», -3) and 
-} 2x? — 5x — 12 evaluated at x = —2 equals 6, which is greater than 0, it 


a follows that the expression 2x? — Sx — 12 is always e for (-», -3). 


6 -4 -2 0 2 4 6 
FIGURE 3.52 This interval has + signs on the number line in FIGURE 3.52. 
See that the expression 2x? — 5x — 12 equals — {2 when x = 0, so it is 


always negative between the boundary numbers of 4 and 4. Negative signs 


are shown on the real number line in FIGURE 3.52 in the interval (-3, 4), 


Finally, when x = 6, the expression 2x? — 5x — 12 equals 4), which is 
positive. Thus + signs are placed along the number line in FIGURE 3.52 for 


x > 4. Therefore the solution set for 2x” — 5x — 12 < 0is (-3, 4). 
(VITA It is important to choose one test value less than —3, one test value 
between 4 and 4, and one test value greater than 4. You do nor need to use both a table 
and a number line. 


loaWwidhoom Solving a quadratic inequality 


Solve x? = 2 — x symbolically. Write the solution set in interval notation. 


SOLUTION 
STEP 1; Rewrite the inequality as x? + x — 2 = 0. 
STEP 2: Solve the quadratic equation x” + x — 2 = 0. 


(x + 2)\(x - 1) =0 


x=-2 or x=1 ' roper 
STEP 3: These two boundary numbers separate the number line into three disjoint 
intervals: 
(-%, -2), (-2,1), and (1, @). 

x?-x-2 STEP 4: We choose the test values x = —3, x = 0, and x = 2. From TABLE 3.9 or 
2 1 FIGURE 3.53, the expression x? + x — 2 is positive when x = —3 and x = 2. 
dhe [ae a Thus the solution set is (—c, -2] U[1, #). The boundary numbers, —2 and 

43 -1 0 234 1, are included because the inequality involves = rather than >. 


FIGURE 3.53 


Interval Test Valuex}| x? + x — 2 Positive or Negative? 


3 ; —2) =3 i 

x +x — 2 isgr 

than 0 fort (—2, 1) 0 —2 Negative 
(1, ~) 2 -osi 
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aa 3.4 | Putting It All Together | It All Together 


CONCEPT 


Quadratic inequality 


Graphical solution 


Symbolic solution 


Can be written as ax? + bx + ¢ <0, a # 0, where < may be replaced by >, <, or =. 


Example: —x? + x < —2 is a quadratic inequality; it can be written as —x? + x + 2 <0, 
q 


Write the inequality as ax? + bx + ¢ < 0, where < may be >, 
S,or =. Graph y = ax? + bx + ¢, and use the x-intercepts, 
or boundary numbers, to determine x-values where the graph 

is below (above) the x-axis. In the figure, the inequality 

—y? + x + 2 < 0 is satisfied (y < 0) when either 

eo! ore SZ, 


Write the inequality as ax? + bx + ¢ < 0, where < may be >, S, or =. Solve the 
equation ax? + by + ¢ = 0. To determine where y = ax? + bx + ¢ is positive or negative, 
use a table of test values or a number line. 


Example: Solve —x? + x + 2 < 0. 
Solving —x? + x + 2 = 0 results in x = —1 or x = 2. From the table the solution set in 
interval notation is (—%, —1) U (2, #). 


Pos | oie | 


Quadratic Inequalities Exercises 7-22; Solve each equation and inequality. Use 


Exercises 1-6: Solve each inequality. 


l(a) x? - 1 >0 
(b) x2 -1<0 
3. (a) x? - 1650 
(b) x? - 1620 
5. (a) 4-7? >0 
(b+) 4-21? <0 


set-builder or interval notation to write solution sets to the 


5 inequalities, 
Ala) 9 <0 7. (a) 2 —-x-12=0 8 (e) x?- 8x4 12=0 


+ 
a Ae (b+) x2-x-12<0 = (b) 2 -8¥ + 12<0 


eh a: 
4 @) x — 2520 () @-x-12>0 (© x2 -8r4+12>0 


(b) x? 25 <0 9. (a) R-4=0 10. (a) 2 -17=0 


1 y 
6. (a) 4-x’ <0 (0b) 2 -4<0 (b)  - 17 <0 


(b+) }- x? > 0 (@) -420 (.) 2 -17=0 


11. 


13, 


15, 


16. 


17, 


18, 


19, 


20. 


21, 


22. 


(a) 


3x? + 8x = 0 
3x? + 8x <= 0 
3x? + 8x = 0 
x? -3x+2=0 
x? - 3x +2<0 
x? - 3x +2>0 
—rt+x+6=0 
-vr+txt+6<0 
—-’P+x+6>0 
-y?+4x+5=0 
-V+x+6<0 
-vY+x+6>0 
—4y? + 12x -9 =0 
—4x? + 12x -9 <0 
—4y? + 12n-9>0 
vr+2v+1=0 
w+ 2xv+1<0 
+ 2x+1>0 
122? — 232 + 10 = 0 
122? — 232 + 10 = 0 
122? — 232 + 1020 
182? + 9z — 20 = 0 
1827 + 92 - 2050 
1827 + 92 - 2020 
xv? +2x-1=0 
x +Ix-1<0 
v+2x-1>0 
v+4v-3=0 
w+ 4x -3 <0 


y+ 4x —-3>0 


12, (a) 


14. (a) 


Tx? — 4x =0 
(b) 7x? — 4x <= 0 
(ec) 7x7 - 4x =0 
x? + 5x +4=0 
(b) x? + Sx +4<0 


@ x +5x+4>0 
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Exercises 23-28: The graph of f(x) = ax* + bx + ¢ is 
shown in the figure. Solve each inequality. 


23. (a) f(x) <0 24, (a) f(x) > 0 
(b) f(x) = 0 (b) f(x) <0 


y a 
Ze | eae 
inane CZ 
ae 17 | 
a [73 2 27 a 
C4 iz | + rt \ 
+ | ci = } = rouee f(x). 
25. (a) f(x) <0 26. (a) f(x) = 0 
(b) f(x) > 0 (b) f(x) = 0 
, 
KELLEY 
wD 
Rene 
S16? =F) 
{3 [a 3 : 
| 
Ht re 


27. 


a 


(a) f(x) > 0 
(b) f(x) <0 


28. (a) f(x) = 0 
(b) fx) <0 


Exercises 29-32: Use the graph of y = f(x) and symbolic 
techniques to solve each equation or inequality, Use set- 
builder or interval notation to write solution sets to the 
inequalities. 


(a) fX) =0 (b) fa) <0 


c) fx) > 0 
29. y ’ 


30. y 
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Exercises 33-36; Critical Thinking The table contains 
test values for a quadratic function f(x) = ax? + bx + ¢. 


Solve each inequality. 


(a) f(x) > 0 (b) f(xy) = 0 
3.x] -2] -1] of 1 [ 2 
f(x) 3 0] -1 0 3 
34. x] -6| -4] 1 8 
S(x) | —22 0 20 —36 
am -6 | -4 | -2 o| 2 
0 4 0 | -12 | —32 


36 
Pre [ie [0 [8 [= Po 


Exercises 37-70: Checking Symbolic Skills Solve the 


inequality. 
37, x7 + 2x - 35 <0 


39, x? + 6x — 16=0 
41. -x? - x + 20>0 
43. 2x? + 9x - 520 
45, 2x7 + 5x +2 <0 
47, xP +x>6 

49. x? <4 

51. x(x — 4) = -4 

53, -? +x +650 
55. Oy? —x <1 

57. (x + 4)(v — 10) = 0 
58. (x — 3.1)(x + 2.7) > 0 


38. x? — 13x + 22 <0 
40. x? + 5x - 24=0 
42. —x? + 12x - 35 <0 
44, 3x? - 10x -8 <0 
46. x? -3x-4<0 

48. —3x = 9 — 12x? 

50. 2x7 > 16 

52. x7 — 3x - 10 <0 
54, —x? - 2n+8>0 
56. 5x? < 10 — 5x 


59. 
61. 
63. 
65, 
67. 
68, 
69. 
70. 


wrt+dvrt3<0 60. 2x7 +¥+4<0 
9x? +4 > 12x 62, x? + 2x = 35 
vey 64, x? = -3 

x(x -D=6 66. x7 -9 <0 
v-550 

0.5x? — 3x > -1 


Tx? + 515.2 = 179.8x 


-10 <3x-» 


Exercises 71-78: ( Refer to Example 5.) Use a table or number 
line to solve the inequality. 


Mex? -9x+1450 72, x7 + 10x +21 >0 
73. x7 = 3x + 10 14, x? << 3x +4 

75. grtx +220 76. xvr-jx-5<0 

71. xX >3- 4x 

78. 2x? <1 - 4x 

Applications 

79. Dimensions of a Square If a square has an area 


80. 


81. 


82. 


83. 


that is 289 square feet or less, what are the possible 
lengths x for the side of the square. 


Radius of a Circle If a circle has an area that is 
225 square feet or more, what are the possible 
diameters d for the circle? 


Height of a Golf Ball The height » in feet of a golf 

ball after / seconds is given by s() = —16/? + 804. 

(a) After how many seconds did the golf ball strike 
the ground? 


(b) For what values of ¢ is the golf ball 64 feet or 
more above the ground? 


Height of a Baseball The height s in feet of a base- 
ball after ¢ seconds is s() = —161? + 641 + 4. 
(a) Find the maximum height of the baseball. 


(b) For what values of ¢ is the baseball 52 feet or 
more above the ground? 


Stopping Distance The stopping distance D in feet 
for a car traveling at x miles per hour on weg level 


pavement can be estimated by D(x) = 3x? + Hy, If 


a driver can see only 300 feet ahead on a curve, find a 
safe speed limit, 


84, Safe Driving Speeds The stopping distance in feet 
for a car traveling at x miles per hour is given by 
d(x) = i" + 9x. Determine the driving speeds 
that correspond to stopping distances between 300 
and 500 feet, inclusive. Round speeds to the nearest 
mile per hour, 


85. Geometry The volume of a cylinder is given by 
V = mh, where r is the radius and / is the height. 
If the height of a cylindrical can is 6 inches and the 
volume must be between 242 and 547 cubic inches, 
inclusive, find the possible values for the radius of the 
can, 


86. Geometry A rectangle is 4 feet longer than it is wide. 
If the area of the rectangle must be less than or equal 
to 672 square feet, find the possible values for the 
width x, 


87, Heart Rate Suppose that a person’s heart rate, x 
minutes after vigorous exercise has stopped, can be 
modeled by f(x) = (x — 10) + 80. The output 
is in beats per minute, where the domain of f is 
0s75 10, 

& (a) Evaluate f(0) and (2). Interpret the result. 


(b) Estimate the times when the person’s heart rate was 
between 80 and 100 beats per minute, inclusive, 


88, Carbon Monoxide Exposure When a person breathes 
carbon monoxide (CO), it enters the bloodstream 
to form carboxyhemoglobin (COHb), which reduces 
the transport of oxygen to tissues. The formula given 


9° 
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by T(x) = 0,0079x? — 1.53x + 76 approximates the 
number of hours 7 that it takes for a person’s blood- 
stream to reach the 5% COHb level, where x is the 
concentration of CO in the air in parts per million 
(ppm) and 50 = x = 100, (Smokers routinely have a 
5% concentration.) Estimate the CO concentration x 
necessary for a person to reach the 5% COHb level in 
4-5 hours. (Source: Indoor Air Quality Environmental 
Information Handbook.) 


89, AIDS Deaths Let f(x) = 2375x? + 5134x + 5020 
estimate the number of U.S, AIDS deaths x years 
after 1984, where 0 = x = 10, Estimate when the 
number of AIDS deaths was from 90,000 to 200,000. 


Air Density As the altitude increases, air becomes 
thinner, or less dense, An approximation of the den- 
sity of air at an altitude of x meters above sea level is 
given by 
d(x) = (3.32 X 107)x? = (1.14  10™4)x + 1.22, 
The output is the density of air in kilograms per 
cubic meter. The domain of dis 0 = x = 10,000, 
(Source: A, Miller and J. Thompson, Elements of 
Meteorology.) 
(a) Denver is sometimes referred to as the mile-high 
city. Compare the density of air at sea level and 
in Denver, (Hint: 1 ft ~ 0.305 m.) 


(b) Determine the altitudes where the density is 
greater than | kilogram per cubic meter, 


91, iPod Sales Sales of iPods in millions x years after 


2006 can be modeled by 
I(x) = -2.277x? + 11,71x + 40.4, 
To the nearest year, estimate when sales were 


between 50 and 55 million iPods, (Source: Apple 
Corporation.) 


92, Heart Rate The table shows a person’s heart rate 
after exercise has stopped. 
(a) Find values for the constants a, h, and k so that 
the formula f(x) = a(x — A)? + k models the 
data, where x represents time and 0 = x = 4, 


Time (min) 0 2 4 
Heart rate (bpm) 154 106 90 


& (b) Evaluate f(1) and interpret the result. 


(c) Estimate the times when the heart rate was 
from 115 to 125 beats per minute. 
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Writing about Mathematics 94, Critical Thinking Explain how to determine the 
solution set for the inequality ax? + bx + ¢ < 0, 
where a > 0. How would the solution set change 
ifa < 0? 


93. Explain how a table of values can be used to help solve 
a quadratic inequality, provided that the boundary 
numbers are listed in the table. 


CHECKING BASIC CONCEPTS FOR SECTIONS 3.3 AND 3.4 


1, Simplify by using the imaginary unit i. 4. Solve each equation and inequality. Write the solu- 
(a) V-25 (b) V-3+ V-=18 tion set for each inequality in set-builder or interval 
notation. 
7+ \/-98 (a) 2x7 + 7x -4=0 
©) —4— 


b) 2x7 + 7v-4<0 
2. Write each expression in standard form. Oh a : 


(a) —3i — (5 — 2/) (©) 2x7 +7x-4>0 
(b) 6 - 7) +(-1 +A 5. Solve each inequality. Use set-builder or interval 
; ; 1+ notation. 
© i - dj +/ @) G7 (a) x? — 36 =0 
3, Use the graph of y = f(x) to solve f(x) = 0 and b) 4.2 +9 > 9x 
/(x) > 0. Write your answer in set-builder or inter- lca lal 
val notation. (c) 2x(x - 1) s2 


Safe Driving Speeds The stopping distance d in 
feet for a car traveling x miles per hour on wet level 


pavement can be estimated by d(x) = 5x? + dy, 


Determine the driving speeds that correspond to 
stopping distances between 80 and 180 feet, inclusive. 


« Graph functions using 


vertical and horizontal Introduction 

shifts Graphs are often used to model different types of phenomena. For example, when 
« Graph functions using a cold front moves across the United States, we might use a parabola on a weather 

stretching and shrinking map to describe its shape. (See Exercise 123.) If the front does not change its shape 
« Graph functions using significantly, we could model the movement of the front on a television weather map 

reflections by translating the parabola. Before we can portray a cold front on a weather map, we 
« Combine transformations need to discuss how to transform graphs of functions. (Sources: S. Hoggar, Mathematics 
= Model data with trans- Sor Computer Graphics; A. Watt, 3D Computer Graphics.) 


formations 
Vertical and Horizontal Shifts 


Graphs of /(«) v7 and g(x) v will be used to demonstrate shifts, or transla- 
tions, in the xy-plane. Basic functions such as these are sometimes referred to as parent 
functions, Symbolic, numerical, and graphical representations of f and g are shown in 
FIGURES 3.54 and 3.55, respectively. Points listed in the table are plotted on the graph. 


Vertical Shifts If 2 is added to the formula for each parent function, their graphs 
are shifted upward 2 units, shown by green arrows. The graphs of » = x»? + 2 and 
y = Vx + 2 are shown in FIGURES 3.56 and 3.57. Notice that the y-values in the 
tables increase by 2 units. 


Parent graph 


Parent table y 
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Parent Functions 


Parent table 


Parent graph 


FIGURE 3.55 


Shift Parent Graphs Upward 2 Units 


Add 2 to each 
y-value in 
parent table. 


Add 2 to each 
x-value in parent 
table. 


Add 2 to each 
y-value in 
parent table. 


Every point moves 
upward 2 units. 


FIGURE 3.56 FIGURE 3.57 


If 2 is subtracted from each of the parent formulas, the graphs are shifted down- 


ward 2 units. Verify this by graphing y = x? — 2 and y = Vx — 2. Translations of 
this type are called vertical shifts, or vertical translations. They do not alter the shape 
of the graph, only its position. The parent and shifted graphs are congruent. 


Horizontal Shifts Ifthe variable x is replaced by (x — 2) in the formulas for f and g, 
a different type of shift results, FIGURES 3.58 and 3.59 show the graphs and tables of 


y =(« — 2? and y = V(x — 2), together with the graphs of the parent functions, 


Shift Parent Graphs Right 2 Units 


2| 3] 6] 
of i {2 | 


A Add 2 to each 

paw ae = x-value in parent 

iN 1 ft table. 

a | | Every point moves 
a _} i right 2 units. 
Tah if 
AHH = @ - 2? 
(13 faa TE ed 
ws 


FIGURE 3.58 FIGURE 3.59 
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Each new graph shows a shift of the parent graph to the right by 2 units. Notice 
that a table for a graph shifted :i¢/i7 2 units can be obtained from the parent table by 
adding 2 to each x-value. 

If the variable x is replaced by (« + 3) in each equation, the parent graphs are 
translated to the /c/? 3 units. The graphs of y = (« + 3)? and y = V(x + 3) and 
their tables are shown in FIGURES 3.60 and 3.61, This type of translation is a horizontal 
shift, or horizontal translation. The table for a graph shifted /e// 3 units is obtained 
from the parent table by sw/irwcring 3 from each x-value, 


Shift Parent Graphs Left 3 Units 


Subtract 3 from 
each x-value in 
parent table, 


Subtract 3 from 
each x-value in 
parent table, 


Every point moves | 
left 5 units. | 


FIGURE 3.60 FIGURE 3,61 


These concepts are summarized in the following box, 


4 Tee 
f VER TIGAL AND Ht 


| Let f bea function, and let ¢ be a positive number. 
To Graph Shift the Graph of y = f(x) by ¢ Units 
ypHf[O)te upward 
= f(x) -e downward 
y=fx-o right 
y=fxto) left 


Shifts can be combined to translate a graph of y = f(x). For example, we can 
shift the graph of y = |x| to the right 2 units and downward 4 units, and express the 
equation for the new graph as » = |» — 2| — 4, The following See the Concept 
shows visually how we can combined these two transformations in sequence, 


See the Concept: Shifting y = |x| Graphically 


y y y 


= @ Parent 
function 
—_ a 


| pt | JA. 
| @ Shift to the ae) pyeie g| 4 
fight 2 units. ee oe | 
Le] Ls 


@ Start with the graph of y = |x|. © The point (0, 0) moves to (2, 0). @ The point (2, 0) moves to (2, —4). 
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Shifting y = |x| Symbolically 


Shift to the Shift down 
right 2 units 4 units 
y = |x| ————>»y = |x — 2; ———>» x-2)-4 


| EXAMPLE 1 Combining vertical and horizontal shifts 


Complete the following. 

(a) Write an equation that shifts the graph of f(x) = x? left 2 units. Graph your 
equation. 

(b) Write an equation that shifts the graph of f(x) = x? left 2 units and downward 
3 units, Graph your equation. 


SOLUTION 

(a) To shift f(x) = x? left 2 units, replace x with x + 2 to obtain y = f(x + 2), or 
y = (x + 2)’. Its graph is shown in FIGURE 3.62. 

(b) To shift f(x) = x? left 2 units and downward 3 units, we subtract 3 from the 
equation found in part (a) to obtain y = f(x + 2) — 3, or y = (x + 2)? — 3. Its 
graph is shown in FIGURE 3.63, The graph does not change shape. 


Shifting y = x? Left 2 Units Shifting y = x? Left 2 Units and 
Downward 3 Units 
y y 
Lat Re x 
y=(x+2/ iw = { 
Fy 7 | Parent function 
4 PY tet yr = % 
| 2 
® Move (0, 0) f+ 
to (—2,0). 1-4 e+ y © Next move (—2, 0) 
eal to (—2, —3). 
FIGURE 3.62 FIGURE 3.63 


Now Try Exercise 13 


lr Aow Writing formulas 


Write a formula for g(x) whose graph is similar to that of f(x) = 4x? — 2x + 1 but 
is shifted right 1980 units and upward 50 units. Do not simplify the formula. 


SOLUTION Replace x with (v — 1980) in the formula for f(x) and then add 50). 


g(x) = f(x — 1980) + 50 
=A(x — 1980)? — 2x — 1980) + 1 + 50 


Me — 1980)? — 2(v — 1980) + 51 


fo) = 42-2 +1 | 


In the next example we translate a circle that is centered at the origin. 


ae Withee Translating a circle 


The equation of a circle having radius 3 and center (0, 0) is x? + y? = 9. Write an 
equation that shifts this circle to the right 4 units and upward 2 units. What are the 
center and radius of this circle? (Note that a circle is not a function.) 
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SOLUTION 
Translating a Circle Getting Started The standard equation for a circle with center (/, k) and radius r is 
i (x — WP + (vy — P= 
9 If we determine the new center and radius, we can apply the standard equation. } 


If a circle with center (0, 0) and radius 3 is translated to the right 4 units and upward 
2 units, then the center of the new circle is (0 + 4,0 + 2), or (4, 2); the radius remains 
the same, The standard equation for a circle with center (4, 2) and radius 3 is 


(v- 42 + Y - 27 = 9. 
FIGURE 3.64 illustrates this translation, 


| Now Try Exercise 27 | 


FIGURE 3.64 


[ NOTE | Example 3 illustrates that to translate a circle horizontally c units, replace \ 
with (. c), and to translate a circle vertically c units, replace » with ( ) ). Ife 
is positive, the translation is either to the right or upward. If ¢ is negative, the transla- 
tion is either to the left or downward. 


Stretching and Shrinking 


Vertical Stretching and Shrinking The graph of a function can be transformed 
by vertical stretching or shrinking as described next. 


INC Ny} RIN 


If the point (x, y) lies on the graph of y = f(x), then the point (x, cy) lies on the | 
graph of y = cf(x). If ¢ > 1, the graph of y = cf(x) is a vertical stretching of | 
the graph of y = f(x), whereas if 0 < ¢ < 1, the graph of y = cf(x) isa vertical | 
shrinking of the graph of y = f(x). 


MAKING CONNECTIONS 


Vertical Stretching and 


Shrinking 


Vertical stretching “pulls” the 


graph away from the x-axis, For example, if the point (4, 2) is on the graph of y = f(x), then the point 
Vertical shrinking “pushes” | (4, ) is on the graph of y = 2f(x) and the point (4, |) is on the graph of y = L f(x), 
the graph towards the x-axis, The graph of f(x) = ‘Vx in FIGURE 3.65 can be stretched or shrunk vertically, In 


In both cases the x-intercepts | FIGURE 3.66, the graph of y = 2f(x), or y = 2Vx, represents a vertical stretching of 
do not change, =} 


the graph of y = Vx. In FIGURE 3.67, the graph of y = 5 f(x), ory = LV, repre- 
sents a vertical shrinking of the graph of y = Vx. Compared to the y-values in the 
table for y = Vx, the y-values in the tables for y = 2f(x) and y = 5 f(x) have been 
multiplied by 2 and 4 respectively. The x-values have not changed. 


Parent Function Vertical Stretching Vertical Shrinking 


x-values do not change, but 
the y-values do change, 


In a vertical stretch or shrink, KI x} 0 | 
i 


|| 
i 

| 

| 
|_| 
mw 

i 


\ ¢ 
ais | 


FIGURE 3.65 FIGURE 3.66 FIGURE 3.67 


a Ua 
| | 
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Horizontal Stretching and Shrinking The line graph in FIGURE 3.68 can be 
stretched or shrunk horizontally. On one hand, if the line graph represents the graph 


of a function f, then the graph of y = f (4x) in FIGURE 3.69 is a horizontal stretching 


of the graph of y = f(x). On the other hand, the graph of y = f(2x) in FIGURE 3.70 
represents a horizontal shrinking of the graph of y = f(x). Compared to the x-values 


in the table for y = f(x), the x-values in the table for y = f (4x) have been multi- 
plied by 2 and the x-values in the table for y = f(2x) have been multiplied by 5. The 
y-values have not changed. 


Parent Function Horizontal Stretching Horizontal Shrinking 


In a horizontal stretch or shrink, aD. | os aA | 
y-values do not change, but the od : : . 2 cl a 2 4 
Se ees -3| 3 |-3} [Ae] 3] -3 


FIGURE 3.68 FIGURE 3.69 FIGURE 3.70 


MAKING CONNECTIONS 


Horizontal Stretching and Shrinking 


Horizontal stretching “pulls” the graph away from the y-axis, 
Horizontal shrinking “pushes” the graph towards the y-axis. 


In both cases the y-intercepts do not change. 


Horizontal stretching and shrinking can be generalized for any function f. 


HORIZONTAL STRETCHING AND SHRINKING — 


If the point (x, y) lies on the graph of y = f(x), then the point (3, y) lies on the 
graph of y = f(cx). If ¢ > 1, the graph of y = f(cx) is a horizontal shrinking of 
the graph of y = f(x), whereas if 0 < c < 1, the graph of y = f(cx) is a horizon- 
tal stretching of the graph of y = f(x). 


For example, if the point (—2, 3) is on the graph of y = f(x), then the point (—1, 3) is on 
the graph of y = (2x) and the point (—4, 3) is on the graph of y = f (tx). 


(EY Horizontal stretching or shrinking does not change the height (maximum or 
minimum y-values) of the graph. 


FWA] Stretching and shrinking of a graph 


Use the graph and table of y = f(x) in FIGURE 3.71 on the next page to sketch a (line) 
graph of each equation. 


(a) y = 3/Q) ) y = s(x) 
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SOLUTION 

(a) The graph of y = 3f(x), shown in FIGURE 3.72, is a vertical stretching of the 
graph of the given function y = f(x), shown in FIGURE 3.71, and can be obtained 
by multiplying each y-coordinate on the graph of y = f(x) by 3. 


Vertical Stretching Horizontal Stretching 
Given Function (x-values unchanged) (y-values unchanged) 


x[-1] 0] 2] [. «[-2] 0] 4 
af) -6 | 3 | -3] [rls] -2 | 1 [1 


FIGURE 3.71 FIGURE 3.72 FIGURE 3.73 


(b) The graph of y = f (tx), shown in FIGURE 3.73, is a horizontal stretching of the 
graph of y = f(x), shown in FIGURE 3.71, and can be obtained by dividing each 


x-coordinate on the graph of y = f(x) by 5, which is equivalent to multiplying 
each x-coordinate by 2. 


6 37(a) and (b)) 


Reflection of Graphs 


Another type of translation is called a reflection. The reflection of the blue graph of 
y = f(x) across the x-axis is shown in FIGURE 3.74 as a red curve. This reflection can 
be thought of as flipping the graph of y = f(x) across the x-axis. 

If (x, y) is a point on the graph of f, then (x, —y) lies on the graph of its reflection 
across the x-axis, as shown in FIGURE 3.74. Thus a reflection of y = f(x) is given by 
the equation —y = f(x), or equivalently, y = —f(x). 

If a point (x, y) lies on the graph of a function f, then the point (—.x, y) lies on 
the graph of its reflection across the y-axis, as shown in FIGURE 3.75. Thus a reflection 
of y = f(x) across the y-axis is given by y = f(—x). This reflection can be thought 
of as flipping the graph of y = f(x) across the y-axis. Another example is shown in 
FIGURE 3.76, 


Reflection Across x-Axis Reflections Across y-Axis 


Negate the 
y-values, 


FIGURE 3.74 


Jos, y) 


= f(x) Negate the 
x-values. 


Flip graph 
across x-axis. 


Flip graph 
across y-axis. 


FIGURE 3.75 FIGURE 3.76 
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These results are summarized in the following box. 


REFLECTIONS OF GRAPHS ACROSS THE x-AND y-AXES 


1, The graph of y = —f(x) isa reflection of the graph of y = f(x) across the x-axis. 
2, The graph of y = f(—x) isa reflection of the graph of y = f(x) across the y-axis. 


IPP WIAM Reflecting graphs of functions 


Complete the following, 

(a) Write an equation that reflects the graph of f(x) = x? + 1 across the x-axis. 
Graph your equation, 

(b) Write an equation that reflects the graph of f(x) = Vx across the y-axis, Graph 
your equation, 


SOLUTION 

(a) To reflect f(x) = x? + 1 across the y-axis, replace f(x) with —f(x) to obtain 
y = —f(x), or py = —x? — 1, See FIGURE 3.77, 

(b) To reflect f(x) = Vx across the y-axis, replace x with —x to obtain »y = f(—x), 
or y = V=x, See FIGURE 3.78. 


Reflecting y = x? + 1 Reflecting y = Vx 
Across x-Axis Across y-Axis 


y = —f(X) isa reflection of 


y = f(x) isa reflection of | Lal iz e 
y = [(X) across the x-axis, | 


y =f) across the y-axis, |} | | i 
; gh 
FIGURE 3.78 


Now Try Exercises 39 and 41 


> PWIA Reflecting graphs of functions 


For each representation of f, graph the reflection of y = f(x) across the x-axis and 
across the y-axis, 

(a) f(x) = x? + 2x -3 

(b) The graph of f is a line graph determined by TABLE 3.10, 


[=2] =i] of 3 | 
-1} 2 


f(*)} 1 3 
TABLE 3.10 
SOLUTION 
(a) The graph of f(x) = x* + 2x — 3 is shown in FIGURE 3.79 on the next page. To 
obtain its reflection across the x-axis, graph y = —f(x), or y = —x? — 2x + 3, 


as shown in FIGURE 3,80 on the next page. The vertex is now (—1, 4). 
continued on next page 
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For the reflection across the y-axis, let y = (—x)? + 2(—x) — 3, and graph, 
as shown in FIGURE 3.81. The vertex is now (1, —4). 


Given Function Reflection Across x-Axis Reflection Across y-Axis 
y = f(x) y= —f(x) y = f(-x) 
y  x-intercepts | y y 


x-intercepts | 


y-intercept | 


changes. Lah 
} Negate each term | 
|_| ingiven formula. | 
LL He x * 
apes y-intercept does 
_| not change. 
it | Geet 
ze = 2x 
x-intercepts do Replace x with (=x) | 
y-intercept | not change. in given formula. | 
FIGURE 3.79 FIGURE 3.80 FIGURE 3.81 


(b) The graph of y = f(x) isa line graph, shown in FIGURE 3.82. To graph the reflec- 
tion of f across the y-axis, make a table of values for y = —f(x) by negating 
each y-value in the table for f(x). Then plot these points and draw a line graph, 
as in FIGURE 3.83. 


Given Function Reflection Across x-Axis Reflection Across y-Axis 
y = f(x) y = —f(x) y = f(-x) 


reimmes 
f=] 1 


Negate the 


y-values. x-values. 


FIGURE 3.83 FIGURE 3.84 


To graph the reflection of f across the y-axis, make a table of values for 
y = f(—x) by negating each x-value in the table for f(x). Then plot these points 
and draw a line graph, as in FIGURE 3.84. 


| Now Try Exorcisos 44 and 47 } 


Compared to the y-values in a table of values for y = f(x), the y-values in 
a table of values for y = —f(x) are negated; the v-values do not change. Compared 
to the x-values in a table of values for y = f(x), the x-values in a table of values for 
y = f(-y) are negated; the p-values do not change. 


y = f(x), how would you make a 
table of values for y = —f(—x)? 


Graphing Calculators On a graphing calculator capable of using function nota- 
tion, entering equations for reflections of a function f is easy. For example, if 
f(x) = (x - 4, let ¥, = (K — 4)?, Y) = —Y), and Y; = Y\(—X), See FIGURES 3.85 
and 3.86, 
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[-10; 10,1] by [-10, 10, 1] 
Plot1 Plot2 Plot3 
NY 1FA(X-4)42 
\y2FI-Y4 
\y3Y1(-X) 
\Ya= 


y3 is a reflection of y, 
across the y-axis. 


N 
FIGURE 3.85 FIGURE 3.86 y2 sa reflection of y, 
across the x-axis. 


Combining Transformations 


Transformation of graphs can be combined to create new graphs from parent func- 
tions. For example, the graph of y = —2(x — 1)? + 3 can be obtained by performing 
four transformations on the parent graph of y = x?. 

1. Shift the graph of y = x? to the right | unit: y = (v — 1). 

2. Vertically stretch the graph of y = (x — 1)? bya factor of 2: y = (x — 1). 

3. Reflect the graph of y = 2(x — 1)? across the x-axis: y = —2(x — 1). 

4. Shift the graph of y = —2(x — 1)? upward 3 units: y = —2(v — 1)? + 3. 


These steps are summarized as follows. 


2, Stretch vertically 1, Shift to the 
by a factor of 2. right 1 unit 
ry 4x —"1)? +3 
3, Reflect across 4. Shift upward 
the xv-axis, 3 units, 


The resulting sequence of graphs is shown in FIGURES 3.87-3.90. 


1. Shift Right 2. Vertical Stretch 3. Reflect Across x-Axis 4. Shift Upward 


FIGURE 3.87 FIGURE 3.88 FIGURE 3.89 FIGURE 3.90 


The order in which transformations are made can be important. For example, 
i a aA changing the order of a stretch and shift can result in a different equation and graph. 
Eetuntions:Dreriierent See FIGURE 3.91, where the parent graph is y = |x|. 


, 
1, Stretch by a 1. Shift 3 units 
factor of upward. 
Shift y = |x| and Zasiiel = i eg pesitey [ia 
theaceeech, y = 2|x| +3 y= 2((x1 + 3), ory = 2|x| + 6 
=, 2, Shift 3 units 2. Stretch by a 
Stretch y = |x| upward factor of 2, 
endithenshifty Rie Also be careful when performing reflections and shifts. On the one hand, if we 
236 reflect the graph of y = Vx across the y-axis to obtain y = V—w and then shift it 


FIGURE 3.91 right 2 units, we obtain y = V—(x — 2). On the other hand, if we shift the graph of 
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y= Vx right 2 units to obtain y = Vx — 2 and then reflect it across the y-axis, 


we obtain y = V—x — 2. The final equations are different and so are their graphs, 
(Try sketching each graph.) 

The following order can be used to graph the functions that we will encounter in 
this section. 


VIE | ° 
OMBINI ] 


| To graph a function by applying more than one transformation, use the following order, 


1. Horizontal shifts 
| 2. Stretching, shrinking, and reflections 
3. Vertical shifts 


PSV AowA Combining transformations of graphs 
L 


Describe how the graph of each equation can be obtained by transforming the parent 
graph of y = Vx. Then graph the equation, 

(a) y = -yVx 

(b) p= V-x-2-1 


SOLUTION 
(a) Vertically shrink the graph of y = Vx by a factor of 4 and then reflect it across 
the x-axis, See FIGURE 3.92. 


(b) The following transformations can be used to obtain the graph of the equation 
y= V=x-2- I from y = Vx. 
1. Shift the graph of y = Vx right 2 units; y = Vx - 2, 
2. Reflect the graph of y = Vx — 2 across the y-axis: y = V-x — 2, 
3. Shift the graph of y = V—x — 2 down | unit; y = V-x - 2-1. 


See FIGURE 3.93, 


a ej 


* Shift right 2 units; 
reflect across y-axis; 
shift down 1 unit. 


Shrink by }, reflect 
across x-axis. 


FIGURE 3.92 FIGURE 3,93 


| Now Try 


Modeling with Transformations 


Modeling Quadratic Data Transformations of the graph of y = x? can be used 
to model some types of nonlinear data. By shifting, stretching, and shrinking this , 
graph, we can transform it into a portion ofa parabola that has the desired shape and 
location. In the next example we demonstrate this technique by modeling numbers of 
Walmart employees. 
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(XG In the early years (1987-2007) Walmart’s growth was rapid and could be 
modeled by a parabola opening upward. However, after the economic turndown in 
2008, Walmart’s growth could no longer be modeled with the same parabola, as is 
illustrated in the following example. 


Modeling data with a quadratic function 


TABLE 3.11 lists numbers of Walmart employees in millions for selected years. 

(a) Make a scatterplot of the data. 

(b) Use transformations to determine f(x) = a(x — h)? + k so that f(x) models the 
data, Graph y = f(x) together with the data. 

(c) Use f(x) to estimate the number of Walmart employees in 2015. Compare it with 


Walmart Employees (in millions) 


Employees 


1987 0.20 the actual value of 2.2 million employees. 
1992 0.37 SOLUTION 
1997 0.68 


(a) A scatterplot of the data is shown in FIGURE 3.94. This plot suggests that the data 
could be modeled by the right half of a parabola that opens upward. 

(b) Because the parabola opens upward, it follows that a > 0 and the vertex 
is the lowest point on the parabola. The minimum number of employees 
is 0.20 million in 1987. One possibility for the vertex (4, &) is (1987, 0.20). 
Translate the graph of y = x? right 1987 units and upward ).20 unit. Thus 
f(x) = a(x — 1987) + 0.20. 

To determine a, graph the data and y = f(x) for different values of a. See 
FIGURES 3.95 and 3.96. With a little experimentation, a reasonable value for a near 
0.005 can be found. 

A scatterplot of the data and graph of f(x) = 0.005(x — 1987)? + 0.2 are 
shown in FIGURE 3.96, (Answers may vary.) Note that this equation is in vertex form. 


| 2002 | 4 


Source: Walmart. 
TABLE 3,11 


Testing Values Graphically 
(1985, 2010, 5] by [0,3,0.5]  [1985, 2010, 5] by [0,3,0.5] (1985, 2010, 5] by [0, 3, 0.5] 


ais too large. 


FIGURE 3.94 FIGURE 3.95 ais too small. | FIGURE 3.96 


(©) To estimate the number of employees in 2015, evaluate f (2015). 
fQ015) = 0.005(2015 — 1987)? + 0.2 = 4.12 


This model provides an estimate of about 4.12 million Walmart employees in 
2015. The calculation involves extrapolation and is not accurate. It is almost 
double the actual value of 2.2 million. 


ots 115 | 


| Now Try 


Translations and Computer Graphics In video games, the background is often 
translated to give the illusion that the player in the game is moving. A simple scene 
of a mountain and an airplane is shown in FIGURE 3.97 on the next page. To make it 
appear to the player as though the airplane were flying to the right, the image of the 
mountain could be translated horizontally to the left, as shown in FIGURE 3.98 on the 
next page. Note that the position of the plane does not change. (Source: C. Pokorny and 
C, Gerald, Computer Graphics.) 
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Shifting the Background to Show Motion 


SS SS 


FIGURE 3.97 FIGURE 3.98 


| EXAMPLE 9 | Using translations to model movement 


Suppose that the mountain in FIGURE 3,97 can be described by f(x) = —0.4x? + 4 

and that the airplane is located at the point (1, 5). 

(a) Graph f in [—4, 4, 1] by [0, 6, 1], where the units are in kilometers, Plot a point 
(a scatterplot with one point) to mark the position of the airplane. 

(b) Assume that the airplane is moving horizontally to the right at 0.4 kilometer per 
second. To give a video player the illusion that the airplane is moving, graph the 
image of the mountain and the position of the airplane after 5 seconds and then 
after 10 seconds, 


SOLUTION 

(a) The graph of y = f(x) = —0.4x? + 4 and the position of the airplane at (1, 5) 
are shown in FIGURE 3.99, The “mountain” has been shaded to emphasize its 
position, 

(b) Five seconds later, the airplane has moved 5(0.4) = 2 kilometers right. In 10 
seconds it has moved 10(0.4) = 4 kilometers right. To graph these new posi- 
tions, translate the graph of the mountain 2 and 4 kilometers (units) to the left. 
First, shift the mountain 2 kilometers to the left by replacing x with (x + 2) and 
graphing 


y = f(x + 2) = -0.4(y + 2)? + 4 


together with the point (1, 5). Next, graph y = f(x + 4) = -0.4Q + 4r +4 
to shift the mountain 4 kilometers to the left. The results are shown in FIGURES 
3,100 and 3,101, The position of the airplane at (1, 5) has not changed, However, 
it appears to have flown to the right. 


[-4,4, 1] by [0, 6, 1] (-4,4, 1] by [0, 6, 1] (-4, 4, 1] by [0, 6, 1] 


FIGURE 3,99 FIGURE 3.100 FIGURE 3.101 


| Now Try Exerci {: 121 


(CRITICAL THINKING | ; 
Discuss how one might create the illusion of the airplane moving to the left and 
gaining altitude as it passes over the mountain. 
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ra 3.5 } Putting It All Together | It All Together 
| 


EQUATION EFFECT ON GRAPH OF y = f(x) 


The graph of y = f(x) is shifted upward c units. 
The graph of y = f(x) is shifted downward c units. 
The graph of y = f(x) is shifted to the left c units. 
The graph of y = f(x) is shifted to the right c units. 


Examples: 
Shifted Down Shifted Left 


Let ¢ > 0. If (x, y) lies on the graph of y = f(x), then (x, cy) lies on the graph of y = cf(x). The 
y = ef) graph is vertically stretched if ¢ > 1 and vertically shrunk if 0 < ¢ < 1. 
Examples: 
( Vertically Stretched Vertically Shrunk 


Let ¢ > 0. If (x, y) lies on the graph of y = f(x), then (3, y) lies on the graph of y = f(cx). The 
v= flex) graph is horizontally shrunk if c > 1 and horizontally stretched if 0 < ¢ < 1. 


Examples: 
Horizontally Shrunk Horizontally Stretched 


continued on next page 


250 CHAPTER 3 Quadratic Functions and Equations 


EQUATION EFFECT ON GRAPH OF y = /(x) 


The graph of y = f(x) is reflected across the x-axis. 
The graph of y = f(x) is reflected across the y-axis. 


Examples: 


Reflected Across x-Axis Reflected Across y-Axis 


Vertical and Horizontal Translations 

Exercises 1-8: Write the equation of the graph. (Note: Ts 
The given graph is a translation of the graph of one of the 
following equations: y = y= Vx, or y = |x|.) 

2. y 


Exercises 9-12: Critical Thinking Suppose that h and k 
are positive numbers. Match each equation to its graph (a-d). 


9 p=(x-—hP +k 10. y=(vt+hP-k 


y 
3. A: 3 We y=Vxth-k 12 y= Vx-ht+k 
Al |_| my ey é y b. y 
3 3 
1 1 
3 i4[133! " =3_[-i za], 
EF =A if 
awe ee LEP | 
5, y 6. a 
x 3 l, me 
pb fb. 4 
LEIGN | 
3 [N/T] 1 fe ei | 
nee 2 HH alo 
a i PCE 


FIGURE 4.58 
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From FIGURE 4.67 it appears that there were 5000 birds around June | (x = 1), 
just before June 20 (x = 20), and slightly after July 10 (v = 40). See Example 5. 


Factoring Polynomials 


The polynomial f(x) = x? — 3x + 2 can be factored as f(x) = (x — 1)(v — 2). Note 
that f({) = 0 and (x — 1) is a factor of f(x). Similarly, f(@2) = 0 and (x — 2) isa 
factor of f(x). : 

This discussion can be generalized. By the remainder theorem we know that 


SQ) = & — Ka) + 6, 


where r is the remainder. If » = 0, then f(x) = (xv — k)q(x) and (x — 4) isa factor of 
f(x). Similarly, if (v — 4) is a factor of f(x), then r = 0, That is, 


f(x) = & - Kad) 
and f(®) = (k — 4 q& = 0+ q(& = 0. This discussion justifies the factor theorem. 


FACTOR THEOREM ee ee eee ee 
A polynomial f(x) has a factor x — k if and only if f(k) = 0. 


Applying the factor theorem 


Use the graph in FIGURE 4.58 and the factor theorem to list the factors of f(x). 
Assume that all zeros are integers. 


SOLUTION FIGURE 4.58 shows that the zeros (or x-coordinates of the x-intercepts) of 
fare —2, |, and 3, Since f(— 2) = 0, the factor theorem states that (x + 2) isa factor 
of f(x). Similarly, f({) = 0 implies that (x — 1) is a factor, and f(3) = 0 implies that 
(x — 3) is a factor. Thus the factors of f(x) are (v + 2), (x — 1), and (x — 3). 


QT Ir f(-2) = 0, then (x — (—2)), or (x + 2), is a factor. 


See the Concept: x-Intercepts, Zeros, and Factors 


@® x-intercepts: (—1, 0), (3, 0) 


© f(-1) =0 and f(3) =0 


| 


] | Equivalent Concepts: 


| @ The graph of y = f(x) has 
y | x-intercept (k, 0). 


| © Areal zero of f(x) is k. 
| @ A factor of f(x) is (x — k). 


| @® x-intercept: (k, 0) | 


No 705 “1,3 | | | 


@ fk) =0 


@ Factors of x* — 2x — 3 are (x + 1) @ Because k is a zero, (x — k) is a factor 


and (x — 3). 


of f(x). 
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Zeros with Multiplicity If f(y) = (x + 2)’, then the factor (x + 2) occurs twice 
and the zero —2 is called a zero of multiplicity 2, See FIGURE 4.59, The polynomial 
g(x) =(x + 1)3(x — 2) has zeros —1 and 2 with multiplicities 3 and |, respectively. 
See FIGURE 4.60. Counting multiplicities, a polynomial of degree n has at most n real 
zeros, For g(x), the sum of the multiplicities is 3 + 1 = 4, which equals its degree. 


See the Concept: Zeros, x-Intercepts, and Multiplicities 


y 


FIGURE 4,59 | FIGURE 4.60 
® The x-intercept corresponds to the © The two x-intercepts correspond to 
zero —2, which has multiplicity 2. zeros —1 and 2, which have 


multiplicities 3 and 1, respectively. 


Complete Factored Form The concepts discussed above, together with the factor 
theorem, can be used to find the complete factored form of a polynomial, The com- 
plete factored form of a polynomial is unique. 


Suppose a polynomial 


A(X) = ax" +e +b agx® + ayx + ay 


has 7 real zeros 1, C2, ¢3,..., ¢,, Where a distinct zero is listed as many times as its 
multiplicity. Then f(x) can be written in complete factored form as 


f(x) = ax = ex = @2)(x = @3) 8 Y= Cy) 


(XY When zeros have multiplicities greater than one, exponents are sometimes 
used to write the complete factored form more concisely. For example, the factoriza- 
tion f(x) = (x — 2)(v — 2)(x — 2) can also be expressed as f(x) = (x — 2), 


Finding a complete factorization 


Write the complete factorization for each polynomial with the given zeros, 
(a) f(x) = 13x? — 13x — 26; zeros: ~1 and 2 
(b) f(x) = 7x3 = 21n? — Tx + 21; zeros: —1, 1, and 3 


SOLUTION 
(a) The leading coefficient is |4 and the zeros are — | and 2, By the factor theorem, 
(x + 1) and (x — 2) are factors. The complete factorization is 


#3) = 136° — (— De = 2) = 130" + DG = 2), fas factor, 


(b) The leading coefficient is 7 and the zeros are —1, 1, and 3, The complete factor- 
ization is 


xX) = 7x + DW - Dv - 3). 
fGideea Bail ‘aa f@) = 7% + Dv - DO - 3). 
has three factors. 


| Now ry Exercis 


EXAMPLE 3 
y 
54) |_| 
x 
=A Ta 
Ct to dia 
7 . f(x) = 2x3 — 4x? -— 10x + 12 
PE | I 
FIGURE 4.61 
EXAMPLE 4 
Algebra Review 


To review factoring trinomials, see 
Chapter R (pages R22-R23). 
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MAKING CONNECTIONS 


‘Types of Factored Norms — If the leading coefficient of a polynomial f(x) is 6 and the 
only zeros are 4 and 5, then the complete factored form is f(x) = 6(x = 1)( oo 4) 
and it is unique. Sometimes we factor 6 as 3 + 2 and distribute the 3 over the first 
binomial factor and the 2 over the second binomial factor to obtain the slightly 
different, but equivalent, factored form of f(x) = x — 1)(2x — 1). 


Factoring a polynomial graphically 
Use the graph of f in FIGURE 4.61 to factor f(x) = 2x? — 4x? — 10x + 12. 


SOLUTION 

Getting Started To factor f(x) we need to determine the leading coefficient and the 
zeros of f. The zeros coincide with the x-coordinates of the x-intercepts of the graph 
of f. (We assume that zeros are integers in this example.) > 


The leading coefficient is 2, and from the graph the zeros are —2, 1, and 3. The 
complete factorization is 


fs) = rx + Nx - Dox . 1 f is degree 3 and has 


three factors, 


Now Try Exercise 13 


When factoring polynomials by hand, it is sometimes helpful to use the tech- 
niques of division discussed in the preceding section. 


Factoring a polynomial symbolically 


One of the zeros of the polynomial f(x) = 2x3 — 2x? - 34x — 30 is —1. Express 
f(x) in complete factored form. 
SOLUTION If —1 is a zero, then by the factor theorem (x + 1) is a factor. To factor 
f(x), divide x + 1 into 2x3 — 2x? — 34x — 30 by using synthetic division. 
=I} 2 -2 -34 -30 ae 
Long division could 
2, 4 39 aloe used. 


2 -4 -30 0 


The remainder is 0, so x + 1 divides evenly into the dividend. By the division 
algorithm, 


2x3 — 2x7 — 34x — 30 = (x + 1)(2x? — 4x — 30). 
The quotient 2x? — 4x — 30 can be factored further. 
2x? — 4x — 30 = 2(x? — 2x — 15) Factor out 2 
=2(x + 3)(x — 5) Factor trinomial 
The complete factored form is f(x) = 2¢0 + 1)(v + 3)(e = 5). 


An Application In the introduction to this section we presented the equation 
x3 — 61x? + 839x + 4221 = 5000, Equation to be solved 
which can be rewritten as 
x3 — 61x? + 839x — 779 = 0. Subtract § 


This second equation gives the days when a summer bird population was 5000 and is 
solved in the next example. 
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A Summer Bird Population 


Bird population 
= 
8 


Oo 10 20 30 40 
Days (1 <> June 1) 


ieee Factoring a polynomial 


Factor g(x) = x° — 61x? + 839x — 779. Use the zeros of g(x) to determine the 
days when the bird population was 5000. 


SOLUTION From FIGURE 4.57, repeated in the margin, it appears that the bird 
population was 5000 when x = 1. If we substitute x = | in this polynomial, the 
result is 0, 
g() = B - 61(1)? + 839(1) — 779 = 0 
By the factor theorem, (x — 1) is a factor of g(x). We can use synthetic division to 
divide x? — 61x? + 839x — 779 by x — 1. 
Jj) 1 -61 839 —779 
| -60 779 
1 -60 779 0 


By the division algorithm, 
x? = 61x? + 839x — 779 = (x — 1)(x? — 60x + 779). 


Since it is not obvious how to factor x? — 60x + 779, we can use the quadratic for- 
mula with a = 1, b = —60, and c = 779 to find its zeros. 


sh —b + Vb? = 4ac 


Long division could 
also be used. 


\ \ 
The remainder is O 


2a 
_ ~(-60) + V-60" = 401779) — 
21) oe eee 
60 + 22 
a a oimplity 
= 4lor 19 Two zere 


The zeros of g(x) = x3 — 61x? + 839x — 779 are 1, 19, and 41, and its lead- 
ing coefficient is 1. The complete factorization is g(x) = (x — I(x — 19)(x — 41). 
The bird population equals 5000 on June | (x = 1), June 19 (x = 19), and July 11 


(v = 41). 


Graphs and Multiple Zeros 


The following See the Concept explains graphs of polynomials with multiple zeros, 
See FIGURES 4.62 and 4.63, 


See the Concept: Understanding Multiple Zeros 


{ y 

@ Zero —3 has odd 
multiplicity 3. 

sci = 


3)3(x 


f(x) = 0.02(x 4 
FIGURE 4,62 


inh 


© Zero —5 has odd 
multiplicity 1, 
| rower 


y @ Ata zero of even 
multiplicity, the graph 
does not cross the x-axis. 


© Ata zero of odd 
multiplicity, the graph 
crosses the x-axis. 


@ The higher the multiplicity, 


7 mn aN Le the more the graph levels 
@ Zero 3 has even |. @ Zero 2 has odd | off near the zero. 
multiplicity 2. multiplicity 3. | 


) = 0.03(x 


FIGURE 4.63 
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ae WIAs Finding multiplicities graphically 


CRITICAL THINKING 


Make a conjecture about the depth 
that a ball with a 10-centimeter 
diameter will sink in water if 
d=0,5, Test your conjecture 
graphically. 


FIGURE 4.64 shows the graph of a sixth-degree polynomial f(x) with leading coeffi- 
cient 1, All zeros are integers. Write f(x) in complete factored form. 


FIGURE 4.64 


SOLUTION The zeros of f are —2, 0, and 4, Since the graph crosses the x-axis at —2 
and 4, these zeros have odd multiplicity. The graph of f levels off more at x = 4 than 
at x = —2, so 4 has a higher multiplicity than —2. At x = 0 the graph of f does not 
cross the x-axis. Thus 0 has even multiplicity. To make f(x) a sixth degree polynomial, 
—2 has multiplicity 1, 0 has multiplicity 2, and 4 has multiplicity 3. Then the sum of the 
multiplicities is given by 1 + 2 + 3 = 6, which equals the degree of f(x). List the zeros as 
—2, 0,0, 4, 4, and 4, The leading coefficient is 1, so the complete factorization of f(x) is. 


f(x) = 10% + 2)(% — Ox — OY - 4x - 4) - 4), or 
F(x) = x(x + (x — 4%. 


Now Try Exercise 47 


An Application: “Will It Float?” Multiple zeros can have physical significance. 
The next example shows how a multiple zero represents the boundary between an 
object floating and sinking. 


Interpreting a multiple zero 


The polynomial f(x) = $x? — Sax? + eed can be used to find the depth that a ball, 


10 centimeters in diameter, sinks in water. The constant d is the density of the ball, 
where the density of water is 1. The smallest positive zero of f(x) equals the depth that 
the sphere sinks. Approximate this depth for each material and interpret the results, 
(a) A wood ball with d = 0.8 

(b) A solid aluminum sphere with d = 2.7 

(c) A water balloon with d = 1 


SOLUTION 

(a) Let d = 0.8 and graph Y; = (7/3)X43 — SaX*2 + 5007(0.8)/3. In FIGURE 4.65 
on the next page, the smallest positive zero is near 7.13. This means that the 
10-centimeter wood ball sinks about 7.13 centimeters into the water. 

(b) Let d = 2.7 and graph Y) = (a /3)X43 — 5arX42 + 50077(2.7)/3. In FIGURE 4.66 
on the next page, there is no positive zero. The aluminum sphere is more dense 
than water and sinks. 

(c) Let d = 1 and graph Y3; = (a/3)X*3 — SwX‘2 + 5007/3. In FIGURE 4.67 on 
the next page, y3 has one positive zero of 10 with multiplicity 2. The water bal- 
loon has the same density as water and “floats” even with the surface. The value 
of d = | represents the boundary between sinking and floating. If the ball floats, 
f(x) has two positive zeros; if it sinks, f(x) has no positive zeros. With the water 
balloon there is one positive zero with multiplicity 2 that represents a transition 
between floating and sinking. 
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It Floats It Sinks Neither Sinks Nor Floats 
[-20, 20, 5] by [—300, 500, 100]  [—20, 20, 5] by [-500, 2000, 500] — [—20, 20, 5] by [—300, 600, 100] 
d=1 


zero 


Two positive zeros | No positive zeros | Multiple zero: 10 | 
FIGURE 4,65 FIGURE 4.66 FIGURE 4.67 


i 
| Now Try Exercise 136 | 


Rational Zeros 


Ifa polynomial has a rational zero, it can be found by using the rational zero test. 


| Let f(x) = a,x" + °° + ax? + ax + ap, where a, 4 0, represent a polyno- 
mial function f with integer coefficients. If f is a rational number written in lowest 

| terms and it 5 is a zero of f, then p is a factor of the constant term dp and q is a 
factor of the leading coefficient a,. 


The following example illustrates how to find rational zeros by using this test. 


7 ‘ F x P 
8] Finding rational zeros of a polynomial 


Find all rational zeros of f(x) = 6x* — 5x? — 7x + 4 and factor f(x). 


Ds . . . 
SOLUTION If f is a rational zero in lowest terms, then p is a factor of the constant 


term 4 and q is a factor of the leading coefficient 6. The possible values for p and q 
are as follows. 


r 4 
eh gh gh 42 + + £5, or #5. 
6 3 2 3 


TABLE 4, 
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From TABLE 4.3 there are three rational zeros: — 1,5, and 4. Since a third-degree 
polynomial has at most three zeros, the complete factored form of f(x) is 


f(x) = 6 + D(x = (x - “) 


which can also be written as f(x) = (x + Ix — Gx — 4). 


(TV Although f(x) in Example 8 had only rational zeros, it is important to realize 
that many polynomials have irrational zeros, Irrational zeros cannot be found using 
the rational zero test. 


Descartes’ Rule of Signs 


Descartes’ rule of signs helps to determine the numbers of positive and negative real 
zeros of a polynomial function, 


Let P(x) define a polynomial function with real coefficients and a nonzero con- 

stant term, with terms in descending powers of x, 

(a) The number of positive real zeros either equals the number of variations in 
sign occurring in the coefficients of P(x) or is less than the number of varia- 
tions by a positive even integer. 

(b) The number of negative real zeros either equals the number of variations in 

sign occurring in the coefficients of P(—x) or is less than the number of varia- 

tions by a positive even integer. 


A yariation in sign is a change from positive to negative or negative to positive in suc- 
cessive terms of the polynomial when written in descending powers of the variable, 
Missing terms (those with 0 coefficients) can be ignored. 


Applying Descartes’ rule of signs 


Determine the possible numbers of positive real zeros and negative real zeros of 
P(x) = x4 — 6x7 + 8x? + 2 - 1. 


SOLUTION We first consider the possible number of positive zeros by observing 
that P(x) has three variations in sign. 


+x — 6x3 + 8x? + 2x - 1 hree variations in sign 


Thus by Descartes’ rule of signs, P(x) has either 3 or 3 — 2 = | positive real zeros. 
For negative zeros, consider the variations in sign for P(—x). 


P(-x) = (-x)4 — 6(—x)8 + 8(—x)?? + 2(-») - 1 
= x4 + 6x) + 8x? = 2x - 1 e variation in sign 


Since there is only one variation in sign, P(x) has only | negative real zero. 
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Polynomial Equations 


In the preceding chapter, factoring was used to solve quadratic equations. Factoring 
also can be used to solve polynomial equations with degree greater than 2. 


| EXAMPI 


Solving a cubic equation 
Solve x? + 3x? — 4x = 0. Support your answer graphically and numerically. 


SOLUTION 
Symbolic Solution 


3 . a es 
Each term on the left has ere + 3x — 4x = 0 aE RAMEE 
at least one factor of x. | x(x? + 3x — 4) =0 ctor out 


xv + 4)(r - 1) = 0 tor the quadratic expression 
x=0, x¥+4=0, or v-1=0 


x= 0, -4, or! 


Graphical Solution Graph y = x3 + 3x? — 4y as in FIGURE 4.68, The x-coordinates 
of the x-intercepts, or zeros, are —4, 0), and 1, which correspond to the solutions. 


Numerical Solution Table y = x? + 3x? — 4y as in FIGURE 4.69, The zeros of y occur 
atx = —4,0, and 1. 


Solving x? + 3x? - 4x =0 
(—5, 5,1] by [-15, 15, 5] 


Zeros: —4,0,1 | 


Graphical solution 


FIGURE 4.68 


Solving a polynomial equation 


Find all real solutions to each equation symbolically. 
(a) 4x4 - 5x? -9 =0 (b) 2x3 + 12 = 3x? + 8x 
SOLUTION 


(a) The expression 4x4 — 5x? — 9 can be factored in a manner similar to the way 
quadratic expressions are factored. 


4x1 — 5x? -9 =0 en equation 
ay? - Sy - 9 = (4y - Ny + 1), [eat nt otha tor 
where y = x?, 


4x7 -9 =0 or x +1=0 product prop 
4x? = or v=] 1d 9 or subtract 1 
9 
ear or v= -l Divi 1 
3 
x= 4) or = -1 quar 


The equation x? = —1 has no real solutions. The solutions are -3 and 3. 


Algebra Review 
To review factoring a cubic polynomial 
by grouping, see Chapter R (page R-20). 


Group terms together that 
have a common factor. 


EXAMPLE 12 
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(b) First transpose each term on the right side of the equation to the left side of the 
equation. Then use grouping to factor the polynomial. 


2x3 + 12 = 3x? + By ii | 
2x3 — 3x? — 8x + 12 = 0 Rewrite the equation 


(2x3 — 3x?) + (-8x + 12) =0 proper 
aver 3) — 4@x -— 3) =0 f t 


(? = Max - 3) =0 ! 
x-4=0 or 2x-3=0 roduct property 


x= +2 or x= 


Nl] wo 


The solutions are —2, 3, and 2, 
| Now ‘ry Exercises 97 and 107 


Some types of polynomial equations cannot be solved easily by factoring. The 
next example illustrates how we can obtain an approximate solution graphically. 


Finding a solution graphically 


Solve the equation 43 — 2x — 4 = 0 graphically. Round to the nearest hundredth. 


SOLUTION A graph of y = jx — 2x — 4 is shown in FIGURE 4.70, Since there is 
only one x-intercept, the equation has one rea/ solution: x ~ 2.65, 


Graphical Solution 
[-9, 9, 1] by [-6, 6, 1] 


FIGURE 4.70 
Intermediate Value Theorem 


In Example 12, we approximated a solution to 13 — 2x — 4 = 0 to be 2.65, How do 


we know for sure that there is indeed such a solution? The intermediate value theorem 
helps answer this question. 


"INTERMEDIATE VAL EM | 
Let (x4, 9) and (x9, y), with yy A y2 and x, < x, be two points on the graph of 
a continuous function f. Then, on the interval x; < x < x», f assumes every value 
between y, and y, at least once. 


From Example 12, let f(x) = 3x — 2x — 4, Because f(0) = —4 and f(3) = 3.5, 
the points (0, —4) and (3, 3.5) lie on the graph of f in FIGURE 4.70. By the intermedi- 
ate value theorem, f(x) = 0 for at least one x-value, because 0 is between —4 and 
3.5. Although we have not found the exact x-value, we know that a real zero of f 
does exist. Loosely speaking, the intermediate value theorem says that if y,; < 0 and 
y2 > 0, then we cannot draw a continuous graph of f without crossing the x-axis. 


The only way not to cross the x-axis would be to pick up the pencil, but this would 
create a discontinuous graph. 
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Applications of the Intermediate Value Theorem There are many examples of 
the intermediate value theorem, Physical motion is usually considered to be continu- 
ous. Suppose at one time a car is traveling at 20 miles per hour and at another time it 
is traveling at 40 miles per hour, It is logical to assume that the car traveled 30 miles 
per hour at least once between these times. In fact, by the intermediate value theorem, 
the car must have assumed all speeds between 20 and 40 miles per hour at least once. 
Similarly, if a jet airliner takes off and flies at an altitude of 30,000 feet, then by the 
intermediate value theorem we may conclude that the airliner assumed all altitudes 
between ground level and 30,000 feet at least once. 


= 4.4 } Putting It All Together | It All Together 


CONCEPT 
Factor theorem (x — k) isa factor of f(x) if and only if 


S(k) = 0. 


J(x) = x? + 3x — 4, f(-4) = 0, and f() = 0 
imply that (v + 4) and (v — 1) are factors of 
f(x). That is, f(x) = (v + 4)(v - 1). 


Let f(x) = x? — 2x — 3, See the graph below, 
1, The graph of f has x-intercepts (— |, 0) 


The following are equivalent: 
1, The graph of f has x-intercept (k, 0). 


x-intercepts, zeros, 
and factors 


Complete factored 
form 


Factoring a 
polynomial 
graphically (only 
real zeros) 


Solving polynomial 
equations 


2. A real zero of f isk. That is, f(k) = 0. 
3. A factor of f is (v — &). 


SX) = a(x — ce) +++ (= ¢,), where the 
cy, are zeros of f, with a distinct zero listed 
as many times as its multiplicity, This form 
is unique. 


Graph y = f(x) and locate all the zeros 
or x-intercepts. If the leading coefficient 
is a and the zeros are ¢), ¢2, and ¢3, then 


f(x) = alx — ex — &)(x = ¢3). 


Polynomial equations can be solved 
symbolically, graphically, and numerically. 
Factoring is a useful symbolic technique. 


and (3, 0), 
2. f(— 1) = Oand fG) = 0 
3. fx) = (+ Di - 3) 


= 3(x — 5)(v + 3)(v + 3) 
3(x — 5)(v + 3) 
= 3,¢ = 5, ¢ = —3,¢3 =-3 


f(x) = 2x3 + 4x? — 2x - 4 has zeros —2, - 


and | and leading coefficient 2, Thus 
SX) = Av + Ye t+ YO - 1. 


Solve x? — 4x? — 5x = 0. 
x(x? — 4x — 5) = 0 
x(x - 5)(v + 1) = 0 
x = 0,5, or -1 
See also Examples 10 and 11, 


\, 
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Zeros and multiplicity | If a zero of a polynomial has odd multiplicity, then the graph crosses the x-axis at the zero. If a 
polynomial has a zero of even multiplicity, then the graph intersects, but does not cross, the x-axis 
at the zero, The higher the multiplicity of a zero, the more the graph levels off near the zero. 


Multiplicity 1 (odd) Multiplicity 2(even) Multiplicity 3 (odd) Multiplicity 4 (even) 


Exercises 
Factoring Polynomials 
Exercises 1-4; Use the graph and the factor theorem to list 10. f(x) = 3x4 — 8x3 — 67x? + 112x + 240; 
the factors of f(x). Assume that all zeros are integers. zeros: —4, -4 3, and 5 


y 
1. e 11, Let f(x) be a quadratic polynomial with leading 


g coefficient 7, Suppose that f(—3) = 0 and f(2) = 0. 
L | hal Write the complete factored form of f(x). 


¥ 12, Let g(x) be a cubic polynomial with leading coef- 
ficient —4. Suppose that g(—2) = 0, g(1) = 0, and 
g(4) = 0. Write the complete factored form of g(x). 


Exercises 13 and 14: Use the graph to factor f(x). Assume 
4, y that all zeros are integers. 


13, f(x) = —2x7 + 2x 
y 


Exercises 5-12: Use the given zeros to write the complete 
factored form of f(x). 
5. f(x) = 2x? — 25x + 77; zeros: a and 7 


6. f(x) = 6x? + 21x — 90; zeros: -6 and 3 
7. f(x) = x? - 2x? — 5x + 6; zeros: —2, 1, and 3 
8. f(x) = x3 + 6x? + Ix + 6; zeros: —3, —2, and -1 


9, f(x) = —2x3 + 3x? + 59x — 30; zeros: —5, 5, and 6 
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Exercises 15-18: The graph of a polynomial f(x) with 
leading coefficient £1 and integer zeros is shown in the 


Jigure, Write its complete factored form. 
15, 


19, Critical Thinking Let f(x) be a cubic polynomial 
with zeros —1, 2, and 3, If the graph of f passes 
through the point (0, 3), write the complete factored 
form of f(x). 


20. Critical Thinking Let g(x) be a quartic polynomial 
with zeros —2, —1, 1, and 2. If the graph of g passes 
through the point (0, 8), write the complete factored 


form of g(x). 


Exercises 21-24: Critical Thinking The graph of a poly- 
nomial f(x) with integer zeros is shown in the figure. Write 
its complete factored form. Note that the leading coeffi- 
cient of f(x) isnot +1, 


21. ’ 22, 


“=< 


23, 


fq Exercises 25-30: Use graphing to factor f (x). 
25. f(x) = 10x? + 17x — 6 


26. f(x) = 2x3 + 7x? + 2x - 3 

27, f(x) = —3x? — 3x? + 18x 

28. f(x) = 43 + $y? +x-4 

29. f(x) = a4 + 33 — 3x? - 3x 

30. f(x) = 10x4 + 7x? — 27x? + 2x + 8 


Exercises 31-36; ( Refer to Example 4.) Write the complete 
Sactored form of the polynomial f(x), given that k is a zero, 


31. f(x) = x° — 9x? + 23x — 15 k=1 
32. f(x) = 2x3 + x? - Ix - 10 k=-2 
33, f(x) = —4x3 — x? + Sly — 36 k=-4 
34, f(x) = 3x9 — Ix? — 35x + 75 k=5 
35, f(x) = 2x4 — x3 -— 13x? - 6x k= -2 


36. f(x) = 35x41 + 48x3 = 41x? + 6x ke = 4 


Factor Theorem 


Exercises 37-40: Use the factor theorem to decide if x — k 
is a factor of f(x) for the given k. 


37. f(x) = x9 — 6x? + Ix — 6 k=2 
38. f(x) = x3 + x? - 14y — 24 k= -3 
39, f(x) = x4 - 2x7 - 13x? - 10x k=3 
40. f(x) = 2x4 = 1x3 + 9x? + 14x k= 5 


Graphs and Multiple Zeros 


Exercises 41 and 42: The graph of a polynomial f(x) is 
shown in the figure. Estimate the integer zeros and state 
whether their multiplicities are odd or even. State the mini- 
mum degree of f(x). 


Exercises 43-46: Write a polynomial f(x) in complete 
factored form that satisfies the conditions, Let the leading 
coefficient be 1. 


43. Degree 3; zeros: —1 with multiplicity 2, and 6 with 
multiplicity 1 


44, Degree 4; zeros: 5 and 7, both with multiplicity 2 


45, Degree 4; zeros: 2 with multiplicity 3, and 6 with mul- 
tiplicity 1 


46. Degree 5; zeros: —2 with multiplicity 2, and 4 with 
multiplicity 3 


Exercises 47-52: The graph of either a cubic, quartic, or 
quintic polynomial f(x) with integer zeros is shown. Write 
the complete factored form of f(x). (Hint: In Exercises 51 
and §2 the leading coefficient is not +1.) 


Exercises 53-68; Graphing Polynomial Functions For 
each f(x), complete the following. 

(a) Find the x- and y-intercepts. 

(b) Determine the multiplicity of each zero of f. 

(c) Sketch a graph of y = f(x) by hand. 

53. f(x) = (x — D(x + 2) 


54. f(x) = (x + Iv - 2) 
55, f(x) = -( - 2? 

57, f(x) = (x - 13 58. f(x) = (x + 2) 
59, f(x) = -x(v - 2? ~— 60. f(x) = —x(x + 1)? 
61, f(x) = —x(x — I(x + 2) 


56. f(x) = —(x + 1? 
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62. f(x) = x°(x + 3) 

63. f(x) = —@& — 1? + 2) 

64. f(x) = (x — 27% + 1)? 

65. f(x) = 2(x + 2)(x + 1)? 

66. f(x) = - + D& — D& - 2) 
67. f(x) = x(x + 2)(x — 2) 

68. f(x) = (x + 27 - IP 
Rational Zeros 


Exercises 69-76: (Refer to Example 8.) 


(a) Use the rational zero test to find any rational zeros of 
the polynomial f(x). 
(b) Write the complete factored form of f(x). 


69. f(x) = 2x? + 3x? — 8x + 3 

70. f(x) = x3 — Tx + 6 

1. f(x) = 2x4 + x3 - 8x? — x +6 
72. f(x) = 2x4 + x3 — 19x? - 9x +9 
73. f(x) = 3x3 — 16x? + 17x - 4 

74, f(x) = x3 + 2x? — 3x — 6 

715. fx) =x -— x? - Ix +7 

76. f(x) = 2x3 — 5x — 4x + 10 


Descartes’ Rule of Signs 


Exercises 77-82: Use Descartes’ rule of signs to determine 
the possible number of positive and negative real zeros for 
each function. Then, use a graph to determine the actual 
numbers of positive and negative real zeros. 


71. P(x) = 2x3 — 4x? + In +7 

78, P(x) = x3 + 2x? +x—- 10 

79. P(x) = 5x4 + 3x7 + 2x - 9 

80. P(x) = 3x4 + 2x3 — 8x? — 10x - 1 
81. P(x) = x° + 3x4 -— x + 2x +3 

82. P(x) = 2x5 — x4 + x3 - x? +245 


Polynomial Equations 


Exercises 83-88; Solve for all real solutions. 
(a) symbolically, 


B (b) graphically, and 


(c) numerically. 


83. x3 + x? - 6x =0 84, 2x? —- 8x +6=0 


85. x1'-1=0 86. x1 - 5x? +4=0 
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-x3 + 4x =0 88. 6 — 4x — 2x7 = 0 


Exercises 89-114: Checking Symbolic Skills Solve the equa- 
tion. Find all real solutions. 


89, 
91. 
93, 
95, 
97. 
99. 
101. 
103. 
105, 
107. 
108, 
109, 
111. 


113. 


x? -1=0 90. 3° +8=0 
wP-xv=0 92. x4 -1= 

8x — xt = 0 94, 16 - 2x7 = 0 

x3 - 25x =0 96. x4 — x3 — 6.7 =0 
xt — x? = 2x? + 4 98. x4 + 5 = 6x? 

x? = 3x? - 18¥ =0 100. x4 - 1? =0 

2x3 = 4x? — 2x 102. 7 =x 

12x3 = 17x? + 5x 104. 3x? + 3x = 10x? 


9x4 + 4 = 13x? 106. 4x4 + 7x? -2=0 


4x3 + 4x? — 3x — 3 = 0 
9x3 + 27x? — Ix — 6 =0 


2x3+4= x(x + 8) 110, 3x? + 18 = x(2x + 27) 


8x4 = 30x? — 27 112. 4x4 — 21x? + 20 = 0 


x6 — 19x3 = 216 114, x6 = 7x3 + 8 


=| Exercises 115-120: (Refer to Example 12.) Solve the equation 
graphically. Round your answers to the nearest hundredth. 


115. 
116, 
117, 
118, 
119, 
120. 


x3 - Lx? — 5,9x + 0.7 = 0 
xi t+ x? — 18¥ + 13 =0 
-0.7x) — 2x7 + 4x + 2.5 =0 
3x3 — 46x? + 180. — 99 = 0 
2x4 — 1.5x3 + 13 = 24x? + 10x 


—x4 + 2x3 + 20x? = 22x + 41 


Checking Symbolic Skills 


Exercises 121-124; Solve each equation. 


121, 
122, 
123. 
124, 


3(x? + 4) + 2x(3x - 12) = 0 
(x? + 3x — 1) + x + 3)(x -— 5) = 0 


3(x + 12x — 14 + 8(v + IRQx — 13 = 0 


4x(x? + I(x? + 4)? + x(x? + 12x? + 4)? = 0 


Exercises 125 and 126: Critical Thinking Solve each equa- 


tion, 
125, 


where k is a positive constant. 


3kx? — Tx = 0 126. 4x3 — kx = 0 


Intermediate Value Theorem 


Exercises 127-130: Use the intermediate value theorem to 
show that f(x) = 0 for some x on the given interval. 


127. 


128. 
129, 
130. 
131 


132. 


f(x) = x? — 5,2 S x S 3 (Hint: Evaluate f(2) and 
f(3) and then apply the intermediate value theorem.) 


fo=x-x-lLilsxs2 
fi) =28-1L0sxs1 
f(x) = 4? -x»-1,-lsx50 


Let f(x) = x° — x? +4. Evaluate f(l)and (2). 
Is there a real number k such that f(k) = 20? 
Explain your answer. 


Sketch a graph of a function f that passes through 
the points (—2, 3) and (1, —2) but never assumes 
a value of 0. What must be true about the graph 
of f? 


Applications 


133, 


134, 


fg 135. 


g 136. 


gg 137. 


138. 


Winter Temperature The temperature 7 in degrees 
Fahrenheit on a cold night x hours past midnight can 
be approximated by T(x) = x7 — 6x? + 8x, where 
0 = x S 4, Determine when the temperature was 0°F. 


Geometry A rectangular box has sides with lengths 
x,x + 1l,and.x + 2. Ifthe volume of the box is 504 
cubic inches, find the dimensions of the box. 


stl t? 


Floating Ball (Refer to Example 7.) If a ball has a 
20-centimeter diameter, then 

al — 107x? + 
determines the depth that it sinks in water, Find the 
depth that this size ball sinks when d = 0.6, 


40007d 
f(x) = = 


Floating Ball (Refer to Example 7.) Determine the 
depth that a pine ball with a 10-centimeter diameter 
sinks in water if d = 0.55. 


Bird Populations (Refer to Example 5.) A_ bird 
population can be modeled by 


f(x) = x3 — 66x? + 1052x + 1652, 


where x = | corresponds to June 1, x = 2 to June 2, 
and so on. Find the days when f estimates that there 
were 3500 birds. 


Insect Population An insect population P in thou- 
sands per acre x days past May 31 is approximated 
by P(x) = 2x? — 18x? + 46x, where 0 =< x = 6, 
Determine the dates when the insect population 
equaled 30 thousand per acre. 


f@ 139. Modeling Temperature Complete the following. 
(a) Approximate the complete factored form of 
f(x) = -0,184x7 + 1.45x? + 10.7x — 27.9, 


? (b) The cubic polynomial f(x) models monthly 


average temperature at Trout Lake, Canada, in 
degrees Fahrenheit, where + = 1 corresponds 
to January and x = 12 represents December. 
Interpret the zeros of f. 


140, Average High Temperatures The monthly average 
high temperatures in degrees Fahrenheit at Daytona 
Beach can be modeled by 


f(x) = 0,015Ix* — 0,438x3 + 3.60x? — 6.49x + 72.5, 


where v = | corresponds to January and x = 12 

represents December. 

(a) Find the average high temperature during March 
4 and July. 
Se (b) Graph fin (0.5, 12.5, 1 ] by [ 60,100, 10 ] Interpret 
“ the graph, 


(c) Estimate graphically and numerically when the 
average high temperature is 80°F. 


Polynomial Regression 


iF 141, Water Pollution In one study, freshwater mussels 
were used to monitor copper discharge into a river 
from an electroplating works, Copper in high doses 
can be lethal to aquatic life. The table lists copper 
concentrations in mussels after 45 days at various 
distances downstream from the plant. The concen- 
tration C is measured in micrograms of copper per 
gram of mussel x kilometers downstream, 


Source; R, Foster and J. Bates, “Use of mussels 
to monitor point source industrial discharges,” 


Js (a) Describe the relationship between x and C. 


(b) Use regression to find a cubic polynomial func- 
tion f(x) that models the data. 


(c) Graph C and the data. 


(a) Concentrations above 10 are lethal to mussels. 
Locate this region in the river, 


f@ 142. Dog Years There isa saying that every year of a dog’s 
life is equal to 7 years for a human. A more accurate 
approximation is given by the graph of f at the top of 
the next column, Given a dog’s age x, where x = 1, 
f(x) models the equivalent age in human years. 
According to the Bureau of the Census, middle age 
for people begins at age 45. (Source: J, Brearley and A. 
Nicholas, This [s the Bichon Frise.) 
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Equivalent age (years) 


0 2 4 6 8 101214161820 
Dog's age (years) 


(a) Use the graph of f to estimate the equivalent 
middle age for dogs. 


(b) Estimate f(x) at x = 2, 6, 10, 14, and 18. 


(c) Use regression and the points you estimated to 
find a quartic polynomial function f that models 
the data points, 


(@) Use f(x) to solve part (a) either graphically or 
numerically. 


Writing about Mathematics 


143, Suppose that f(x) is a quintic polynomial with dis- 
tinct real zeros, Assuming you have access to tech- 
nology, explain how to factor f(x) approximately. 
Have you used the factor theorem? Explain, 


144, Explain how to determine graphically whether a zero 
of a polynomial is a multiple zero, Sketch examples. 


Extended and Discovery Exercises 


Exercises 1-6; Boundedness Theorem The boundedness 

theorem shows how the bottom row of a synthetic division is 

used to place upper and lower bounds on possible real zeros 
of a polynomial function. 

Let P(x) define a polynomial function of degree n = | 
with real coefficients and with a positive leading coefficient. 
If P(x) is divided synthetically by x — ¢ and 
(a) if¢ > 0 and all numbers in the bottom row of the syn- 

thetic division are nonnegative, then P(x) has no zero 

greater than c; 

(b) ife < 0 and the numbers in the bottom row of the syn- 
thetic division alternate in sign (with 0 considered posi- 
tive or negative, as needed), then P(x) has no zero less 
thane. 


Use the boundedness theorem to show that the real zeros 
of each polynomial function satisfy the given conditions. 
1, P(x) = x4 — x3 + 3y? -— 8x + 8; 

no real zero greater than 2 


2, P(x) = 2x9 — x4 + 2x3 — 2x? + 4x - 4; 
no real zero greater than | 
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3, P(x) = x4 + 8 - x? + 3; 5. P(x) = 3x4 + 2x3 -— 4x7 +4 - 1; 
no real zero less than —2 no real zero greater than | 

4, P(x) = x9 + 2x3 — 2x? + Sy + 5; 6. P(x) = 3x4 + 2x3 -— 4x? + -15 
no real zero less than —1 no real zero less than —2 


CHECKING BASIC CONCEPTS FOR SECTIONS 4.3 AND 4.4 


xt 3 + $d 
1, Simplify the expression Sx? = 10x" + Sx* 


5x? 
2. Divide the expression, 
3 2 
XP Be Bee | 
is) =) 
2x3 — 3x? + 4x +4 
(0) Rei 
ax + 1 
398 aise eS 
a 3 30) + Gs yee 9 4, Solve x” — 2x 15x = 0. 
vt gs: Determine graphically the zeros of 
3. Use the graph of the cubic polynomial f(x) in the fx) = x4 = x3 = 18x? + 16x + 32, 
next column to determine its complete factored form. Write f(x) in complete factored form, 
State the multiplicity of each zero, Assume that all 
zeros are integers and that the leading coefficient is 6. Sketch a graph of f(x) = —x(x + 1)? by hand and 
not +1, identify the x- and y-intercepts. 


rPunGcgamen tal [heore 


* Apply the fundamental Introduction 
theorem of algebra, 
number of zeros theorem, The quadratic formula can be used to solve ax? + bx + c = 0. Are there similar formu- 
and conjugate zeros las for higher degree polynomial equations? One of the most spectacular mathematical 
theorem achievements during the sixteenth century was the discovery of formulas for solving 
« Factor polynomials having cubic and quartic equations. This was accomplished by the Italian mathematicians 
complex zeros Tartaglia, Cardano, Fior, del Ferro, and Ferrari between 1515 and 1545, These for- 
» Solve polynomial mulas are quite complicated and typically used only in computer software, In 1824, 
equations having complex Norwegian mathematician Niels Henrik Abel proved that it is impossible to find a 
solutions formula that will yield the solutions to the general quintic (fifth-degree) equation. A 


similar result holds for polynomial equations of degree greater than 5. Another spec- 
tacular result came from Carl Friedrich Gauss. He proved that all polynomials can be 
completely factored by using complex numbers. This result is called the fundamental 
theorem of algebra. (Source: H. Eves, An Introduction to the History of Mathematics.) 


Fundamental Theorem of Algebra 


One of the most brilliant mathematicians of all time, Carl Friedrich Gauss, proved 
the fundamental theorem of algebra as part of his doctoral thesis at age 20. Although 
his theorem and proof were completed in 1797, they are still valid today. 


IDA TAL 


A polynomial f(x) of degree n, with n = 1, has at least one complex zero. 
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(XQ The fundamental theorem of algebra guarantees that every polynomial has a 
complete factorization, provided we are allowed to use complex numbers. 


Justification for Complete Factorization of Polynomials If f(x) is a poly- 
nomial of degree | or higher, then by the fundamental theorem of algebra there is a 
zero c, such that f(c,) = 0. By the factor theorem, (x — c,) is a factor of f(x) and 
f(x) = (v = ¢) q(x) for some polynomial ¢;(x). If q(x) has positive degree, then 
by the fundamental theorem of algebra there exists a zero c, of q,(x). By the factor 
theorem, q(x) can be written as g(x) = (x — ¢2) a(x). Then 


f(x) = (x = eygiQx) = = ee = €2)qn). 


If f(x) has degree n, this process can be continued until f(x) is written in the complete 
factored form 


f(x) = a(x — ec: = 2) °° (= Gy), 


where a, is the leading coefficient and the c, are complex zeros of f(x). If each c;, is 
distinct, then f(x) has n zeros. However, in general the c, may not be distinct since 
multiple zeros are possible. 


| NUMBER OF ZEROS THEOREM 


A polynomial of degree n, with n = 1, has at most n distinct zeros, 


Classifying zeros 


All zeros for the given polynomials are distinct. Use FIGURES 4.71-4.73 to determine 
graphically the number of real zeros and the number of nonreal complex (imaginary) 


zeros. 
(a) y (b) y 
“f f . 'g ; 
. / 
+++ + + i Xx +++" tf 
-3 -2 -1 1 3 -3 -2 “lig i 2s 
r 
/ NJ - 
-3 
FIGURE 4.71 FIGURE 4.72 FIGURE 4.73 


SOLUTION 

Getting Started Each (distinct) real zero corresponds to an x-intercept. Nonreal 
complex (imaginary) zeros do not correspond to x-intercepts, but their number can 
be determined after the number of real zeros is known. } 


(a) The graph of f(x) in FIGURE 4.71 crosses the x-axis once, so there is one real zero. 
Since f is degree 3 and all zeros are distinct, there are two nonreal complex zeros. 

(b) The graph of g(x) in FIGURE 4.72 never crosses the x-axis. Since g is degree 2, 
there are no real zeros and two nonreal complex zeros. 

(c) The graph of /(x) is shown in FIGURE 4.73, Since / is degree 4, there are two real 
zeros and the remaining two zeros are nonreal complex. 


| Now Try Exercis 


(GTB The sum of the number of nonreal complex zeros and the number of real 
zeros (counting multiplicities) equals the degree n of the polynomial. A polynomial 
with real coefficients always has an even number of nonreal complex zeros. 
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SFTW Ae Constructing a polynomial with prescribed zeros 
Determine a polynomial f(x) of degree 4 with leading coefficient 2 and zeros —3, 5, i, 
and —/ in (a) complete factored form and (b) expanded form, 
SOLUTION 
(a) Let a, = 2,¢, = —3, ¢2 = 5,3 = i, and cy = —i. Then 
f(x) = 2(y + 3)x — Sw - Dv + A. 
(b) To expand this expression for f(x), perform the following steps. 
2x + 3)(x — Sx — D(x + 1) = Aw + 3) — NO? + 1 
= Ax + 3x? — Sx? + x — 5) 
= x4 — 2x3 - 14x? — 2x - 15) 
= 2x4 - 4x3 — 28x? - 4x - 30 
Thus f(x) = 2x4 - 4x3 — 28x? — 4x — 30. 


Now Try Exercise 13 


EXAMPLE 3 | Factoring a cubic polynomial with imaginary zeros 


Determine the complete factored form for f(x) = x° + 2x? + 4x + 8, 

SOLUTION 

We can use factoring by grouping to determine the complete factored form, 
x} + 2x? + dy + 8 = (x? + 2x?) + 4x +8) Associative property 

x(x + 2) + A(x + 2) 

(x? + 4)(x + 2) 

Algebra Review To factor x? + 4, first find its zeros, 


Hl 


To review factoring a cubic polynomial Chiat 

by grouping, see Chapter R (page R-20), > 
x? = -4 
x= +V-4 
v= +27 


The zeros of f(x) are —2, 2/, and —2/. Its complete factored form is 
f(x) = (wv + x — 2dr + 2/), 


| Now Try Exercise 29 


Conjugate Zeros Notice that in Example 3 both 2/ and —2/ were zeros of f(x). The 
numbers 2/ and —2i are conjugates. See Section 3.3. This result can be generalized. 


{ 


Constructing a polynomial with prescribed zeros 


Determine a cubic polynomial f(x) with real coefficients, leading coefficient 2, and 
zeros 3 and 5i, Express f(x) in (a) complete factored form and (b) expanded form, 
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SOLUTION 

(a) Since f(x) has real coefficients, it must also have a third zero of —5i, the con- 
jugate of Si. Let c) = 3, cy = Si, ce; = —Si, and a, = 2. The complete factored 
form is 


f(x) = 2 — 3) — SIX + Si). 
(b) To expand f(x), perform the following steps. 
2x — 3x — 5i)(x + 5i) = 2% — 3)(x? + 25) 
= 2x3 — 3x? + 25x — 75) 
= 2x7 — 6x? + 50x — 150 


Now Try Exercise 16 


> PNA Finding complex zeros of a polynomial 


Find the complex zeros of f(x) = x4 + x3 + 2x? + x + 1, given that one zero is —i. 


SOLUTION 

By the conjugate zeros theorem, it follows that i must also be a zero of f(x). Therefore 
(x — i) and (x + 3) are factors of f(x). Because (x — i)(v + i) = x? + 1, we can use 
long division to find another quadratic factor of f(x). 


vP+xt) 
x +0x +1 )xtt+ 42x74 x41 
x4 + 0x3 +x? 
w+ x? 4+ x 
8+ 0x? + x 
x? + 0x +1 


Remainder is 0. So x* + 1 x? + Ox +1 
is a quadratic factor. == 


The quotient is x? + x + 1 with remainder 0. By the division algorithm, 
wit 342? +9415 (0? + DQ? 4x4 1). 


We can use the quadratic formula to find the zeros of x? + x + 1. 


es —b + Vb? — 4ac 
x iy 
_-b+ VP - 400) 
2(1) 
= ms + M3 
2 2 
1 V3 


The four zeros of f(x) are +i and —3 + i>. 
Now Try Exercise 24 


Polynomial Equations with Complex Solutions 
Every polynomial equation of degree n can be written in the form 
AyX" Hove Fax? + ax + ay = 0. 


If we let f(x) = a,x"+°** + ax? + ayx + ag and write f(x) in complete factored 
form as 


f(x) = a(x — ey)(Qx — ©) °° * = ey), 
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then the solutions to the polynomial equation are the zeros ¢), ¢2,+++ , ¢, of f(x). 
Solving cubic and quartic polynomial equations with this technique is illustrated in 
the next two examples. 


PFW VAM! Solving a polynomial equation 


Solve x3 = 3x? — 7x + 21, 


SOLUTION 
Write the equation as f(x) = 0, where f(x) = x3 — 3x? + 7x — 21. Although we 
[-5, 5,1] by [-30, 30, 10] could use factoring by grouping, as is done in Example 3, we use graphing instead 
Th to find one real zero of f(x), FIGURE 4.74 shows that 3 is a zero of f(x). By the factor 
= 0h 3x7 4 Tx 2 theorem, v — 3 isa factor of f(x). Using synthetic division, we divide x — 3 into f(x). 
a 1 337: =21 
3 0 21 
1 0: 7 0 
FIGURE 4.74 Thus x? — 3x? + 7x — 21 = (v — 3)(x? + 7), and we can solve as follows. 
a i Siac x3 — 3x? + Ix — 21 = 0 Solve f(x) = O 
Is equation Is equivalent to 
eae Te FO. — (x - 3)(x? + 7) =0 Factor 
; x-3=0 of »°+7=0 Zero-product property 
x=3 or x= -7 Solve 
x=3 or x= t1V7 Property of i 


The solutions are 3 and +/°V7. 


Now Try Exercise 33 


> FW Aows Solving a polynomial equation 


Solve x4 + x? = x3, 


SOLUTION 
Write the equation as f(x) = 0, where f(x) = x4 — x3 + x. 
(-3,3, 1] by [-2, 2,1] This equation is equivalent —— M45 f(x) = O 
tovtea re w(x? —x +1) =0 — Factor out x? 


x7=0 or x2-—x+1=0 — Zero-product property 


The only solution to x? = 0 is 0. To solve x? — x + 1 = 0, use the quadratic for- 
mula, as in Example 5. The solutions are 0 and 4 e AM. 


The graphs of y; = x4 + x? and y) = x? are shown in FIGURE 4.75, Notice that 
FIGURE 4.75 they appear to intersect only at the origin. This indicates that the only rea/ solution is 0. 


es 4.5 | Putting It All Together It All Together 


COMMENTS AND EXAMPLES 
Number of zeros A polynomial of degree n has at most | The cubic polynomial, 
ax? + bx? + ex +d, 


theorem distinct zeros, These zeros can be real or 
nonreal complex numbers. 


has at most three distinct zeros. 
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COMMENTS AND EXAMPLES 
Fundamental theorem of | A polynomial of degree n, with n = 1, This theorem guarantees that we can always 
algebra has at least one complex zero. factor a polynomial f(x) into complete 
factored form: 


f(x) = A(X 3 c) xia ( ai Cy), 


where the c, are complex numbers, 


Conjugate zeros theorem | If a polynomial has rea/ coefficients and 
a + bi isa zero, then a — bi is alsoa 
zero, 


Since + si is a zero of 2x? — 2x + 1, it 


follows that $ a si is also a zero. 


4.5 | Exercises 


Zeros of Polynomials 7. Degree 5 8. Degree 5 


Exercises 1-8: The graph and degree of a polynomial with 
real coefficients f(x) are given. Determine the number of 
real zeros and the number of nonreal complex zeros. Assume 
that all zeros of f(x) are distinct. 


1, Degree 2 2. Degree 2 


Exercises 9-18: Let a, be the leading coefficient. 

(a) Find the complete factored form of a polynomial with 
real coefficients f(x) that satisfy the conditions. 

(b) Express f(x) in expanded form. 


9. Degree 2; a, = 1; zeros 6i and —6i 
10. Degree 3; a, = 5; zeros 2, i, and —i 

11. Degree 3; a, = —1; zeros —1, 2i, and —2i 
12. Degree 4; a, = 3; zeros —2, 4, i, and —i 
13. Degree 4; a, = 10; zeros 1, —1, 3i, and —3i 
14, Degree 2; a, = —5; zeros | +iand1—i 
15, Degree 4; a, = h zeros —i and 2i 
16. Degree 3; a, = -}, zeros —3i and 2 

17. Degree 3; a, = —2; zeros | — j and 3 

18. Degree 4; a, = 7; zeros 2i and 3i 


Exercises 19-22: (Refer to Example 5.) Find the zeros of 
f(x), given that one zero is k. 


19. f(x) = 3x? — 5x? + 75x — 125 k= 
k= 


ay 
3 
20. f(x) = x4 + 2x? + 8x? + Bx + 16 2i 
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2. f(x) = 2x4 — x3 + 19x? -9 +9 k = -37 43. A quadratic function with two nonreal complex zeros 
and a negative leading coefficient 
22, f(x) = Ix} + 5x? + 12x - 4 k=3 
44, A quadratic function with one real zero and one non- 
Exercises 23-30: Complete the following. real complex zero 


(a) Find all complex zeros of f(x). 
(b) Write the complete factored form of f(x). 


By a: god ys a 
23. f(x) = x* + 25 24. f(x) = x? + I 46. A cubic function with one real zero, two nonreal 
25, f(x) = 3x? + 3x 26. f(x) = 2x3 + 10x complex zeros, and a negative leading coefficient 


45, A cubic function with only nonreal complex zeros 


27. f(x) = x4 + 5x7 44 28. f(x) = x4 + 4y? 47. A fourth-degree function with two real zeros, two non- 
real complex zeros, and a negative leading coefficient 


» f(x) = x3 + 2x? + 16x + 32 
AO fe + A 48. A fourth-degree function with only nonreal complex 


30. f(x) = x4 + 2x3 + x? + Bx — 12 zeros and a positive leading coefficient 
Exercises 31-42: Solve the polynomial equation, Find all 49. A cubic polynomial function with three real zeros 
complex solutions. and two nonreal complex zeros 

8! Sie ap, es 3 = ‘ ; 
SL ow tx =0 32. 2x x+1=0 50. A fourth-degree function with four real zeros and 
33,.9=22-Ixt+14 34. 24+x42=%3 two nonreal complex zeros 
35, x4 + 5x? =0 36. x4 — 2x3 + x? - 2x =0 Writing about Mathematics 

51. Could a cubic function with real coefficients have 

Ai a 8 5 Biz: Al sf 
ah 3 eas BBs 5 ili only nonreal complex zeros? Explain. 

Aa 53 ce {6 —- 8s —. G2 ‘ ; ; 
39, x" + x" = 16 — Bx — 6x 52. Give an example of a polynomial function that 
40. x1 + 2x2 = 3 AL. 3x3 + 42 +6=% has only nonreal complex zeros and a polynomial 


function that has only real zeros. Explain how to 
42. 3 + 5x27 +4412 =0 determine graphically if a function has only nonreal 


complex zeros. 
Critical Thinking about Zeros and Graphs 


Exercises 43-50: If possible, sketch a graph that statisfies the 
following conditions. Note that answers may vary. 


= Identify a rational 


function and state its Introduction 

domain Rational functions are (typically) nonlinear functions that frequently occur in 
« Identify asymptotes applications, For example, rational functions are used to model postings on social 
« Interpret asymptotes networks, design curves for railroad tracks, determine stopping distances on hills, and 
« Graph a rational function calculate the average number of people waiting in a line. 

by using transformations : : 
« Graph a rational function Rational Functions 

by hand A rational number can be expressed as a ratio 5, where p and q are integers with 


q # 0. A rational function is defined similarly by using the concept of a polynomial. 


A function f represented by f(x) = oe. where p(x) and q(x) are polynomials and 
q(x) # 0, is a rational function. 
The domain of a rational function includes all real numbers excep the zeros 


of the denominator q(x). The graph of a rational function is continuous except at 
x-values where q(x) = 0. 


4.6 Rational Functions and Models = 323 


i> OW iAowe Identifying rational functions 


Determine if the function is rational and state its domain, ; 
ae - | EDK 
(a) f) = re aE 


cl y= 
Bet MER OOO aed 


SOLUTION 

(a) Both the numerator, 2x — 1, and the denominator, x? + I, are polynomials, so 
f isa rational function. The domain of f includes all real numbers, or (—°, ©), 
because its denominator x? + 1 # 0 for any real number x. 


(b) The expression Vx is nota polynomial, so g(x) = VR is not a rational function, 
The domain is {x|x > 0}, or in interval notation (0, ), 

(c) Both the numerator and the denominator are polynomials, so i(x) = * 
is a rational function, Because 


x? - 3x +2 =(x- I)(v - 2) = 0 


Algebra Review 
i rational expressions, see when x = | or x = 2, the domain of h is {x|x # 1,x # 2}, or in interval 
Chapter R (page R-28). notation (~~, 1)U(I, 2)U(2, ~). 


Vertical Asymptotes 
A rational function given by f(x) = ea is undefined whenever q(x) = 0. If 


q 
Is an integer a rational number? ~—q(k) = 0 for some k, then a vertical asymptote of the graph of f may occur at 
Is a polynomial function a ratio- y = k, Near a vertical asymptote, the y-values on the graph of f become very large 
nal function? (unbounded) in absolute value, 


For example, FIGURE 4.76 shows the graph of a rational function defined by 
f(x) = sh It has a vertical asymptote, which is shown as a dashed red line at 
x = 2, Note that x = 2 is not in the domain of f. 


See the Concept: Rational Functions and Vertical Asymptotes 


y @ As x approaches 2 from the right, ® f(x) @, as x 2*, where x 2* 
eal laaresses Winall pout ae means that x approaches 2 from the 


QVertical asymptote: x = 2 | right, 
® f(x) —%, as x—> 27, where x 27 
| means that x approaches 2 from the 
x left, 


@ The graph does not cross a vertical 
asymptote. The domain of f is 
{x|x # 2}, or (-~, 2)U(2, ). 


@OAsx approaches 2 from the left, 
f(x) decreases without bound. 
Senn eat 


(GE A vertical asymptote is not part of the graph of a rational function; rather, it is 
an aid that is used to sketch and to better understand the graph of a rational function. 


VERTICAL ASYMPTOTE 


The line x = & is a vertical asymptote of the graph of f if f(x) > @ or f(x) > -@ 
as x approaches k from either the left or the right. 
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An Application ofa Vertical Asymptote Ifcars leave a parking garage randomly 
and stop to pay the parking attendant on the way out, then the average length of the 
line depends on two factors: the average traffic rate at which cars are exiting the ramp 
and the average rate at which the parking attendant can wait on cars. For instance, 
if the average traffic rate is (ree cars per minute and the parking attendant can serve 
four cars per minute, then at times a line may form if cars arrive in a random manner, 
The traffic intensity x is the ratio of the average traffic rate to the average working 


rate of the attendant. In this example, . = 3, (Source: F, Mannering and W. Kilareski, 
Principles of Highway Engineering and Traffic Control.) 


AMPLE 2 | Estimating the length of parking garage lines 


If the traffic intensity is x, then the average number of cars waiting in line to exit a 
ad 
parking garage can be estimated by N(x) = x-*3y, where 0 = x < 1, 


(a) Evaluate (0.5) and (0.9). Interpret the results. 
(b) Use the graph of y = M(x) in FIGURE 4.77 to explain what happens to the length 
of the line as the traffic intensity v increases to | from the left (denoted » —> | .) 


Parking Garage Lines 
y 


Long lines form | 


| Vertical asymptote: x = 1 
4 symptot 1 | 


Average line length (cars) 
Herve euaro 


| 
1 
fi 
/ | 
! 
| 


0 02 04 06 08 1.0 1.2 
Traffic intensity 
FIGURE 4.77 


SOLUTION 

(a) N(O.S) = is = 0.25 and M(0.9) = SET = 4,05. This means that if 
the traffic intensity is 0.5, there is little waiting in line. As the traffic intensity 
increases to 0.9, the average line has slightly more than four cars, 

(b) As the traffic intensity x approaches | from the left in FIGURE 4.77 the graph of f 
increases rapidly without bound. Numerical support is given in TABLE 4.4, With a 
traffic intensity slightly less than 1, the attendant has difficulty keeping up. If cars 
occasionally arrive in groups, long lines will form, At x = 1 the denominator, 
2 — 2x, equals 0 and N(x) is undefined. 


@ As the traffic intensity 
approaches 1... 
Traffic Intensity and Line Length 


TABLE 4.4 


@ long lines form. | 


ion = 
| Now Try Gxorcieo 121 


Horizontal Asymptotes 


Tf the absolute value of x becomes large in the formula f(x) for a rational function, 
then the graph of f may level off and begin to approximate a horizontal line. This 
horizontal line is called a horizontal asymptote. 
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In wa the Concept, FIGURE 4.78 shows the graph of the rational function given by 
f@) = par rational function does not have a vertical asymptote because the 


dentine x? + 1, has no real zeros. However, the graph does have a horizontal 
asymptote, which is shown as a dashed red line y = 1. 


See the Concept: Rational Functions and Horizontal Asymptotes 


| | @ Asx, f(x) 1. 


4 @ Horizontal © Asx -@, f(x) 1. 
? lee @ For large |x|, the graph levels off near y = 1. 


A horizontal asymptote of y = 1 indicates that 
L the end behavior tends toward a constant value 
of 1, rather than + %, which is the case for 
polynomial functions, 


OAsxdecreases, the | @ As x increases, the 


| 
graph getscloserand | 2 
= graph gets closer and 
GEN) Us closer to y = 1. 
FIGURE 4.78 


Asymptotes and Tables of Values A baie of values can be used to illustrate the 
concept of a horizontal asymptote for y = 7 - T See FIGURES 4.79 and 4,80. Notice 
that the y-values level off slightly below 1, sildigh agrees with the graph in FIGURES 4.78. 


Tables and Horizontal Asymptotes 


@ the y;-values 


@Asx approach 1. 


increases ... 


@Asx 


decreases... 


@ the y;-values 
approach 1. 


Vix? 7 (X2 + 1) 
FIGURE 4.79 FIGURE 4.80 


The line y = b is ‘a horizontal asymptote of the graph of f if f(x) > b as x 
approaches either % or — 


Like a vertical asymptote, a horizontal asymptote is not part of the graph of 
a rational function; rather, it is an aid that is used to sketch and to better understand 
the graph of a rational function. However, unlike in the case of vertical asymptotes, 
it is possible for the graph of a rational function to cross a horizontal asymptote. See 
Examples 4(b) and 11. 


An Application of a Horizontal Asymptote The graph of f in FIGURES 4.81 on 
the next page is an example of a growth curve. It models the length in millimeters of 
a small fish after x weeks. 
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Length of a Small Fish 

y 
> The length of a typical fish | 
§ 35 levels off at 25 millimeters. | 
§ 30 25 
Bos yas 
g 20 va aS ; ‘i 
45 7 The end behavior of this graph tends 
3 / toward a constant value of 25, i 
a 10 / - 
§ 5 


0 4 8 #12 16 20 
Time (weeks) 
FIGURE 4.81 


After several weeks the length of the fish begins to level off near 25 millime- 
ters. Thus y = 25 is a horizontal asymptote of the graph of f. This is denoted by 
/() 25 as «> , (Source: D, Brown and P. Rothery, Models in Biology.) 


(EQ In real-life applications, time does not actually approach infinity, For example, 
a fish does not live forever, However, the asymptote y = 25 does tend to model the 
length of the fish as it becomes older. 


Identifying Asymptotes 


Asymptotes can be found visually from a graph and symbolically from a formula, 
The next two examples discuss these techniques, 


| EXAMPLE Determining horizontal and vertical asymptotes visually 


Use the graph of each rational function in FIGURE 4,82~4.84 to determine any vertical 
or horizontal asymptotes. 


y y 


FIGURE 4.82 FIGURE 4.83 FIGURE 4,84 


SOLUTION 

In FIGURES 4.82, . = —5 is a vertical asymptote and y = 5 is a horizontal asymp- 
tote, In FIGURE 4.83, x = +1 are vertical asymptotes and y = | is a horizontal 
asymptote, In FIGURES 4.84, there are no vertical asymptotes, The x-axis (y = 0) isa 
horizontal asymptote. 


Now" ; 16, and 17} 


The following technique can be used for rational functions to find vertical and 
horizontal asymptotes symbolically. 


FIGURE 4.85 


Graph with Asymptotes 


FIGURE 4.88 


4.6 Rational Functions and Models 327 


jo’ ‘INDING VERTICAL | IND HORIZONTAL ASYN ' 
Let f be a rational function given by f(x) = a written in /owest terms. | 


Vertical Asymptote 


To find a vertical asymptote, set the denominator, q(x), equal to 0 and solve. If k 
is a zero of q(x), then x = k isa vertical asymptote. Caution: If k is a zero of both 
q(x) and p(x), then f(x) is not written in lowest terms, and x — & is a common 
factor. 


Horizontal Asymptote 


(a) If the degree of the numerator is less than the degree of the denominator, then 
y = 0 (the x-axis) is a horizontal asymptote. | 

(b) If the degree of the numerator equals the degree of the denominator, then 
y =f is a horizontal asymptote, where a is the leading coefficient of the 
numerator and d is the leading coefficient of the denominator. 

| (c) If the degree of the numerator is greater than the degree of the denominator, | 

then there are no horizontal asymptotes. 


Finding asymptotes 
For each rational function, determine any horizontal or vertical asymptotes. 


6x — 1 x +1 ae 
MIO=F>5 WeW=Z-— © AW 


SOLUTION 
(a) The numerator and denominator have no common factors, so the expression is 
in lowest terms. 


@ Degrees are equal... | @s0 y = °, or y = 2, isa horizontal 
asymptote. See Figure 4.85. 


6x — 1 
3x_t+ 3 


@ The denominator is equal 
to 0 when x = -1... @s0 x = —1 isa vertical asymptote. | 


A graph of f(x) = & = : is shown in FIGURE 4.85. In FIGURE 4.86 and 4.87, the 
tables support that y = 2 is a horizontal asymptote. 


Horizontal Asymptote: y = 2 


dinicininiolEg 
WOWWO NVI) 


Y1E(6X —1)/(3X +3) 
FIGURE 4.86 FIGURE 4.87 


Y1E(6X —1)/(3X +3) 


3 + " the degree of the numerator is one less than the degree 
of the denominator, so the x-axis, or y = 0, is a horizontal asymptote. When 
x = +2, the denominator, x* — 4, equals 0 and the numerator, x + 1, does not 
equal 0. Thus x = +2 are vertical asymptotes. See FIGURE 4.88. Note that the 


graph crosses the horizontal asymptote y = 0 but does not cross either vertical 
asymptote. 


(b) In the expression 
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Algebra Review 
To review simplifying rational 
expressions, see Chapter R (page R-28). 


Slant Asymptote 


FIGURE 4,90 


2 
Smet 
(c) For h(x) = - ay the degree of the numerator, x? 


degree of the denominator, x + 1, so there are no horizontal asymptotes. When 


— 1, is greater than the 


x = —1, both numerator and denominator equal 0, so the expression is nof in 
lowest terms. We can simplify /(x) as follows. 
2 , 
w-1 («+ D&w-D 
A(x Kad, x#-l 
@) xt I v +1 


The graph of /(x) is the line » = x — | with the point (—1, —2) missing. There 
are no vertical asymptotes. See FIGURE 4.89. 


Graph with a “Hole” 
» 


No vertical 
or horizontal 
asymptotes 


FIGURE 4.89 


Now Try Exercises 31, 93, anu 41 | 


Slant, or Oblique, Asymptotes A third type of asymptote, which is neither verti- 
cal nor horizontal, occurs when the degree of the numerator of a rational function 


wi 
is one more than the degree of the denominator. For example, let f(x) = ee + ?. If 


x — 1 is divided into x? + 2, the quotient is « + | with remainder 5. Thus 


f@%) =x + 1+— 

eo} 
is an equivalent representation of f(x). For large values of |x|, the ratio tt 1 
approaches 0 and the graph of f approaches y = . + 1, The line y = x + | is called 
x? +2 


a slant asymptote, or oblique asymptote, of the graph of f. A graph of f(x) = eo 
with vertical asymptote x = | and slant asymptote y = x + | is shown in FIGURE 4.90. 


MAKING CONNECTIONS 


Division Algorithm and Asymptotes 
write a rational function f in the form 


Suppose that the division algorithm is used to 


(Remainder) 
(Divisor) ° 


1, If the quotient equals a constant k, then y = & is a horizontal asymptote. 


f(x) = (Quotient) + 


22 | 
yal 


Example: f(x) nts Lt 7) 80 y = 2 isa horizontal asymptote. 


2. If the quotient equals ax + b with a # 0 (linear), then y = ax + b isa slant 
asymptote, 


oe 
Example; f(x) = = + ; =x4 


1 3 p> Soy =~ + Lisa slant asymptote. 


Graph of y = ¥ 


Horizontal 
i ge 
y= O- 
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(9 1. Ifa rational function has a horizontal asymptote, then its end behavior is 
constant, and its graph levels off horizontally. 
2. If a rational function has a slant asymptote, then its end behavior is linear, 
and its graph tends toward a line with a nonzero slope. 


Graphs and Transformations of Rational Functions 


Graph of y = 4 Graphs of rational functions can vary greatly in complexity. 
We begin by graphing y = i and then use transformations to graph other rational 
functions, 


Analyzing the graph of y = 
Sketch a graph of y = 4 and identify any asymptotes. 


SOLUTION 

Note that when x = 0, the denominator is 0 but the numerator is not. Thus x = 0 
(the y-axis) is a vertical asymptote. Also, the degree of the numerator is less than the 
degree of the denominator, so y = 0 (the x-axis) is a horizontal asymptote, TABLE 4.5 
lists points that lie on the graph of y = L 
FIGURE 4.91. 


These points and the graph are shown in 


Graph of y = x 
y 


Horizontal }-}-3-4- 
asymptote: 
y= 0 


~ Vertical 
[+ asymptote: 
-x=0 


TABLE 4.5 


FIGURE 4.91 


| Now Try Exercise 51) 


Transformations Transformations of y = 1. shown in FIGURE 4.92, can be used to 
graph some types of rational functions by hand, as illustrated in FIGURES 4.93 and 4.94, 


Transformations of y = 1 
y y 
Reflect across 
x-axis; shift 
downward 1 unit. y=-— -l 


Shift left 1 unit. 


The vertical asymptote 
shifts left 1 unit; from 
= (WO AL 


93 FIGURE 4.94 
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Graphing with transformations 


Graph g(x) = =} + 2, 


SOLUTION 

We can graph g(x) = y io ; + 2 by translating the graph of f(x) = + sight ( unit 
and upward 2 units. That is, g(x) can be written as g(x) = f(x — 1) + 2. Because 
the graph of y = x in FIGURE 4.92 on the preceding page has vertical asymptote x = 0 
and horizontal asymptote y = 0, the graph of g in FIGURE 4.95 has vertical asymptote 
x = | and horizontal asymptote y = 2. 


Translating y = + 


y 
Shift right 1 unit and 
upward 2 units. 


The horizontal asymptote 
shifts upward 2 units; from 
y = Otoy = 2. 


The vertical asymptote 
shifts right 1 unit; from 
=O0tox = 1. 


FIGURE 4.95 


If we were given function g from Example 6 in the equivalent form 


g(x) = 2a i, then we can use the division algorithm to divide x — | into 2x — 1 


and obtain quotient 2 with remainder 1. 


2 
x- 1)2x—T 
24 = 2. ( \) 
1 ibtr ( ) 


Thus g(x) = 2 + cH: and we can graph g using translations, as in FIGURE 4.95. 


/EXAN MIPLE 7 | Using transformations to graph a rational function 
Use the graph of f(x) = 4 in FIGURE 4.96 to sketch a graph of g(x) = “ie 
Include all asymptotes in your graph. Write g(x) in terms of f(x). 


Graph of y = cu 
x 


FIGURE 4.96 


Graphing in Dot Mode 
[-6, 6, 1] by [-6, 6, 1] 


FIGURE 4,98 
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SOLUTION 
The graph of y = 4; has varies! asymptote x = 0 and horizontal asymptote y=0. 


The graph of = = Ee is a translation of the graph of f(x) =~ left 2 
units and then a reflection across the x-axis. The vertical asymptote for a = g(x) 
is x = —2 and the horizontal asymptote is y = 0, as shown in FIGURE 4.97, We can 


write g(x) in terms of f(x) as g(x) = —f(x + 2). 


Translating y = ne 
x 


y 


Shift left 2 units; reflect 
across x-axis, 


The vertical asymptote | 
shifts left 2 units; from 
x= Otox= -2, | 


The horizontal asymptote 
does not change. 


FIGURE 4.97 


Graphing with Technology Although many graphing calculators have difficulty 
accurately showing some features of the graph of a rational function, they can be 
helpful when they are used in conjunction with symbolic techniques, 


TX Calculators often graph in connected or dot mode. See FIGURE 4.98. If 
connected mode is used to graph a rational function, it may appear as though 
the calculator is graphing vertical asymptotes automatically. However, in most 
instances the calculator is connecting points inappropriately. Sometimes rational 
functions can be graphed in connected mode using a decimal or friendly viewing 
rectangle. 


Analyzing a rational function with technology 


Let f(x) = mrt. 


(a) Use a calculator to graph f. Find the domain of f. 
(b) Identify any vertical or horizontal asymptotes. 
(c) Sketch a graph of f that includes the asymptotes. 


SOLUTION 

(a) A calculator graph of f(x) = 7 using dot mode is shown in FIGURE 4,98. 
The function is undefined vin a x? — 4 = 0, or when x = +2. The domain 
of function f is given by D = {x|x 4 2,x A —2}, or in interval notation 
(—%, —2)U(—2, )UQ, &). 

(b) When x = +2, the denominator, x? — 4, equals 0 and the numerator, 2x? + 1, 
does not equal 0, Therefore x = +2 are vertical asymptotes. The degree of the 
numerator equals the degree of the denominator, and the ratio of the leading 


coefficients is? = 2. A horizontal asymptote of the graph of f is y = 2. 
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FIGURE 4.100 


(c) A second graph of f and its asymptotes is shown in FIGURE 4.99. 


FIGURE 4.99 


| Now Try Exercise 67. 


Graphs with “Holes” If f(x) = ue is not in lowest terms, then it is possible that 


for some number k both p(k) = 0 ares q(k) = 0. In this case, the graph of f may 
not haye a vertical asymptote at x = k; rather, it may have a “hole” at x = k, See 
the next example and FIGURE 4.89 in Example 4, 


Graphing a rational function having a “hole” 


Graph f(x) = mr —n by hand. 


SOLUTION 
First factor the numerator and the denominator. 
ax? - Sy t2_— Qx— Ia 2) 2-1 
2 3y +2 & - Du 2 x-1? 
After factoring, it is apparent that both the numerator and the denominator equal 0 
when . = 2. When we simplify * = 5 to 1, we are assuming that x # 2. Therefore, 


we must include x * 2 as part of the simplified formula for f(x) 
From our previous work, ae division can be used to show that f(x) = ext 


is equivalent to f(x) = 2 + ——\. Thus the graph of f is similar to FIGURE 4.95 
‘] x-T grap 


in Example 6 except that the point (2, 3) is missing and an open circle appears in its 
place, See FIGURE 4.100. 


x #2 


Sid 


| Now Tl ry Exercise 79 | 


Graphing Rational Functions by Hand 


To graph a rational function by hand, we sometimes need to solve a rational equation 
of the form $ = ie One way to solve this equation is to cross multiply and obtain 


ad = be, provided b and d are nonzero. Consider the following example. 


at I 5 
3x+2 4 ve 
A(2x 1) = 53x + 2) Cross multiply 
8x — 4 = 15x + 10 ive propert 
—Tx = 14 btract 15x, add 


Feo divide | The an heck 
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The following guidelines can be used to graph a rational function by hand. 


Let f(x) = a define a rational function in /owest terms. To sketch its graph, 
follow these steps: 

STEP 1; Find all vertical asymptotes. 

STEP 2; Find all horizontal or oblique asymptotes. 

STEP 3: Find the y-intercept, if possible, by evaluating f(0). 


STEP 4: Find the x-intercepts, if any, by solving f(x) = 0. (These will correspond 
to the zeros of the numerator p(x).) 


STEP 5: Determine whether the graph will intersect its nonvertical asymptote 
y = b by solving f(x) = b, where b is the y-value of the horizontal 
asymptote, or by solving f(x) = mx + b, where y = mx + b is the equa- 
tion of the oblique asymptote. 

STEP 6: Plot selected points as necessary. Choose an x-value in each interval of the 
domain determined by the vertical asymptotes and x-intercepts, 


STEP 7: Complete the sketch. 


PEW How Graphing a rational function by hand 
2x" 1 


Graph f(x) = oe 


SOLUTION 
Getting Started As you go through Steps | through 7, be sure to sketch all asymp- 
totes first and then plot some key points. Finally, sketch the entire graph. » 


STEP 1: The vertical asymptote has equation x = 3. 
STEP 2: The horizontal asymptote has equation y = 2. 
STEP 3: (0) = -1 so the y-intercept is (0, -4), 
STEP 4: Solve f(x) = 0) to find any x-intercepts. 
2x + 1 =9 
x=3 
ax+1=0 If a fraction equals O, it 


f(x) 


x=- 


The x-intercept is (-4 0). 
STEP 5: The graph does not intersect its horizontal asymptote, since f(x) = 2 has no 
solutions. (Verify this.) 


3 STEP 6: The points (—4, 1), (1, 3), and (6, 13) are on the graph. Plot them. 
FIGURE 4.101 STEP 7: Complete the sketch, as shown in FIGURE 4.101. 


Now exerci 


b> aWidhowse Graphing a function that intersects its horizontal asymptote 


3x? — 3x — 6 
Graph fQ) = =———. 
raph As) x? + 8x + 16 
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SOLUTION 


oP. Bs a 
For f(x) = cae ar complete following steps. 


STEP 1: To find the vertical asymptote(s), solve x? + 8x + 16 = 0, 
x? + By + 16 =0 
(x + 4 =0 
x= -4 
Since the numerator is not 0 when v = —4, the only vertical asymptote has 
equation x = —4. 


STEP 2: Because the degrees of the numerator and denominator both equal 2, the 
ratio of the leading coefficients gives the horizontal asymptote, which is, 


ory = 3, 
STEP 3: The y-coordinate of the y-intercept is f(0) = -}. 
STEP 4: To find the x-intercept(s), if any, solve f(x) = 0. 


3x? — 3x 6 


x? + 8x + 16 the. 

3x7 —- 3x - 6 =0 t the numerator equ 
w-x-2=0 

(x — (x + 1) =0 

x=2 or y=-l ; 


The x-intercepts are (—1, 0) and (2, 0). 


STEP 5: Because the horizontal asymptote is y = 3, set /(°) = 3 and solve to locate 
the point where the graph intersects the horizontal asymptote. 
3x? - 3x — 6 
x? + Bx + 16 
3x? — 3x — 6 = 3x? + 24y + 48 Let }; cross multi) 
—3x — 6 = 24x + 48 ul 
—21x = 54 


x= y 


=3 


The graph intersects its horizontal asymptote at (— 2, 3). 
STEP 6: Some other points that lie on the graph are (—10, 9), (-8, 134), and (5, 3), 
STEP 7: Complete the graph, as shown in FIGURE 4,102, 


FIGURE 4,102 


f Now 7 ‘Exercise 111 ] 


rs 4.6 | Putting It All Together It All Together 


CONCEPT 
Rational function 


Vertical asymptote 


Horizontal 


asymptote 


Graph of a 
rational function 


Basic rational 
equation 


EXPLANATION 


f@ = ee, where p(x) and g(x) are 
polynomials with g(x) # 0. 


If k is a zero of the denominator, but not 
of the numerator, then x = k is a vertical 
asymptote. 


A horizontal asymptote occurs when the 
degree of the numerator is less than or equal 
to the degree of the denominator. 


The graph of a rational function is 
continuous, except at x-values where the 
denominator equals zero. 


5 = 7 is equivalent to ad = be, provided b 
and d are nonzero. Check your answer. 


Can be used to graph a rational function 
by hand 


4.6 Rational Functions and Models 


Aya. ed 
Pm | 


1 1 
g@) =1+ oe (nore 1+ 
The graph of f(x) = x has a vertical 


asymptote at x = 2 because 2 is a zero of 
x — 2, but not a zero of 2x + 1. 


fQ) = 


1 — 4x? 
3x7 - x 
a4 

3 


Horizontal asymptote: y = 
% 
a) = 4x? + 2x 
Horizontal asymptote: y = 0 
The graph of f(x) = 3x + ; is 


x 
discontinuous at x = +2. It has vertical 
asymptotes x = +2 and a horizontal 
asymptote y = 3. 


To solve the rational equation 
a we 
a> 1 
write 8 as 8 and cross multiply. 
4 = 8(2x — 1) 
12 = 16x 


8, 


335 
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Rational Functions 
19, 20. . 
Exercises 1-12: Determine whether f is a rational function ; i : ; 4 
and state its domain. / \ fst f 
iy] i> | | Tf 
1 fo)= 241 yy =F Ji at t\ al 
= = ioomeer (Gee as \ +]! 
3. fix) = x? - x - 2 4. fx) = > Wf» | oe 
rer (3t | \ eg 
Ix -1| 4 “tT (Tf 
8. f(x) = 6 fax) => +1 
Is Exercises 21 and 22: In the table, Y, is a rational function. 
Poe: Tl Give a possible equation for a horizontal asymptote. 
1. f@) = r1 8. f(x) = ae A 
- Vx <3 +1 
9. = + 10. => 
1) = fo) =: 
3 3 
il. f(x) =4- aria | 12. f(x) = 5x* — 4x 
Exercises 23-42; Find any horizontal or vertical asymptotes, 
Asymptotes and Graphs a= : 
ymp ip 23. f(x) = x=] 24, f(x) = x3 
Exercises 13-20: Identify any horizontal or vertical asymp- x+1 x-3 
totes in the graph. State the domain of f. dy es 
y 25. f(x) = : 26. f(x) = — 
fa) 2x — 6 a Ee eS 
1 3 
27. f(x) = 28. f(x) = 
i aa rae I) = a5 
x2 1 ye 
29, f(x) = ———> 30. f(x) = 
fx) 9= x2 fx) ari 
4x +1 x +6 
1. fy) = i Sha) = a 
31. fG) 2x — 6 ad 8) 5 2x 
3 3x? 
33, f(x) = 34. f(x) = 
Sx) 7-3 SQ) er 
xi +1 4x3 — 2 
35. J. oe f(x, 
I= te 1 IO eg 
2 
gee aed 
37. f(x 38, 
fo) 2x? — 3x - 5 fo) = re xe —6 
‘ 3x(x + 2) : x 
39. f(x) @+Do-) 40. f(X) = >. 7 
x? -9 = oye | 
41. fy) = ——_ 
fO) KFS 1 - =] 


Exercises 43-46; Critical Thinking Let a be a positive 
constant. Match f(x) with its graph (a-d) without using 
a calculator, 


43. f(x) = 


45. f(x) = 


a. 


#2 


Exercises 47-50; Critical Thinking Write a formula f(x) 
for a rational function so that its graph has the specified 
asymptotes, Answers may vary. 


47, Vertical: x = —3; horizontal: y = | 

48, Vertical: x = 4; horizontal: y = —3 

49, Vertical: x = +3; horizontal: y = 0 

50. Vertical: x = —2 and x = 4; horizontal: y = 5 
Graphing Rational Functions 

Exercises 51-54: Graph f and identify any asymptotes. 
st. fo) = 52. f(x) = —4 


83. f(x) = 54, fx) = 4 


Exercises 55-64: biiaes-inae wane Use spaniel 
of the graph of either f(x) = x or h(x) = a to sketch a 


graph of y = g(x) by hand. Show all aipenptotes Write 
g(x) in terms of either f(x) or h(x). 


1 
55. g(x) = ear 56. g(x) a 5D 
1 2 
57, g(x) = es +2 58. g(x) = 1- < 
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1 1 
59, sQ) = s 7 72 60. sQpos—st 1 


2 1 
61. g(x) = “Gop Oo s@)=—-1 

Race el, jit] oo 
Be=— op * Sele 


Exercises 65-72: Complete the following. 
(a) Find the domain of f. 


B (b) Graph f in an appropriate viewing rectangle. 


(c) Find any horizontal or vertical asymptotes. 
(d) Sketch a graph of f that includes any rae 


65. f(x) = a ote fo) =4 = 

a1. fo) = Se ie a4 

®.j0)= Te SO - Tae 
ip = 

71. f(s) = — : m, i= eer 


Exercises 73-82: Graph y = f(x). You may want to use 
division, factoring, or transformations as an aid. Show all 
asymptotes and “holes.” 


73 16) == 14 — 
m0 w yas 
81. so) = te 

82. so) = 2B 

Slant Asymptotes 


Exercises 83-90: Complete the following. 


(a) Find any slant or vertical asymptotes. 
(b) Graph a = f(x). Show all asymptotes. 


+1 2x? — 5x — 2 
m8. so) =F os aaa rs Tam 
2 
2 oot x. 05x? = 5 
85. fx)= "5 86. $0) = T= 
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2 2 
x + 2x +1 26° 4: 3X cr I 
87. f(x) = Ts 88. fd) = peer, 
4x? 4x7 +x -2 
89. f(x) = tea 90. f(x) = a 
Basic Rational Equations 
Exercises 91-96: Solve the equation. 
4 8 
os aa 4 9 ad 1 
£41 2x 
93, ~~— = 2 94, —*_ = ~4 
ae ~ 3 
Lax 3 a= Ox 
5. > = -2 96. = 12 
- 3x = 1 5 e+2 


Graphing Rational Functions by Hand 


Exercises 97-112: (Refer to Examples 10 and 11.) Graph 
f. Use the steps for graphing a rational function described 
in this section. 


97. 1) === 98, f(y) = 275 

99. f(x) == = i 100. f(x) = “> : 

101, f(x) = = ; 102. f(x) = * a 

103. f(x) = ae 104. f(x) = = 

105. f(x) = = 106. f(x) = 3 = 2 

107. f(x) = pies 

108. f(x) = anes 

109, f(x) = oes Li Ha) = rere 
11. f(x) = anaes 112. fx) = =. 


= BG x?—x— 12 
Exercises 113-116: Graph each rational function by hand. 
Give the domain and range, and discuss symmetry. Give the 
equations of any asymptotes. 


I I 
» f@) = 14, f(x) = 
MS: 1 9 We LN 3 
Dx —2x? 
» fx) = 16. f(x) = 
MS. f) = 5 16. {) = 75 


Applications 


De ant. 


118, 


My 119. 


£120. 


121. 


Social Network Participation You may have 
noticed that a relatively small percentage of people 
do the vast majority of postings on social networks, 
The rational function defined by 


, 100 
fx) = To» 


x 


5=x = 100, 


models this participation inequality. In this for- 
mula, f(x) outputs the percentage of the postings 
done by the least active (bottom) x percent of the 
population. 

(a) Evaluate f(98). Interpret your answer. 


(b) Evaluate (100) — f(98). Interpret your answer. 


Probability A container holds x balls numbered 1 

through x. Only one ball has the winning number. 

(a) Find a function f that computes the probability, 
or likelihood, of not drawing the winning ball. 


(b) What is the domain of f? 

(c) What happens to the probability of not draw- 
ing the winning ball as the number of balls 
increases? 

(d) Interpret the horizontal asymptote of the graph 
of f. 

Abandoning Websites The first minute is critical 


to a visitor’s decision whether to stay or leave a 
website. The longer a person visits a website, the 
less likely it is that he or she will leave the page. If x 
represents the number of seconds that a visitor has 
been visiting a website, then the likelihood as a per- 
centage that this visitor is abandoning the website at 
x seconds is modeled by 
5 


PO) = 03x + 0.97" ; 


(a) Approximate P(1) and interpret your answer. 


=x 60. 


(b) Approximate P(60) and interpret your answer. 


Concentration of a Drug The concentration of a 
drug in a medical patient’s bloodstream is given by 
the formula f() = a where the input / is in 
hours, ¢ = 0, and the output is in milligrams per liter. 


(a) Does the concentration of the drug increase or 
decrease? Explain. 


(b) The patient should not take a second dose until 
the concentration is below 1.5 milligrams per 
liter. How long should the patient wait before 
taking a second dose? 


Time Spent in Line If two parking attendants can 
wait on 8 vehicles per minute and vehicles are leav- 
ing the parking garage randomly at an average rate 


of x vehicles per minute, then the average time T in 
minutes spent waiting in line and paying the atten- 


dant is given by the formula T(x) = - where 
0s x <8. A graph of T is shown in the figure, 


enveuarnvnes 


Wait (minutes) 


‘Traflic rate (cars/min) 


& (a) Evaluate 7(4) and 7(7.5). Interpret each of these 
results, 


(b) What happens to the wait as vehicles arrive at an 
average rate that approaches 8 cars per minute? 


122, Time Spent in Line (Refer to Exercise 121.) If the 
parking attendants can wait on 5 vehicles per minute, 
the average time T in minutes spent waiting in line 
and paying the attendant becomes T(x) = — 


Soa 
(a) What is a reasonable domain for T? 


(b) Graph y = T(x). Be sure to include any verti- 
cal asymptotes. 


& (c) Explain what happens to T(x) as. x 5”. 


123, Length of Lines (Refer to Example 2.) Suppose that 
a parking attendant can wait on 40 cars per hour 
and that cars arrive randomly at a rate of x cars per 
hour, Then the average number of cars waiting in 
line can be estimated by 


x2 
1600 — 40x° 


(a) Evaluate N(20) and N(39), 


N(x) = 


& (b) Explain what happens to the length of the line 
as x approaches 40. 


(c) Find any vertical asymptotes of the graph of N. 


124, Construction Zone Suppose that a construction 
zone can allow 50 cars per hour to pass through 
and that cars arrive randomly at a rate of x cars 
per hour, Then the average number of cars waiting 
in line to get through the construction zone can be 
estimated by 


x? 


MW) = 3590 = 50x" 
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(a) Evaluate (20), N(40), and N(49). 


& (b) Explain what happens to the length of the line 
as x approaches 50. 


(c) Find any vertical asymptotes of the graph of N. 


125, Interpreting an Asymptote Suppose that an insect 


population in millions is modeled by f(x) = 2+! 


Yt? 
where x = 0 is in months. ‘ 
f(@) Graph f in (0, 14, 1] by [0, 14, 1]. Find the 
equation of the horizontal asymptote. 


(b) Determine the initial insect population, 
(c) What happens to the population over time? 
# (d) Interpret the horizontal asymptote. 


126, Interpreting an Asymptote Suppose that the popu- 
lation of a species of fish (in thousands) is modeled 
by f(x) = Reet where x = 0 is in years. 

f@(@) Graph f in [0, 12, 1] by [0, 12, 1]. Whatis the 
horizontal asymptote? 


(b) Determine the initial population, 
(c) What happens to the population of this fish? 
ee (a) Interpret the horizontal asymptote. 


127, Train Curves When curves are designed for trains, 
sometimes the outer rail is elevated or banked, so 
that a locomotive can safely negotiate the curve at 
a higher speed. See the figure, Suppose a circular 
curve is designed for 60 miles per hour, The formula 
f(x) = 542 computes the elevation y in inches of 
the outer track for a curve having a radius of x feet, 
where y = f(x). (Source: L. Haefner, Introduction to 
Transportation Systems.) 


(a) Evaluate f(400) and interpret the result. 


(b) Graph f in [0, 600, 100] by [0, 50, 5]. How 
does the elevation change as the radius increases? 


& (c) Interpret the horizontal asymptote. 


(d) Find the radius if the elevation is 12.7 inches. 


340 CHAPTER 4 More Nonlinear Functions and Equations 


128. Slippery Roads If a car is moving at 50 miles per 
hour on a level highway, then its braking distance 
depends on the road conditions, This distance in 
feet can be computed by D(x) = xe where x is the 
coefficient of friction between the tires and the road 
and 0 < x S 1. A smaller value of x indicates that 

. the road is more slippery. 
bo (a) Identify and interpret the vertical asymptote 
4 x i 


(b) Estimate the coefficient of friction associated 
with a braking distance of 340 feet. 


Writing about Mathematics 


129, Let f(x) be the formula for a rational function. 
(a) Explain how to find any vertical or horizontal 
asymptotes of the graph of f. 


(b) Discuss what a horizontal asymptote represents, 


130. Discuss how to find the domain of a rational func- 
tion symbolically and graphically. 


Extended and Discovery Exercises 


Exercises 1-4; Checking Symbolic Skills Find the aver- 
age vate of change of f from x, = 1 to Xx = 3. Then find 
the difference quotient of f. 


1. fa) = 4 2 sO) = 
3. fo) = > 4. {6) = = 


CHECKING BASIC CONCEPTS FOR SECTIONS 4.5 AND 4.6 


1, Find a quadratic polynomial f(x) with zeros +47 
and leading coefficient 3. Write f(x) in complete 
factored form and expanded form, 


2. Sketch a graph of a quartic function (degree 4) with 
a negative leading coefficient, two real zeros, and two 
imaginary zeros, 


3, Write x? — x? + 4x — 4 in complete factored form. 


4. Solve each equation, 
(a) 2x3 + 45 = 5x? — 18y 


(b) x1 + 5x? = 36 


5. Let f(x) = 44 + 2. 
(a) Find the domain of f, Use interval notation. 


(b) Identify any vertical or horizontal asymptotes. 
(c) Sketch a graph of f that includes all asymptotes. 


6. Find any vertical or horizontal asymptotes for the 
2 
graph of f(x) = _ q State the domain of f. 


7. Sketch a graph of each rational function f, Include 
all asymptotes and any “holes” in your graph. 


_ Bel ee 1 
(@) fO) = 5 (b) fQ) = @+ Dp? 
+2 vt 
© #0) =~ om 


« Solve rational equations 


» Solve variation problems Introduction 


Waiting in line is a part of almost everyone’s life. When people arrive randomly at a 
line, rational functions can be used to estimate the average number of people standing 
in line. For example, if an attendant at a ticket booth can wait on 30 customers per 
hour and if customers arrive at an average rate of x per hour, then the average num- 
ber of customers waiting in line is computed by 


» Solve polynomial 
inequalities 


« Solve rational inequalities 


f@) = ———__, 


Rational function | 
900 30x — - 


where 0 = x < 30. Thus, evaluating f(28) ~ 13 indicates that if customers arrive, on 
average, at 28 per hour, then the average number of people in line is 13. If a line length 
of 8 customers or fewer is acceptable, then we can use f(x) to estimate customer arrival 
rates x that one attendant can accommodate by solving the rational inequality 


=8. Rational inequality | 
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(See Example 8.) Rational inequalities are discussed in this section along with other 
types of inequalities and equations. (Source: N. Garber and L. Hoel, Traffic and Highway 
Engineering.) 


Rational Equations 


If f(x) represents a rational function, then an equation that can be written in the form 
f(x) = k for some constant & is a rational equation. 


Rational Equations 
2 
° lel 3x 3 2 1 
Rh =-, and +—=-2 
v+x4+3 etx 2 x-1l x 


Rational equations can be solved symbolically, graphically, and numerically. 


Solving a rational equation 


4x 
xe] 


Solve = 6 symbolically, graphically, and numerically. 


SOLUTION 
Getting Started The rational equation § = 5 with b # Oandd # 0 is equivalent to 


ad = be. In this example, you can think of 6 as the ratio £, This technique is some- 
times called cross multiplying. » 


Symbolic Solution = 1 =6 Given equation 
4x = 6(x — 1) Iti 
4x = 6x — 6 
—2x = -6 btract 
x=3 is an 


The only solution is 3, 
Graphical Solution Graph Y, = 4X/(X — 1) and Y) = 6. Their graphs intersect at 
the point (3, 6), so the solution is 3. See FIGURE 4.103. 


ERROR appears because 
when x= 1, the left side of 


[-9.4, 9.4, 1] by [-9.4, 9.4, 1] 


When x = 3, the left side 
equals the right side. 


Solution is 3. + 


FIGURE 4,103 FIGURE 4,104 


Numerical Solution n FIGURE 4.104 y, = y2 when x = 3. 


| ‘Now Try! 


Algebra Review A common approach to solving rational equations symbolically is to multiply 
To review eliminating, or clearing, each side of the equation by a common denominator. When we apply this technique, 
fractions, see Chapter R (page R-34). it eliminates fractions (rational expressions) from the equation. However, it only 


works if the common denominator is not equal to zero. As a result we must check our 
solutions. This technique is used in the next two examples. 
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Solving a rational equation 


Solve a = 3 = | symbolically. 


SOLUTION The least common denominator for x? and x is x*., Multiply each side 
of the equation by ’. 


6 65 
sS-t=1 Given equation 
x x 
, 6 Dh 3 
Algebra Review —piem Se = | oat ult h term 
To review finding a least common x * 
denominator, see Chapter R (page 6 — 5x = x2 + nlit 
R-31), i : 
0=x + Sy - 6 ld nd subtract ¢ 


0 = (x + 6)(x — 1) Factor 
x+6=0 or x-1=0 ro-product 
x¥=-6 or x=1 
Check to verify that each answer is correct, 


| Now Try E 


The next example illustrates the importance of checking possible solutions, 


Wiyhoew Solving a rational equation 


Solve al; + ky = 3 6 9 symbolically, Check the result, 


SOLUTION The least common denominator is (x + 3)(x — 3), or x? — 9. 


(GY Ifeither —3 or 3is substituted into the given equation, two of the expressions 
are undefined, (Their denominators equal 0.) Thus neither of these values can be a 
solution to the given equation. 


ree 6 
x+3 x-3 47-9 tthe 
(x + De = 3), (w+ NU = 3) 6(x + 3)(x — 3) 


x+3 x= 3 = 9 ii da la il 
(x — 3) + (xv + 3) =6 implify 
2x = 6 ombine term 
x=3 ivide b 


As noted earlier, 3 cannot be a solution to the given equation, There are no solutions, 
(The value 3 is called an extraneous solution because it does not satisfy 


An Application Involving a Rational Equation Rational equations are used in 
real-world applications such as the construction problem in the next example. Steps for 
solving application problems (see Section 2.2) have been used to structure the solution, 


Designing a box 


A box with rectangular sides and a top is being designed to hold 324 cubic inches and 
to have a surface area of 342 square inches. If the length of the box is four times the 
height, find possible dimensions of the box. 


Designing a Box 


FIGURE 4.105 


Geometry Review 
To review formulas related to box 
shapes, see Chapter R (page R-3). 


4.7 More Equations and Inequalities 343 


SOLUTION 
STEP 1; We are asked to find the dimensions of a box. If x is the height of the box and 
y is the width, then the length of the box is 4x, or four times the height. 


v: Height of the box: Width of the box 4: Length of the box 


STEP 2: To relate these variables to an equation, sketch a box as shown in FIGURE 4.105. 
The volume V of the box is height times width times length. 


V = xp(4x) = 4x*y 


The surface area A of this box is determined by finding the area of the 6 
rectangular sides: left and right sides, front and back, and top and bottom, 


A= 2AU4x- x) + Arey) + 4x y) 
= 8x? + 10xy 
If we solve V = 4x?y for y and let V = 324, we obtain 
V _ 324 _ 31 
4x? gy?” 
Substituting y = = in the formula for A eliminates the y variable. 
A = 8x? + 10x) 


E 


81 a4 
= 8x? + 10x > 81 
A 
= gy? + 810 wae 
x f 
Since the surface area is A = 342 square inches, the height x can be deter- 
mined by solving the rational equation 
ax? + 810 _ 349, 
¥ 
STEP 3: FIGURES 4.106 and 4.107 show graphs of Y, = 8X42 + 810/X and Y, = 342. 
There are two positive solutions: x = 3 and x = 4.5. 


Locating Solutions Graphically 
[0, 6, 1] by [300, 400, 20] [0, 6,1] by [300, 400, 20] 


Solution 


Solution is 3. + 
. is 4.5. 


Intersection 


Intersection 
X= 


X=45 1 .Y=342 «4 
FIGURE 4.106 FIGURE 4.107 


Y=342 04 


(ETA This equation can be written as 8x? — 342x + 810 = 0, and the 
rational zeros test or factoring could be used to find the solutions, 3 and 3. 

For the first solution, the height is x = 3 inches, so the length is 
4+3 = 12 inches and the width is » = . = 9 inches. (Note that y = ot) 
For the second solution, the height is 4.5 inches, so the length is 4 + 4.5 = 18 
inches and the width is y = a = 4 inches, Thus the dimensions of the box 
in inches can be either 3 X 9 X 12 or 4.5 X 4 X 18. 

STEP 4: We can check our results directly. If the dimensions are 3 X 9 X 12, then 
V=3+9+ 12 = 324/ and 
S = 23+9) + 2(3+ 12) + 29+ 12) = 342. 7 


continued on next page 
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FIGURE 4.108 


If the dimensions are 4.5 X 4 X 18, then 
V=4.5+4+ 18 = 324 / and 
S = 2(4.5 + 4) + 2(4.5 + 18) + 2(4+ 18) = 342, / 


In both cases our results check, 


Now 


Variation 

Direct Variation with the nth Power In Section 2.4 direct variation was dis- 
cussed, Sometimes a quantity y varies directly with a power of a variable. For example, 
the area A of a circle varies directly with the second power (square) of the radius r. That 
is, A = ar’. 


‘ECT VARIATION WITH THE nTH P' 


Let v and y denote two quantities and n be a positive real number. Then » is | 
| directly proportional to the uth power of x, or y varies directly with the nth power 
| of x, if there exists a nonzero number k such that 


| 
The number k is called the constant of variation or the constant of proportionality. 
In the formula A = 7, the constant of variation is 7. 


Modeling a pendulum 


The time 7 required for a pendulum to swing back and forth once is called its 
period, The length ZL of a pendulum is directly proportional to the square of 7, See 
FIGURE 4.108. A 2-foot pendulum has a 1.57-second period. 

(a) Find the constant of proportionality k, Round to the nearest hundredth, 

(b) Predict T for a pendulum having a length of 5 feet. 


SOLUTION 
(a) Because L is directly proportional to the square of 7, we can write L = kT’, If 
L = 2, then T= (.57, Thus k = 45 = —25 ~ 0.81 and L = 0.817". 


Ls? 
(b) If L = 5, then 5 = 0.8177. It follows that T= V5/0,81 ~ 2.48 seconds. 


| Now Try E3 


) 


Inverse Variation with the mth Power When two quantities vary inversely, an 
increase in one quantity results in a decrease in the second quantity. For example, it 
takes 4 hours to travel 100 miles at 25 miles per hour and 2 hours to travel 100 miles 
at 50 miles per hour. Greater speed results in less travel time. If s represents the aver- 


age speed of a car and / is the time to travel 100 miles, then s + ¢ = 100, or ¢ = 100) 
Doubling the speed cuts the time in half; tripling the speed cuts the time to one-third. 
The quantities ¢ and s are said to vary inversely. The constant of variation is 100, 


iV) 5] [ARIATION WITH | 


| Let x and y denote two quantities and 1 be a positive real number. Then y is | 
| inversely proportional to the mth power of x, or y varies inversely with the nth power | 
of x, if there exists a nonzero number k such that | 
| k 


\Ify= a then y is inversely proportional to x or y varies inversely with x. 


EXAMPLE 6 
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(GY To review steps for solving variation problems see Section 2.4. 


Inverse variation occurs in measuring the intensity of light. If we increase our 
distance from a lightbulb, the intensity of the light decreases. Intensity / is inversely 
proportional to the second power of the distance d. The equation J = e models this 
phenomenon. 


Modeling the intensity of light 


At a distance of 3 meters, a 100-watt bulb produces an intensity of 0.88 watt per 
square meter, (Source: R, Weidner and R. Sells, Elementary Classical Physics, Volume 2.) 
(a) Find the constant of proportionality k. 

(b) Determine the intensity at a distance of 2 meters. 


SOLUTION 
(a) Substitute d = 3 and J = 0.88 in the equation J = a Solve for k. 


0.88 = pork or k = 0.88(9) = 7.92 


2 
(b) Let J = 5 o2 and d = 2, Then J = += = 1.98. The intensity at 2 meters is 1.98 
watts per iit meter. 


Now Try Exercise 139 


Polynomial Inequalities 


Graphical Solutions In Section 3.4 a strategy for solving quadratic inequalities 
was presented. This strategy involves first finding boundary numbers (x-values) 
where equality holds. Once the boundary numbers are known, a graph or a table of 
test values can be used to determine the intervals where inequality holds. This strategy 
can be applied to other types of inequalities. 

The allowing See the Concept illustrates how to solve polynomial inequalities, 
where p(x) = —x* + 5x? — 4. Note that the solution sets are also shown on the 


number line above each graph. 


See the Concept: Solving Polynomial Inequalities Graphically 


Solving —x4 + 5x*- 4 = 


Solving —x‘ + 5x? -4>0 Solving —x* + 5x? -4<0 


32-10 12 3 | 


_. Graph is below 


“} Graph is above | ETT _ the x-axis 


- the x- “axis, 


(-2, 


Solution set | 


1) UG, 2) 


(-, -2) U(-l, 1) U(2, ) 
Solution set | 
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Boundary numbers | 


-2 -1 
Ut 
| 


~4 -3 -2 G1 2 3 
FIGURE 4,109 


Evaluating Test Values 


Y1BI-X444+5X2-4 
FIGURE 4,110 


MAKING CONNECTIONS 


Visualization and Inequalities In the preceding See the Concept, a precise graph of 
pis not necessary to solve the polynomial inequality p(x) > 0 or p(x) < 0. Once the 
x-intercepts have been determined, we can use our knowledge about graphs of quartic 
polynomials (see Section 4.2) to visualize the graph of p. Then we can determine 
where the graph of p is above the x-axis and where it is below the x-axis. 


Symbolic Solutions Polynomial inequalities can also be solved symbolically. For exam- 
ple, to solve the inequality —x4 + 5x? — 4 > 0, begin by finding the boundary numbers. 


—xt + 5x79 -4=0 
x4 — 5x7 +4=0 Multi 
(x? — 4a? - = 0 
v-4=0 or *-1=0 
x= +2 or x= Hl 
The boundary numbers —2, —1, 1, and 2 separate the number line into five intervals: 
(—%, —2),(-2 1), (-1,1), (1,2), and (2, »), 


as illustrated in FIGURE 4.109, 

The polynomial p(x) = —x‘ + 5x? — 4 is either always positive or always nega- 
tive on each of these five intervals. To determine which is the case, we can choose one 
test value (x-value) from each interval and substitute this test value in p(x). From 


TABLE 4.6 we see that the test value x = — {.5 results in 

p(-1.5) = -(- 1.5)! + 5(- 1.5) — 4 = 2.1875 > 0. 
FIGURE 4.110, which was created by a graphing calculator, is similar to TABLE 4.6, 
Since x = —1.5 is in the interval (—2, —1), it follows that p(x) is positive on this 


interval, The sign of p(x) on the other intervals is determined similarly. Thus the solu- 
tion set to p(x) = —x4 + 5x? -— 4 > Ois (—2, — 1I)UCI, 2). 


Solving —x* + 5x? - 4>0 
Test Value x | —x4 + 5x? — 4 | Positive or Negative? | 
—40 Negative 


Interval 


Positive 


Negative 
2.1875 Positive 
—40 Negative 


TABLE 4.6 


These symbolic and graphical procedures can be summarized as follows. 


STEP 1: If necessary, write the inequality as p(x) < 0, where p (x) is a polynomial 
and the inequality symbol < may be replaced by >, = , or =. 


STEP 2: Solve p(x) = 0. The solutions are called boundary numbers. 


STEP 3: Use the boundary numbers to separate the number line into disjoint inter- 
vals, On each interval, p (x) is either always positive or always negative. 


STEP 4: To solve the inequality, either make a table of test values for p (x) or use 
a graph of y = p(x). For example, the solution set for p(x) < 0 cor- 
responds to intervals where test values result in negative outputs or to 
intervals where the graph of y = p (x) is below the x-axis. 
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i> CWA Solving a polynomial inequality 


Solve x? > 2x? symbolically and graphically. 


SOLUTION 
Symbolic Solution 


STEP 1; Begin by writing the inequality as x7 — 2x? > 0, 
STEP 2: Replace the > symbol with an equals sign and solve the resulting equation. 


x3 = 2x? = | 4 
x(x — 2) = 0 
Drs as 
. x= Yr xe 2= ro-product property 
Algebra Review 
To review factoring, see Chapter R, x=0 or x=2 


(page R-19), : é 
The boundary numbers are 0 and 2, Note that 0 is a zero of x* — 2x? with 
multiplicity 2, which is even, 


STEP 3: The boundary numbers 0 and 2 separate the number line into three disjoint 
intervals; 


(—,0), (0,2), and (2, »), 


STEP 4: In TABLE 4.7 the expression x? — 2x? is evaluated at a test value from each 
interval, The solution set is (2, ©), 


| Interval | Test Value x Positive or Negative? 


Note that at a zero with =2 Negative 
even multiplicity, the 
sign does not change. 1 Negative 
-5,5,.1) by [-7,7,4 —_— . 
Sl 


Positive 


TABLE 4.7 


Even multiplicity: Graphical Solution Graph y = x3 — 2x, as shown in FIGURE 4.111, The zeros are 
does not cross Vail located at 0 and 2. The graph of y is positive (or above the x-axis) for 2 <x < %, 
FIGURE 4.111 This result agrees with the symbolic solution, 


MAKING CONNECTIONS 


Funetions, Mquations, and Inequalities The three concepts are related. For example, 


f(x) = ax? + bx? + ex +d Cubic function 
ax) + bx? + ex +d=0 ubic equation 
ax + bx? + ex +d <0 ubic inequalit 


where a # 0. These concepts also apply to higher degree polynomials and to 
rational expressions, 


Rational Inequalities 


An Application Involving a Rational Inequality In the introduction we looked 
at how a rational inequality can be used to estimate the number of people standing in 
line at a ticket booth, In the next example, this inequality is solved graphically. 
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Intersection 
X=26,969385 aY=8.__1_4 


FIGURE 4,112 


XAMPLE 9 | 


Modeling customers in a line 


A ticket booth attendant can wait on 30 customers per hour. To keep the time waiting 
in line reasonable, the line length should not exceed 8 customers on average. Solve 


. 2 . . . 
the inequality 00 = 30x < 8 to determine the rates x at which customers can arrive 


before a second attendant is needed. Note that the x-values are limited to the interval 
0s x < 30. 


SOLUTION Graph Y; = X42/(900 — 30X) and Y, = 8 for 0 S$ x = 30, as shown 
in FIGURE 4,112. The only point of intersection on this interval is near (26.97, 8). The 
graph of y, is below the graph of y> for x-values to the left of this point. We conclude 
that if the arrival rate is about 27 customers per hour or /ess, then the line length does 
not exceed 8 customers on average. If the arrival rate is more than 27 customers per 
hour, a second ticket booth attendant is needed. 


| Now Try Exercise 113 | 


Graphical and Symbolic Solutions To solve rational inequalities, we can use the 
same basic techniques that we used to solve polynomial inequalities, with one impor- 
tant modification: boundary numbers also occur at x-values where the denominator of 
any rational expression in the inequality equals 0. The following steps can be used to 
solve a rational inequality. 


0) | 
STEP 1; If necessary, write the inequality in the form aot > 0, where p(x) and 
q(x) are polynomials. Note that > may be replaced by <, =, or =. 
STEP 2: Solve p(x) = 0 and q(x) = 0. The solutions are boundary numbers. 
STEP 3: Use the boundary numbers to separate the number line into disjoint inter- 
] vals, On each interval, a is either always positive or always negative. 


| step 4: Use a table of test values or a graph to solve the inequality in Step 1. 


Solving a rational inequality 


Solve 2 Fy, > 0 symbolically. Support your answer graphically. 


SOLUTION 
Symbolic Solution The inequality is written in the form ae > 0, so Step 1 is 
unnecessary. 


STEP 2: Set the numerator and the denominator equal to 0 and solve. 


Numerator — Denominator 
2-x=0 2x =0 
x=2 x=0 
STEP 3: The boundary numbers are 0 and 2, which separate the number line into three 
disjoint intervals: (—~, 0), (0, 2), and (2, ). 


STEP 4: TABLE 4.8 shows that the expression 2 7 is positive when 0 < x < 2, In 


interval notation the solution set is (0, 2). 


[-4.7, 4.7, 1] by [-3.1, 3.1, 1] 


FIGURE 4.113 


EXAMPLE 10 


Algebra Review 
To review subtraction of rational 
expressions, see Chapter R (page R-33). 
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Solving at Ox 3s 0 


@ = w/e) 


Negative 


Interval Test Value x 
(-%, 0) -1 


Positive 


Negative 


(0, 2) 


TABLE 4.8 


Graphical Solution Graph Y; = (2 — X)/(2X), as shown in FIGURE 4.113. The 
graph has a vertical asymptote at x = 0 and an x-intercept at x = 2, Between these 
boundary numbers the graph of y, is positive (or above the x-axis). The solution set 
is the interval (0, 2). This agrees with our symbolic solution. 

| Now Try Exercise 71 | 


Solving a rational inequality symbolically 


Solve 4 =F 2 T 
SOLUTION 
STEP 1; Begin by writing the inequality in the form p a = 0. 
1 2 
x x+l~ ” ‘ 
ui J& 1) - 2 yee 0 F 1) 
Se Ax Lt) ee x 
#1 2x 
> oe oo = 0 Mult 
xx+1) xa~+ 1 
ty =X btr erator 
x(x + 1) . 
STEP 2: Find the zeros of the numerator and the denominator. 
Numerator Denominator 
1-x=0 xv + 1) =0 
x=1 x=0Oorx 1 


STEP 3: The boundary numbers are —1, 0, and 1, which separate the number line 
into four disjoint intervals: (—%, —1), (—1, 0), (0, 1), and (1, %). 


STEP 4: TABLE 4.9 can be used to solve the inequality on < 0. The solution set 
is (—1, 0)U[L, @). ie 


(QD The boundary numbers —1 and 0 are not included in the solution set because 


the given inequality is undefined when x = —1 or x = 0. 
Solving oer =0 

Interval Test Value x (1 — x)/(x(x + 1)) | Positive or Negative? 
(—2, -1) =2, 1.5 Positive 

(-1, 0) —0.5 —6 Negative 

(0, 1) 0.5 0.6 

(1, %) | 2 —0.16 Negative 

TABLE 4.9 


rome 
| Now Ti 
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Multiplying an Inequality by a Variable When solving a rational inequality, 
it is essential nor to multiply or divide each side of the inequality by the LCD (least 
common denominator) if the LCD contains a variable, This technique often leads to 
an incorrect solution set. 
For example, if each side of the rational inequality 
1 


~<2 
xv 


is multiplied by x to clear fractions, the inequality becomes 


I 
1 << OF 7 
However, this solution set is clearly incomplete because x = —1 (or any negative 
value for x) is also a solution to the given inequality, In general, the variable x can 
be either negative or positive, If x < 0, the inequality symbol should be reversed, 
whereas if x > 0, the inequality symbol should not be reversed, Because we have 
no way of knowing ahead of time which is the case, this technique of multiplying 
by a variable should be avoided. 


“WA Putting It All Together 


CONCEPT 
Rational equation 


Variation 


Polynomial inequality 


Can be written as f(x) = k, where f is a rational function, To solve a rational equation, 
first clear fractions by multiplying each side by the LCD, Check your answers, 


Example: Solve + + a, = er 
Multiply each side of the equation by the LCD; x(x + 2), 
x(x + 2) & x(x + 2) =f x(v + 2) 
x x+2 x(x + 2) 
(wt 2) +x 


x It checks. 


y varies directly with the nth power of x: y = kx", 


Example: Let y vary directly with the cube (third power) of ., If the constant of 
variation is 5, then the variation equation is y = 5x°, 


; k 
y varies inversely with the nth power of x: y = —. 


Example: Let y vary inversely with the square (second power) of x. If the constant of 
variation is 3, then the variation equation is y = ce 


Can be written as p(x) < 0, where p(x) is a polynomial and < may be replaced by 
og Sy OF = 


Examples: x? — x <= 0, 2x4 — 3x7 = Sy + 1 
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Section 6.4 Other Trigonometric Functions and Their Graphs 


CHAPTER 6 Summary 601 


Trigonometric Functions The domains, ranges, periods, and graphs of the six trigonometric functions are 


discussed in Putting It All Together for this section. 


If angle 0 is in standard position and its terminal side passes through the point 


(x, y), then it follows that 


y x r r 
tan@ 5 coté , secO = and csc@ = r where r = Vx? + y?, 


In the figure, x = —2, y = 3, and 


(-2, 3) 
r= V(-2)? + 3? = V13, aN 3 
eed) _ 2 vw \Lo 
tand = 2 coté = 3 : N Be . ; F 
VB VB 
seco = cscO = 
2 3 re 
Unit Circle If the terminal side of an angle ¢ intersects the unit circle at the point (x, y), then 
tané Ze cot = a sect = he and csct = 4 
x y x y 
In the figure, x = 0 and y = 1. Thus 
tan ¢ is undefined (x = 0); cots = 0; , a 
sec (is undefined (x = 0); csc¢ = 1. x 
Section 6.5 Graphing Trigonometric Functions 
Modeling with Sine f(x) = asin(b(x — 0c) +d or f(x) = acos(b(x — oc) +d 


and Cosine Functions 


Amplitude = |a| Period = of b>0 


Phase shift = c Vertical shift = d 


Simple Harmonic Motion Can be modeled by s(‘) = asin bt or s(t) = acos bt 


If b = 27F, then F represents the frequency of the sinusoidal graph. 


Example: _ If a spring is initially compressed 3 inches and oscillates 4 times per 
second, then a = 3, b = 27F = 87, and its motion can be modeled 


by s() = 3 cos (871). 
Section 6.6 Inverse Trigonometric Functions 


Inverse Sine Function 6 = sin” 
sin”! x is also denoted arcsin x. 


x implies that sin @ = x and either —} = 6 = F or —90° S 6 = 90°. 


Examples; sin“! = 5, sin (- 4) = —30°, arcsin0 = 0° 
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Section 6.6 Inverse Trigonometric Functions (CONTINUED) 


Inverse Cosine Function 6 = cos 'x implies that cos@ = x and either 0 < @ < 7 or 0° < @ < 180°. 
cos”! x is also denoted arccos x. 


Examples: cos 1 = 0, cos™!(-1) = 180°, arccos + = 60° 
Inverse Tangent Function —_g = tan“! x implies that tan 0 = x and either —5 < 0 < $ or —90° < 0 < 90°. 
tan”! x is also denoted arctan x. 


Examples: tan! 1 = a tan! (-1) = —45°, arctan V3 = 60° 


Solving Triangles Inverse trigonometric functions can be used to solve equations and find angles 
in triangles. 


Example: In triangle ABC, inverse trigonometric functions can be used to 
find a and Bp. 


B 
3 | 
a = sin!= ~ 36,9° < | 
5 B 
3 5 3 
= tan!— ~ 36,9° / 
a = tan 4 | 
3 \e | 
=cos!= = ° { 
B = cos 5 53.1 A 7 a 
1, Sketch the following angles in standard position. 11. sect 12. csc 
(a) 60° (b) —2 oes : 
13. Find the six trigonometric functions of 6. 
2. Find the complementary angle and the supplemen- R 
tary angle to @ = 61°40’, 
3. Convert each angle from radians to degrees. 
@™F OF O-F @ -# ‘| 
4, Convert each angle from degrees to radians. 1 Om 
(a) 30° (b) 165° (ce) —90° (d) —105° fal 9 A 
§. Find the length of the are intercepted by a central 14. Solve triangle ABC. 
angle 0 = 60° and a radius r = 6 feet. 
B 
6. Find the area of the sector of a circle having a radius A i 
r = 5 inches and a central angle 6 = 150°. p B | 
Y 5 
Exercises 7-12: Find the exact value of each trigonometric 
expression by hand. Z | 
ares - ‘ A\ 40" u 
7. sin 30 8. tan45' i 7 as 


9. cot 60° 10. cos 60° 


15. Find cscé if sind = i. 


16, Find coté if sind = 4 and cos@ = - 
Exercises 17 and 18; Approximate the six trigonometric 
Junctions of 0 to three decimal places, 


17, 6 = 25° 18, 6 = -% 


Exercises 19 and 20; Find the six trigonometric functions 
of angle 0. 
19, y 20. y 


h 
(-7,24)® 


Exercises 21 and 22: The figure shows angle 0 in standard 
position with its terminal side intersecting the unit circle, 
Find the six trigonometric functions of 0. 


Exercises 23-26; Evaluate the function f at the given value 
of t. 
23, f(d) = sint, = —F 


25, f(t) = tant,¢ = —30 26, f() = set, = F 


24, f(t) = cost,( = 7 


27, Find the other trigonometric functions of 6 if 
sing = -4 and cos@ = 3, 
28. Convert 65°45'36" to decimal degrees, 


Exercises 29-32: Graph f for —2m 5 ¢ = 2a. State the 
amplitude, period, and phase shift. 


29. f(0) = 3.cos2r 30. f() = —2 sin(2¢ + 7) 
31. f(Q = —3sin (b= m)) + 1 
32. f(0 = 1 cos (Z(1 - ) -2 
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Exercises 33 and 34: A graph of y = acos bx is shown, 
where b is a positive constant. Estimate the values for a and b. 


33, 


34, 


<M. 


Exercises 35 and 36: Graph f for -2m 5 t S 2a, State 
the period and phase shift. 


35, f(t) = cot2r 36. f() = sec2r 


Exercises 37 and 38: If possible, evaluate each of the fol- 
lowing in both radians and degrees, 
37. (a) sin“! (-1) u 


(b) arecoss (ce) tan”! 


(ce) arctan (- V3) 


39, Approximate the following to a hundredth of a 
radian and a tenth of a degree. 
(a) sin7!(—0.6) (b) tan!5 


38. (a) arcsin3 (b) cos! 0 


(c) arccos 0,12 


40, Evaluate each expression, 


(a) sin(sin7!0,5) (b) tan7! (tan 45°) 


Exercises 41 and 42: Solve the right triangle ABC. 
41, B 42, 


r 
Lxo 
5 2. © 


Exercises 43 and 44; Solve the equation for 0, where 
0° = 6 = 90°, 


el. 
43, tand = Vi 


Exercises 45 and 46; Solve the equation for 0, where 6 isan 
acute angle, Approximate 0 to the nearest tenth of a degree. 


45, cos@ = 4 46. 3 sind = 8 


44, cosd = | 
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Exercises 47 and 48: Solve the equation for t, where t is a 
real number located in the indicated interval. Approximate 
t to four decimal places. 


47. tant = —3, (= z) ; 


48. sint = —5, [ -3, 


nia 


Applications 


49, Ferris Wheel A Ferris wheel has a diameter of 50 feet 
and completes | revolution every 50 seconds. 
(a) Find the angular velocity of the Ferris wheel in 
radians per second. 


(b) What is the linear speed in feet per second of a per- 
son who is riding this Ferris wheel? 


50, Fan Speed The blades of a fan have a 25-inch diam- 
eter and rotate at 400 revolutions per minute. 
(a) Find the angular velocity of a fan blade. 


(b) Estimate the linear speed in inches per second at 
the tip of a fan blade, 


51. Height of a Tree Eighty feet from the trunk of a tree 
on level ground, the angle of elevation of the top of 
the tree is 48°. Estimate the height of the tree to the 


nearest foot. 


52. Angle of Elevation Find the angle of elevation of the 
top of a 35-foot building at a horizontal distance of 
52 feet. 


53, Grade Resistance Approximate @ to the nearest 
tenth of a degree for the given grade resistance F and 
vehicle weight W, where F = W sind. 

(a) F = 350 1b, W = 6000 lb 


(b) F = 160 1b, W = 4500 Ib 


wn 
> 


Highway Grade (Refer to Exercise 53.) Suppose an 
uphill grade of a highway can be modeled by the line 
y = 0.05x, 

(a) Find the grade of the hill, 


(b) Determine the grade resistance for a gravel truck 
that weighs 30,000 pounds. 


55, Distance Between Cities Cheyenne, Wyoming, and 
Colorado Springs, Colorado, have nearly the same 
longitude of 104°45’W. The latitude of Cheyenne 


| 


1. Write 125,000 in scientific notation and 4.67 x 107 
in standard notation. 


2. Find the midpoint of the line segment connecting the 
points (—3, 2) and (-1, 6). 


is 41°09’, and the latitude of Colorado Springs is 
38°49’. Approximate the distance between these two 
cities if the average radius of Earth is 3955 miles. 
(Source: J. Williams, The Weather Almanac.) 


56. Safe Distance for a Tree From a distance of 45 feet 
from the base of a tree, the angle of elevation to 
the top of the tree is 57°, as shown in the figure. A 
building is located 52 feet from the base of the tree, 
Determine if the tree could fall in a storm and dam- 
age the building. 


57, Modeling Temperatures The monthly average low 
temperatures in Green Bay, Wisconsin, are shown in 
the table. 


| Month | 1 | 2 SE 6 


Temperature (°F) 10 | 22 | 35 | 45 | 52 


Month | 7 | 8 | 9 | 10] 11 | 12 
Temperature °F) | 58 | 56 48 | 38 | 26} 11 


Source: A, Miller and J, Thompson, Elements of Meteorology, 


fa (a) Plot the monthly average low temperatures over 
a 24-month period by letting x = 1 and x = 13 
correspond to January. 


(b) Use f(x) = a cos (b(x — ¢)) + d to model the data. 


(c) Graph f together with the data. 


58. Phases of the Moon If the phase angle of the moon is 
6, then the phase F of the moon is given by 


r= stl — cosé@). 


Solve this equation for 0. 


3, Graph y = g(x) by hand. 


(a) g(x) = 2* (b) g(x) = |x + 2| 


@) g@) = Vx-2 


© gQ)= 


x1 


Exercises 4 and 5: Complete the following. 


(a) Determine the domain of f. 
(b) Evaluate f(-1) and f(2a). 


4. 


6. 


10. 


11 


12, 


13. 


xo 2 
fQx) = V4-x 5. f®) = = 
4x° — 16 
The graph of a linear function f is shown, 


(a) Identify the slope, y-intercept, and x-intercept. 
(b) Write a formula for f(x). 

(c) Evaluate f(—2) symbolically and graphically. 
(d) Find any zeros of f. 


3-3-1 


mate 


. Find the average rate of change of f(x) = 10* from 


x=Il1tox =2, 


. Find the difference quotient for f(x) = 3x. 


. Write the slope-intercept form of a line that passes 


through (2, —3) and is parallel to the line 2x + 3y = 6. 


Determine the x- and y-intercepts on the graph of the 
equation —2x + Sy = 20. 


Solve each equation. 
(a) |4 - 5x] =8 (b) 2e% -— 1 = 27 
@ V2x-1=x-2 


(f) logs(x + 1) = 16 


(c) x3 — 3x? + 2x =0 


() x -x-2=0 


Graph f. Is f continuous on its domain? Evaluate f(1). 
bese 1k ps4 8-1 
f@=4-2x if -l<x<2 
5x? if Q=ains4 


Solve the inequality. Write the solution set in interval 
notation. 
(a) —3(2 - x) <4—- (2x + 1) 


(bl) -3 5 4-3x <6 (©) |4x - 3, =9 


(@) x7 - 5x +450 () f-1>0 


14, 


15. 
16, 


17. 


19, 


20. 


21. 
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Write f(x) = -2x? + 6x — 1 in the vertex form 
given by f(x) = a(x — hy? +k. 
Solve 2x” + 4x = | bycompleting the square. 


Use the given graph of y = f(x) to sketch a graph of 
each expression. 
(a) y=f&-1I) +2 


() y = -f(-x) 


) » = 3/0) 
@ y= fx) 


Use the graph of f to estimate each of the following. 
(a) Where f is increasing or decreasing 


(b) The zeros of f 
(c) The coordinates of any turning points 


(d) Any local extrema 


. Write the complete factored form for the polynomial 


given by f(x) = 2x7 + x? — 8x -— 4. 


Divide each expression. 
Sat — 2a + 4 
(a) ——>7 


2a 


w= 3? +x41 


) r+ 


Find all complex zeros, real or imaginary, of 
f(x) = 8 - x? + 4x - 4, 
given that one zero is 2i. 


State the domain of f(x) = a + 3, Use interval 


notation. Find any vertical or horizontal asymptotes. 
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22. Write x?/* in radical notation. Evaluate the expres- 
sion for x = 27, 


23, Use the tables to evaluate each expression, if possible. 
xfofi]2 
fey | 4] 342 
x{o|]1|2 4 | 

ais) |] 0} 4)3)24 1 


(a) (f + 82) (b) (g/N(4) 


(©) (feg)@) (@) (f-'eg)(1) 
24, Use the graphs of f and g to complete the following. 


4 
0 


3 
| 
3 


(a) (f - g)(-1) (b) (fg)(2) 
(ce) (g°f)) (@) (ge f)(2) 


25, Let f(x) = x? + 3x — 2 and g(x) = x — 2. Find 
the following. 


(a) (f + g)(2) (b) (ge f)(1) 
(©) (f - #)Q) (@) (feg)a) 
26, Find f~' (x) if f(x) = 2Wx + 1. 


27, Use the graph of y = Ca* to determine values for C 
and a. 


28, Five hundred dollars is deposited in an account that 
pays 5% annual interest compounded monthly. Find 
the amount in the account after 10 years, 


29. 


30. 


31. 
32, 


33, 
34, 
35, 


36, 


37, 


38, 
39, 


40. 


41. 


Simplify each logarithm by hand. 
(a) log 100 (b) log, 16 


1 
(c) In-=> (d) log 4 + log 25 
e 
Write 3 logy — 4logy + }logz as a logarithm of a 
single expression. 
Approximate log; 125 to three decimal places. 


Solve each equation, 
(a) 3(2)* + 4 = 100 


(b) 2 logy3v = 4 
Convert 150° to radians. 
Convert in radians to degrees. 


Find the length of the are intercepted by a central 
angle of 15° in a circle with a radius of 3 feet. 


Find the six trigonometric functions of 6, 


r 

i 

5 

h OT 
12 


Find the length of a in the figure. 


v 
‘30° f 
a 


Approximate sec (1,24) to the nearest hundredth, 


Find the six trigonometric functions of 0, 


Find the exact values of the six trigonometric func- 
tions of 0 = qn, 


Find the exact values of the six trigonometric func- 
tions of 0 if cos@ = a and sin@ < 0, 


42, State the amplitude, period, phase shift, and vertical 
shift for the graph of f(x) = 5 sin (Fx - 1) — 2, 


43. Sketch a graph of f on the interval [—27, 27]. 
(a) f(x) = 2 sin3x 


(b) f(x) = secx 
(©) f(x) = -2cos (2x + F) +1 
44, Evaluate sin™! (—}). 


45, Solve the right triangle. Approximate values to the 
nearest tenth, 


46. Solve 2cos@ = —1 if 0 = 6 S 180°. 


Applications 


47, Inverse Variation The force of gravity F varies 
inversely with the square of the distance d from the 
center of Earth, If a person weighs 150 pounds on the 
surface of Earth (¢ = 4000 miles), how much would 
this person weigh at a distance of 10,000 miles from 
the center of Earth? 


48, Working Together Suppose one person can mow a 
large lawn in 4 hours and another person can mow the 
same lawn in 6 hours. How long will it take to mow 
the lawn if they work together? 


49, Inverse Function The function given by the formula 
f@) = R(x — 32) converts degrees Fahrenheit to 
degrees Celsius. 

(a) Find f7! (x). 


ty, 
" (b) What does f~! compute? 
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50. Volume of a Balloon The radius r in inches of a 


spherical balloon after ¢ seconds is given by r = Vi. 
(a) Is the radius increasing or decreasing? 


(b) Write a formula for a function V that calculates the 
volume of the sphere after ¢ seconds. 


A (c) Evaluate V (4) and interpret the result. 


51, Bacteria Growth There are initially 200,000 bacteria 
per milliliter in a sample. The number of bacteria 
grows exponentially and reaches 300,000 per milliliter 
after 3 hours. 

(a) Use the formula N() = Noe“ to model the concen- 
tration of bacteria after ¢ hours. 


t 
& : (b) Evaluate N(5) and interpret the result. 


(c) After how long did the concentration reach 
500,000 per milliliter? 


52. Length of a Shadow If the angle of elevation of the 
sun is 43°, find the length of the shadow cast by a 
person who is 6 feet tall. Round your answer to the 
nearest tenth of a foot. 


53. Modeling Temperature The monthly average high 
temperatures in New Orleans are shown in the table. 
Model these data by using a function of the form 


f(x) = asin(b(x — o) +d. 


Month 1 2 3 4 5 
Temperature °F) | 61 | 65 | 70 | 78 | 85 

Month | 7 8 9 10 | 11 | 12 
Temperature (°F) | 90 | 89 | 88 | 80 | 70 | 63 


Source: J. Williams, The Weather Almanac. 


54. Angle of Elevation A 52-foot tall building cast a 
63-foot shadow. Estimate the angle of elevation of 
the sun to the nearest tenth of a degree. 


Trigonometric Identities 
and Equations 


M athematics has been essential in the development and reproduction of 
music. Although Pythagoras is usually associated with the Pythagorean theorem, 
in 600 B.c, he also discovered the mathematical ratios that governed pitch and 
motion, These discoveries marked the beginning of the science of musical sound. 
In 1862, the psychologist and scientist Hermann von Helmholtz published his clas- 
sic work that opened a new direction for music using mathematics and technology. 
Then in 1957, Max Mathews created complex musical sounds with a computer. 

The communications industry also uses the mathematics of sound. For 
example, each number on a touch-tone phone has a unique sound that is a 
combination of two different tones. These unique tones are easily distinguished 
when transmitted as cellular phone signals. Trigonometric functions play an 
important role in clear, reliable communication systems. 

This chapter introduces the concept of verifying an identity. Identities are 
important because they allow us to write trigonometric expressions in simpler 
and more convenient forms. 


Source: J. Pierce, The Science of Musical Sound. 


608 


Fundamental Identities 
Verifying Identities 
Trigonometric Equations 
Sum and Difference 
Identities 


Multiple-Angle 
Identities 


7.1 Fundamental Identities 609 


4 7.1 | Fundamental Identities 


\ 


= Learn and apply the 
reciprocal and quotient 
identities 

= Learn and apply the 
Pythagorean identities 

= Learn and apply the 
negative-angle identities 


Visualizing Trigonometric 
Functions 


FIGURE 7.1 


Introduction 


Trigonometric expressions can often be written in more than one way. For example, 


we discussed previously that cot@ is equivalent to sos The equation 


is a frigonometric identity. This identity is true for every value of 0, provided sind A 0, 
Trigonometric identities are used to help solve equations and model physical 
phenomena such as light intensity and temperature variations. (See Example 11 and 
Exercises 85 and 89.) They are also used in calculus. We begin our discussion with the 
reciprocal and quotient identities. 


Reciprocal and Quotient Identities 


In a previous section, the following definitions were presented for the trigonometric 
functions of any angle @. See FIGURE 7.1. 


TRIGONOMETRIC FUNCTIONS OF ANY ANGLE 0 — : 
Let (x, y) be a point other than the origin on the terminal side of an angle 0 in standard 
position. If r = Vx? + y’, then the six trigonometric functions are as follows. 


y 


ii is = 
sind = = csc yl # 0) 


cosé = = secO = - # 0) 


tan@ = 2 #0) cot? = oe # 0) 


(XG) The definitions of trigonometric functions of angle 6 are valid whether angle 6 
is measured in radians or degrees. 


These definitions allow us to write several identities. For example, 


1 I r 1 I 
cos8 =~ =—-=—— and sec@ = — = = —_. 
r pfx secO x v/v cosé 
These identities are examples of reciprocal identities. Each of the six trigonometric func- 
tions can be written as the reciprocal of another trigonometric function. 


1 
. secO sate cota 
1 1 
0 = 
ee cosé vee tan@ 


In the next example, we use reciprocal identities to write a trigonometric expres- 
sion in a more simplified form. 
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re 
E141 


Applying reciprocal identities 
Use reciprocal identities to rewrite 


1 r 1 
esc?@ sec” 


in terms of sin@ and cos@ and then simplify, if possible. 


SOLUTION 
Getting Started First note that csc’ @ =(csc@)’ and sec’ @ =(sec@)’. The reciprocal 


identities sind = sa and cos@ = <4, can be used to rewrite the given identity as 


secO 
follows. » 


1 1 1 \ 1 \2 ‘1 
aaa + i ) 
esc*@ — secé ese 0 sec0 


= (sing)? a (cos)? fl ititi 
= sin?@ + cos” 
=1 Identi 


The identity sin?@ + cos?@ = 1 was first introduced in the previous chapter. 


i 


(WY When writing the square of sin 4, it is common to write sin? instead of (sin 0)”. 
This is also true for the other trigonometric functions. 


By using reciprocal identities it is possible to write csc@ and secé in terms of sin® 
and cos@, respectively. It is also possible to write the other two trigonometric func- 
tions, tan@ and cot8, in terms of sin@ and cos@. 


y _ y/r _ sind 


x Xx/! _ cosé 
tan@ == and sons Bien MEP, C88 


x/rcos0 y yp/r sind 


These identities are called the quotient identities. 


sind cos@ 
tand cotd = — 
| cosé sind 


The reciprocal and quotient identities are valid not only for angles but also for 
any real number /, For example, tan ¢ = S84 for all real numbers ¢ such that cos¢ # 0. 


Evaluating Trigonometric Functions If sin@ and cos@ are known, the recipro- 
cal and quotient identities can be used to find the other four trigonometric functions, 


Using reciprocal and quotient identities 
If sind = aa and cos@ = —#, find the other four trigonometric functions of 0. 


SOLUTION We can use identities to find tan @, cot@, sec@, and cscé. 


sin® 1/25 :08 24/25 24 
tan@ x : = i a coté = eS 
cos 60 24/25 24 sin@ 
1 1 25 
secO ss - and esc@ = — 
cos 0 24/25 24 ‘ 


Unit Circle 


FIGURE 7.2 
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(QD If a trigonometric function equals 0 for a particular value of 0, then the 
reciprocal and quotient identities will reveal that two of the remaining five trigono- 


metric functions are undefined at this value of 0, For example, sina = 0, and so 


ae! 2. CORT a5 
esem = Zz and cota = Ging are both undefined, 


Zi Using identities to find trigonometric values 


If tanéd = - and cos@ = — 45, find the other four trigonometric functions of 0, 


SOLUTION Using the reciprocal identities, we can find cot é and secé, 


1 1 15 1 1 17 
all tnd —8/15 8 at scoala cos? = — 15/17 15 
To find sin @, consider the following. 
ind 
tan@ cosé = SY. cos = sind 
cos@ 


Thus 


: 8 15 8 
sin) = tan@cos? = (- = ) = 
15 17 17 


and, using a reciprocal identity, we find 


Pythagorean Identities 


In the previous chapter, the unit circle (shown in FIGURE 7.2) was used to define the 
sine and cosine functions, 


sind=y and cos = x 
An equation for the unit circle is given by x? + y? = 1, By substitution, it follows that 
(cos6)* + (sind) = 1, 


or equivalently, cos’ + sin20 = 1, This identity can be supported graphically and 
numerically by letting 


Y; = (cos (X))*2 + (sin (X))*2, 


as shown in FIGURES 7.3 and 7.4. The graph of Y, is the horizontal line y = 1, Either 
radian or degree mode may be used. Notice that regardless of the value of x, Yj = 1. 


[-352.5, 352.5, 90] by [-2, 2,1] a cos(30*) = =1 

cos(30)42 

(cos(30))42 
\ 


(cos30)* = cos?30 
= 0.75 


FIGURE 7.3 Degree Mode FIGURE 7.4 Degree Mode FIGURE 7.5 Degree Mode 


On some older graphing calculators, cos? x must be entered as (cos(X))*2, 
rather than cos (X)42, since cos (X)*2, may be interpreted as cos (x?), See FIGURE 7.5. 
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1 Deriving the Pythagorean Identities Using the right triangle shown in FIGURE 7.6, 
Pa we also can derive the Pythagorean identity cos?@ + sin20 = | geometrically when 
va y 6 is acute, 
we f . — 
x 7 ch si 
FIGURE 7.6 


cos?@ + sin?@ = | 0 n 


{ CRITICAL THINKING. — For this reason, sin?@ + cos?@ = | is an example of a Pythagorean identity. 
Use the triangle in FIGURE 7.6 to A nother Pythagorean identity can be derived as follows. 

justify the Pythagorean identity 
sin? + cos?@ = | 


1 + tan?0 = sec?9, é 
— Seis abrhs )e sin? ¥ cos?0 1 


cos’™ cos? cos” 
tan?0 + 1 = sec? ant 
In a similar manner, a third Pythagorean identity can be found, 
sin?@ + cos?@ = | 
sin’d cosa 
sin? sin’ 7 sin? 
1 + cot?@ = csc? 


This discussion is summarized in the following box. 


sin?@ + cos?0 = | 1 + tan?6 = sec? 1 + cot?@ = csc? 


In the next example, we use a reciprocal, quotient, and Pythagorean identity to 
simplify a trigonometric expression. 


| Applying identities to an expression 


Simplify the expression 1 + sin?@sec?6. 
SOLUTION Begin by applying a reciprocal identity. 


1 + sin?Osec?9 = 1 + sin2@+ 
as 

sin? 

cos? 


: 2 
sin? 
af ( m ) Bes 
cos@ : 


= 1+ tar’@ Quotient identity 


=1+4 


= sec’ Pythagorean identity: 1 + tan20 


| Now Try1 ierciea 35 


An Application The next example illustrates the use of identities in electronics, 


7.1 Fundamental Identities 613 


feaiiiaacal Applying a Pythagorean identity to radios 


Inductor L, Capacitor C 


FIGURE 7.7 


=C 


6 


Angle @ in Quadrant IT 


x<0 
y>d 
r>0 


FIGURE 7.8 


Tuners in radios select a radio station by adjusting the frequency. These tuners may con- 
tain an inductor L and a capacitor C, as illustrated in FIGURE 7.7. The energy stored in the 
inductor at time fis given by L(0) = k sin?(27rF?), and the energy stored in the capacitor 
is given by C(t) = k cos*(2rF*), where Fis the frequency of the radio station and k is a 
constant. The total energy E in the circuit is given by E() = L(A) + C(d). Show that £ 
is a constant function. (Source: R. Weidner and R. Sells, Elementary Classical Physics, Vol. 2.) 


SOLUTION 
EO) = LO +c Given eq 
= k sin?QaFt) + k cos*(2aFt) bstitut 
= k (sin’(277Ft) + cos?(2aFt)) ctor ou 
= k(i) VvA+¢ fa] 1 (0 a Ft) 
=k nstant 


Quadrants and Signs of Trigonometric Functions If an angle 6 is in standard 
position and its terminal side lies in quadrant II, as shown in FIGURE 7.8, then we say 
that 0 is contained in quadrant IT, or 0 is a second quadrant angle. Similar statements 
can be made for angles whose terminal sides lie in other quadrants. 

If an angle @ is contained in a particular quadrant, then any point (x, y) on the 
terminal side of 6 with r = Vx? + y” > 0 also lies in that quadrant. For example, 
the point (x, y) on the terminal side of angle @ in FIGURE 7.8 lies in quadrant II 
because 0 is a second quadrant angle. 

Since each of the six trigonometric functions can be defined in terms of x, y, and 
r, with r > 0, we can determine whether a trigonometric function of @ is positive or 
negative by simply considering the quadrant containing @. For example, for angle 0 
in FIGURE 7.8, sind = z is positive because both y and r are positive in quadrant II, 
Similarly, tané = Zig negative because x is negative and y is positive in quadrant II. 

FIGURE 7.9 in the following See the Concept shows whether trigonometric func- 
tions of @ are positive or negative as determined by the quadrant containing 0. 


See the Concept: Trigonometric Functions by Quadrant 


; | 


UADRANT IT QUADRANT I 
xs oany> Of ny ayoso x2 andy> 0] | 
| cos 0<0 os A> 0 
| tan0<0 tan 0>0 
| esc 0>0 esc 0>0 
sec 0 <0 sec 0>0 
cot <0 cot 0>0 | 
QUADRANT III QUADRANT Ws 
| x<Qandy <0 ‘a sin <0 sin <0 x> Oandy'<.0. 
SS cos 0<0 os O>0 | 
tan 0>0 tan@d<0 
esc0<0 esc 0<0 
sec0<0 sec0>0 
tO>0 coté<0 


FIGURE 7.9 
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| EXAMP} 


XAMPLE 7. 


From FIGURE 7.9, cos @ « 
in quadrant Ill. 


Finding the quadrant containing an angle 


If sin 6 > 0 and cos@ < 0, find the quadrant that contains @, Support your results 
graphically and numerically, 


SOLUTION Ifsin 6 
0 must satisfy ) 


and cos 0 < 0, then any point (x, y) on the terminal side of 
and.» < 0. Thus @ is contained in quadrant IT. 


Graphical Support The graphs of Y, = sin(X) and Y, = cos(X) are shown in 
FIGURE 7.10. Notice that when @ = 135° (a second quadrant angle), the graph of sin 0 
is above the x-axis and the graph of cos @ is below the x-axis, 


Numevical Support In FIGURE 7.11, angles in quadrant II have positive sine values 
listed under Y, and negative cosine values listed under Y>, 


(0, 352.5, 90] by [— 2, 2,1] 


Second Quadrant Angles 


y=sind>o | 
and | 
yo = cosd <0, | 
whenever | 
90° < @ < 180° | 


Y=.70710678 


FIGURE 7.10 Degree Mode FIGURE 7.11 Degree Mode 


| Now Try Exercise 40) | 


Evaluating Trigonometric Functions Ifa trigonometric function of @ is known 
and the quadrant containing @ is also known, then we can find the other five trigono- 
metric functions of @, as illustrated in the next example, 


Using identities to find trigonometric values 


If sind = — 3 and @ isa third quadrant angle, find the values of the other trigonometric 
functions. 


SOLUTION 

Getting Started If we can find cos@, then we can determine the other four trigono- 
metric functions by using reciprocal and quotient identities, To determine cos@, we 
can use the identity sin?@ + cos?@ = 1 and the fact that 0 is a third quadrant angle, | 


sin?@ + cos?@ = | Pythagorean identit 


cos’@ = | — sin?@ ubtract sin”¢ 
cos# = + V1 — sin’@ uare root propert 
0 uae = +VI1 - (-3/5) ubstitut 


4 
cosé = t5 impli 
In quadrant ITI, x < 0, and so cos@ = -4 The other four trigonometric functions 
of @ can be found by letting sin@é = -} and cos@ = -4 and applying identities, 
tand = Lud = ba = s cotd = bal = aate = - 
cos6 =-4/5 4” sind —3/5 3? 
5 1 I 
ly ielery deere and eed = T= = 5 


—3/5 3 


| Now 7: 


EXAMPLE 10 
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Using identities to find trigonometric values 


If tanéd = -t and sin@ > 0, find the values of the other trigonometric functions. 


SOLUTION Since tan@ = — q, it follows that cot@ = -2 Next we find sec 6. 
sec?@ = 1 + tan? Pythagorean identity 


secO = 


= +V1+(-7/3) Substitute for tand 
Simplify 


3 
Since tan @ < 0 and sin@ > 0, 6 is a second quadrant angle. It follows that 


secé = a and cos@ = “Te 
Multiplying both sides of the identity tan@ = sin by cos gives sin@ = tan0@ cos. Thus 
sin@ = (-2)(-+) ~—- and —csc@ = she ue 
3 V58 V58 sind 7 


We can also express any trigonometric function in terms of any other trigonometric 
function. This fact is demonstrated in the next example. 


Expressing one function in terms of another 
Write cosx and cotx in terms of sin.x, if seex < 0. 
SOLUTION We can write cosx in terms of sinx by applying a Pythagorean identity. 


Note that secx < 0 implies that cos x < 0 because cos.x = weer by a reciprocal identity. 


sin?x + cos?x = 1 Pythage 


an identity 


cos?x = 1 — sin?x ubtract sin 
cosx = +V1 — sin*x Square root property 
Because cosx < 0, we let cosx = —V1 — sin?x. Now we can write cot x in terms 


of sin.x by using a quotient identity. 


Quotient identity 


sinx 


Now Try Exerctie 67 


Using identities to find trigonometric expressions 
If sin@ = x and @ is a fourth quadrant angle, find an expression for sec @ in terms of x. 
Approximate sec @ if sin@é = —0.7813. 
SOLUTION We begin by writing sec @ in terms of sin 0. 

sin?@ + cos*@ = | Pythagorean id 


cos’@ = | — sin?@ ubtract sin? 8. 


cos@ = +V1 — sina quare root property 
1 
seco = + J== 
1 — sin? 


continued on next page 
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Since sin@ = x and angle @ is in quadrant IV, where sec@ > 0, 
1 


secO = 


Since sin@ = x, let x = —0.7813. Then 
1 


seed = 
Vi — (- 0.7813) 


Negative-Angle Identities 


= 1,602. 


| Now Try Exerci: 6 73 | 


In a previous chapter, we discussed odd and even functions, The graphs of odd func- 
tions are symmetric with respect to the origin, and the graphs of even functions are 
symmetric with respect to the y-axis. The graphs of all six trigonometric functions 


have symmetry, as shown in FIGURES 7,12-7.17, 


The Sine Function The Cosecant Function 


The Cosine Function 


FIGURE 7.15 


(An Odd Function) (An Odd Function) (An Even Function) 
y y y 
I 
| 
ia : 
2 
it 
| | ‘es / /.™ 
+++} ime Oo tt 4 
“ i oar 29 Sat 4 \a/ 2 
if \t 
y \t -2 
I I 
i | =A 
V “ 
FIGURE 7.12 FIGURE 7.13 FIGURE 7.14 


The Cotangent Function 
(An Odd Function) 


The Tangent Function 
(An Odd Function) 


The Secant Function 
(An Even Function) 


FIGURE 7.17 


FIGURE 7.16 


The cosine and secant functions are even functions, and the other four trigono- 
metric functions are odd functions. For even functions the sign of the input does not 
affect the output, whereas for odd functions changing the sign of the input changes 
the sign of the output. That is, for all x in the domain of an even function f or an 
odd function g, 


Even Function Odd Function 


f(-x) =f) and —g(-x) = -g (0). 


These results can be expressed using the negative-angle identities. 
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NEGATIVE-ANGLE IDENTITIES 
sin (—0) = —sin@ 


esc (—0) = —cscd 


cos (—0) = cosé 
sec (—0) = secO 


tan (—@) = —tan@ 
cot (—@) = —coté 


Negative-angle identities are often used to simplify expressions. For example, the 
expression cos(—.) + sin(—.) can be simplified to cos — sin, 


An Application In the next example, we see how the symmetry of a trigonometric 
function can be used to model temperature. 


a PWi AEH Modeling Temperature 


The monthly average high temperatures in degrees Fahrenheit at Chattanooga, 
Tennessee, can be modeled by 


f(x) = 21 cos (=) +70, 


where x is the month with x = —6 corresponding to January, x = 0 to July, and 
[=6, 6, 1] by [40, 100, 10] x = 5 to December. (Source: J. Williams, The Weather Almanac.) 
Ran (a) Graph f in [—6, 6, |] by [40, 100, 10]. Interpret any symmetry in the graph. 
function | (b) Make a table of f and discuss whether f is an even or odd function. 


(c) Express any symmetry symbolically. 


y=21cos (2) +70 SOLUTION 
fiwace cd tok 6 eet (a) Graph Y, = 21 cos (7X/6) + 70, as shown in FIGURE 7.18 using radian mode. 
( FIGURE 7.18 Radian Mode The graph is symmetric with respect to the y-axis. This type of symmetry implies 


that the monthly average high temperatures x months before July and x months 
after July are equal. For example, April (x = —3), which is 3 months before July, 
and October (x = 3), which is 3 months after July, have the same average high 
temperature of 70°. 

(b) A table of Y; is shown in FIGURE 7.19. Notice that f is an even function since the 
sign of the input does not affect the output. 

(c) Symbolically, this symmetry can be expressed as f(—x) = f(x). 


FIGURE 7.19 Radian Mode 


‘es 7.1 | Putting It All Together | It All Together 


IDENTITY GENERAL FORM 


; 1 1 
Reciprocal sind cos = tand : 
csc sec@ ce 
1 1 1 
aes sind ee cos @ iia tané 
sing. 


Even 
function 


CO 
Quotient tan@ = = cotd = pesos 
cos@ sin® 


Pythagorean sin20 + cos?9=1 1+tan?@=sec?@ 1 +cot?@=csc?O 


( Negative-angle sin (—@) = —sin@ cos (—@) = cosé tan (—0) = —tan@ 
esc (—0) = —cscd sec (—0) = secO cot (—@) = —coté 
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EBbexercises 


Reciprocal Identities 


Exercises 1-8: If possible, use a reciprocal identity to find 
the indicated trigonometric function of 0. 


1. cot if tang = 4 


2 
3, sec@ if cos? = 3 
5. cosd if seco = —4 


7. tand ifcos@ = 0 


2. esc if sind = -3 
4. tand if coto = -3 
6. sin@ if csc@ = 7 
8. csc0iftand = 0 


Exercises 9-14: Use reciprocal identities to rewrite the 


expression in terms of sin@ and cosé. 
tand sec0 
| 10, —— 
: coté escé 
70 tan?0 
uu. 2 
esc" é sec’ 0 
1 1 
13), — — 14. cscé secé tand 
cscO — secO 


Fundamental Identities 


Exercises 15-22; Find the other four trigonometric func- 
tions of 0. 


15. sind = 3 and cos@ = a 


16, tand = -2 and cos@ = 4 
17, cot@ = i and sin@ = -# 
18. sind = i and cos@ = 4 

19, sind = - and cos@ = -H 
20, sind = 2 and cos@ = -%3 


S 


2. cscd = V2 and seco = 
22, cscO = -B and sec@ = -B 

Exercises 23-44; Checking Symbolic Skills Simplify cach 
expression. 


23, secO cos0 24, tan@ cot@ 


25. sin@ cscé 26. tan@ cosé 


27, (sin?@ + cos?9)? 28. (1 + tan?) cos?@ 


29, 1 — sin?6 30. 1 — cos?(—0) 
cos?0 


31. sec?@ — | 32, 1+ —5 
sin” @ 


sin (—@ 
33. a 34, sin@ (csc@ + sec) 
ie sin?@ + cos? " 1+ aoe 
cos 0 sec’ 0 
sec? (—6) 1 — cos?6 
aaron ae oh, aout 
esc*é sin“@ + cos*é 
30. cot. , tanx 
cscx secx 
cos.v 


41, (sin?x)(1 + cot?x) 


* sin.x cotx 


43. sec(—x) + ese(—x) 


44, —cos(—x) sec(—x) 


Exercises 45-48: Determine if the equation represents an 
identity. If you have a graphing calculator, support your 
answer by making a table of the left and right sides of the 
equation, 


45. sec cot@ = cscd 46. (sin@ + cosé)? = | 


47. cot?@ — csc?0 = | 


48, 1 + tan’?@ = 2 
cos*é 


Exercises 49-54: (Refer to Example 6.) Determine the 
quadrant that contains 0. If you have a graphing calculator, 
support your result either graphically or numerically. 


49. sind < Oandcosé > 0 
50. tan@ > 0 and cosé < 0 
51. secd < Oand sind < 0 
§2. cscO > Oand tané > 0 
53. cot@ < Oand sind > 0 
54, cos@ > Oandcot@ < 0 


Exercises 55-66; Find the other trigonometric functions of 0. 
55. cos0 = 5 and sind <0 


56. cscd = V3 and cosd < 0 
57. tanéd = —i and csc@ < 0 
58, secd = -} and sin 0 > 0 


59, sind = x and cos@ > 0 


60. coté = B and secd < 0 
61, sind = -} and sec 0 < 0 


62, tand = -} and sin @ > 0 
3 


2 


63. secO = 75 and @ in quadrant IV 


me Sh 


64, tand = 4 and @ in quadrant I 

65. cscO = } and @ in quadrant IT 

66, cos? = -3 and @ in quadrant IIT 

Writing Trigonometric Expressions 

67. Write sin.x and tan x in terms of cos x, if esex > 0. 
68, Write cos.v and secx in terms of sin, if cosx < 0, 
69, Write sin and secx in terms of tan x, if cosx < 0, 


70. Write cosx and cscx in terms of cot.x, if sinx > 0, 


ty, 
71, Write cot. and cos x in terms of escx, if coty <0. 


72, Write tanx and sin in terms of sec, if tanx > 0. 
Exercises 73-76: (Refer to Example 10.) Write the trigo- 


nometric function in terms of x. Then evaluate this trigono- 
metric function if x = 0.5126, 


73. cos0 if sind = x and @ is acute 
74, secd if cosd = x 

75, 
716 


sind if cot@ =x and @ is in quadrant III 


tané if cos@ = x and @ is in quadrant IV 


77, Write tan@ in terms of x if siné = x and @ is acute, 


78. Write sin@ in terms of x if sec@ = x and @ is acute. 


Negative-Angle Identities 


Exercises 79-84; Use a negative-angle identity to write an 
equivalent trigonometric expression involving a positive angle. 
79, sin (—13°) zg 


80. cos (- 7 
81, tan(—#) 


83, sec (- 4) 


82. cot(—75°) 
84, csc(—160°) 


Applications 


85, Intensity of a Lamp According to Lambert’s law, 
the intensity of light from a single source on a flat 
surface at point P is given by J = k cos*0, where k 
is a constant, See the figure at the top of the next 
column, (Source: C, Winter, Solar Power Plants.) 
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P 


(a) Let k = | and use degree mode to graph / in the 
window [-—90, 90,45] by [-1, 2, 1]. For what 
value of @ is maximum? 


(b) Write J in terms of the sine function, 


86. Height of a Building If the angle of elevation of 
the sun is 0, then a building 40 feet high will cast a 


shadow x feet long, where + = i. Use a reciprocal 
identity to rewrite this formula, 


87, Radio Tuners (Refer to Example 5.) Let the energy 
stored in the inductor L be given by the formula 
L( = 3 cos*(6,000,000/) and the energy stored in 
the capacitor C be C(s) = 3 sin? (6,000,000/), where 
t is time in seconds, The total energy £ in the circuit 
is given by E() = L() + Cd). 

fg@) Graph L, C, and E in {0, 10°, 1077] by 
{-1,4, 1]. Interpret the graph, 


fg) Make a table of L, C, and &£, starting at ¢ = 0 
and incrementing by 10~7, Interpret your results. 


(c) Use a fundamental identity to derive a simplified 
expression for E(t). 


88, Distance to the Stars The distance d to a star can be 
found by using 
__ 93,000,000 
sind 


> 


where @ is the parallax of the star. Use a reciprocal 
identity to rewrite this formula. 


B Exercises89 and90; Temperature (Refer to Example 11,) 


Suppose that the monthly high temperature at a location 
is modeled by f(x), where x is the month with x = —6 
corresponding to January, x = 0 to July, and x = 5 to 
December. 


& (a) Graph f in [—6, 6, 1] by [0, 100, 10]. Interpret any 


symmetry in the graph, 

(b) Make a table of f and discuss whether f is an even or 
odd function. 

(c) Express any symmetry symbolically. 


89, f(x) = 40cos (%*) + 50 
90, f(x) = -15cos (%*) + 60 
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91. Oscillating Spring The distance or displacement y 


of a weight attached to an oscillating spring from 
its natural position is modeled by » = 4 cos(27/), 
where / is in seconds, See the figure. Potential energy 
is the energy of position and is given by P = ky?, 
where k is a constant. The weight has the great- 
est potential energy when the spring is stretched or 


potential energy is the energy of position. A stretched 
spring has potential energy, which is converted to 
kinetic energy when it is released. If the potential 
energy of a weight on a spring is P()) = k cos*(47r/), 
where k is a constant and / is in seconds, then its 
kinetic energy is given by K() = k sin? (471). The 
total mechanical energy Eis E() = P() + K(d). 


compressed the most. (Souree: R. Weidner and R. Sells, B® If k = 2, graph P, K, and Ein [0, 0.5, 0.25] by 
Elementary Classical Physics, Vol. 1.) {—1, 3, 1]. Interpret the graph. 


(a) Write an expression for P that involves the . 
cosine function. Bo) Make a table of K, P, and £, starting at ¢ = 0 


Pa and incrementing by 0.05. Interpret the results. 

(db) Let k = 2 and graph P in the viewing rectangle . . . eee 

re (0, 2, 0.5] by [-1,40,8]. For 0 <7 2, at (c) Use a fundamental identity to derive a simplified 
what times is P maximum and at what times is P expression for E(?), 


minimum? Interpret your result, 
Writing about Mathematics 


93. Explain in your own words what a trigonometric 
identity is. Give two examples, 


(c) Use a fundamental identity to write P in terms of 
the sine function. 


94, Answer each of the following. 
(a) Give two characteristics of an even function. 
Which of the trigonometric functions are even? 


(b) Give two characteristics of an odd function. 
Which of the trigonometric functions are odd? 


95. Critical Thinking A student writes “cos? + sin? = 1,” 
x Comment on the correctness of this expression, 


96. Since sec?@ = 1 + tan?@ is an identity, does it follow 
that sec@ = | + tan6? Explain your reasoning, 


ba 92, Energy ina Spring (Refer to Exercise 91.) Two types 
of mechanical energy are kinetic energy and potential 


energy. Kinetic energy is the energy of motion, and 


» Simplify trigonometric 


expressions Introduction 
. eaeewh ad to verify Earlier, we used the identity sin?@ + cos’@ = 1 to show that the energy stored in 
entities 


a tuner in a radio is constant. Trigonometric identities are used in both applica- 
tions and calculus. Before we can use an identity, we must verify that it is correct. 
Although the equality of two trigonometric expressions can be supported graphically 
and numerically, symbolic verification is necessary to be certain that an equation is 
indeed an identity. 


Simplifying Trigonometric Expressions 


Many of the algebraic skills that you have already learned can be used to simplify 
trigonometric expressions. For example, suppose we wanted to multiply the following 
expression. 


(1 + cos@)(1 — cosé) 


EXAMPLE 1 


Algebra Review 

To review addition of rational 
expressions, see Chapter R 
(page R-33), 
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In algebra we learned that 


Product of a sum (+ x)0. x) = 1-2 +x 
and a difference =1— x2, 
If we substitute cos@ for x, then 


ll + cos@)(1 — cos) = 1 


Product of a sum = 1 —- cos’@. 
and a difference 


cos? 


cos@ + cos@ 


In algebra we do not simplify 1 — x? further. However, since sin?@ + cos?0 = 1, it 
follows that sin’@ = 1 — cos?@. Asa result, 


(1 + cos@)(1 — cos) = sin’ 0. 


(TB If you use algebraic expressions as an aid in simplifying trigonometric 
expressions, don’t forget to check to see whether the resulting trigonometric expres- 
sion can be simplified further by using fundamental identities. 


MAKING CONNECTIONS 


Algebraic and Trigonometrie Expressions Many of the techniques used to rewrite 
algebraic expressions can also be used to rewrite trigonometric expressions, Here are 
some examples, 


1, tan’? — 4 
= (tan@ — 2)(tan@ + 2) 
2. cos@ (sin@ + cosé) 
= cos6 sin + cos?6 
sin@ 1 


_ sind +1 
“cos@ —-cos0 


issimilarto  x* — 4 = (x — 2)(x + 2). 
x(y +x) = ay +2, 


ao y+ 
is similar to Ue oe Mire 
cos xtx x 


is similar to 


The next example illustrates that the addition of two trigonometric expressions 
is often accomplished in a manner that is similar to that used to add two algebraic 
expressions. 


Adding two trigonometric expressions 

Write tan / + cot /as a product of two trigonometric functions. 

SOLUTION 

Getting Started We begin by writing tan ¢ and cot as ratios involving sin ¢ and cos f. 


sint 
tant + cot¢ = — + 
cost 


cost 


sint 
In algebra we combine yy 7 by using the common denominator xy as follows. 


y 


Common 


denominator : 
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Now substitute cos ¢ for x and sin ¢ for y, » 


sinf | cos/ 
tant cott = = — Quotient i i 
cos/ sins 


sinf sint | cosf cost 
. + . 


cosf sinf  sinf cost 
sin?s cos? / 


cosfsiné cos/sin¢é 
Common 5 5 
denominator _ sin‘t + cost 
cos/ siné 
oad i 
cos/ sin/ 
= sec/csc/ jesct = zy, 
Thus tans + cot/ is equivalent to sec / csc /. 


| Now Try! Exercise 1 5 | 


(TV To simplify a trigonometric expression, it is nor necessary to first write a similar 
algebraic expression using x and y, as was done in Example 1, However, sometimes you 
may find this technique helpful. 


| EXAMPLE 2 | Factoring a trigonometric expression 


Factor each expression. 

(a) sec? — | (b) 2sin?¢ + sin¢ — 1 

SOLUTION 

(a) In algebra we factor . 
the given expression. 


Difference of squares b-— sec? — 1=(sec@ — 1)(seced + 1) 
(b) Since 2y? + y — 1 can be factored as (2y — 1)(y + 1), it follows that 


2 — Las(« — 1)(« + 1). This technique can be applied to 


2sin?s + sin¢ — 1 = (2sin¢ — 1)(sine + 1). 


An Application from Electricity Trigonometric expressions are used in applica- 
tions involving electricity, as illustrated in the next example. 


Analyzing electromagnets 


Electromagnets are used in a variety of situations, such as lifting scrap metal, ringing 
door bells, and opening door locks in apartments, Let the wattage W consumed by 
an electromagnet at ¢ seconds be 


W(t) = 100 sin? (12077) 
and the voltage V in the circuit be 
V(t) = 160 cos (12071). 


(Source: A. Howatson, Electrical Circuits and Systems.) 

(a) Express W(f) in terms of the cosine function. When V is maximum or minimum, 
what is the value of W? Explain, 

(b) Support your answer in part (a) by graphing W and V in the viewing rectangle 
[0, 1/30, 1/60] by [—180, 180, 20]. 


[0, 1/30, 1/60] by [—180, 180, 20] 


y, = 100sin? (1207.x) 


¥y = 160 cos (1207x) 
FIGURE 7.20 Radian Mode 


EXAMPLE 5 
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SOLUTION 
(a) Let 6 = 120z¢ in the identity sin?@ = 1 — cos?@ to write Was 


W(t) = 100(1 — cos*(120z1)). 


Since V(t) = 160 cos (120770), the voltage is maximum (160) or minimum (—160) 
whenever cos (12071) = +1. When cos (1207 /) = +1, it follows that the value 
of Wis given by W()) = 100(1 — (+1)*) = 0. 

(b) Graph Y, = 100(sin (1207X))42 and Y2 = 160 cos (1207X), as shown in 


Verification of Identities 


When verifying that an equation is an identity, we usually begin with one side of the 
equation and write a sequence of equivalent expressions until it is transformed into 
the other side. This technique is illustrated in the following examples. 


Verifying an identity 
Verify that (cos@ + sind)? = 1 + 2sin@cosé. 


SOLUTION 
Getting Started In algebra, the expression (x + y)? can be expanded as follows. 


(x + yP = (w+ y)@ +t y) 
Square the binomial - 


x? + xy + yx + y 
x? + 2xy + y? 
We can perform similar steps with the left side of the trigonometric equation. » 
(cos@ + sin6)* = (cos@ + sin6)(cosé@ + siné) 
cos?@ + cos@ sin@ + sind cos@ + sin? 
cos’@ + 2sin@ cosé + sin’@ 
= | + 2sin@ cosé 


ll 


Square the binomial | 


The last step is true since sin?@ + cos?@ = 1. We have verified the identity since 
we have shown symbolically that the left side of the given equation is equal to the 
right side. 


Now Try Exercise: 


Verifying identities 


Verify each identity. 
sin? esct cott 
(a) = 


———— = | = eas: b) —— — — = tan¢sint 
1 + cosé ( cotf cscf 


SOLUTION 
(a) Begin by applying a Pythagorean identity. 


sir @ _ 1 + cos’O 
1 + cosé 1 + cosé 
(1 — cos6)(1 + cosé 


1 + cosé 


= 1 —cosé | 
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(b) Begin by finding a common denominator for the expressions on the left side of 
the equation, 


sci  cotf _ csch | eset cott coll Multiply each ratio by 1 
cotf cscf cotf esct esc/ cott : 
ese cot cae 
cot/cscf csc cott me 
z ese? t — cot? st ia tk 
~ cotreses eee 
_ 1+ cot?t — cot?s 
7 cot/ cse/ Mae 08 
=—1_ Simpl 
cot/csct 
= | I f | 
~ cot esc/ Dae een oy 


tan/sin/ Rec 


Now Try Exercises 53 and 63 


iprocal identiti 


SOW Ao) Verifying an identity 


EXAMPLE 7 


Verify that poy 


— 1+ cost 


amy 8 an identity, 


SOLUTION 
Getting Started Earlier, we saw that (1 — cos@)(1 + cos@) = sin?@. This result can 
be used to verify the given identity by multiplying the numerator and denominator 


by | written as 1+©°8! This technique is demonstrated below. » 
y I + cost q 
sin f sin 1 + cost wer eee 
—_—_—_ = Multiply the ratio by 
1-cos¢ 1—cos¢ 1 + cost py 
_ sin¢ (1 + cos) ; 
Sp en simplify 
1 — cos*t : 
sin (1 + cos/) 
Se Ta) U 
sin? t 
| + cost 
a Impur 
sin . 
| Now Try Exercise 65 
Verifying an identity 
ss secx + tany _ | + siny 
Verify that secx —tanx = 1 = sinx* 
SOLUTION ; 
Getting Started Because secx = ay and tanx = £8, we start to simplify the 
) ply 


expression by multiplying the numerator and denominator by cosx. » 


secx + tanx 
sec.y — tanx 


secy + tanx  cosx 
secy — tany 


\ 4 
Multiply the ratio by 1 
cos x 


secx cosx + tan cos.x 


secx cosx — tan cos.v 


aor *cosx + & 


Distributive property 


Reciproca 


id quotient identities 


1 m si 
Cosy * COSN — cosy 
_ Itsinx 
1 — sinx 


Now Try Exercise 61 
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In the next example, we show how to give graphical and numerical support. 


( ' Poxreiiignots Verifying an identity 


Verify that fang = = sin@ symbolically. Give graphical and numerical support. 
SOLUTION 

Symbolic Verification Getting Started We will start with the more complicated 
expression tane and simplify it to siné. We begin by writing tan @ and sec @ in terms 


of sin@ and cos@. > 


tan@ —sin@/cos@ 
secO— i /cos 0 
_ sind — cosé 


cos @ 1 


Quotient and reciprocal identities 


= sin Simplify 


tan@ _ 
‘seco 


Graphical Support Graph Y, = tan(X)/(1/cos(X)) and Y, = sin(X), as shown 
below in FIGURES 7.21 and 7.22. Their graphs appear to be identical. Note that because 
most we wens do not have a secant button, we use the reciprocal identity 


These steps verify symbolically that {og = sind is an identity. 


— tand — _tané 
secO = aa to write 1 = Secg AS 1 = T/cosd" 
Numerical Support See FIGURE 7.23. Note that when 6 = 5 ~ 1,5708, the ratio and 
is undefined, whereas sin@ = 1. However, the equation iand sin@ is nonetheless 


; an identity because y; = y2 whenever both expressions are defined. (The step size for 
( this table is $.) 


[-2a, 2a, 3/2] by [-2, 2, 1] [-2a, 2a, 1/2] by [-2, 2, 1] 


fe 


J. = sin x 


FIGURE 7.21 Radian Mode FIGURE 7.22 Radian Mode FIGURE 7.23 Radian Mode 


Now Try Exercise 73 


ze Lo | Putting It All Together | It All Together 


SUGGESTIONS FOR VERIFYING IDENTITIES 


1. Become familiar with the fundamental identities found in Section 7.1. 

2. Use your knowledge of simplifying algebraic expressions as a guide, particularly when factoring or combining ratios. 

3, When verifying an identity, start by simplifying the more complicated side of the equation. Otherwise, choose a 
side of the equation that you can transform into a different expression. 

4, If you are simplifying the left side of the equation, work toward making the left side appear more like the right. 
For example, if the left side contains an addition sign but the right side does not, add the terms on the left side. 

5, If you are uncertain how to proceed, one strategy is to write each trigonometric function in terms of sine and 

( cosine and then simplify. Another strategy is to apply fundamental identities, if possible. 
6. If a ratio contains | + sin, it is sometimes helpful to multiply the numerator and denominator by | — sin @. Then 


(1 + sin6)(1 — sin@) = 1 — sin? = cos*@. 


Similar statements can be made for 1 — sin@, 1 + cos6, and 1 — cos@. See Example 6. 
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7.2 


Simplifying Expressions 


Exercises 1-6: Multiply the algebraic expression. Then mul- 
tiply the corresponding trigonometric expression. If possible, 
simplify the resulting trigonometric expression. 


L@ (+x0-x) ~~ @) (1 +sin6)(1 — sina) 
2. (a) (vx — D+ I) 
3. (a) x(x - 1) 

4. (a) (v + 1)(2x - 1) 


(b) (csc@ — 1)(csc@ + 1) 
(b) secO(secé — 1) 
(b) (tané + 1)(2 tan@ — 1) 


5, (a) as (b) cos@ + tané 
6. (a) 2% (b) csc@ + tand 


Exercises 7-12: Factor the algebraic expression. Then fac- 
tor the corresponding trigonometric expression. If possible, 
simplify the resulting trigonometric expression. 


7, (a) x? + 2x +1 (b) cos?@ + 2cosé + | 


8. (a) 2x? — 3x + 1 (b) 2sin?s — 3 sins + I 


9, (a) x? - 2x (b) sec? — 2 secs 


10. (a) 3x — 9x? (b) 3 tan@ — 9 tan? 


ll. (a) x + x4 (b) tané + tan%6 


12. (a) x? + x°y? (b) sin?6 + sin?0 tan?0 


Exercises 13-20: Simplify the algebraic expression, Then sim- 
plify the corresponding trigonometric expression completely. 


1 1 | 1 


13.) 7+ Ths © = cosd * T+ cosd 
14, (a) x + L (b) tan¢ + “aay 
18. (a) F+ oy) sae 
16. (a) : - - 1) as = ae 
1. Tatas ® setae 
1 2 
18. (a) ( + x) (b) (coté + tana)? 
19. (a) ae (b) ae 
20, (a) -—* ti acer 


Exercises 21-28: Perform the indicated operations and 
simplify. 


21. cos@ tan 22. sin? cscd 


23. tan@(cos@ — csc@) —.24. (sin@ — cos@)? 


25. (1 + tan)? 26. (sin¢ — 1)(sin¢ + 1) 


osc? = 1 


a 28. sin?/(1 + cot?/) 
csc" @ 


Exercises 29-34: Factor the trigonometric expression and 
simplify, if possible. 


29. 1 — tan? 30. sin?¢ — cos’ 


31. sec?/ — secs — 6 32. cos@ sin?@ + cos? 


33. tant? + 3tan?@+2 34, sin’? — cos4y 


Verifying Identities 


Exercises 35-72; Checking Symbolic Skills Verify the 
identity. 


tan?0 + 1 
35. csc?@ — cot? = | 36. ———— = secd 
secO 
37. (1 — sin)? = 1 — 2sins + sin?s 
= s 
sin*/ sinf + cos/ 
38. —— =sect—cost 39.—— ——=1+ cots 
cos / sin 
40. sec'@ — sec? = tan’@ + tan?@ 
2 
csc“ 0 
41. se?9-—1=tan?@ 42. = cscd sec 
coté 
tan’s se?9-1 
43. =sect—cost 44, ——— = sin? 0 
sec sec” 0 
45. cotx + 1 = csc x(cosx + sinx) 
46 1 + sinx cosx sect 1 
"cos 1—sinx "1 +sec¢ cost +1 
48. sec?s + csc?/ = secs csc?s 
49, (sect — 1)(sec¢ + 1) = tan?s 
50. csc’@ — cot*@ = csc?@ + cot?@ 
1 — sin? tan? —1 
51. ——— = cosé oy Ay een Tria Cee 2 cos?/ 
cos@ 1 + tan*s 
sect tan? 
53.. —— — — = cosi cots 
tané sect 
“4 4 2 
sin’f — cos’f cot*t 
4:5, a §5. ——— = csct —- 1 
sin“¢ — cos*f eset + 1 


mn 
Ss 


a 
S 


aD 
a 


a 
> 
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Exercises 73-80, Verify the identity. If you have a graphing 
calculator, give graphical or numerical support. 


73. 


sec@ — cosé = tané sind 


cotl ! 


cotr+ 1 1 + tan¢ 
cos’ — sin*t = 2cos*¢ — 1 


1 1 


——— + ———— = 2sec*s 
1—sin¢ 1+ siné 


cot@ + tan@ = cscé sec 
esc’ + cotl 
———— = (eset + cots)? 
esct — cott 
csc/ csc f 
—— —- —— = 2 secs 
I +osc¢ 1 osct 
2 
cos A 
C08 ts = 1+ sin¢ 
1 — sin¢ 
sect 2 1 1 — sind 
eset + = 65, — = 
tane— sing 1 + sind cos” 0 
2sin’¢ + 3sin¢ — 2 _ enc f 
sing + 2 
V1 — sin? = cosd, where 6 is acute 
Vsec?@ — | = tané, where @ is acute 
1+ 2sinx + sin?y — 1 + siny 
cos? x 1 - sinx 
tant — cotl 2 2 
So SS BES Ee —CSCrt 
sin/ cost 
(1 = cos?x)(1 + cos*x) = 2 sin?x — sinty 


sintx — cos!x = 2sin?x — 1 


coté sin@ = cosé 74, tan@cos@ = sin@ 
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75, (1 — cos?6)(1 + tan?@) = tan? 
76, cos?6 (1 + cot?@) = cot?@ 


77, cost (tant — sect) = sint — 1 


78. ee = secO + tand 
1 — sind 
tan (—0) 
, 7 = secd 
79 sin (6) sec 


80, tan? — sin? = tan?ssin?/ 


Applications 


81, Electromagnets (Refer to Example 3.) Let the wattage 
consumed by an electromagnet be given by the formula 
W(t) = 5 cos? (1207) and the voltage be given by the 
formula V(¢) = 25 sin (12070), where 1 is in seconds, 
(a) Express W(/)in terms of the sine function, When 

is maximum or minimum, what is the value of 17? 


B®) Support your answer in part (a) by graphing W 
and Vin [0, 1/15, 1/60] by [—30, 30, 10]. 


& 82, An Oscillating Spring The potential energy P of a 
weight ona spring is given by P(() = 5 cos* (4zr/), and 
its kinetic energy K is given by K() = 5 sin? (470), 
where / is in seconds, 
(a) Express P(/) in terms of the sine function, When K 
is maximum or minimum, what is the value of P? 


fg () Support your answer in part (a) by graphing P and 
K in [0, 0.5, 0.25] by [-1, 5,1]. Interpret the 
graph. 


Writing about Mathematics 


83, Critical Thinking Create a trigonometric identity of 
your own. Verify the identity symbolically and then 
give graphical and numerical support. 


84, Critical Thinking Explain how to show that an 
equation is not an identity. Give an example, 


CHECKING BASIC CONCEPTS FOR SECTIONS 7.1 AND 7.2 


1, Determine the quadrant containing @ if cot@ > 0 


2. Determine the other trigonometric functions of @ 


and sin@ < 0. 


using the given information. io 
(a) sind = 73 and cos@ = — 73 


(b) secd = 3 and sind < 0 


ede 32) 
(©) tan@ = —3 and cosé fe 


3. Simplify each expression. 
(a) (1 — sind)(1 + sin@) (b) tan?sesc?s — 1 


4, Factor the trigonometric expression, 
(a) tan?s — 1 (b) 3sin?s + sint — 2 


5, Verify each identity. 
(a) (1 — sin?6)(1 + cot?@) = cot?@ 


cot?1 ; 
— = eset — sins 
eset 
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« Find and use reference 
angles 


« Solve trigonometric 
equations and 
applications 


« Solve inverse 
trigonometric equations 


Op in Quadrant I 


M9 OR 


FIGURE 7.24 


Introduction 


In previous chapters we saw how applications that involve functions result in the need 
to solve equations, In a similar manner, applications that involve trigonometric func- 
tions result in the need to solve trigonometric equations. For example, the number of 
daylight hours near 30°N latitude can be modeled by the following function. 


Trigonometric Function 
f(x) = 1.95 cos | ‘ 6.6) 12.15, 
where x = | corresponds to January 1, x = 2 to February 1, and so on. To estimate 


when there are 11 hours of daylight, we can solve the rigonometric equation j(.) = 1. 


Trigonometric Equation 


Like other types of equations, trigonometric equations can be solved graphically, 
numerically, and symbolically. We begin by discussing reference angles, which are 
used when solving trigonometric equations symbolically. 


Reference Angles 
A reference angle for an angle 0, written @, is the acute angle made by the terminal 
side of 0 and the x-axis, It is assumed that 0 is in standard position and its terminal 


side does not lie on either the x- or the y-axis. Examples of reference angles in the four 
quadrants are shown in FIGURES 7.24-7.27. 


Og in Quadrant II Op in Quadrant III Op in Quadrant IV 
BY y 


FIGURE 7.25 FIGURE 7.26 FIGURE 7.27 


j EXAMPLE 1 Finding reference angles 


Find the reference angle for 0. 
2 
(a) 0= 43° (b) = () 6=-55° (@) 0= a 


SOLUTION 

(a) Since @ is in quadrant I, @ and Oz are equal. Thus 6g = 43°. 

(b) The terminal side of 6 = 2 lies in quadrant II, as in FIGURE 7.25 (above). In this 
case, the acute angle @z between the terminal side of @ and the x-axis is given by 


2r 
3 3° 


O,= aT -O0O=7 


CRITICAL THINKING 


Let 0 < @ < 2m. Find expres- 
sions for Oz given the quadrant 


containing 0. 
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(c) The terminal side of @ = —55° lies in quadrant IV, and the acute angle between 
it and the x-axis is 0g = 55°. See FIGURE 7.28, 
(d) The terminal side of 0 = -= (or —135°) lies in quadrant III, and the acute angle 


between it and the x-axis is 0g = 7, See FIGURE 7.29. 


FIGURE 7.28 FIGURE 7.29 


| ‘Now Try Exerc 
The reference angle is important because it can help determine trigonometric values. 


| REFERENCE ANGL AND TRIGONOMET 


Let @ be an angle in standard position with reference angle 0x. Then 
|sind| = sinOp |cos0| = cosOp |tan6| = tan 
|csc0| = cscOp |sec0| = secOp |cotd| = cote. 


| The signs of the trigonometric functions of 6 are determined by the quadrant that 
| contains 6. (See FIGURE 7.9 in the first section in this chapter.) | 


(QTY The equation |sin6| = sin@g implies that sind = £sin,. A similar state- 
ment can be made for each of the other trigonometric functions. 


The note above suggests that if we know the quadrant containing 6, then 
the value of a trigonometric function of 6g can be used to determine the value of 
the corresponding trigonometric function of 0. TABLE 7.1 shows how reference 
angles are used to find the values of different trigonometric functions at specified 
values of 0. 


Using Reference Angles to Find Values of Trigonometric Functions 


Desired Trigonometric Quadrant Positive Resulting 
Function Value 0 Or | Function of 0p | Containing 0 or Negative Value 
_3a an | i cos@ < Oin oe) 
cos ) e 4 COS 4 a quadrant III cos( 4 ) V2 
ese 150° 150° | 30° | csc30° = 2 Ul cscO > Oin | 50 150° = 2 
quadrant II 
«Lar ites . i hee sind < Oin «Iie 
L sin-¢ 6 6 sin IV quadrant IV sin“ 2 
—315°) | —315° 0 or tan@ > Oin AVEN = 
tan(—315°) 315 45 tan 45 1 I quadrant I tan(—315°) = | 


TABLE 7.1 
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Basic Trigonometric Equations 


In general, many trigonometric equations are solved symbolically by using algebraic 
properties to write the equation as an equivalent basic trigonometric equation. For 
this reason, it is important to be able to solve basic trigonometric equations such as 


cos = 3 sind = -4 and tan@ = I, The following See the Concept shows how 
a reference angle is used as an aid in solving cos@ = aaa for 6 in [0, 27). 
See the Concept: Solving a Basic Trigonometric Equation 
Op in Quadrant II Oy in Quadrant IIL Solve cos @ = WM for 0 in [0, 27), 
. ® Begin by finding the reference angle for 
4, Since cos Op = |cos 0|, we know that 
° COs Op = Ma SO 0, = cos"'¥3 =, 
In © Because cos 0 < 0, angle 0 is a second 
Cae or third quadrant angle, Locate Op in 
re Se oe quadrants II and Ill as shown in 
FIGURES 7.30 and 7.31, respectively, 
@ The angles in [0, 27) with cos @ < 0 
| and whose reference angles are 0g = § 
represent the solutions to the given 
FIGURE 7.30 | FIGURE 7.31 equation, The solutions are on and a 


Solving trigonometric equations using reference angles 


Solve the following equations. 
(a) sind = -4+ for @ in [0°, 360°) (b) tan@ = 1 for @ in [0, 27) 


SOLUTION 

(a) We start by solving the equation sing = I The solution to this equation is 
On = sin! 4 = 30°, The sine function is negative in quadrants TIT and IV, 
Therefore the solution to sind = -4 is an angle 0, located in either quadrant IIT 


or quadrant IV, that has a reference angle of 30°, There are two such angles: 210° 
and 330°, See FIGURES 7.32 and 7.33, Thus 210° and 330° are solutions, 


(b) The solution to tan@g = 1 is Og = tan! 1 = +. The tangent function is positive 
in quadrants I and IIL. Thus $ and wn are solutions, See FIGURES 7.34 and 7.35. 


On in Quadrant III 6 in Quadrant IV On in Quadrant I Op in Quadrant III 
y y 
sino = -} sina = -} | 
_|.0= 210° q 
- £ a >x \___, x 
Oy = 30" y 1 Op = 30° 
a ™ 


FIGURE 7.32 FIGURE 7.33 FIGURE 7,34 


EXAMPLE 3 


Solving 2sin@ — 1 = 1 
(0, 360, 90) by [—4, 4, 1] 


Intersection 


X=89,999957 Y=1 
FIGURE 7.36 Degree Mode 


EXAMPLE 4 
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Solving Trigonometric Equations 


In the previous section we verified trigonometric identities. Identities are equations 
that are true for all meaningful values of the variable. In this section we discuss trigo- 
nometric equations that are conditional. Conditional equations are satisfied by some 
but not all values of the variable. For example, 


cosé = | 


is a conditional trigonometric equation since the cosine function equals | only for 
certain values of 6, such as 6 = 0 or @ = 27. 


Solving a trigonometric equation 


Solve 2 sin@ — 1 = 1 on the interval [0°, 360°) symbolically and graphically. 


SOLUTION 
Symbolic Solution Getting Started To solve the linear equation 2x — 1 = 1, we first 
add 1 to each side and then divide each side by 2 to obtain x = 1. This technique can 
be applied to the equation 2 sin@ — 1 = 1 to obtain sind = 1. » 

Begin by solving the given equation for sin 0. 


2sind-1l=1 Given equatior 
2sin@ = 2 1d 1 to each sid 
sind = 1 Divi h side b: 


The only solution to sin@ = 1 on the interval [0°, 360°) is @ = sin"'1 = 90°. 


Graphical Solution Graph y, = 2sinx — 1 and y) = 1, as in FIGURE 7.36. Their 
graphs intersect at x = 90°. 


An Application from Astronomy In the next example, we find all the phase angles 
associated with a particular phase F of the moon. The fraction of the moon that 
appears illuminated is called the phase F. The phase angle @ is shown in FIGURE 7.37. 
(Source: M. Zeilik et al., Introductory Astronomy and Astrophysics.) 


A Phase of the Moon with Phase Angle @ 


sun Earth 


Moon 
FIGURE 7.37 (Not to scale) 


Finding phase angles for the moon 


The phase F associated with a phase angle @ is given by 


I > (1 cos@). 
Find all phase angles @ in degrees when F = 0.75. (Note that F = 0.5 corresponds 
to a first quarter moon or last quarter moon and F = | corresponds to a full 
moon.) 
continued on next page 
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| EXAMPLE 65 | 


SOLUTION Let F = 0.75 and solve the given equation F = 40 — cos6). 
0.75 = x( — cos@) 
1.5 = | — cos0 ltip| 
cos@ = —0,5 


Start by solving the equation cos@z = 0.5. The solution is 0g = cos!0.5 = 60°. 
The cosine function is negative in quadrants II and III, Angles in these quadrants 
with a 60° reference angle are 120° and 240°, where 0° = @ S 360°. Verify this fact. 
Since the cosine function has period 360°, all solutions can be written in the form 
0 = 120° + 360° +n or 0 = 240° + 360° + x, 
| | 
The cosine function has period 360°. | 


where n is an integer. For example, 120°, 120° + 360°, and 120° + 720° are solutions, 
as well as 240°, 240° + 360°, and 240° + 720°. 


) Now ‘Try Exercii e131 | 


Finding All Solutions Many of the techniques used to solve polynomial equations 
can be applied to trigonometric equations, as illustrated in the next example, 
Solving trigonometric equations 


Find all solutions to each equation. Express your results in radians, 
(a) 2cot¢+1 = -1 (b) 2sin?s — Ssin¢ + 2 =0 


SOLUTION 


(a) In algebra the equation I | implies » !. In a similar manner, 
t 1 I implies cot f <1, 
Ifcots = —1, then tans = alg = —1 and ¢has a reference angle of tan! = 7. 
The cotangent is negative in quadrants II and IV, so the solutions to cot = —1 


in [0, 2a) are ¢ = a and / = im Note that these angles both have a reference angle 
of §. Since cotangent has a period of 77, all solutions can be expressed in the form 


3a Tr 
ay he or (ae + “i 
| 
The cotangent function has period 7. | 


where 7 is an integer, These solutions are equivalent to just ¢ = fe + an because 


the difference between m and an is 7. 


(b) Getting Started In algebra the equation 2x? — 5x + 2 = 0 can be solved by 
factoring. 


2x? — Sy +2 = (2x — I)(x — 2) =0 
The solutions are 5 and 2, We can factor a trigonometric expression in the same way. } 


2sin?¢ — Ssin¢ + 2 = (2sins — 1)(sin¢ — 2) = 0 


We must solve the equations sins = 5 and sin = 2. If sins = bs the reference 


angle is sin! 4 = %. The sine function is positive in quadrants I and II, so the 
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solutions in (0, 27) are ¢ 4 and ¢ = . Since —1 S sins < 1 for all ¢, the 


equation sin¢ = 2 has no solutions. The sine function has period 277, and all 
solutions to the given equation can be expressed as 


7 
t=—+ 20 or f= 2am. 
aes 6k 
The sine function has period 27. | 


Now Try Exercises 61 and 65 


Polynomial and Trigonometrie Equations A polynomial equation of degree n has at 
most » solutions, However, a trigonometric equation typically has an infinite number 
of solutions, as demonstrated in Examples 4 and 5. 


Approximating Solutions Sometimes trigonometric equations have solutions that 
are not multiples of common angles such as or §. In the next example, we find and 
then approximate solutions to a trigonometric equation. 


> Widhoaiy Approximating solutions 


Solve 1.7 csc¢ + 2.3 = 0 to the nearest thousandth for ¢ in [0, 277). 


SOLUTION Begin by solving the equation for csc/. 


1.7esct + 2.3 =0 Given equation 
1.7 eset = —2.3 ubtract 2.3 from each side 
csct 2.3 [ 4 | Je | 17 
SS ) each side by 1.7 
17 
Because cscf = si it follows that sins = -} or sint = 3 The reference 


number (angle) is tp = sin =~ 0,832 (radian). The sine function is negative in 


quadrants III and IV. For ¢ in (0, 277), there are two solutions given by 


17 17 
Bamba. ey gine se 
a + sin 3 3.973 and 2ar — sin 3 5.451. 


See FIGURES 7.38 and 7.39. (Note that sin 32 = 0.832 radian is approximately 
equivalent to 47.7°.) 


ty in Quadrant III ty in Quadrant IV 


FIGURE 7.38 FIGURE 7.39 


Now Try Exercise 99 
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> TWidhov! Solving a trigonometric equation with no solution 


Solve cos? x + cos x — 6 = 0 over the interval [0, 27). 


SOLUTION The equation is quadratic in the term cos x. 
cos’ x + cosx — 6 =0 
(cosx + 3)(cosy —2) =0 — facioy 
cosx+3=0 or cosy -2=0 Zero-product property 
cosx = —3 or cosx = 2 Solv 


Because —1 S cosx S 1 for all real numbers x, there are no solutions to either 
cosx = —3 or cosx = 2. There are no solutions to the given equation. 


Now Try Exercise 15 


An Application Solar power companies are interested in the number of daylight 
hours during different times of the year and at different latitudes. In the next example, 
we solve the trigonometric equation 


1.95 cos ( gt ~ 66)) + 12.15 = 11 


presented in the introduction to this section. The solution to this equation tells us 
when there are 11 hours of daylight at 30°N latitude. 


iP IWiAoe Analyzing daylight hours 


The number of daylight hours at 30°N latitude can be modeled by 


f(x) = 1.95 cos (Zoe - 66)) + 12.15, 


6 


where x = | corresponds to January 1, x = 2 to February |, and so on, Estimate 
graphically and numerically when there are 11 hours of daylight. 


SOLUTION 

Graphical Solution Graph Y, = 1.95 cos(a/6(X — 6.6)) + 12.15 and Y, = 11 in 
radian mode. Their graphs intersect near v = 2.4 and x = 10.8. See FIGURES 7.40 
and 7.41, These values correspond to about February 11 and October 25, (Note 
that four-tenths of February is 0.4 x 28 ~ 11 days and eight-tenths of October is 
0.8 X 31 ~ 25 days.) 


Numevical Solution Make a table of Y,, starting at x = 2 and incrementing by 0.1. 
The table in FIGURE 7.42 shows that Y; ~ 11 when x = 2.4, Scrolling down the table 
would also show that Y; ~ 11 when x = 10.8. 


[0, 13,1] by [8, 16, 1] (0, 13, 1] by [8, 16,1] 


ys 1.9508 (F¢-6.6)) + 12,15 ne 1.95c0s (Z(x - 6.6)) + 12.15 
\ \ 


Intersection 
X=10.804627 Y= Ge Cae ae’ 


Intersection 3 
X=2.3953728 Y= tie noe 


FIGURE 7.40 Radian Mode FIGURE 7.41 Radian Mode FIGURE 7.42 Radian Mode 


Now Try Exercise 135 


More Trigonometric Equations Some equations contain trigonometric functions 
such as cos 2/ or tan 36, where the argument is a multiple of ¢ or 6. An additional 
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step is required when solving this type of equation. In the next example, we solve a 
trigonometric equation for all real numbers /, where the argument of the trigonomet- 
ric function is 47, 


eighty) Solving a trigonometric equation 


Solve —0.6 sin 4 = 0,3, where ¢ is any real number, 


SOLUTION First we let @ = 4/. Then the given equation becomes 
—0.6 sind = 0.3, 


Next we solve this modified equation for all real numbers 0. 


—0,6 sind = 0,3 Let 6 
| 
sind = 5 
From Example 2(a), the solutions to sind = —} on the interval [ 0°, 360°) are 210° 


and 330°, In radian measure, or real numbers, these solutions are 0 = Ie. and Ha, 
Thus all real number solutions to the equation —0.6 sind = 0.3 are 


0= oe + 2an or 0= ibe + an, 
6 N 6 
sin @ has period 27. 


where vr is an integer, Because 0 = 4/, we can determine ¢ by substituting 47 for 0. 


4. = i, + 2a or 40 = De + 2an 
6 6 
Finally we divide each equation by 4 to obtain 
it. ge pe bly ee 
2440«2 24 


Now Try Exercise 81 


Some equations contain more than one type of trigonometric function, In these 
situations it is sometimes helpful to use trigonometric identities to rewrite the equa- 
tion in terms of one trigonometric function. This is illustrated in the next example. 


lore WiyAomO Solving a trigonometric equation 


Solve 2 tan@ = sec”@ symbolically on the interval [ 0, 277). 


SOLUTION This equation contains two different trigonometric functions, We begin 
by applying the identity | + tan?@ = sec?@ to rewrite the equation only in terms of 
the function tan 0, 


2 tan@ = sec?@ n equation 
2tand = 1 + tan’@ 6 + tan’@ 
tan’?@ — 2tand+1=0 fide the vquation 
(tané — 1)(tané — 1) =0 Facto 
tané = 1 sve for tan 


Hl 


The solutions are oe and Sn See Example 2(b). 
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Algebra Review 
To review squaring a binomial, see 
Chapter R (page R-17). 


2) 


In the next example, we solve a trigonometric equation by squaring each side. 
When squaring each side of an equation, it is important to check the answers. 


Solving a trigonometric equation by squaring 


Solve sec = | + tan/for0 S/ < 27. 


SOLUTION Begin by squaring each side of the equation. 
secf = | + tan/ Given equation 
(1 + tang? juare each 
1+ 2tan/ + tan’? juare the expression 


sec*s = see's + 2 tans 


sec? ¢ 


sec”/ 


0 = 2tanr ubtract from eact 
tan’ = 0 Divide each side by 2 and rewrit 
1=0 or (=7 Ive for t when O 
Since we squared each side of the equation, we check ¢ = () and ¢ = in the given 
equation, 
sec() = 1 + tan) sec = 1 + tana 


Solution does 


Solution checks as 1+0 af ie PaO renee 


The only solution is 0. The value of a is an extraneous solution. 


| Now 1) ry Exorcine 70 | 


More Applications 


Highway Curves Highway curves are sometimes banked so that the outside of the 
curve is slightly elevated or inclined, as shown in FIGURE 7.43, This inclination is called 
the superclevation. The relationship among a car’s velocity y in feet per second, the safe 
radius r of the curve in feet, and the superelevation @ in degrees is given by 


Yr 


"45 + 32.2tand’ 


(Source: F, Mannering and W. Kilareski, Principles of Highway Engineering and Traffic Analysis.) 


FIGURE 7.43 


Determining superelevation for a highway curve 


A highway curve with a radius of 700 feet and a speed limit of 88 feet per second 
(60 mi/hr) is being designed. Find the appropriate superelevation for the curve. 
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SOLUTION Let r = 700 and v = 88 and then solve the equation for (). 


‘ig 
4.5 + 32.2 tang 
88? 
4.5 + 32.2 tan = 705 Properties of t 


88? 
; 0 = — - 4, btract 4.5 from each sid 
32.2 tan ( 700 4.5 


882/700 — 4.5 
32.2 
tan?) ~ 0.2038 »proxima 
0 = tan! 0.2038 ~ 11.5° sply the inverse tangent 


The superelevation should be about 11.5°. 


tan? = 


| Now Try Exerctao 133 


Locating the Position of a Planet One step in the process used by astronomers 
to calculate the position of a planet as it orbits the sun involves finding the solution of 
Kepler’s equation. Kepler’s equation is a trigonometric equation that cannot be solved 
symbolically, It must be solved either graphically or numerically. In real applications, 
it is quite common to encounter equations that cannot be solved symbolically. 


ind Widnowes Solving Kepler's equation graphically 


(0, 0.2, 0.05] by [-0.2, 0.2, 0.1] One example of Kepler’s equation is given by @ = 0.087 + 0.093 sin@. Solve this 
equation graphically. (Source: J. Meeus, Astronomical Algorithms.) 

y = x~ 0,087 — 0,093 sin x 

SOLUTION The given equation is equivalent to @ — 0.087 — 0.093 sind = 0. To 
solve this equation graphically, let Y,; = X — 0,087 — 0.093 sin X and graph. (Be 
sure to use radian mode.) The x-intercept near 0.096 represents the solution. See 
FIGURE 7.44, 


Zero 
X=.09590555 Y=0 
FIGURE 7.44 Radian Mode 


‘Exercise 141 


Solving Inverse Trigonometric Equations 


Some types of equations contain inverse trigonometric functions, To solve these 
equations we often make use of the following inverse properties. 


Inverse Trigonometric Properties 


sin(sin’'x) =x for -lsx<1 
cos(cos'!x)=x for -Ilsx<1 
tan(tan'x)=x for -2<x< 0 


These types of equations are solved in the next example. 


oe WigAowle Solving inverse trigonometric equations 


Solve each equation symbolically. 
(a) cos! xy = 7 


(b) a — tan ty = 7c 


inlays 2 
(c) sin” 2x 3 
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SOLUTION 
(a) Begin by taking the cosine of each side of the given equation cos"! x = 7. 
cos(cos™! x) = cosa Take the cosine of each sid 
x=-l1 Simplify. 


(b) Begin by solving the given equation 5 — tan”!y = 7 for tan™'y, 


= tan x Subtract 7; add tan 


tan— = tan(tan x) [ake the tangent of each side 


=x simplify 


(c) Take the sine of each side of the given equation sin”! 2x = ee 


nae . 
sin(sin™! 2x) = sin — Take the sine of each side 
Simplify 


Divide each side by 2 


Now Try Exercises 113, 119, and 121 


i 7.3 | Putting It All Together It All Together 


CONCEPT COMMENTS 


Reference angles | If an angle @ is in standard position, then 
its reference angle Oz is the acute angle 
made by the terminal side of @ and the 
X-axis. 


The absolute values of the trigonometric 
functions of @ are equal to the 
corresponding trigonometric functions 

of Op. 


Trigonometric First, use techniques from algebra to V3tane = 1 
equations isolate any trigonometric functions, 
Then solve these simpler equations for tand = — 2 
the given variable. V3 


, : = tan7! —L.= 30° 
The reference angle is 0g = tan Vi 30°. 


Since tan @ is negative in quadrants II and TV, 
the solutions in [ 0°, 360°) are 150° and 330°. 


Inverse Equations that involve inverse 
trigonometric trigonometric functions can sometimes be 
equations solved by using the following properties. 


“iiss 
sin(sin"' x) = x, -l sx <1 tan (tan x) 


cos(cos!x) = x,-Ilsx<1 


tan”! y 


x 
tan (tan! x) = x, -2e <x¥<@ 
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Reference Angles Solving Trigonometric Equations 
Exercises 1-12: Find the reference angle for 0. Exercises 29-32: Use the graph to estimate any solutions 
1. 6 = 120° 2. 6 = 230° to the given equation for 0 = t < 2. Then solve the equa- 
tion symbolically. 
3. 0 = 85° 4. 0 = —130° 29, sint = cost 30. csc/ = sect 
5. 0 = —65° 6. 6 = 340° y. 
5 a: 
10=% 8 0= 7 
as pal =. 24, 
9 0=-F 10. 6 = -F 
xs 1 ax 
ll. 0="F 12,.0=% 


Basic Trigonometric Equations 
Exercises 13-22: Solve for 0 in [ 0°, 360°) and in [0, 277). 


31. 3cot¢ = 2siné 


13, (a) sind = 1 (b) sind = -1 
14, (a) cosd =} (b) cosé = 5 
15, (a) cosd = —2 (b) cos@ = 5 
16. (a) secd = 0.5 (b) sec@ = —0.5 
17. (a) tand = V3 (b) tand = -V3 
18, (a) coté = | (b) cota = -1 
19, (a) secOd = 2 (b) secd = —2 Exercises 33-36: Solve the algebraic equation for x. Then 

solve the trigonometric equation for 0° = 0 < 360°, 
20. (a) cscd = V2 (b) csco = -V2 33. (a) 2x - 1 =0 (b) 2sind-1=0 
21. (a) sind = 3 (b) sind = —3 34. (a) x -1=0 (b) cot? -1=0 
22. (a) cos@ = v3 (b) cosé = -¥3 2 +2 : 

e 2 2 35, (a) x° = x (b) sin’@ = sind 
Exercises 23-28: Find all solutions. Express your answer 36. (a) x7 -x =0 (b) cos?@ — cosd = 0 
in radians. ae lie Gite tice fe : 
a | Bye Se oll, Exercises 37-40; Solve the algebraic equation for x. Then 
Ate Mak a= Dy ap 2 solve the trigonometric equation for 0 S t < 2m. 
. = 2 - 
24, (a) cost = 1 (b) cos¢ = —1 37. (a) x? +1=2 (b) tan*¢ +1 =2 
25, (a) tans = | (b) tan¢ = -1 38. (a) (@- D@t+)=0 
26. (a) esc = 4 (b) eset = -1 (b) (sine — 1)(sin¢ + 1) = 0 
27. (a) sect = 2 (b) sect = -2 39. (a) x2 +x =2 (b) cos*f + cost = 2 
; x? + 3x = — 2sin?/ + 3 sint = — 

28, (a) cot? = V3 ay mere V3 40. (a) 2x 3x 1 (b) 2sin*¢ + 3 sint 1 


Exercises 41-60: Solve the equation for t in [0, 27). 
41. tan? - 3 =0 42. 2sint = V3 
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43, 3cos¢+4=0 44, cos’ + cost — 6 = 0 
45. sin/ cos! = cost 46, cos?¢ — sin?s = 0 
47, csc? = 2cotl 48, 2sin?s — 3cos = 3 
49, sin? = + 50. costs = —4 


51, 2sin?¢+sin¢-6=0 52, 2sin¢+3=0 
53, tan?s + 1 = 0 54, sect = } 

55, sinf cos’ = 0 56, tan’ — cots = 0 
57, 2sect=tan?¢+1 58, cos?s = 3 sins 
59, tan’ + sec/ = 1 60, cos’ — sint = 1 


Exercises 61-80; Find all solutions to the equation, Express 
your results in radians. 


61, 2tan¢—1 = 1 62. V3cotr- 1 =0 
63, 2sin¢ + 2 = 3 64. 2cos¢- 1=0 
65, 2sin?s — 3sin¢ = —1 

66. 2cos?t + 3cos¢+1=0 

67. sec?/ + 3secl + 2 = 068, csc?s-3 = -1 
69, tan’?y — 1 =0 70. 2cost = —1 


71, sin? + sint — 20 = 0 72. 3cos¢—-5=0 


73. costsin¢ = sins 14, 2cos’4—-1=0 
75, sec?t = 2 tan/ 76. cos*t — 2sin¢- 1 =0 
77, sin? t cos? = 0 78, 2.cot?tsint — cot?s = 0 
79, sint + cost = | 80, sin¢ — cos¢ = 1 


Exercises 81-98: (Refer to Example 9.) Solve the equa- 
tion, where t is any real number, Approximate ¢ to three 
decimal places when appropriate. 


81, sin3/ = 4 82, cos2¢ = —} 

83. cos4 = =e 84, sind = 7 

85. tan S¢ = | 86. cot3¢ = —V3 

87, 2sin4¢ = -1 88, Scos6¢ = 2.5 

89, —sec4i = V2 90. V3 cse31 = —2 
91. 2sin8¢- 3 = -1 92, 3cos8 — 4 = -4 
93, cotdr + 5 = 6 94, V3 tan2 + 2 = 3 
95. S5cos3t = 1 96, 7 cosSt = —2 


97, sin2¢ =} 98. tsin7¢ = 35 


Approximate Solutions 


Exercises 99-104: Solve the equation to the nearest thou- 

sandth for t in [0, 277). 
99, 2.1sect-45=0 100. 2csc/ +2 = 8.3 

101. 5.8sin¢ — 3.7 =0.2 102. 6cos¢+2=0 


103, Stan?s — 3 =0 104. 7cot?/ + 1.2 = 6 


Exercises 105-110: The following equations cannot be 
solved symbolically. Approximate to two decimal places 
any solutions on [ 0, 227) graphically or numerically. 


105. tany = x 106. x — cosx = 0 
107, sinx = (x — 1)? 108. sin? — Inx = 0 
109, 2x cos(x + 1) = sin(cos.x) 

110. &°!*cosx = x sinx 


Numerical Solutions 


Exercises 111 and 112: Use the table to find the solutions 
to the given equation on [ 0°, 360°). Then write all solutions 
to the equation. 

= phe 
111, tang Vi 0 


112, tan@ — sind = 0 


Solving Inverse Trigonometric Equations 


Exercises 113-122; Solve the equation. 

113, sin”'y = F 114, sin"!2x = —F 
115. 2cos!y = Sz 116. cos'!x = 0 
117, 7 + tan! y = an 118, tan y = -F 


11 


oe 


.tan'Bx+D=5 120. 5+4sin'(v+ 1) =% 
4 4 2 


121, cos!x + 3cos!y = 7 
122, % + sin" !4x = F 


Solving Trigonometric Inequalities 


Exercises 123-130: Solve the equation and inequality on the 
interval [0, 2ar). As an aid, you may want to use a graph. 


123. (a) sins = 0 (b) sins = 0 


124. (a) cost = 0 (b) cos¢ = 0 


125, (a) tan/ = | (b) tan¢ > 1 
126, (a) cote = —-1 (b) cot¢< -1 
127. (a) esct = 1 (b) cscs = 1 
128. (a) secs = 2 (b) sect > 2 
129, (a) sin¢ = cost (b) sin ¢ = cost 


130. (a) cos?s = 2 cost (b) cos? = 2cost 


Applications 


131, First and Third Quarter (Refer to Example 4.) Let 
F = 0.25 and solve the equation F = (1 — cosé) 
for all @ to determine the phase angles for when 25% 
of the moon is illuminated. 


132, Full Moon (Refer to Example 4.) Let F = 1 and solve 
the equation F = (1 — cos) for all @ to determine 
the phase angles for a full moon, 


w 
oF 


Designing Highway Curves (Refer to Example 12.) 
A highway curve with a radius of r = 200 feet and 
a speed limit of y = 44 feet per second (30 mi/hr) 
is being designed. Use the formula 

4.5 + 32.2 tand 
to find an appropriate superelevation @ for the given 
curve, 


r 


134, Designing Highway Curves (Refer to Example 12.) 
A highway curve with a radius of r = 800 feet and 
a speed limit of y = 66 feet per second (45 mi/hr) is 
being designed, Find the appropriate superelevation 
for the curve. 


fa 135, Daylight Hours (Refer to Example 8.) The number 
of daylight hours y at 60°N latitude can be modeled 
by 


y = 65sin (Zu = 3.63)) + 12.4, 


where x = 1 corresponds to January |, x = 2 
to February 1, and so on. Estimate graphically 
or numerically when there are 9 hours of day- 
light. (Source: J, Williams.) 


f@ 136. Average Temperatures The monthly average high 
temperature y in degrees Fahrenheit at Phoenix, 
Arizona, can be modeled by 

y = 20.3 sin (0.53x — 2.18) + 83.8, 
where x = 1 corresponds to January, x = 2 to 
February, and so on. Estimate graphically or 
numerically when the monthly average high tem- 
perature is 93°F, (Source: J, Williams.) 


137. Daylight Hours Solve Exercise 135 symbolically. 
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138. Monthly Average Temperatures Solve Exercise 
136 symbolically. 


B 139, Maximum Monthly Sunshine The maximum num- 
ber of hours of sunshine each month is listed in the 
table for 50°N latitude. 


Month] 1 | 2 | 3 | 4] 5 | 6 
Hours of 
Sunshine | 261 | 279 | 363 | 407 | 471 | 482 
Month} 7 8 9 10 | Il 12 
Hours of 
Sunshine | 486 | 442 | 374 | 329 | 267 | 246 


Source; C. Winter, Solar Power Plants. 
(a) Find a function f that models the data. 


Aa (b) Estimate graphically any solutions to the inequal- 
ity f(x) = 350 on the interval [1, 12]. Interpret 
the result. 


140. Music and Pure Tones A pure tone can be described 
by a sinusoidal graph. The graph of the function 
P = 0.004 sin (1007 #) shown in the figure represents 
the pressure of a pure tone on an eardrum in pounds 
per square foot at time / in seconds, (Source: J. Roederer, 
Introduction to the Physics and Psychophysics of Music.) 


Pressure (Ib/ft?) 


n (1007f 


0.00: 


Time (seconds) 


Estimate all solutions to the equation P = 0.004 
on the interval [0, 0.05]. 


a@ 
FS (b) Interpret these solutions, 


Exercises 141 and 142: Kepler's Equation (Refer to 
Example 13.) Solve Kepler’s equation to within two decimal 
places graphically or numerically. 


141. 6 = 0.26 + 0.017 sin@ 
142. 0 = 0.18 + 0.249 sind 


fg 143. Sums of Pure Tones If two loudspeakers located at 
different positions produce the same pure tone, the 
human ear may hear one sound that is equal to the 
sum of the individual tones. Since the sources are 
at different locations, their sinusoidal waves will 
have different phase angles. (Source: N. Fletcher and 
T. Rossing, The Physics of Musical Instruments.) 
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(a) Let two musical tones be given by yee VA cosa + Ay cos BY + (A, sin@ + Ay sin BY 
P, = 0.003 sin (88021 — 0.7) and and 
Py = 0.002 sin (880771 + 0.6). 
iach ) ; A,sina + A,sinB 
Graph P), P), and their sum P = P, + P3 sep- 6 = arctan A,cosa + Acosp |’ 
arately in the viewing rectangle [ 0, 0.01, 0.005 ] 
by [ —0.005, 0.005, 0.001 ]. (Source: N. Fletcher.) 
(a) Find A and @ for P if F = 440, A, = 0.003, 
(b) Determine the maximum pressure for P. a = —0.7, Ap = 0.002, and B = 0.6. 
i (c) Is the maximum pressure for P equal to the sum (b) Graph P = Asin (Q7F1 + 0) and y = Py + Py 
of the maximums of P, and P? Explain. in [0, 0.01, 0.005] by [—0.005, 0.005, 0.001 ]. 


, Do the graphs appear to be identical? 
ff 144, Sound (Refer to Exercise 143.) Suppose that two 


loudspeakers located at different positions produce Writing about Mathematics 
pure tones given by 

P, = A\sin QaFt + a) and 

P, = Aasin (2aFi + B), 
where F is their common frequency. Then the re- 


sulting tone heard by a listener may be written as 
P = Asin (27 Ft + 0), where 


145, Explain the difference between a conditional equa- 
tion and an identity. Give one example of each. 


146, Critical Thinking Explain why knowledge of alge- 
bra is important when solving trigonometric equa- 
tions. Give one example of how knowledge of algebra 
can be applied to solving a trigonometric equation. 


__ 2) sum ana vitterence tac oo 


» Apply the sum and te 
difference identities Introduction 
for cosine 

» Apply sum and difference 
identities for sine and 


Music is made up of vibrations that create pressure on our eardrums. Musical tones 
can sometimes be modeled with sinusoidal graphs. When more than one tone is 
played, the resulting pressure is equal to the sum of the individual pressures. Sum 


HANGeNt and difference identities are sometimes helpful in the analysis of music. This section 
« Apply identities to introduces several trigonometric identities and some of their applications. 
applications 
» Derive the difference : ee aise 7 p 
identity for cosine Sum and Difference Identities for Cosine 
The graph of 5 cos (f *) is translated to the right $ units compared to the 
graph of » = cos/, as shown in FIGURE 7.45, If the graph of y = cos/ is translated 
right z units, it coincides with the graph of ) sin’, Which is shown in FIGURE 7.46. 


This discussion suggests that the equation 
cos(1 - =) = sin 
2 


Translated Cosine Graph Sine Graph 
y 


is true for all real numbers /. 


2 m) 2 
; 1A 
L XN 7 hi Noe Vi Ne te Fh 
ze, >t + + + +—> | 
7S 7 AD) X= 
D, Identical 9) 
blue graphs 


FIGURE 7.45 FIGURE 7.46 


(V(6) +.¥(2))/4 
9659258 
cos(15) 


263 
.9659258263 


FIGURE 7,47 Degree Mode 
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(GV It is important to understand that 


7 T 
cos(1 ") * cost OSS cost — 0 cost, 


To verify symbolically that cos(¢ = 2) = sin/, a new identity is needed, 


Suppose that @ and B represent any two angles or real numbers, Then the following 
identity can be used to calculate the cosine of their difference. (Its proof is given at 
the end of this section.) 

Difference 


identity for 
cosine 


cos(a — B) = cosacosB + sina sinB — 


The next example demonstrates how to apply this identity. 


Using the cosine difference identity 


cos(1 = =) = sins. 
7) 4 
SOLUTION 


Getting Started Start by letting « = and ( = in the cosine difference identity 


Verify the identity 


cos(w — 2) = cose cos + sine sin, > 


This substitution gives the following result. 
7 7 * Pra 
cos{ ¢ — = cos/cos— + sins sin 
( 2 ) 2 2 


= cos/(0) + sin¢(1) 


= sint 
Now Try Exercise 29 
In the next example, we use the difference identity 
' , Diff 
cos(w — 2) = cose cos + sinw sin} —— identity ne 


cosine 


to find the exact value of cos 15°. 


Applying the cosine difference identity 


Find the exact value of cos 15°, Use a calculator to support your result. 
SOLUTION Since 45° — 30° = 15° and the exact trigonometric values for 45° and 
30° are known, we proceed as follows. 

cos 15° = cos(45° — 30°) 


= cos 45° cos30° + sin45° sin30° Differen ntity for co: 


a2 ,N3, V2.1 - 

5 ae aes ae Hi function 

_ Vo+ 2 ' 
- implify th 


We see in FIGURE 7.47 that the value of cos 15° agrees with the symbolic result. 
Now Try Exercise 5 | 
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With the aid of the difference identity for cosine, we can derive a sum identity. 


cos(@ + B) 


cos (« — (—f)) 


cosa cos(—f) + sina sin(—f) Difference identity for cosin 


cosa cosB — sina sinB 


Sum and difference identities for cosine are as follows. 


| cos(a + B) = cosa cosB — sina sinB 


(TB cos(w + B) # cosa + cosp 


cos(a — B) = cosacosf + sina sinB 


and cos(a — B) # cosa — cosB 


Cofunction Identities The previous chapter introduced the cofunction identities 
for an acute angle 0. These identities are true for any real number /. We verify one of 
these identities in the next example. 


Verifying a cofunction identity 


Verify that cos (% — 1) = sins. 


SOLUTION Let a = $ and B = 1 in the cosine difference identity. 


T 
cos 


af 


=, 


) 


Ss 


os sin 


= cost + sin . 


(0) cost + (1) sins 


in/ 


| Now Try Exercise 19 | 


The following cofunction identities are valid for any real number ¢. 


cos ( 
cot ( 
ese ( 


NIP vl/X wf 


= ‘) = siné 
= ') = tant 
= ‘) = sect 


sin (z = ') 
2 


= cos! 

tan(Z — ‘) = cotl 
~ \2 

seo(Z = ') = csel 
2 


Sum and Difference Identities for Sine 


There are also sum and difference identities for sine. 


sin(@ + ) 


ll 


cos(% -(a+ p)) 


in @ cosB + cos aw sing Cofunction id 


iference | 


The difference identity for sine can be derived in a similar manner. 
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The following box gives the sum and difference identities for sine. 


SINE OF A SUM OR DIFFERENCE — ee 
sin(@ + B) = sina cosB + cosa sinB 
sin(@ — B) = sina cosB — cosa sing 


(TST sin(@ + B) * sina + sinB and sin(a@ — B) # sina — sinB 


jmawinaoes Applying sum identities for sine and cosine 


Let sina = 4 and cosB = 2. If @ is in quadrant II and £ is in quadrant IV, find each 
of the following. 

(a) sin(a +B) — (b) cos(a + B) (c) tan (a + B) 

(d) The quadrant containing a + B 


SOLUTION 
Getting Started First sketch possible angles for a and for B, as shown in FIGURES 7.48 
and 7.49. We can see that 


a in Quadrant II 


. 4 3 . ‘ 3 
sina = 5? cosa = — ro sin B = ra and cos B = 5 > 


(a) To find sin(@ + £), apply the sum identity for sine. 


sin (a ok B) = sina cos B + cosa sin PB 


FIGURE 7.48 = 24 
25 
6 in Quadrant IV (b) To find cos(@ + B), apply the sum identity for cosine. 


cos(a + B) = cosa cos — sina sinB 


“e-G)a) 
5/\5 5 5 
al 
25 
sin(@ + B) _ 24/25 _ 24 
cos(a + B) 7/25 7 
FIGURE 7.49 (d) Since both sin(@ + B) and cos(@ + B) are positive, a + B is in quadrant I. 


Now Try Exorcine 21 


(c) tan(@ + B) = 


ioe Widheem Analyzing an identity symbolically and graphically 
Verify symbolically that sin(@ + a) = —sin@. Then give graphical support. 
SOLUTION 
Symbolic Verification Let a = 6 and B = 7 in the sum identity for sine. 
sin(@ + 7) = sin cosm + cos sina 
sin6(— 1) + cosd(0) 
—sind 


Thus sin(@ + a) = —siné. 
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Graphical Support Graph y = sin(@ + 7) and y = —sin@, as shown in FIGURES 7,50 
and 7.51. Their graphs appear to be identical. 


Identical Graphs 


Either translating the sine graph a 
units left or reflecting the sine graph 
across the x-axis results in identical 
graphs. 


FIGURE 7.60 FIGURE 7.61 


| EXAME | ©Verifying an identity 


sin(a — B) 


; ; = cotB — cota. 
sina sinB p bs 


Verify the identity 


SOLUTION Begin by expanding the expression sin(@ — B). 
sin(a — B) _ sina cosB — cosa sinB 
sina sinB sina sinB 
sinacosB  cosasinf 
sine sinB — sinasinp 


cosB cosa 
sinB sina 


ll 


cotB — cota Quotic 


Applications 


Back Stress Because human joints both bend and rotate, trigonometry frequently 
is applied to human physiology, The next example shows how to calculate the force 
exerted by a person’s back muscles and gives a rather amazing result. 


Analyzing stress on a person’s back 


If a person with weight W bends at the waist with a straight back, then the force 
F exerted by the lower back muscles may be approximated using the formula 


F = 2,.89Wsin (@ + g), where @ is the angle between a person’s torso and the hori- 

zontal. See FIGURE 7.62. (Source: H. Metcalf, Topies in Classical Biophysics.) 

(a) Let W = 155 pounds, The graph of / = 2,89W sin (0 + t) with W = 155 is 
shown in FIGURE 7.53. Interpret the graph. 


Lower Back Force 


2,89(155) sin (0 + =) 


FIGURE 7.52 


Angle (radians) 
FIGURE 7.53 
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(b) Show that F = 2.89Wcos@. 
(c) When W = 155 pounds, for what value of @ does F equal 400 pounds? 


SOLUTION 

(a) When 0 = 0, the person’s back is parallel to the ground and force F exerted by 
the back muscles has a maximum of about 450 pounds. This is nearly three times 
the person’s weight! As the person straightens up, @ increases, while F decreases. 


When @ = %, the person is standing straight up and F = 0. 


(b) Given F = 2.89Wsin (0 + 2), we can show F = 2.89Wcos@, by applying a 
sum identity for sine. 


F = 2.89Wsin (0 + =) 


= 2.91 (sing cos + cos@ sin z) 


= 2.89W (sind (0) + cosé(i)) 
= 2,89W cosé 


(c) To determine @ when the force is 400 pounds for a person weighing 155 pounds, 
let F = 400 and W = 155 in F = 2.89W cos @, and then solve for 6. 


400 = 2.89 (155) cos@ 


400 
2,89 (155) 


6= cos (tr) Ive for ¢ 
2.89 (155) 


6 ~ 0.467, or 26.8° 


cos@ = 


Exorcine &3 


Music and Mathematics Music is composed of tones with various frequen- 
cies, Pressure exerted on the eardrum by a pure tone may be modeled by either 
P(t) = acos bt or P(t) = asin bt, where a and b are constants and ¢ represents 
time, When two tuning forks produce the same pure tone, the human ear hears only 
one sound that is equal to the sum of the individual tones. Trigonometry can be 
used to model this situation. (Source: N, Fletcher and T. Rossing, The Physics of Musical 
Instruments.) 


EXAMPLE 8 Modeling musical tones 


Let the pressure P in grams per square meter exerted on the eardrum by two sources 
be modeled by 


P, (0) = 5cos(44070) and P,(t) = 3 sin(4407d), 


where ¢ is time in seconds. 

(a) Graph the total pressure, P = P, + P), on the eardrum in the viewing rectangle 
[0, 0.01, 0.001] by [-8, 8, 1]. 

(b) Use the graph to estimate values for a and k such that P = a sin(440m1 + k). 

(c) Use a sum or difference identity for sine to verify that P ~ P, + P. 


(0, 0.01, 0.001} by [-8, 8, 1] 


SOLUTION 
(a) Let Y,; = 5 cos(4407X), Y, = 3 sin(4407X), and Y3 = Y, + Y>. The graph of 


aximum 3 = P, + P2 is shown in FIGURE 7.54. 
X=3.9116E74 ¥=5.8309517, (b) A maximum y-value occurs near (0.00039116, 5.831). (Note that the x- and 
FIGURE 7,54 Radian Mode y-values shown in FIGURE 7.54 may vary slightly.) 


continued on next page 
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Thus let the amplitude be a@ = 5.831 in the given equation P = « sin(444a/ + k). 


Since sind is maximum when 0 = 5, we let ¢ = 0.00039! 16 and solve the following 
equation for k, 
4402 (0.00039116) + k = 4 - 
T 
arte sa 4407 (0.000391 16) 
= 1.0301 


Thus let P ~ 5.831 sin(440a/ + 1.0301). (Other values for k are possible.) 
(c) Apply the sum identity for sine to show that P ~ P, + Py, 
P = 5,831 sin(440ar + 1.0301) 
5,831 (sin (44077) cos (1.0301) + cos (44074) sin (1.0301)) 
5,831 (sin (44077) (0.5147) + cos (440771)(0.8574)) 
3.00 sin (4407r/) + 5.00 cos (44071) 
P, + Py 


u 


u 


R 


| Now Try Exe 


Sum and Difference Identities for Tangent 


Sum and difference identities can also be found for the tangent function. 


tana + tanB 
1 tana tang 
tana — tanp 
T+ tana tang 


| tan(a + B) = 


| tan(@a — B) = 


tan(a + B) # tana +tanB and tan(a — f) # tana — tanB 


These identities are a result of the sum and difference identities for sine and 
cosine, For example, the difference identity for tangent can be verified as follows. 


tan(a ~ p) = Se Use tan@ = 224 wit} 


sina cosB — cosa sinB 
cosa cosB + sina sinB 


sina cos B cos @ sin B 
cos a@ cos B cos @ cos B 

= cosa cos B sina sin B 3 
cos@ cos B cos a@ cos B 


tan@ — tanp 
1 + (ane tanp 


Using the tangent difference identity 


Use FIGURE 7.56 to find tan y if tana = 4 and tang = 3. 
Y 3 4 


FIGURE 7.55 
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SOLUTION From FIGURE 7.55, a and B + y are both supplements of angle BAC. 
Thisa = B+ yory=a-B. 
tan y = tan(@ — B) 
_ tana — tanp 
1 + tana tanB 


Derivation of an Identity 


In this subsection we derive the difference identity for cosine. Begin by considering 
the angles a and B in standard position and the unit circle, as shown in FIGURE 7.56. 
The terminal side of a intersects the unit circle at (cosa, sina), and the terminal side 
of B intersects the unit circle at (cos B, sin B). The angle formed between the terminal 
sides of a and B equals a — 8. Now consider angle a — f in standard position. Its 
terminal side intersects the unit circle at (cos (a — B), sin(@ — )). This is shown in 
FIGURE 7.57. 


a — Bis Angle AOB q@ — B in Standard Position 
4 y 


A 4 
A B (cos (@ — B), sin (a — B)) 


(cos a, sin a) "4 (cos , sin B) 


FIGURE 7.56 Unit Circle FIGURE 7.57 Unit Circle 


Since triangles ABO and PCO are congruent, the distance from A to B in FIGURE 7.56 
equals the distance from P to C in FIGURE 7.57. 


V(cosa — cosB)* + (sina — sing)? = V(cos(a — B) — 1)? + (sin(a — B) — 0) 
Distance fre Distance fron to 

(Squaring each side and clearing parentheses produces 

cos’@ — 2cosacosB + cos’B + sin’a — 2sinasinB + sin’ B= 

cos*(a — B) — 2cos(@ — B) +14 sin(a — B). 
Since sin?@ + cos?@ = | for any 0, the above equation simplifies to 
2 — 2cosacosB — 2sinasinB = 2 — 2cos(a — B). 
Solving this equation for cos(a — B) gives the cosine difference identity 


cos(a — 8) = cosacosf + sina sinp. 
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: @ 7.4 | Putting It All Together It All Together 


IDENTITIES GENERAL FORM 


Cosine sum and difference cos(a + ) = cosa cosB — sina sinB 
cos(a — B) = cosa cosB + sina sinB 
Sine sum and difference sin(a + B) = sina cosB + cosa sinB 
sin(a — B) = sina cosB — cosa sinB 


Tangent sum and difference tana + tanB 
tan(a + B) = 


1 — tana tanp 
tana — tanp 


ine a= 1 + tana tanp 


-1) = sins sin -1) = cos/ 


-1) = tan/ tan -1) = cot! 


iia — — 
pS ay ae 
NIA 


-1) = seci sec ad i) = csct 


Exercises 


Sum and Difference Identities 


Exercises 21-28; (Refer to Example 4.) Find the following. 
Exercises 1-10; Find the exact value for each expression. inet RNa ATE leas 


Use a calculator to support your result numerically. (a) sin(a + B) (b) cos (a + 8) 
ahs e as SUPP ae a i (c) tan (a + B) (d) The quadrant containing a + B 
‘ 4 21. sina = 3 and sinB = > a and B in quadrant I 

3. tan 15° 4, sin 75° 

5. cos'78° 6. cox 108° 22. cosa = -2 2 and cosB = -§, a and B in quadrant II 

1. sing (Hint. Ei be 5) 23. sina e ia cosB = aa a in quadrant IT and B 

in quadrant 
8. cosst qs 
24, cosa = -# and sinB = 5, a in quadrant I and B 

9. sin $2 10. tany5 in qnadiant * 
Exercises 11-16; Complete the following for the identity. 25. cosa = -3 and cosB = Bia in quadrant III and B 
(a) Give graphical support for the identity. in quadrant IV 
(b) Verify te identity wrapalionliy fe 26. tana = 3 and cosB = — 4, @ in quadrant I and £ in 
1. sin(¢ +) =cosr 12. sin (¢ + 3#) = —coss quadrant III 

es 3), ge 

13. cos(t + m) = cost 14, cos (1 + F) = sins 27. tana = —jyand secB = —&, wand B in quadrant II 


15, sec(¢-%) =csc¢ 16, tan (1 + $) = —cot 

28. cota = 4 3 and escB = 3 a@ and B in quadrant I 
Exercises 17-20; Use a difference identity to verify the 
cofunction identity. Exercises 29-46: Checking Symbolic Skills Verify the 
17. sin(¥ — 1) =cost 18. tan (¥ — 1) = cots identity. 


29. cos (1 — ft) = ¥2 (oss + sind 


19. sec(F—1) =csct 20. esc (F — #) = secs 4 
30. sin G + #) = ¥2 (coss + sing) 
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Alg ebra Review Solving the given equation results in the following. 
To review the distributive properties, see ess ae P F 
Chapter R (page R-15). 3(x- 4) = dv 1 sic cal 
Equals 0 3x - 12 =2x-1 Equals 0 | 
Equals 0 | Eau) 
3x — 2x — 12 + 12 = 2x - 2x -—1+ 12 Subtract id add 
3x - 2x = 12-1 


x=11 
The solution is | 1. We can check our answer as follows. 
3(x- 4) =2x-1 n equatior 
3(1-4) 22-11-11 t tl 


21=21 ¥ he answer check 


imaiignowa Solving a linear equation symbolically 
Solve 3(2x — 5) = 10 — (x + 5). Check your answer. 


SOLUTION 
Getting Started In this problem subtraction must be distributed over the quantity 


(x + 5). This is equivalent to multiplying by — |. Thus 


10— (x +5) =10 - 1245) =10-x—3> 
Solving the given equation results in the following. 
3(2x — 5) = 10 — (x + 5) Given equation 
6% = 15° = 10° = 5 Distributive propert 
6x = 1S = 5 — x mplify 


ig— 1S =5 ld x t 
Tx = 20 1d 15 to each side 
= 20 | = 
d 7 i 


The solution is 2. To check this answer, let x = mM and simplify. 


3(2x — 5) = 10 - (x + 5) rivet equatio 


(2: -s) 2 10 - (+5) 
7 7 


5 ad mt 55 on | 
(3) i= irnpli 
15 15 
ca il v ; 


Fractions and Decimals When fractions or decimals appear in an equation, we 
sometimes can make our work simpler by multiplying each side of the equation by 
the least common denominator (LCD) or a common denominator of all fractions in 
the equation. This method is illustrated in the next two examples. 
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IE} Eliminating fractions 
Solve each linear equation. 
x 2 t=2 4 I 


(@) 5+! 3 CO) 1=5 (3-4 


SOLUTION 
(a) To eliminate fractions, multiply each side (or term in the equation) by the LCD, 3. 


3 2 ; 
7 +1= 5 Siven equation 
x 2 
3 oe 3+,=3+ z Multiply each side (term) by 3: 
x+3=2 implify. 


wh Bo. 3D 3 ubtract 3 from each side 
x=-l simplify 


The solution is —1. 


Algebra Review (b) To eliminate fractions, multiply each side (or term in the equation) by the LCD, 12. 
To review least common multiples 
and least common denominators, see t= 2 és L, si Fas 1% ~ 1) Gi saath 
Chapter R (page R-31), 4 3 12 eee 
12(¢-2) 12 12 
— — - st = 12 =-—(3- Multiply each side (term) by 12 
Ft 1268) = GBA) Matiply each si 
3(1- 2) - 44 = 60 — (3-1) Simplify. 
3f= 6 = 4¢= 60-3 +7 Distributive property 
-(-6=S7+1 Combine like terms on each sid 
—21 = 63 Add —t and 
sci irek dhdacs 
ae ivide each side by 


The solution is oh 


| Now Try Exercises 33 and 37 


) Eliminating decimals 


Solve each linear equation. 
(a) S.lx -— 2 = 3.7 (b) 0.03(z — 3) — 0.5(2z + 1) = 0,23 


SOLUTION 
(a) To eliminate decimals, multiply each side (or term in the equation) by 10. 
S.lx — 2 = 3.7 Given equation 
10(5.1~¥)-— 10(2) = 10(3.7) Multiply each side (term) by 10 
51x — 20 = 37 Simplify 
Six — 20 + 20 = 37 + 20 Add 20 to each sid 
Slx = 57 Simplify 
57 19 : , 
a Sr or 7 Divide each side by 51; simplify 


The solution is 2. 
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(b) To eliminate decimals, multiply each side (or term in the equation) by 100. 
0.03(z — 3) — 0.5(2z + 1) = 0.23 Given equation 
3(z — 3) — 50(2z + 1) = 23 Multiply each side (term) by 100 
3z — 9 — 100z — 50 = 23 Distributive property 


—97z — 59 = 23 Combine like term 
—97z = 82 Add 59 to each side 

cs eee 

Zz 7 i ch side by 


The solution is -% 


Now Try Exercisos 39 and 41 


An Application In the next example we solve the linear equation presented in the 
introduction to this section. 


ia GWA Analyzing iPod sales 


EXAMPLE 6 


The linear function defined by f(x) = —4(x — 2008) + 55 estimates iPod sales (in 
millions of units) during year x. Use f(x) to estimate when iPod sales could reach 
27 million, 


SOLUTION We need to find the year x when iPod sales, given by /(.), equal 
27 million. 


—4(x — 2008) + 55 = 27 Given equation 


—4(x — 2008) + 55 — 55 = 27 — 55 btract 55 from each sid 
—4(x — 2008) = —28 simplify 
Rather than dividing —4(x — 2008) ~28 
by —4, the distributive EF divid h side by —4 
property could be used. —4 -4 
x — 2008 =7 Simplify 
x = 2015 Add 2008 to each side 


This model estimates that iPod sales decreased to 27 million in 2015. 


Now Try Exercise 115 


Contradictions, Identities, and Conditional Equations The next example 
illustrates how an equation can have no solutions (contradiction), one solution (con- 
ditional equation), or infinitely many solutions (identity). 


Identifying contradictions, identities, and conditional equations 


Identify each equation as a contradiction, identity, or conditional equation. 
(a) 7 + 6x = 2(3x + 1) 

@) 2x —-5=3 — (1+ 2) 

(c) 2(5 — x) — 25 = 3(x — 5) — 5x 
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SOLUTION _— 
(a) 7+ 6x = 2(3x + 1) Given equation 


7+ 6x = 6x +2 Distributive property 
7=2 Subtract 6x from each sid 


The statement 7 = 2 is (always) false and there are no solutions, The equation 
is a contradiction. 


(b) 2x —-5=3- (1 + 2x) Given equation 
WH 5SCe LH 2 Distributive property 
4x =7 Add 2x:and 5 to each side 
= ki Divide each side by 4 
4 y 


There is one solution: q This is a conditional equation. 


215 4) — 25 23x = 5} — Se Given equation 
10-29-25 = Ie — 1S — Sx ——_Dishrlvutive property 
=2x— 15. = =2y — 15 Simplify each side 

0 0 Add 2x and 15 to each side. 


The statement () = 0 is (always) true and the solution set includes all real 


numbers, The equation is an identity, 
Now Try Exercises,43, 45, and 47 


Graphical Solutions 


Intersection-of-Graphs Method Suppose that we are given the linear equation 
2x + 1 = —x + 4, If we let f(x) = 2x + 1 and g(x) = —x + 4, then a solution 
to this equation, or to f(x) = g(x), corresponds to the x-coordinate of the point 
where the graphs of y, = f(x) and y) = g(x) intersects in the xy-plane. We call 
this graphical technique the intersection-of-graphs method, and it is used to solve the 


linear equation 2x + | = —x + 4 in the following See the Concept. 
See the Concept: Intersection-of-Graphs Method 
STEP 1; Set y, equal to the left STEP 2: Graph y, and y, in the same xy-plane. STEP 3: Find all points 
side and y, equal to the right of intersection. The 
side of the given equation. x-coordinates are the 
Sea Sead The only point of solutions to the equation. 


‘3 intersection is (1, 3). (1,3) 
\ 


y= 2x+1 Yo = —-x+4 
| —— | The only solution is |. | 
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We can check our answer from the preceding See the Concept by substituting ! 
for x in the given equation. 


wt+l=a—-x+4 iven equatic 
adiy+142-(1Ijt+4 | 
3=3 Vo t ch 


Notice that the point of intersection is (1,3), and that when we substitute | for x, 
each side of the equation evaluates to 3. 


fH awianova Solving an equation graphically and symbolically 


Solve 2x — 1 = 4x + 2 graphically and symbolically. 
2 


SOLUTION 
Graphical Solution Graph y, = 2x — 1 and y. = by + 2. Their graphs intersect at 


the point (2, 3), as shown in FIGURE 2.24, so the solution is 2. FIGURE 2.25 shows these 
graphs as created by a graphing calculator. 


Intersection-of-Graphs Method 


[-6, 8, 2] by [-6, 8, 2] 


The graphs intersect 
at (2,3), s0 2 is the 
solution. 


FIGURE 2,24 FIGURE 2.25 


1 
Symbolic Solution 2x -—1= al +2 Given equation 


a= 5x43 h sid 
a3 ibtr from each si 
2.3 2 
3°9°-3°9 - 
x=2 Mul ion 


The symbolic solution is 2 and agrees with the graphical solution. 


Now Try Exercise 59 


x-Intercept Method Every equation in one variable—linear or nonlinear—can 
be written in the form h(x) = 0 for some function h. For example, the equa- 
tion 2x + 1 = —x + 4 can be written as 3x — 3 = 0 by adding x to each side 
of the equation and subtracting 4 from each side of the equation. In this case 
3x — 3 = 0, where h(x) = 3x — 3. 
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By the x-intercept method, the 
solution to 3x — 3 = 0is1. 
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A solution to the equation /(x) = 0 corresponds to a point where the graph 
of y = h(x) intersects the x-axis. An x-intercept is the point where a graph inter- 
sects the y-axis, As a result, solving the equation h(x) = 0 graphically reduces to 
the task of locating all x-intercepts. This method of solving an equation graphi- 
cally is called the x-intercept method. 

The graph of y = h(x), where h(x) = 3x — 3, is shown in FIGURE 2.26, This 
graph has one x-intercept, (1,0). If | is substituted for x in h(x) = 3x - 3, 
then h(1) = 3(1) — 3=0. Therefore, | is a zero of the function / and is a solu- 
tion to the equation 3x — 3 = 0. The graph of another function f, having two 
x-intercepts, (—3, 0) and (2, 0) is shown in FIGURE 2.27. The solutions to the 
equation f(x) = 0 are —3 and 2. Moreover, the zeros of f are —% and 2. In 
general, the x-coordinates of the x-intercepts on the graph of a function are equal 
to the zeros of the function. 


x-intercepts: (— 3,0), (2,0) | 


FIGURE 2.26 FIGURE 2.27 


(CRITICAL THINKING] _ ee Se eee 
Any linear equation can be expressed as h(x) = 0, where /ris given by h(x) = ax +b 
with a # 0. Sketch possible graphs of 4. How many solutions to the linear equation 
ax + b = O are there? Explain. 


The following box summarizes the x-intercept method for solving any equation 
in one variable, 


If necessary, begin by rewriting the given equation in the form h(x) = 0. That 
| is, using techniques of algebra, rewrite the given equation so that one side is 
equal to 0. Graph 


| y=h(x). 


The x-coordinate of any x-intercept of the resulting graph is a solution to the given 
equation. 


The following example demonstrates the x-intercept method. 


x-Intercept Method 
ye 


x-intercept: 
21 (2,0) 
8 


Solution: 2 


[ 


h(x) = —6x + 12 


FIGURE 2.28 


f(2013) = 


FIGURE 2,29 


2.2 Linear Equations 107 


Using the x-intercept method 
Solve —4x + 9 = 2(x — 2) + 1 by applying the x-intercept method. 


SOLUTION 
First, rewrite the equation in the form h(x) = 0. 


~4x +9 = 2(x-2) +1 it 
4x +9=2x-441 

—4x +9 =2x -3 

-6x + 12 =0 it 


Thus, h(x) = —6x + 12, Next, graph y = —6x + 12, as shown in FIGURE 2.28, 
There is one x-intercept: (2, 0), so the only solution to the given equation is 2. 


Numerical Solutions 


Sometimes it is also possible to find a numerical solution to an equation by using a 
table of values, When the solution is an integer or a convenient fraction, we can usu- 
ally find it by using the table feature on a graphing calculator. However, when the 
solution is a fraction with a repeating decimal representation or an irrational number, 
a numerical method gives only an approximate solution. The formula 


f(x) = —32.5(x — 2007) + 500 Ibums sold 


can be used to model U.S. music albums sold from 2007 to 2015, To determine when 
305 million albums were sold we could solve the linear equation 


—32,5(x — 2007) + 500 = 305 
for x by making a table of values for f(x), as shown in FIGURE 2.29. By scrolling 


through the x-values, we can see that album sales were 305 million in 2013, 


(GD Regardless of whether we use a symbolic, graphical, or numerical method to 
solve an equation, we should find the same solution set. However, answers may differ 
slightly because of rounding when using graphical or numerical techniques. 


A numerical technique is used in the next example, where a sequence of tables are 
generated to obtain an increasingly accurate answer. 


Solving an equation numerically 


Solve V3 (2x — mr) + by = 0 numerically to the nearest tenth. 


SOLUTION Make a table of values for y, = V3 (2x —m)+ 4, incrementing x, 
as shown in FIGURES 2.30-2.32 on the next page. The solution to y, = 0, lies between 
x-values where y, changes from negative to positive. This process shows that the 
solution is 1.4 (to the nearest tenth). Thus, y) ~ 0 when x = 1.4, 
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Increment x by 1 Increment x by 0.1 Increment x by 0.01 


To the nearest 
tenth, the solution 
is 1.4, 


1 

1. 
HF 
1. 
1. 
le 
1 


agawre 


y, =O between 1 and 2, J, = 0 between 1.4 and 1.5. yy =O between 1.43 and 1.44, 


FIGURE 2.30 FIGURE 2.31 FIGURE 2.32 


See the Concept: Symbolic, Graphical, and Numerical Solutions 


Linear equations can be solved symbolically, graphically, and numerically. Symbolic solutions to linear equations are always 
exact, whereas graphical and numerical solutions are sometimes approximate. The following example illustrates how to solve 
the equation 2x — 1 = 3 with each method. 


Symbolic Solution Graphical Solution Numerical Solution 
= Ws Graphs intersect 
ax-1=3 at (2,3). 
ax = 4 a ae ee | 
x=2 (2,3 
. Because 2x — 1 equals 3 when x = 2, 
Check: the solution to 2x — 1 = 3 is 2. 
2(2)-143 < 
3=3¢7 
It checks. 
The solution is 2. 


Percentages 


A percentage can be written either in percent form R% or in decimal form +. For 


example, the percent form of 15% can also be written in decimal form as 0.15, To 


change a percent form R% to a decimal form r we divided R by 100, That is, r = ik. 


bore AowtMl Writing percentages as decimals 


Write each percentage as a decimal. 
(a) 45% (b) 0.03% (c) 420% (d) -1.45% (e) 2% 


SOLUTION 

(a) Let R = 45. Then r = 7 = 0.45. 

(b) Let R = 0.03. Then r = 93 = 0.0003. 
(©) Let R = 420. Then r = 29 = 4,2. 


(ad) Let R = —1.45. Then ¢ = ake = —0.0145. A negative percentage generally 


corresponds to a quantity decreasing, rather than increasing. 
z 9 4 


3 
100 500 1000 


(©) Let R = 3. Then r 0.004. 


(XE) To divide by 100, move the decimal point two places to the /e/t. 
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In a similar manner a decimal form r can be changed to a percent form R% by 
using the formula R = 100r. For example, the decimal form 0.047 has the percent form 


R = 100r = 100(0.047) = 4.7%. 
In this calculation the decimal point is moved 2 places to the right. 


An Application Applications involving percentages often use linear functions and 
equations. For example, to calculate 35% of x, let f(x) = 0.35x. Then 35% of $150 is 
f(150) = 0.35(150) = 52.5, or $52.50. 


jai nomeel Solving an application involving percentages 


EXAMPLE 12 


A survey found that 76% of bicycle riders do not wear helmets. (Source: Opinion 

Research Corporation for Glaxo Wellcome, Inc.) 

(a) Find a formula f(x) for a function that computes the number of people who do 
not wear helmets among w bicycle riders. 

(b) There are approximately 38.7 million riders of all ages who do not wear helmets. 
Find the total number of bicycle riders. 


SOLUTION 
(a) A function f that computes 76% of x is given by f(x) = 0.76x. 
(b) We must find the x-value for which f(x) = 38.7 million, or solve the linear 


equation 0.76x = 38.7. Solving gives x = pee =~ 50.9 million bike riders. 


| Now "ry kxorc 


Solving for a Variable 


The circumference C of a circle is given by C = 2ar, where r is the radius, This equa- 
tion is solved for C. That is, given r, we can easily calculate C. For example, if r = 4, 
then C = 2a(4), or C = 82. However, if we are given C, then it is more work to 
calculate r. Solving the equation for makes it simpler to calculate r. 


C = 2ar Giver 


—e=r 


Qa 


The equation r = x is solved for r. Given C we can easily find r. 


Solving for a variable 


The area of a trapezoid with bases a and b and height / is given by A = shia +b), 
Solve this equation for b. 


SOLUTION 


Getting Started If we multiply each side by 2 and divide each side by /, the right side 
of the equation becomes a + b. Subtracting a from each side isolates b. 


A= sh(a +b) 
2A =h(ath) 


2A 
—H=ats 
h 

BB pe 

h : 

2A 


The equation b = 4 — a is solved for b. 
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| EXAMPLE: 


Probl 


em-Solving Strategies 


To become more proficient at solving problems, we need to establish a procedure to 
guide our thinking. The following steps may be helpful in solving application problems. 


STEP 1: 


| STEP 2 


STEP 3: 
| STEP 4: 


Read the problem and make sure you understand it, Assign a variable to 
what you are being asked to find, If necessary, write other quantities in 
terms of this variable. 


Write an equation that relates the quantities described in the problem. 
You may need to sketch a diagram and refer to known formulas, 


Solve the equation and determine the solution. 


Look back and check your solution, Does it seem reasonable? 


These steps are applied in the next four examples, 


Working together 


A large pump can empty a tank of gasoline in 5 hours, and a smaller pump can empty 
the same tank in 9 hours. If both pumps are used to empty the tank, how long will 


it take? 


SOLUTION 


STEP 1: 


STEP 2: 


STEP 3: 


STEP 4: 


We are asked to find the time it takes for both pumps to empty the tank, Let 
this time be ¢, 


t: Time to boas the tank 


In 1 bie the large pump will empty < h of the tank and the smaller pump will 
empty 9 | of the ri * fraction of the tank that they will only together in 
| hour is given byt 5+ L In 2 noite the large pump will empty § 2 of the tank 
and the smaller pump will empty § pale igen The fraction of the tank that 
they will empty together in 2 hours i is? +2. Sinilasy, | in ¢ hours the fraction 
of the tank that the two pumps can wry is 4 Cd £, Since the tank is empty 
when this fraction reaches 1, we must solve the following equation, 


t t 


staal 
5 9 : 
Multiply by the LCD, 45, to eliminate fractions. 

454 451 

— + — = 45 \tiy [ 

5 9 

9t + St = 45 i 
141 = 45 } 
45 
t= ‘a 3.21 


Working together, the two pumps can empty the tank in about 3.21 hours, 


This sounds reasonable, Working together the two pumps should be able to 
empty the tank faster than the large pump working alone (5 hours), but not 
twice as fast (2.5 hours), Note that a2t a aot = 1, 

| Now Try 
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EXAMPLE 14 Solving an application involving motion 


In | hour an athlete traveled 10.1 miles by running first at 8 miles per hour and then 
at 11 miles per hour. How long did the athlete run at each speed? 


SOLUTION 


STEP 1; Weare asked to find the time spent running at each speed. If we let x represent 
the time in hours spent running at 8 miles per hour, then | — x represents the 
time spent running at 11 miles per hour because the total running time was 
1 hour. 


x: Time spent running at 8 miles per hour 


1 


STEP 2: Distance d equals rate r times time /, that is, d = rf. In this example we 
have two rates (or speeds) and two times. Let r, = 8,72 = 11, 4) = x, and 
tf = 1—x. The total distance must sum to 10.1 miles. 


x: Time spent running at 11 miles per hour 


d= ryt) + role General equation 
10.1 = 8x + 11(1 — x) 
STEP 3: We can solve this equation symbolically. 
10.1 = 8x + 11 — 11x Distributi 


10.1 = 11 — 3x nbine lik 
3x = 0.9 Id ubtract 10.1 
x = 03 Divide | 


The athlete runs 0.3 hour (18 minutes) at 8 miles per hour and 0.7 hour 
(42 minutes) at 11 miles per hour. 


STEP 4: We can check this solution as follows. 
8(0.3) + 11(0.7) = 10.1 7 i ch 


This sounds reasonable. The runner’s average speed was 10.1 miles per hour, 
so the runner must have run a longer amount of time at 11 miles per hour 
than at 8 miles per hour. 


Geometry Review Similar triangles are often used in applications involving geometry and are used 
To review similar triangles, see to solve the next application. 
Chapter R (page R-5). 


> awigaewem Solving an application involving similar triangles 


A person 6 feet tall stands 17 feet from the base of a streetlight, as illustrated in 
FIGURE 2.33. If the person’s shadow is 8 feet, estimate the height of the streetlight. 


SOLUTION 


STEP 1: We are asked to find the height of the streetlight in FIGURE 2.33. Let x 
<—— 17 t—>|<-8 >| represent this height. 


FIGURE 2.33 x: Height of the streetlight 
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AS STEP 2: In FIGURE 2.34, triangle ACD is similar to triangle BCE. Thus ratios of 
corresponding sides are equal. 
a AD _ DC 
6S x _ 17+8 
pul I Ss cee 
17 E 8 6 8 
FIGURE 2,34 STEP 3: We can solve this equation symbolically. 
£5 
6 8 
— 6+ 25 
8 
x = 18,75 
The height of the streetlight is 18.75 feet. 

STEP 4: One way to check this answer is to form a different proportion. Note that x 
is to 17 + 8 in triangle ADC as 6 is to 8 in triangle BEC, If x = 18.75, then 
ae = § which is true, and our answer checks, 

Now 1 ry Exerci: 6.133 | 
EXAMPLE 16 | Mixing acid in chemistry 

mz Pure water is being added to 153 milliliters of a 30% solution of hydrochloric acid. 
4 How much water should be added to dilute the solution to a 13% mixture? 

) Jes + 193 mL 

| Ss Tt \\ 

| <|_153 mt SOLUTION 

\ ; STEP 1: We are asked to find the amount of water that should be added to 153 mil- 

| Acid liliters of 30% acid to make a 13% solution. Let this amount of water be equal 

| ~ to x, See FIGURE 2.35. 

i 

7 x: Amount of pure water to be added 

FIGURE 2,35 


x + 153: Final volume of 13% solution 


STEP 2: Since only water is added, the total amount of acid in the solution after the 
water is added must equal the amount of acid before the water is added. The 
volume of pure acid after the water is added equals 13°) of « + 153 mil- 
liliters, and the volume of pure acid before the water is added equals 31)’, of 
153 milliliters. We must solve the following equation. 


0.13(% + 153) = 0.30(153) Pu fer 


STEP 3: Begin by dividing each side by 0.13. 
0.13(x + 153) = 0.30(153) 


ok ps3 = 0300153) 
2 ~~" 0.13 i 
0.30(153) 
ae 
x ~ 200.08 


We should add about 200 milliliters of pure water. 
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STEP 4: Initially the solution contains 0.30(153) = 45.9 milliliters of pure acid. 
If we add 200 milliliters of water to the 153 milliliters, the final solution is 
353 milliliters, which includes 45.9 milliliters of pure acid. Its concentration 
is 82 ~ 0.13, or about 13%. 


Now Try Exercise 141 


rasa 2.2 | Putting It All Together | It All Together 


CONCEPT 
Linear equation 


Addition property 


Multiplication 
property 


Conditional equation 


Percentages 


Intersection-of-graphs 


method 


EXPLANATION 
A linear equation can be written as 
ax+b=0,a 40. 
a = b is equivalent to 
atc=bte 


x¥-7=25 
we PET = 254-7 Add 7 
x = 32 
a = b is equivalent to 
ac = be,c # 0. 


bx =4 
x= 4-2 
x=8 
2(5 +x) = 10 + 2x 
—(2-—x) =-1(2-x) =-2+x 


Multiply by 2 


a(b +c) = ab + ac 
a(b — c) = ab - ae 


An equation that is true for all 3(x — 2) =3x-6 
(meaningful) values of the variable de ae = Sx 
An equation that has no solutions x+5=x 

2x -—2x=7 


An equation that is satisfied by some, but 
not all, of the values of the variable 


2x-1=5 
2x = 6 Add 1. 


x=3 


R percent of x equals sx, where 4 is 35% of x is es 
the decimal form for R percent. by f(x) = jgp% or f(x) = 0.35x. 


To solve f(x) = g(x), graph y; = f(x) ig a 3. 
and y) = g(x). Find any points of getl=an- oe 
intersection. The solution set includes 

x-values of the points where the graph of 


y, intersects the graph of yy. 


Given equation 


Divide by 2 


Graph y,; = de +1landy, =3- By, 
The only solution is |. 


Intersection point: (1, 3) 


continued on next page 
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The x-intercept Write the equation as h(x) = 0, Graph 
method ¥, = h(x). Solutions correspond to the 
x-coordinates of the .x-intercepts. 


1 3 
sv+1=3-<y 
a 1=3 s 


Graph y; = by 1S (3 = 3x), The 
solution to »; = 0 is |. 


x-intercept: (1,0) | 


Symbolic Solution Graphical Solution 
So] = 3 [-9, 9, 1] by [-6, 6, 1] 
v= 4 


Graphs intersect 
(4) = 7 {ntersection at (0.8,3) 


at 
3 


In the table, y; = 3 when 
x= 0,8. 


The solution is 0.8. 


It checks, 


Concepts about Linear Equations 9. 2Vx+2=1 10. 443 -7=0 
1, ee solutions are there to ax + b = 0 with fice -4=3iy—8) 12, 2fe— 3) = 4 ~ 5x 
2. How many times does the graph of y = ax + b with Solving Linear Equations Symbolically 
a # 0 intersect the x-axis? Exercises 13-42: Solve the equation and check your answer. 
3. Apply the distributive property to 4 — (5 — 4x). 13, 2x - 8 = 0 14, 4x — 8 = 0 
4, What property is used to solve 15x = 5? 15. —Sx + 3 = 23 16, —9x — 3 = 24 
17. 6x = 4(x — 1) 18, —3x = —(x + 2) 


5, If f(x) = ax + b with a # 0, how are the zero of f 
and the x-coordinate of the x-intercept of the graph 19; =-2=3 — 5x 20. -9 = -1 + 8x 
of f related? 

21. 4(z- 8) =z 22, -3(2z — 1) = 2z 

6. Distinguish between a contradiction and an identity. 

23. —5(3 — 41) = 65 24, 6(5 — 31) = 66 
Identifying Linear and Nonlinear Equations 

25. k +8 = 5k —4 26. 2k -3=k+3 
Exercises 7-12; Determine whether the equation is linear 
or nonlinear by trying to write it in the form ax + b = 0. 27. 2(1 — 3x) + 1 = 3x 


1 3x- 1557 8. 100 — 23x = 20x 28, 5(x — 2) = -2(1 — x) 


29, —5(3 — 2x) — (1 — x) = 4(x — 3) 


30. =(S — x) — (x — 2) = Te -— 2 

31. -4(Sx — 1) = 8 — (x + 2) 

32, 6(3 - 2x) = 1 - (2x - 1) 

33, fn +2 = 4 34. & - an = fn 
35, }(d - 3) - 3(d - 5) =H 


J 
2 
36, 4(2d — 1) - 2(4 = 3d) = 3d 


Ces Bode _ 5 

3a 3 + 5) 4720 x) 
3x = | 2x 

38, 2 = 3 


39. O.lz — 0.05 = —0,072 

40, Iz — 2.5 = 0.3(z — 2) 

41, 0,15¢ + 0,85(100 — 1) = 0.45(100) 
42. 0.35¢ + 0.65(10 — 1) = 0.55(10) 


Exercises 43-52; Complete the following. 


(a) Solve the equation symbolically. 
(b) Classify the equation as a contradiction, an identity, 
or a conditional equation, 


43, Sy -1 = Sv +4 

(3 - 4z) -z 
45, 3(x - 1) = 5 
47, 0.5(x — 2) +5 


44, 7-92 = 
46, 22 = —2(2x + 1.4) 
0.5x + 4 


i] 


48, 4x — 2(y— 1) = —v +2 


+1 Ww 
49, ae 50, ania i 
1 = 


52. 0.5(3x — 1) + 05x = 2x — 0.5 


Solving Linear Equations Graphically 
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Exercises 55-58; Use the graph of y = f(x) to solve each 
equation. 


(a) f(x) =—-1 (b) f(x) = 9 (e) f(x) = 2 


55. y 56, » 


Exercises 59-66: Use the intersection-of-graphs method to 
solve the equation. Then solve symbolically. 


59. x +4=1- 2x 60, 2x = 3x - 1 
61,.x=4-y% 62. 3 — x = 2x 
63, —x + 4 = 3x 64.1-2x=x+4 
65,2(v-1)-2=x 66, -(x+1)-2= 2x 


Exercises 67-74; Solve the linear equation with the 
x-intercept method. Check your answer, Approximate the 
solution to the nearest thousandth whenever appropriate. 


68, -1 —ir=0 


67, 2x -4=0 
69, 2x = —(3 - x) 70, 3x = —(x — 4) 
71, —2(3 — 2x) = 4x = (1 = 2) 
72. x — 3(x — 4) = -(-3 - x) 


6-x_ 2x-3 


73. 7 5 


Exercises 53 and 54. A linear equation is solved by using the 
intersection-of-graphs method. Find the solution by inter- 
preting the graph, Assume that the solution is an integer. 


a7. a(x - V2) = 1.07x ~ 6 


Solving Linear Equations Numerically 


Exercises 75-82: Use tables to solve the equation numeri- 
cally to the nearest tenth, 


18). 245 1S] 


76. 1- 6x =7 


Ts; 28 ToS 78, 5.8x — 8.7 = 14,5 
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79. V2(4x - 1) + mx =0 

fg 80. (0.3 — 2) + V2x = 0 
g8l. 0.5 ~ 0.1(V2 - 3x) =0 
82. V5 — (4 + 0.3x) = 0 


Solving Linear Equations by More 
Than One Method 


Exercises 83-90; Solve the equation (to the nearest tenth) 


(a) symbolically, 

(b) graphically, and 
(c) numerically. 

83. 5- (x +1) =3 


84, 7— (32x) =1 

85. x -3=2vt+ 1 

86. 3(x — 1) = 2x1 

87. 6x — 8 = -7x + 18 

88, 5 — 8x = 3(x — 7) + 37 
fg 89. V3(2 - mx) +x=0 
fg. 3(m- x) + V2 =0 


Percentages 
Exercises 91-94: Write each percentage in decimal form. 
91, (a) 35% = (b) —0.07% + (c) 721% (d) am 


92. (a) 95%  (b) 0.321% (ce) -175% (a) on 


93. (a) -5.5% (b) 1.54% (©) 120% @) =% 
94, (a) —4.7% (b) —0.01% (©) 500% (a) a% 


Exercises 95-98: Write each decimal form in percent form. 


95. (a) 0.37 (b) -0.095 (ce) 1.9 (a) a 
96. (a) 0.97 (b) 0.04  (c) 10 (a) a 
97, (a) -0.121 (b) 1.4 (©) 32 (a) -— 
98, (a) 0.001 (b) 12 (c) 1.01 (@) 4 


Solving for a Variable 
Exercises 99-108: Solve the given equation for the specified 
variable, 
99. A= LW for W 
100. E=JR+2 for R 
101, P=2L+2W for L 
102, V = 2arh + mr for h 
103. S=2LW+2WH+2LH for H 
104, A =4bh for h 
105. 3x + 2y =8 for yp 
106. 5x — 4y = 20 for y 
107, y= 3(x-2) +n for x 
108. y=4- (8- 2x) for x 
Exercises 109-114: The equation of a line is written in 
standard form. 
(a) Solve the equation for y. 
(b) Write a formula f(x) for a function whose graph is the 
given line. 


109, 2x +y =8 110, 3x — yp = 5 


111, 2v-4y = -1 112, 7x + 3y = -4 


113. —9x + 8y = 9 114, —2x — 6y = 3 


Applications 


115. Income The U.S. per capita (per person) income 
can be modeled by 
f(x) = 1550(x — 2011) + 50,000, 
where x is the year, Determine the year when the per 
capita income might be $62,400, (Source: Bureau of 
the Census.) 


116, Tuition and Fees Tuition and fees x years after 
2000 at private colleges can be modeled by 


f(x) = 1080x + 16,200, 


Use f(x) to determine when tuition and fees might 
reach $37,800, 


117. Vinyl and CD Sales During the 1980s, sales of com- 
pact discs surpassed vinyl record sales. From 1985 to 
1990, sales of compact discs in millions can be mod- 
eled by the formula f(x) = 51.6(x — 1985) + 9.1, 
whereas sales of vinyl LP records in millions can 
be modeled by g(.v) = —31.9 (x — 1985) + 167.7. 
Approximate the year x when sales of LP records 
and compact discs were equal. (Source: Recording 
Industry Association of America.) 
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118. Median Age The median age A in the United States & 127. Airplane Speed An airplane travels against the 


119, 


120, 


121, 


122. 


123, 


124, 


125, 


126, 


during year x, where 2000 = x S 2050, is projected 
to be 


A(x) = 0.07% — 104.7. 


Use A (x) to estimate when the median age may reach 
37 years, (Source: Bureau of the Census.) 


Window Dimensions A rectangular window has a 
length that is 18 inches more than its width. If 
its perimeter is 180 inches, find its dimensions. 


Population Density In 2000 the population density 
of the United States was 80 people per square mile, 
and in 2011 it was 88 people per square mile. Use a 
linear function to estimate when the U.S. popula- 
tion density reached 91 people per square mile. 


Sale Price A store is discounting all regularly priced 
merchandise by 25%, Find a function f that com- 
putes the sale price of an item having a regular price 
of x. If an item normally costs $56.24, what is its 
sale price? 


Sale Price Continuing Exercise 121, use f to find 
the regular price of an item that costs $19.62 on 
sale, 


Skin Cancer Approximately 4.3% of all cancer 

cases diagnosed in 2016 were melanoma. (Source: 

American Cancer Society.) 

(a) If x cases of cancer were diagnosed, how many 
of these were melanoma? 


(b) There were a total of 73,000 cases of melanoma 
diagnosed in 2016. Find the total number of can- 
cer cases in 2016. 


Grades In order to receive an A in a college course 
it is necessary to obtain an average of 90% correct 
on three 1-hour exams of 100 points each and on 
one final exam of 200 points. If a student scores 82, 
88, and 91 on the !-hour exams, what is the mini- 
mum score that the person can receive on the final 
exam and still earn an A? 


Working Together Suppose that a lawn can be 

raked by one gardener in 3 hours and by a second 

gardener in 5 hours. 

(a) Mentally estimate how long it will take the two 
gardeners to rake the lawn working together. 


(b) Solve part (a) symbolically. 


Pumping Water Suppose that a large pump can 
empty a swimming pool in 50 hours and a small 
pump can empty the pool in 80 hours. How long will 
it take to empty the pool if both pumps are used? 


128. 


129. 


130. 


131 


132 


133 


wind for 4 hours to reach its destination. The same 
trip traveling with the wind takes 3 hours. If the 
wind speed is 30 miles per hour and the speed of the 
airplane is constant, find the speed of the airplane 
without any wind. 


Boat Speed A boat travels upstream for 30 min- 
utes to reach a swimming beach. The same trip 
traveling downstream takes 20 minutes. If the 
current is 4 miles per hour and the speed of the 
boat is constant, find the boat speed without any 
current. 


Motion A car went 372 miles in 6 hours, traveling part 
of the time at 55 miles per hour and part of the time at 
70 miles per hour. How long did the car travel at each 
speed? 


Mixing Candy Two types of candy sell for $2.50 
per pound and $4,00 per pound. A store clerk is try- 
ing to make a 5-pound mixture worth $17.60. How 
much of each type of candy should be included in the 
mixture? 


Running At 2:00 p.m. a runner heads north on a 
highway, jogging at 10 miles per hour. At 2:30 P.M. 
a driver heads north on the same highway to pick 
up the runner, If the car travels at 55 miles per hour, 
how long will it take the driver to catch the runner? 


Investments A total of $5000 was invested in two 
accounts. One pays 5% annual interest, and the 
second pays 7% annual interest. If the first-year 
interest is $325, how much was invested in each 
account? 


Height of a Tree In the accompanying figure, a per- 
son 5 feet tall casts a shadow 4 feet long, A nearby 
tree casts a shadow 33 feet long. Find the height of 
the tree by solving a linear equation. 
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138, 


139, 


140, 


141 


142, 
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Shadow Length A person 66 inches tall is stand- 
ing 15 feet from a streetlight. If the person casts a 
shadow 84 inches long, how tall is the streetlight? 


. Conical Water Tank A water tank in the shape of 


an inverted cone has a height of 11 feet and a radius 
of 3.5 feet, as illustrated in the figure. If the volume 


of the cone is V = hmrh, find the volume of the 


water in the tank when the water is 7 feet deep. 
(Hint: Consider using similar triangles.) 


Dimension of a Cone (Refer to Exercise 135.) A 
conical water tank holds 100 cubic feet of water and 
has a diameter of 6 feet. Estimate its height to the 
nearest tenth of a foot. 


Saline Solution Determine how much water should 
be added to 2 liters of 4% saline solution to reduce 
the concentration to 3%, 


Mixing Acid Determine how much pure acid 
should be mixed with 2 liters of 25% acid to increase 
the concentration to 60%, 


Running Speed In 1.25 hours an athlete travels 
12 miles by first running at 12 miles per hour and then 
at 8 miles per hour, How many minutes did the athlete 
run at each speed? 


Car Speed In 3 hours and 15 minutes a driver travels 
210 miles by first traveling at 60 miles per hour and 
then 80 miles per hour, How many hours did the driver 
travel at each speed? 


Chemistry Determine how much pure water should 
be mixed with 5 liters of a 40% solution of sulfu- 
ric acid to make a 15% solution of sulfuric acid, 


Mixing Antifreeze A radiator holds 5 gallons of 
fluid. If it is full with a 15% solution, how much fluid 
should be drained and replaced with a 65% anti- 
freeze mixture to result in a 40% antifreeze mixture? 


Online Shopping In 2011 online sales were $192 
billion, and in 2014 they were $249 billion. (Source: 
Forrestor Forecast.) 


144, 


145, 


146, 


&) 147. 


148, 


(a) Find a linear function S that models these data. 
Write S (x) in slope-intercept form, 


(b) Interpret the slope of the graph of S. 
(c) Determine when online sales were $230 billion, 


Geometry A 174-foot-long fence is being placed 
around the perimeter of a rectangular swimming 
pool that has a 3-foot-wide sidewalk around it. The 
actual swimming pool without the sidewalk is twice 
as long as it is wide. Find the dimensions of the pool 
without the sidewalk, 


Temperature Scales The Celsius C and Fahrenheit 
F scales are related by C = BUF — 32). These scales 


have the same temperature reading at a unique 
value where F = C, Find this temperature. 


Business A company manufactures DVDs. The 
master disc costs $2000 to produce and copies cost 
$0.45 each. If a company spent $2990 producing 
DVDs, how many copies did the company manu- 
facture? 


Two-Cycle Engines Older two-cycle engines, used 
in snowmobiles, chain saws, and outboard motors, 
require a mixture of gasoline and oil, For certain 
engines the amount of oil in pints that should 
be added to x gallons of gasoline is computed 
by f(x) = 0.16x, (Source: Johnson Outboard Motor 
Company.) 

(a) Why is it reasonable to expect f to be linear? 


(b) Evaluate f(3) and interpret the answer. 


(c) How much gasoline should be mixed with 
2 pints of oil? 


Perimeter Find the length of the longest side of the 
rectangle if its perimeter is 25 feet. 


Sy-1 


Modeling Data with Linear Functions 


Exercises 149 and 150; Critical Thinking The following 
data can be modeled by a linear function. Estimate the 
value of x when y = 2,99, 


149, 


4 | 6 
1.23 | 1.95 


x 2 8 
y | 0.51 2.67 


Writing about Mathematics 


151. Describe a basic graphical method used to solve a 


linear equation. Give an example. 


152, Describe verbally how to solve ax + b = 0. What 


assumptions have you made about the value of a? 


einai and Discovery Exercises 


& 1, Geometry Suppose that two rectangles are similar 


4 


> 


43 


and the sides of the first rectangle are twice as long 

as the corresponding sides of the second rectangle. 

(a) Is the perimeter of the first rectangle twice the 
perimeter of the second rectangle? Explain. 


(b) Is the area of the first rectangle twice the area 
of the second rectangle? Explain. 


Geometry Repeat the previous exercise for an 
equilateral triangle. Try to make a generalization. 
(Hint: The area of an equilateral triangle is 


A= 3,2 , Where x is the length of a side.) What 


will happen to the circumference of a circle if the 
radius is doubled? What will happen to its area? 


Indoor Air Pollution Formaldehyde is an indoor 
air pollutant formerly found in plywood, foam 
insulation, and carpeting. When concentrations in 
the air reach 33 micrograms per cubic foot (ug/ft?), 
eye irritation can occur. One square foot of new 
plywood could emit 140 wg per hour. (Source: A. 
Hines, Indoor Air Quality & Control.) 
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(a) A room has 100 square feet of new plywood 
flooring. Find a linear function f that computes 
the amount of formaldehyde in micrograms 
that could be emitted in x hours. 


(b) The room contains 800 cubic feet of air and has 
no ventilation. Determine how long it would 
take for concentrations to reach 33 yg/ft*. 


4, Temperature and Volume The table shows the 


relationship between the temperature of a sample of 
helium and its volume. 


Temperature °C)| 0 | 25 75 


Volume (in3) 32.7 | 35.4 | 38.1 | 40.8 


Qn 


B (a) Make a scatterplot of the data. 


+5, 


(b) Write a formula for a function f that receives 
the temperature x as input and outputs the vol- 
ume y of the helium. 


(©) 
Cl 


Find the volume when the temperature is 65°C. 


S 


Find the temperature if the volume is 25 cubic 
inches, Did your answer involve interpolation 
or extrapolation? Do you believe that your 
answer is accurate? 


A Puzzle Three people leave for a city 15 miles 
away. The first person walks 4 miles per hour, and 
the other two people ride in a car that travels 28 
miles per hour. After some time, the second person 
gets out of the car and walks 4 miles per hour to the 
city while the driver goes back and picks up the first 
person. The driver takes the first person to the city. 
Tf all three people arrive in the city at the same time, 
how far did each person walk? 


CHECKING BASIC CONCEPTS FOR SECTIONS 2.1 AND 2.2 


1. 


2. 


3. 


Find an equation of the line passing through the 
points (—3, 4) and (5, —2). Give equations of lines 
that are parallel and perpendicular to this line. 


Find equations of horizontal and vertical lines that 
pass through the point (—4, 7). 


Write the slope-intercept form of the line. 


4. Find the x- and y-intercepts of the graph of the 


5. Solve 5x + 2 = 2x - 


equation —3x + 2y = —18. 


3 and check your answer. 


6. none ca ea tad 


7. Solve the linear equation 4(x — 2) = 2(5 — 


(a) 38 P+ 2= 3 

(b) —4.1x + 5.45 = 1.05(5 — 2x) 

x)= 3 
by using each method. Compare your results. 

(a) Graphical 

(b) Numerical 


(c) Symbolic 


120 CHAPTER 2 Linear Functions and Equations 


EBB tincarmequativies 


= Understand basic 
terminology related to 
inequalities 

= Solve linear inequalities 
symbolically 

« Solve linear inequalities 
graphically and 
numerically 


» Solve compound 
inequalities 


Introduction 


Twitter cofounder Jack Dorsey started another company called Square, Square 
is a payment startup that allows businesses to swipe credit cards on their iPhones 
and Android devices, During a 12-month period from March 2011 to March 2012, 
Square’s daily payment volume grew from $1 million to $11 million. In Example 3 
we make estimations about this growth by using linear inequalities, 

(Source; Business Insider.) 


Inequalities 


Basic Terminology About Inequalities Inequalities result whenever the equals 
sign in an equation is replaced with any one of the symbols <, =, >, or =. 


Inequalities with Zero, One, and Two Variables 
¥ +15. < 9x = 1, x? = 2x +1 2x, z+5 0, 


ra J 9) 3 . P 
One variable | 4 Py be and a+ 3 I 


Two variables | No variables | 


We will concentrate on inequalities with one variable. 

To solye an inequality means to find all values for the variable that make the 
inequality a true statement. Such values are solutions, and the set of all solutions is 
the solution set to the inequality, Two inequalities are equivalent if they have the same 
solution set. It is common for an inequality to have infinitely many solutions, For 
instance, the inequality x — 1 > 0 has infinitely many solutions because any real 
number x satisfying x > | is a solution. The solution set is {x| > 1}, or (1, 2) 
in interval notation. 

Like functions and equations, inequalities in one variable can be classified as 
linear ov nonlinear. 


| A linear inequality in one variable is an inequality that can be written in the form 
ax+b>0, 


] 
| where a # 0. (The symbol > may be replaced by =, <, or S.) 


The following are examples of linear inequalities in one variable. 


Linear Inequalities 
3x - 4 0, Wt sh = x% x +6 > 23, et? =—3xi £6 


Using techniques from algebra, we can transform these inequalities into one of 
the forms ax + b>0, axnt+b2=0, ax+b<0, or ax +b S50. For exam- 
ple, by subtracting x from each side of 7x + 5 = x, we obtain the equivalent inequal- 
ity 6x + 5 = 0. If an inequality is not a linear inequality, it is a nonlinear inequality. 
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Let a, b, and c be real numbers. 


l.a<banda+c<b+ care equivalent. 
(The same number may be added to or subtracted from each side of an 
inequality.) 
2. If ¢ > 0, then a < band ac < be are equivalent. 
(Each side of an inequality may be multiplied or divided by the same positive 
number.) 
3. Ife < 0, then a < band ac > bc are equivalent. 
(Each side of an inequality may be multiplied or divided by the same negative 
number provided the inequality symbol is reversed.) 
Replacing < with < and > with = results in similar properties. 


The following examples illustrate each property. 


Property 1: To solve x — 5 < 6, add S to each side to obtain x < 11. 

Property 2: To solve 5x < 10, divide each side by 5 to obtain v < 2. 

Property 3: To solve —Sx < 10, divide each side by —S to obtain x > —2. 
(Whenever you multiply or divide an inequality by a negative number, 
reverse the inequality symbol.) 


MAKING CONNECTIONS 


Linear Functions, Equations, and Inequalities These concepts are closely related. 


f(x) = ax + b Linear function (< 
ax +h=0,a40 Linear equation 
ax +bhb>0,a#40 


Review of Interval Notation In the previous chapter, interval notation was intro- 
duced as an efficient way to express intervals on the real number line. For example, the 
interval 3 = x = 5 is written as [3,5], whereas the interval 3 < x < 5 is written as 
(3, 5). A bracket, | or ], is used when an endpoint is included, and a parenthesis, (or), 
is used when an endpoint is not included. The interval x = 2 is written as (2, 0), 
where © denotes infinity, and the interval x < 2 is written as (—%, 2), In addition, 
the inequality x # 5 can be written as (—», 5) U (5, #). 


Symbolic Solutions In the next example we solve linear inequalities symbolically 
and express the solution set in both set-builder and interval notation. 


jyeWidhowe Solving linear inequalities symbolically 


Solve each inequality. Write the solution set in set-builder and interval notation. 


x + 
(a) 2x-3< ae 


(b) —3(42 — 4) = 4- (2-1) 
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SOLUTION 
(a) Use Property 3 by multiplying each side by —3 to clear fractions. 
gD 
axa 3< ee Given inequality 
=§ 
x 2) Property 3: Multiply by -3 and 
-3(2x — 3) > (2 ; ) eS Ne | 
= reverse the inequality symbol 
Reverse < to > when 
multiplying by a -6x+9>x+2 Distributive property; simplify 
negative number. 
- ——— D> Ix+2 Property 1; Add 6 
71> 7x Property 1: Add —2 (or subtract 2) 
1>y7 


Property 2: Divide by 7 


The solution set is {x |] < 1}, and in interval notation it is written as (—2, 1), 
(b) Begin by applying the distributive property. 


“$(de = 4) = 4= G1)” Given Hhequallty 
—2e+ 1224-241 Distributive property 
-12z + 12 = —-24+ 5 implify 

122 + a $= 12 


-Ilz=-7 Simplify 
Reverse = to = when 
dividing by a negative ih Property 3; Divide by —11 and reverse 
number, 2 TL inequality symbol 


The solution set is {z|z < a} , and in interval notation it is (-«, GJ. 


Now Try Exercises 21 and 23) 


Intersection-of Graphs Method The intersections-of-graphs method can be extended 
to solve inequalities. The following See the Concept shows the percentages of college 
degrees conferred to females F and to males M. (Source: Bureau of Labor Statistics.) 


See the Concept: Solving an Inequality Graphically 


College Degrees Conferred, 1975-2017 (Female and Male) 
y @® In 1982 half, or 50%, of all college degrees 


| #y conferred were given to females, 
A} y= FQ) © There are more female graduates than 
| § eo ! male graduates after 1982. 
3 | ae | 
| ‘35 91982, 50) © F(x)is above M(x). | @ F(x) > M(x) when 1982 < x = 2017. 
& [os = ee ~ A 
| 40 ! ~ 
| 8 ! y = M(x) 
& 30 ' x-values where Female Male 
Ly 1 a | F(x) > M(x) graduates graduates 
0 jf} —+A +44» es - - 


1980 1990 2000 2010 —~ 
Year 


EXAMPLE 3 
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The preceding See the Concept illustrates how we can solve the inequality 
F(x) > M(x) graphically. This graphical technique is used in the next example, 


Solving a linear inequality graphically 


Graph y, = hy +2 and y, = 2x — 1 by hand. Use the graph to solve the linear 
inequality hy #2>2x—1, 


SOLUTION The graphs of y, = by + 2and y) = 2x — | are shown in FIGURE 2.36, 


The graphs intersect at the point (2, 3). The graph of », = ty + 2 is above 
the graph of », = 2x — 1 to the left of the point of intersection, or when x < 2. 


Thus the solution set to the inequality by +2>2x- Lis {x|x <2}, or (—%, 2). 


~ y, is above y, to 
“TP the left of x = 2. 
FIGURE 2.36 


An Application In the next example we use graphical and symbolic techniques 
to analyze the growth of the payment processing company Square, which is dis- 
cussed in the introduction to this section. 


Analyzing the growth of square 


The daily payment processing volume for the company Square grew from $1 million 

in March 2011 to $11 million in March 2012. Its growth was approximately linear. 

(a) Write a formula S(x) for a linear function that models this growth in mil- 
lions of dollars, where x represents months after March 2011. Assume that 
0 = x S 12 and x = 0 corresponds to March 2011. 

(b) Determine symbolically and graphically when Square’s daily payment processing 


volume was $8.5 million or less, 
$ Month; 0 


Payments: $1 million 


SOLUTION 
(a) The graph of S must pass through the point (0,1) and (12, 11), The slope of 
this graph is he 
Month: 12 
2 ae Payments $11 lion, 
12-0 12 6 : — 


The graph passes through (0, 1), so the y-intercept is 1, Thus S(x) = ax +1. 


n= 
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(b) Symbolic Solution Wemust determine when §(°) < 8.5, where S(x) =~ + |, 
1=8.5 L oO ) 
, } 5 
Nine (or less) months | Se 75 btract | from 
after March 2011 6 
x=s9 lultip! id 2 or 1.2 


The daily payment processing volume for Square was $8.5 million or less from 
March 2011 to December 2011. (Note that x = 0 corresponds to March 2011.) 


Graphical Solution Fora graphical solution to bx + 1 S 8.5, see FIGURE 2.37. 


Daily Volume for Square 


y 
> 10 
Z| m=85 (9,85) 
a 
# 
2 6 / 
F : The graph of y, is below y, 
a4 A from x = 0 to x = 9, The 
ia is ! solutions satisfy 0 = x = 9, 
a 
a 

0 2 4 6 8 10 

Months after March 2011 

FIGURE 2.37 


| Now Try Exorcint 99 | 


x-Intercept Method Ifa linear inequality can be written as y; > 0, where > may 
be replaced by =, =, or <, then we can solve this inequality by using the x-intercept 
method. To apply this method for y; > 0, graph y, and find the x-intercept, The 
solution set includes x-values where the graph of y, is above the x-axis, 


EXAMPLE 4| Applying the x-intercept method 


Solve the inequality 1 — x > hy — 2 by using the x-intercept method. Write the 


solution set in set-builder and interval notation. 


SOLUTION 
Graphing by Hand First, use properties of inequalities to rewrite the given inequality 
so that 0 is on the right side. 


1 
I—x>5x—2 Given inequ 


I-x-fr42>0 


3 
3-570 


Next, graph py; = 3 — dy and locate the x-intercept (2, 0). From FIGURE 2.38(a), 
¥1 > Owhen x < 2 and the solution set is {x|x < 2}, or (—%, 2). 
Graphing with a Calculator With a calculator graph y, = 1 — x — 5x + 2 without 


simplifying further, as shown in FIGURE 2.38(b). The calculator can locate the zero 
of 2, and shows that y, > 0 to the left of x = 2. 
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x-Intercept Method 


is 


Graph is above x-axis 
(y, > 0) left ofx = 2. 


pa A 


[-6, 6,1] by [-4,4, 1] 


x 


x-intercept: (2,0) | 


Solution se: (—, 2) || 
tf 


FIGURE 2.38(a) FIGURE 2.38(b) 


Now Try Exercise 67 


Equations and Inequalities In mathematics a lot of time is spent solving equations 
and determining equality. One reason is that equality is frequently a boundary 
between greater than and less than. The solution set to an inequality often can be 
found by first locating where two expressions are equal. Since equality and inequal- 
ity are closely connected, many of the techniques used to solve equations can also 
be applied to inequalities, 


Visualizing Solutions We can visualize the solution set to the linear inequality 
ax + b > 0 with a 4 0, as shown in the following See the Concept. (The inequality 
ax + b < 0can be solved similarly.) 


(EE) In the xy-plane, y > 0 when a graph is above the x-axis, and y < 0 when a 
graph is below the x-axis. 


See the Concept: Graphically Solving ax + b > 0 


] ] @ The line intersects the x-axis 
, | y at x = k. Thusax + b=0 
| when x = k, where k is the 
boundary between greater than 


ysax+b,a<0 and less than. 


} 
yrax+b,a>0 


@ Greater than | 


\ 


© Greater than 


/ nate ~ "| | 


® The line is above the x-axis 
(y > 0) when x > k. Thus 
| ax + b > Owhen x > k. 


© Equality @ The line is above the x-axis 
| (y > 0) when x < k, Thus 


ax + b > Owhen x <k. 


Numerical Solutions Suppose that it costs a company 5x + 200 dollars to pro- 
duce x earbuds and the company receives 15. dollars for selling x earbuds. Then the 
profit P from selling x earbuds is P = 15» — (Sx + 200) = 10x — 200. A value of 
x = 20 results in P = 0, and so x = 20 is called the boundary number because selling 
20 earbuds represents the boundary between making money and losing money, the 
break-even point. To make money, the profit P must be positive. That is, 


10x — 200 > 0. 
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The table of values for y; = 10x — 200 in TABLE 2.3 shows the boundary number 
xX = 20 along with several test values. The test values of x = 17, 18, and 19 result ina 
loss. The test values of x = 21, 22, and 23 result in a profit. Therefore the solution 
set to 10x — 200 > Ois {x|x > 20}, or (20, ©), 


Profit from Sales 


—— = 
boss pj ose than 0 
TABLE 2.3 


Greater than 0 
Boundary number 


Profit | 


Solving a linear inequality with test values 


Solve 3(6 — x) + 5 — 2x < 0 numerically, 


SOLUTION Make a table of », = 3(6 — x) + 5 — 2x as shown in FIGURE 2.39, 
The boundary number for this inequality lies between . = 4 and x = 5, Changing 
the increment from | to 0.1 in FIGURE 2.40 shows that the boundary number for the 
inequality is x = 4.6, The test values of x = 4.7, 4.8, and 4.9 indicate that when 
x > 4.6, the inequality »; < 0 is true, The solution set to 3(6 — x) + 5 — 2x < Ois 
{x|x > 4.6}, or (4.6,). 


Incrementing x by 1 Incrementing x by 0,1 


Greater 
than 0 


Greater 
than 0 


Less 
than 0 


| Less 
than 0 


FIGURE 2.39 FIGURE 2.40 


See the Concept: Symbolic, Graphical, and Numerical Solutions 


Each method is used to solve the inequality 3 — (x + 2) <0. 


Symbolic Solution 
3- (x +2) <0 
=(eek 2) < S39 
2S 8 
Fo | 


Graphical Solution Numerical Solution 


| Greater 
| than oO 


Equals 0 
Less 
thano 


The values of 3 — (x + 2) are 
less than 0 when x > 1. 


The graph of y = 3 — (x + 2) is 
below the x-axis when x > 1. 


EXAMPLE 7) 
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Compound Inequalities 


Sometimes a variable must satisfy two inequalities. For example, on a freeway there may 
be a minimum speed limit of 40 miles per hour and a maximum speed limit of 70 miles per 
hour. If x represents the speed of a vehicle, then x must satisfy the compound inequality 


x=40 and x=70., 


A compound inequality occurs when two inequalities are connected by the word and or 
or. When the word and connects two inequalities, the two inequalities can sometimes 
be written as a three-part inequality. For example, the previous compound inequality 


may be written as the three-part inequality 
x is between or 
40 < x < 70.— ___ equal to 40 and 70. 


Compound inequalities involving the word or are discussed in the next section. 
Solving a three-part inequality symbolically 
Solve the inequality. Write the solution set in set-builder and interval notation, 


(=) 45 5x+1<21 1. 2-8 = 


SOLUTION 
(a) Use properties of inequalities to isolate x in the three-part inequality. 


—-4s5y+1<21 Given inequalit 
-5 = 5x < 20 | ) each: part 
-lsx<4 Divide each part by 5 


The solution set is {x|-1 = x < 4}, or [-1,4). 
(b) Begin by multiplying each part by 4 to clear fractions and isolate ¢. 


1 1 — 27 
Dig < siven inequal 
c a. 
2<1-2<8 Multi ch part b 
1<-2t<7 | to each part 
fll are, ae 
2 2 —— 
apace | 
2 5) Rewrite the inequ 

The solution set is {¢|-3 < 1 < 1} ot ( q i). 


(VT In Example 6, itis correct to write a three-part inequality as either -4 >1> -4 


or -} <t< 5. However, we usually write the smaller number on the left side and 


the larger number on the right side. 


Three-part inequalities occur in many applications and can often be solved sym- 
bolically and graphically. This is demonstrated in the next example. 


Modeling sunset times 


In Boston, on the 82nd day (March 22) the sun sets at 7:00 p.M., and on the 136th day 
(May 15) the sun sets at 8:00 p.m. Use a linear function S to estimate the days when 
the sun sets between 7:15 P.M. and 7:45 P.M., inclusive. Do not consider any days of 
the year after May 15. (Source: R. Thomas, The Old Farmer's 2012 Almanac.) 
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[80, 150, 10] by (6.5, 8.5, 1] 


y 
Intersection 
X=95.5,  . Y=7.25 


FIGURE 2.41 


[80, 150, 10] by (6.5, 8.5, 1] 


yy 


Intersection 
X=122,5 . Y=7.75 


FIGURE 2.42 


SOLUTION 
Getting Started First find a linear function S whose graph passes through the points 
(82,7) and (136,8). Then solve the compound inequality 7.25 < S(x) S 7.75. 
Note that 7.25 hours past noon corresponds to 7:15 p.m. and 7.75 hours past noon 
corresponds to 7:45 P.M, P 


Symbolic Solution The slope of the line passing through (82,7) and (136, 8) is 
given by tas = x. The point-slope form of the line passing through (82, 7) with 


slope 7 is 


S(x) == (x — 82) +7. Point-slope form 
Now solve the following compound inequality. 


1 
7.25 Soa (x =(§2) +7 8°75 Given i 


025 = Z(x~ 82) $0.75 ubtract 7 from each part 


13,5 < x — 82 < 40.5 \ultiply each part by 54 
95.5 <x < 122.5 ait Hat 


If we round 95,5 and 122.5 up to 96 and 123, then this model predicts that the sun sets 
between 7:15 P.M. and 7:45 p.m. from the 96th day (April 5) to the 123rd day (May 2). 
(Note that the actual days are April 5 and May 1.) 


Graphical Solution Graph y, = 7.25, y2 = a(x — 82) + 7, and y3 = 7.75 and 


determine their points of intersection, (95.5, 7.25) and (122.5, 7.75), as shown 
in FIGURES 2.41 and 2.42, The graph of y is between the graphs of », and y3 for 
95.5 Sy S 122.5, This agrees with the symbolic solution, A different graph showing 
this solution appears in FIGURE 2.43, 


Modeling Sunset Times in Boston 


3 
a 
rt ar} When the red line is between 
g 
& (122.5, 7.75). the blue and green lines, the 
Fi Ht sunset times are between 
8 7:15 P.M. and 7:45 P.M. 
a - = a 
fit | i x 
90 110 130 150 
Day of the year 
FIGURE 2.43 


Now Try 


Solving inequalities symbolically 
Solve the linear inequalities symbolically. Express the solution set using interval 
notation. 


(a) ae bse (b) -3<*tites (©) 5(x — 6) < 2x — 2(1 - x) 
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SOLUTION 
(a) Simplify the inequality as follows. 


x 
ay +3 Given inequality 
Reverse the inequality x 7 
when multiplying by a ay s2 Add —1, or subtract 1 
negative number. 
x2 —-4 Multiply by —2 


In interval notation the solution set is [—4, »). 
(b) The parts of this compound inequality can be solved simultaneously. 


-8< ae =5 Given inequality 
-16<3x-1= 10 Multiply by 2 
=15 = 30s: 11 Add 1 

a ee 4 Divide by 3. 


The solution set is (-s, al : 
(c) Start by applying the distributive property to each side of the inequality. 


Si 6) < 25 = a1 —) Given inequality 
54> 30. < 2x = 2+ 2x. Distributive property 
5x — 30 < 4x — 2 Simplify 

e- 2-3 Subtract 4x 
x < 28 Add 30 


The solution set is (—%, 28). 


Now Try Exercises 19, 33, and 39 


asl 2.3 | Putting It All Together | It All Together 


CONCEPT 
Compound inequality 


Symbolic method 


EXPLANATION 


Two inequalities connected by the x =4orx = 10 
word and or or x= -—3andx <4 


x > 5and x S 20 can be written as the three- 
part inequality 5 < x = 20, 


Use properties of inequalities to 1 Z Ba oy : 
simplify f(x) > g(x) to either * a Glen inequality 
x > k or x < k for some real 
number k, 


Add $x 
Subtract 1 


Divide by 2. 


continued on next page 
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EXPLANATION 


Intersection-of-graphs To solve f(x) > g(x), graph 


method 


of yy is above the graph of yy. 


The x-intercept method | Write the inequality as (x) 


Numerical method 


Yi = f(x) and yy = g(x). Find the 
point of intersection. The solution 
set includes x-values where the graph 


0. 
Graph y, = h(x). Solutions occur 2 
where the graph is shove the x-axis. 


Write the inequality as h(x) > 0. 
Create a table for y, = h(x) and 
find the boundary number x = k 
such that i(k) = 0. Use the test 
values in the table to determine if 


1 3 
=x+1>3-<yr 
a 1>3 7 


Graph y, = ty + Land y. = 3 - ay, The 
solution set for), > y, is {x]x > 1}. 


y; is above y 
when x > 1. 


1 3 
grt le3—5x 


Graph y, = bx +1 (3 = 3x). The solution 
set for »; > Ois {x|x > 1}. 


y; is above 
the x-axis 
when x > 1. 


1 3 
—xr+1> -=-yx 
3 3 2% 


Table y, = by +1- (3 = 3x) . The solution 
set for y) > Ois {x|x > 1}. 


the solution set is. x > k or x < k. 


Exercises 


Less than 0 Greater than 0 


Review of Interval Notation 


Exercises 1-10; Express the following in interval notation. 


1. #2 2..%>-3 

oe i SI 4.x 57 

5. {x|1 <x <8} 6. {x|-2<x <4} 
7. {x|x = 1} 8. {x|x > 5} 

9, 2S 10. x # -3 


Solving Linear Inequalities Symbolically 


Exercises 11-44: Solve the inequality symbolically, Express 
the solution set in set-builder or interval notation. 


11, 2x +6= 10 12, —4x -3 <5 


13. -2(x- 10) +1>0 14, 3(x +5) <0 
15, 2x-124-yx 16.x+1<6-4y 
17. -2x < -(x +1) 18, —(1 — x) < 3x 


(+2 Reel 
19, —— =3 20, G <0 
3X x S 
« AS . > Xx 
a. 4x-1< 3 22. “To an +3 


23, -3(2 — 4) = 2(1 — 2z) 
24, -4(22 - 6) +225 


Ia-x _ av -2 3X oy 3 
4 3 at aa 2 


21. 2x-3>4(x+1) 28, 5 — (2 — 3x) < —Sx 


29.5<4-1sll 30, -ls2s4 
31.3 <4-x< 20 32, -3 <1 - 2x < 40 
33, -75 12% <2 4,0< 2 <4 


35, 5 >2(x +4) —5>-5 
36, $=4- (x +3) =3 
31. 35h +} <6 

38, -4= 5-4 <6 

39. Sx — 2(x +3) = 4 - 3x 
40. 3y-1<2(x-3) +1 


2 
44, 3(1 


Solving Linear Inequalities Graphically 


Exercises 45-52; (Refer to Example 2.) Solve the inequal- 
ity graphically, Write the solution set in interval notation. 


45, x +22 2x 46. 2x-1sx 

41, 3y-2>-4v+4 9 48, -2n = -3y +1 
49, -1s2x-153 50, -2<1-—x<2 
51, -3<x-252 52, -ls1-2x<5 


Exercises 53-56; Use the graph of y = ax + b at the top 
of the next column to solve each equation and inequality. 
Write the solution set to each inequality in set-builder or 
interval notation. 


(a) ax+b=0 (b) ax+b<0 (ce) axt+b=20 
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Exercises 57-60: x-Intercept Method (Refer to Example 
4,) Use the x-intercept method to solve the inequality, 
Write the solution set in set-builder or interval notation, 
Then check your answer by solving the inequality sym- 
bolically. 


51.x-3s4x-2 58, x - 2s 4y 


59. 2-x<3x-2 60, bx +1 >3x-1 


Exercises 61-66: Solve the linear inequality graphically. 
Write the solution set in set-builder notation. Approximate 
endpoints to the nearest hundredth whenever appropriate. 


61. 5x — 4 > 10 62. 3x +659 
63, —2(x — 1990) + 55 = 60 

64. V2x > 10.5 — 13.7% 

65, V5(x — 1.2) — V3x < 5(x + Ld) 
66, 1.238x + 0.998 < 1.23(3.987 — 2.1x) 


@ 2xercises 67-72; Solve the compound linear inequality 
graphically. Write the solution set in set-builder or interval 
notation, and approximate endpoints to the nearest tenth 
whenever appropriate. 


67,3 s 5x - 17 < 15 68. -4 < 
69, 1.5 < 9,1 — 0.5x S 6.8 


70, 0.2x < 


2S 
<8 
3 


Nx -4<2x-5<6 72, -351-xS 2x 
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Exercises 73-76: Use the given graphs of y; and y to solve 7. yy >0,y, = 0 80. 9, < 0, y, = 0 
each inequality. Write the solution set in interyal notation. 


(a) 1 = yo (b) yi > y2 © ys I 


y 


Exercises 81-88: Solve each inequality numerically. Write the 
solution set in set-builder or interval notation, and approximate 
endpoints to the nearest tenth when appropriate. 


81. -4x-6>0 82. 1 - 2x29 
83. 1 s 3x -2s 10 84. =S.<2es 1.15 
3 ,2= 5% 3 ay — 1 
ss. 4 < 3 < 4 fg 86. 5 < 15 


87. (VIL -aw)x-5550 
88. 1.5(x — 0.7) + 1.5x <1 
You Decide the Method 


Exercises 89-92; Solve the inequality. Approximate the 
endpoints to the nearest thousandth when appropriate. 


89, 2x -8>5 90. 5 < 4x — 2,5 
91, mx — 5.12 < V2x — 5.7(x — 1.1) 
92, S.1xn — am = V3 — Lx 


771. The graphs of two linear functions f and g are shown. 
(a) Solve the equation g(x) = f(x). 


(b) Solve the inequality g(x) > f(x). 


Applications 


/) 93, Distance Between Cars Cars A and B are traveling 
: in the same direction. Their distances in miles north of 
St. Louis after x hours are computed by the functions 
f4 and fp, respectively. The graphs of fy and fy are 
shown in the figure for 0 Ss y = 10. 
(a) Which car is traveling faster? Explain. 


(b) How many hours elapse before the two cars are 


78. Use the figure to solve each equation or inequality. the same distance from St, Louis? How far are 
(a) f(x) = g(x) (b) g(x) = h(x) they from St. Louis when this occurs? 
(ce) f(x) <g(x) <A(x) @ g(x) > h(x) (c) During what time interval is car B farther from 


St. Louis than car A? 


Distance (miles) 


Solving Linear Inequalities Numerically 


Time (hours) 


Exercises 79 and 80: Assume y, represents a linear func- 
tion with the set of real numbers for its domain. Use the 
table at the top of the next column to solve the inequalities. 
Use set-builder notation. 


ip 94, Distance Function f computes the distance y in 


95 


miles between a car and the city of Omaha after 

x hours, where 0 < x < 6. The graphs of f and the 

horizontal lines y = 100 and y = 200 are shown in 

the figure below. 

(a) Is the car moving toward or away from Omaha? 
Explain, 


(b) Determine the times when the car is 100 miles 
and 200 miles from Omaha. 


(c) Determine when the car is from 100 to 200 miles 
from Omaha. 


(d) When is the car’s distance from Omaha greater 
than 100 miles? 


Distance (miles) 


Time (hours) 


Clouds and Temperature As the altitude increases, 
both the air temperature and the dew point decrease. 
As long as the air temperature is greater than the 
dew point, clouds will not form. Typically, the air 
temperature 7 cools at 19°F for each 1-mile increase 
in altitude and the dew point D decreases by 5.8°F for 
each |-mile increase in altitude. (Source: A. Miller and 
R, Anthes, Meteorology.) 


eee DW)... 


T(x) > Dix) 


(a) Suppose the air temperature at ground level is 65°F. 
Write a formula for a linear function 7 that gives the 
air temperature at x miles high. 


(b) Suppose the dew point at ground level is 50°F. 
Write a formula for a linear function D that gives 
the dew point at x miles high. 


(c) Determine symbolically altitudes where clouds 
will not form. 


(d) Solve part (c) graphically. 


96. 
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Temperature and Altitude Suppose the Fahrenheit 
temperature x miles above ground level is given by the 
formula T(x) = 85 — 19x. 

(a) Use the intersection-of-graphs method to esti- 
mate the altitudes where the temperature is 
below freezing. Assume that the domain of T is 
Cs 5 = 6, 


wy (b) What does the y-intercept on the graph of 


97. 


N=) 
2 


100. 


101. 


y = T(x) represent? 
(c) Solve part (a) symbolically. 


U.S. Social Gaming Social gaming revenues (via 
the Internet) in billions of dollars from 2010 to 2015 
were modeled by R(x) = 0.86x + 1.2, where x 
represents years after 2010. (Source: BI Intelligence.) 


* (a) Interpret the slope of the graph of R. 


(b) Estimate when revenue was more than $3 billion. 


Overweight Americans If trends continue, the past 
and future percentages of the population who are 
overweight can be estimated by W(x) = x + 45, 
where x represents years after 1980, (Source: New 
York Times.) 


* (a) Interpret the slope of the graph of W. 


(b) Estimate when this percentage was between 
70% and 77%. 


Facebook Users The number of active Facebook 

users increased from 100 million in 2008 to 1 billion 

in 2015. (Source: Business Insider.) 

(a) Find a formula for a linear function U that 
models this growth in millions of users, where x 
is years after 2008, 


(b) Estimate when the number of users was 485 mil- 
lion or more. 


Cost of Education The cost of K-12 education per 

student was $2200 in 1978 and increased to $10,300 

in 2008. (Source: Department of Education.) 

(a) Find a formula for a linear function C that mod- 
els this cost in dollars, where x is years after 1978. 


(b) Estimate when this cost was more than $7600. 


Video Sharing In 2006 about 33% of Americans 

reported watching online videos via sharing sites 

such as YouTube and Vimeo. By 2011 this number 

increased to 71% (Source: Column Five.) 

(a) Find a formula for a linear function V that 
models the data, where x represents the year. 


(b) Estimate when this percentage was between 
40% and 55%. 
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Consumer Spending In 2005 consumers used credit 
and debit cards to pay for 40% of all purchases. This 
percentage was 55% in 2011. (Source: Bloomburg.) 


(a) Find a linear function P that models the data. 


(b) Estimate when this percentage was between 
45% and 50%. 


U.S. Streaming Music Sales In 2011 subscription 
and streaming music sales were $0.6 billion and 
in 2016 they increased to $2.4 billion. Use a linear 
function to predict the years when these music sales 
might be between $3.12 billion and $4,2 billion, 
(Source: Business Insider.) 


Sales Commission A sales associate receives 
between 6% and 8% of the selling price of a personal 
tablet. If the selling price of a personal tablet varies 
between $80 and $200, find the range for the sales 
associate’s commission. 


Modeling Sunrise Times In Boston, on the 90th 
day (March 30) the sun rises at 6:30 A.M., and on 
the 129th day (May 8) the sun rises at 5:30 A.M. Use 
a linear function to estimate the days when the sun 
rises between 5:45 A.M. and 6:00 A.M. Do not con- 
sider days after May 8. (Source: R Thomas.) 


Modeling Sunrise Times In Denver, on the 77th 
day (March 17) the sun rises at 7:00 A.M., and on the 
112th day (April 21) the sun rises at 6:00 A.M. Use a 
linear function to estimate the days when the sun rises 
between 6:10 A.M. and 6:40 A.M, Do not consider days 
after April 21, (Source: R. Thomas.) 


Error Tolerances Suppose that an herr 
aluminum can is manufactured so | ===3) 
that its radius + can vary from 1,99 

inches to 2.01 inches. What range 

of values is possible for the cir- Qa 
cumference C of the can? Express 

your answer by using a three-part 

inequality. 


Error Tolerances Suppose that a square picture 
frame has sides that vary between 9.9 inches and 
10.1 inches, What range of values is possible for 
the perimeter P of the picture frame? Express your 
answer by using a three-part inequality. 


Modeling Data The following data are exactly linear. 


x 0 2. 4 6 
y |-15] 45 | 10.5] 165 


(a) Find a linear function f that models the data. 


(b) Solve the inequality f(x) > 2.25. 


110. Modeling Data The following data are exactly linear. 


x 2 3 4 5 
y 3.5 | 6.6 | 9.7 | 12.8 


(a) Find a linear function f that models the data, 


Il 
0.4 


(b) Solve the inequality 2 < f(x) s 8. 


Linear Regression 


111, Female College Graduates The table lists the per- 
centage P of the female population who had college 


degrees in selected years, 
1990 | 2000 | 2010 
23,6 | 33.0 


x} 1980 
_P(A)| 12.8 | 18.4 
(a) Find a linear function P that models the data. 


Source: U.S, Census Bureau, 


(b) Estimate when this percentage was between 
18% and 28.5%, 


(c) Did your estimate involve interpolation or 
extrapolation? 


f@ 112. Tablet Sales The table lists the number N of tab- 
lets, such as the iPad, sold worldwide in millions for 
selected years x, 


x | 2011] 2012 | 2013 | 2014 | 2015 
N | 90 | 165 | 250 | 340 | 470 


Source: Business Insider, 


(a) Find a linear function N that models the data. 


(b) Estimate when this number is expected to be 
more than 637 million. 


(c) Did your estimate involve interpolation or 
extrapolation? 


Writing about Mathematics 


113. Critical Thinking Suppose the solution to the equa- 
tion ax + b = 0 with a > 0 is x = k, Discuss how 
the value of k can be used to help solve the linear 
inequalities ax + b > 0 and ax + b < 0, Illustrate 
this process graphically, How would the solution 
sets change if a < 0? 


114. Describe how to numerically solve the linear inequal- 
ity ax + b = 0, Give an example. 


115. If you multiply each part of a three-part inequality 
by the same negative number, what must you make 
sure to do? Explain by using an example, 
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116. Critical Thinking Explain how a linear function, a 2. Geometric Mean The geometric mean of two numbers 
linear equation, and a linear inequality are related. 


( Gi H aand b is given by Vab. Use properties of inequali- 
ive an example. 


ties to show that if 0 < a < b, thena < Vab <b. 
Extended and Discovery Exercises 


1. Arithmetic Mean The arithmetic mean of two numbers 


aand bis given by » Use properties of inequalities 


to show that if a < b, then a < ah <b. 


» Model data with a linear ; 
function Introduction 


« Evaluate and graph Throughout history, people have attempted to explain the world around them by 
piecewise-defined creating models. A model is based on observations. It can be a diagram, a graph, an 
functions equation, a verbal expression, or some other form of communication. Models are 

« Evaluate and graph the used in diverse areas such as economics, chemistry, astronomy, religion, and math- 
greatest integer function ematics, Regardless of where it is used, a model is an abstraction with the following 

« Use direct variation to two characteristics. 
solve problems ; A 

1. A model is able to explain present phenomena. It should not contradict data and 


information already known to be correct. 
( 2. A model is able to make predictions about data or results. It should use current 
information to forecast phenomena or create new information. 


Mathematical models are used to forecast business trends, design social networks, 
estimate ecological trends, control highway traffic, describe the Internet, predict 
weather, and discover new information when human knowledge is inadequate. 


Modeling with Linear Functions 


Linear functions can be used to model things that change at a constant rate. For 
example, the distance traveled by a car can be modeled by a linear function if the car 
is traveling at a constant speed. 


To model a quantity that is changing at a constant rate with f(x) = mx + b, the | 
following formula may be used. 
f(x) = (constant rate of change) x + (initial amount) 


The constant rate of change corresponds to the slope of the graph of f, and the | 
| initial amount corresponds to the y-coordinate of the y-intercept. 


(XE One way to understand the basics of modeling is to use the equation 
(Future) = (Change (Present) 


( where (Change) is the constant rate of change m times time x and (Present) is the 
initial amount b. 


For example, suppose that a 50-gallon barrel of water contains 20 gallons 
of water and a hose is turned on that fills the barrel at 5 gallons per minute. 
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Then the amount of water in the barrel after x minutes is modeled by the linear 


function 
f(x) = 5x + 20. 
The constant rate of change | The initial amount 
is 5 gallons per minute. | is 20 gallons. | 


This method is illustrated in the next two examples. 


EXAMPLE 1 | Writing formulas for functions 


Write the formula for a linear function that models each situation. Choose both an 
appropriate name and an appropriate variable for the function. State what the input 
variable represents and the domain of the function. 

(a) In 2015 the average cost of attending a public college was $9400, and it is 
projected to increase, on average, by $300 per year until 2018. (Source: The College 
Board.) 

(b) A car’s speed is 50 miles per hour, and it begins to slow down at a constant rate 
of 10 miles per hour each second, 


SOLUTION 

(a) Getting Started To model present and future costs with a linear function, we 
need to find two quantities: the initial amount and the rate of change. In this 
example the initial amount is $9400 and the rate of change is $300 per year. ) 


Let C be the name of the function and x be the number of years after 2015, Then 
C(x) = (constant rate of change)x + (initial amount) 
= 300x + 9400 


models the cost in dollars of attending a public college x years after 2015, Because 
this projection is valid only until 2018, or for 3 years past 2015, the domain D of 
function C is 


D= {x|x = 0, 1,2, or3}. 


Note that x represents a year, so it may be most appropriate to restrict the 
domain to integer values for x. 

(b) Let S be the name of the function and ¢ be the elapsed time in seconds that the 
car has been slowing down, Then 


S(t) = (constant rate of change yi+ (initial speed) 
= 10¢ + 50 


models the speed of the car after an elapsed time of ¢ seconds. Because the car’s initial 
speed is S() miles per hour and it slows af {0 miles per hour per second, the car can 
slow down for at most 5 seconds before it comes to a stop. Thus the domain D of Sis 


D= {t\0<1< 5}, 


Note that / represents time in seconds and does not need to be restricted to an integer, 


| Now Try Exercises 11 and 13 
t 


Finding a symbolic representation 


A 100-gallon tank, initially full of water, is being drained at a rate of 5 gallons per 

minute. 

(a) Write a formula for a linear function f that models the number of gallons of 
water in the tank after + minutes. 

(b) How much water is in the tank after 4 minutes? 
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(c) Graph f. Identify the x- and y-intercepts and interpret each. 
(ad) Discuss the domain and range of f. 


SOLUTION 
(a) The amount of water in the tank is decreasing at 5 gallons per minute, so the 
constant rate of change is — 5. The initial amount of water is 100 gallons. 


f(x) = (constant rate of change)x + (initial amount) 
—5x + 100 


(b) After 4 minutes the tank contains f(4) = —5(4) + 100 = 80 gallons. 
(c) The following See the Concept discusses the graph of f. 


See the Concept: Understanding a Model 


y @ y-intercept: (0, 100) | | @® The tank initially contains 
100 gallons. 


© Water is leaving the tank 
at 5 gallons per minute. 


@ The tank is empty after 
20 minutes, 


0 4 8 12 16 20 24 
Time (minutes) 


(ad) From the graph we see that the domain of f must be restricted to 0 = x S 20. 
For example, 21 is not in the domain of f because (21) = —5(21) + 100 = —5; 
the tank cannot hold —5 gallons. Similarly, —1 is not in the domain of f because 
f(-1) = -5(-1) + 100 = 105; the tank holds at most 100 gallons. The range 


is between 0 and 100 gallons. 


If the slopes between consecutive pairs of data points are always the same, the 
data can be modeled exact/y by a linear function. If the slopes between consecutive 
pairs of data points are nearly the same, then the data can be modeled approximately 
by a linear function. In the next example we model data approximately. 


Modeling airliner CO, emissions 


Airliners emit carbon dioxide into the atmosphere when they burn jet fuel. TABLE 2.4 
shows the average number y of pounds of carbon dioxide (CO) emitted by an air- 
liner for each passenger who flies a distance of x miles. 


Carbon Dioxide Emissions 


x (miles) | 240 | 360 | 680 | 800 
y (pounds) | 150 | 230 | 435 | 510 


Source: E. Rogers and T. Kostigen, The Green Book. 
TABLE 2.4 
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Carbon Dioxide Emissions 


68' 435 
80! 510 


0 

0 
| 680 | 435 
| goo | sto | 


TABLE 2.4 (Repeated) 


Modeling CO, Emissions 


200 400 600 800 
Distance flown (miles) 
FIGURE 2.44 


(a) Calculate the slopes of the line segments that connect consecutive data points. 
(b) Find a linear function f that models the data. 

(c) Graph f and the data. What does the slope of the graph of f indicate? 

(d) Calculate f(1000) and interpret the result. 


SOLUTION 

(a) The slopes of the line segments passing through the points (240, 150), (360, 230), 
(680, 435), and (800, 510) in TABLE 2.4 are as follows. 

230 — 150 435 — 230 510 — 435 

360 — 240 ~ 8 2 = Faq — 369 ~ 54 3 = go — Gap ~ 9-68 

(b) One possibility for m is to find the average of 1, mm, and m3. The average of 
0.67, 0.64, and 0.63 is 0.65, rounded to the nearest hundredth. Because traveling 
0 miles produces 0 pounds of carbon dioxide, let the graph of f pass through 
(0, 0). Thus the y-coordinate of the y-intercept is () and f(x) = 0.65y + 0. 

(c) A graph of the four data points and f(x) = 0.65x is shown in FIGURE 2.44, The 
slope of 0.65 indicates that, on average, 0.65 pound of carbon dioxide is produced 
for each mile that a person travels in an airliner. 

(@) f(1000) = 0.65( 1000) = 650; thus 650 pounds of carbon dioxide are emitted 
into the atmosphere, on average, when a person flies |()()() miles, 


| Now 9 bey Bx 


m= 


Slope and Approximately Linear Data Another way to obtain an initial value 
for m is to calculate the slope between the first and last data point in the table, 
The value for m can then be adjusted visually by graphing f and the data. In 
Example 3 this would have resulted in 

510 — 150 


id 800 — 240 = 0.64, 


which compares favorably with our decision to let m = 0.65. 


Piecewise-Defined Functions 


An Application When a function f models data, there may not be one formula 
for f(x) that works. In this case, the function is sometimes defined on pieces of its 
domain and is therefore called a piecewise-defined function. If each piece is linear, the 
function is a piecewise-linear function. An example of a piecewise-defined function is 
the Fujita scale, which classifies tornadoes by intensity, If a tornado has wind speeds 
between 40 and 72 miles per hour, it is an Fl tornado. Tornadoes with wind speeds 
greater than 72 miles per hour but not more than 112 miles per hour are F2 tornadoes, 
The Fujita scale is represented by the following function F, where the input x rep- 
resents the maximum wind speed of a tornado and the output is the F-scale number 
from | to 5. 


Fujita Scale (F'1— F5) 


1 if 40s5x<72 ee 
P . F is defined in five pieces 
2 if 2<xs 112 over intervals of its domain, 
F(x) = 43 if 112 <x < 157 - . 
4 if 157 <x S 206 F(180) = 4| 
5 if206 < x = 260 — 


EXAMPLE 4 
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For example, if the maximum wind speed is 180 miles per hour, then F (180) = 4 
because 180 is between [57 and 206; that is, 157 < 180 < 206, Thus a tornado with 
a maximum wind speed of 180 miles per hour is an F4 tornado. 

A graph of y = f(x) is shown in FIGURE 2.45, It is composed of horizontal line 
segments, Because each piece is constant, F is sometimes called a piecewise-constant 
function or a step function. A solid dot occurs at the point (72, 1) and an open circle 
occurs at the point (72, 2), because technically a tornado with 72-mile-per-hour 
winds is an F1 tornado, not an F2 tornado. 


Tornado Intensities 


An open circle indicates that | 


a this point is not included in 
in the graph of F. 
& 
° 
3 Piecewise-constant function | 
A , : 
= 
oe i 
°'7/50 100 150 200 250. 

Tornado wind speed (mph) 

FIGURE 2,45 


Continuous Functions The graph of a continuous function can be sketched without 
picking up the pencil, There are no breaks in the graph of a continuous function, 
Because there are breaks in the graph shown in FIGURE 2.45, function F is not continu- 
ous; rather it is discontinuous at x = 72, 112, 157, and 206, 


An Application The housing market peaked in 2005. Shortly after, the housing 
bubble burst and continued to plummet, hitting a low in 2011, and then increasing, 
In the next example we use a piecewise-defined function to model housing starts from 
2005 to 2015, 


Analyzing housing starts 
TABLE 2.6 lists numbers of single residential homes built during selected years. 
Housing Starts in Millions 


| Homes| 1,3 17 | 04 | 11 


Source: U.S, Census Bureau. 
TABLE 2.5 


(a) Plot a line graph of these data, Let this graph define a function H, 
(b) Find and interpret the slope of each line segment. 

(c) Is H continuous on its domain? 

(d) Identify where H is increasing, decreasing, or constant. 

(ec) Write a piecewise-defined formula for H. 


SOLUTION 
(a) Plot the points (2000, 1.3), (2005, 1.7), (2011, 0.4), and (2015, 1.1), Connect 
these points with three line segments as shown in FIGURE 2.46 on the next page. 
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Cosas 
EXAMPL 


(b) 


Housing Starts 


y 
=> 2.0 
é (2005, 1.7) 
S @ 
P| my \ 
a LS \ 
LS ° x ; (2015, 1.1) 
g 104 20013) my’ 3 
a \ y 
2 x Sm 
gOS a 
& (2011, 0.4) ® 
yi ——_. —_—__+ —__ x 
2000 2005 2010 2015 
Year 


FIGURE 2.46 
Source: U.S. Census Bureau, 


The first line segment passes through (2000, 1.3) and (2005, 1.7) with slope 


17-13 04. 2 
™ = 3005 — 2000 5 ~ 25 8: 


Housing starts increased, on average, by 0.08 million (80,000) per year from 2000 
to 2005. The other two slopes are my = -B = —0.22 and m, = 4 = 0.175 and 
can be interpreted similarly, 

There are no breaks in the graph so His continuous on its domain, [ 2000, 2015 ]. 
Function H is increasing on the intervals (2000, 2005) and (2011, 2015). It is 
decreasing on (2005, 2011) and is never constant. 

Getting Started We must determine three equations for the lines that represent 
the three line segments. Given the slope and one point we can write a point-slope 
form of each line. ) 


The first line segment passes through (2000, 1.3) and has slope x. Therefore 
H(x) = A(x — 2000) + 1.3, if 2000 = x S 2005. Continuing in this manner, 
we can write a piecewise-defined formula for H (x). 


A(x — 2000) + 1.3, if2000 < x < 2005 


H(x) = § -B(x — 2005) + 1.7, if 2005 < x < 2011 
B(x — 2011) + 0.4, if2011 <x Ss 2015 
| Now Try Exercise 67 


Fivaluating and graphing a piecewise-defined function 


Use f(.v) to complete the following. 


y-1 if-4<x<2 
stx) = { 2x if 2<x<4 


(a) What is the domain of f ? 
(b) Evaluate f(—3), f(2), f(4), and f(5). 


(c) 


Sketch a graph of f. 


(d) Is f a continuous function on its domain? 


SOLUTION 
(a) Function f is defined for x-values satisfying either -4 <x <2or2<x <4, 


Thus the domain of f is D = {x|-—4 s x = 4}, or [-4,4]. 


(b) For y-values satisfying —4 = x < 2, f(x) =x-— 1 and so f(-3) = —4. 


Similarly, if 2 = x = 4, then f(x) = —2x. Thus f(2) = —4 and f(4) = —8. 
The expression f(5) is undefined because 5 is not in the domain of f. 


Graph the First Piece 


FIGURE 2.47 


a line segment between these points. 
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(c) Getting Started Because each piece of f(x) is linear, the graph of y = f(x) 
consists of two line segments. Therefore we can find the endpoints of each line 
segment and then sketch the graph. See FIGURES 2.47 and 2.48, > 


Graph the Second Piece 


@® Evaluate y; = x — 1 atx = —4 and 
x = 2. Place a dot at (—4,—-5) andan 
open circle at (2, 1), because y; = x — 1 
applies for x < 2. Sketch a line segment 
between these points. 


© Evaluate yp = —2x at x = 2 and x = 4. 
Place dots at (2, —4) and (4, —8). Sketch 


FIGURE 2.48 


(d) The function f is not continuous because in FIGURE 2.48 there is a break in its 
graph at x = 2. 


| Now ‘ry Exo) 


The Greatest Integer Function 


A common piecewise-defined function used in mathematics is the greatest integer 
function, denoted f(x) = [x]. The greatest integer function is defined as follows. 


x] is the greatest integer less than or equal to x. 


If x is not an integer, then the greatest integer function of x is the first integer 
to the left of x on the number line. FIGURE 2.49 shows that [—1.7] = —2. 


ale? 


3s 2%) 0 1 2 3 
FIGURE aN The first integer to the left of —1.7 on the 
number line is —2, so [-1.7] = —2. 


Some examples of the evaluation of [x] include 
(6.7]=6 [3] =3, [ 23] —3, [-10] 10, and [-7] = —4. 


The graph of y = [x] is shown in FIGURE 2.50. The greatest integer function is 
both a piecewise-constant function and a step function. 


The Greatest Integer Function 


5 -2 if-2<x<-1 


+3 a] Ged 20 
9 Ix=4 0 if O<x<1 
tts | if l<x<2 
ele 2 4€ 23x%=<3 


FIGURE 2.50 
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Dot Mode 
(0, 10, 1] by [31, 35, 1] 


FIGURE 2.51 


Be sure to use dot mode, rather 
than connected mode, so that the 
graph appears as a step function. 


A Spring Being Stretched 
Eel 


i 


F 
FIGURE 2.52 


| EXAMP) EG 


In some applications, fractional parts are either not allowed or ignored, Framing 
lumber for houses is measured in 2-foot multiples, and mileage charges for rental cars 
may be calculated to the mile. 

Suppose a car rental company charges $31.50 per day plus $0.25 for each 
mile driven, where fractions of a mile are ignored, The function given by 
f(x) = 0,25[x] + 31.50 calculates the cost of driving x miles in one day, For exam- 
ple, the cost of driving 100.4 miles is 


f(100.4) = 0.25) 100.4] + 31,50 = 0.25(100) + 31,50 = $56.50. 


On some calculators and computers, the greatest integer function is denoted 
int(X). A graph of y; = 0.25{x] + 31.5 is shown in FIGURE 2,61, 


Direct Variation 

When a change in one quantity causes a proportional change in another quantity, the 
two quantities are said to vary directly or to be directly proportional, For example, if we 
work for $8 per hour, our pay is proportional to the number of hours that we work. 
Doubling the hours doubles the pay, tripling the hours triples the pay, and so on, 


Let x and y denote two quantities, Then » is directly proportional to x, or y varies | 
directly with x, if there exists a nonzero number k such that 


y=kx. 


| The number & is called the constant of proportionality or the constant of yariation, | 


If a person earns $57.75 working for 7 hours, the constant of proportionality / 
is the hourly pay rate. If y represents the pay in dollars and x the hours worked, then 
k is found by substituting values for x and y into the equation » = /- and solving 
for k. That is, 


so the hourly pay rate is $8.25 and, in general, » = 8.25x, 


An Application Hooke’s law states that the distance that an elastic spring stretches 
beyond its natural length is directly proportional to the amount of weight hung on the 
spring, as illustrated in FIGURE 2.52, This law is valid whether the spring is stretched 
or compressed, The constant of proportionality is called the spring constant. Thus if 
a weight or force F is applied and the spring stretches a distance x beyond its natural 
length, then the equation F = kx models this situation, where k is the spring constant. 


Working with Hooke’s law 


A 12-pound weight is hung on a spring, and it stretches 2 inches. 
(a) Find the spring constant. 
(b) Determine how far the spring will stretch when a 19-pound weight is hung on it. 


SOLUTION 
(a) Let F = kx, given that F = 12 pounds and x = 2 inches, Thus 
12=k(2), or k=6, 


and the spring constant equals 6. : 
(b) If F = 19 and F = 6x, then 19 = 6x, or x = = ~ 3.17 inches. 


| Now Try Exercise 77 
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The following four-step method can often be used to solve variation problems. 


SOLVING A VARIATION PROBLEM 
When solving a variation problem, the following steps can be used. 


STEP 1: Write the general equation for the type of variation problem that you are 
solving. 


STEP 2: Substitute given values in this equation so the constant of variation k is 
the only unknown value in the equation. Solve for k. 


STEP 3; Substitute the value of & in the general equation in Step 1. 
STEP 4: Use this equation to find the requested quantity. 


ia? WAM Solving a direct variation problem 


Let T vary directly with x (or be directly proportional to x) and suppose that 7 = 33 
when x = 5, Find T when x = 31. 


SOLUTION 
STEP 1; The equation for direct variation is T = kx. 
STEP 2; Substitute 33 for T and 5 for x. Then solve for k. 


T=kx Direct variation equation 
33 =k(5) Let T= 33 and 5 
a =k Divide each side by 5 


STEP 3: Thus 7 = By, or T = 6.6x. 
STEP 4: When x = 31, we have T = 6.6(31) = 204.6. 


Now Try Exercise 65 


The following See the Concept shows how direct variation is represented graphi- 
cally, as a straight line that passes through the origin. 


See the Concept: Graphs and Direct Variation 


Direct Variation: y = kx 
y 


© As x increases, so does y (when k > 0). | | 


@ Slope = k | 


| 
| 


® The slope of the line equals k, which is the constant of variation. (The value of k 
could be negative.) 


© These data lie on the line y = kx, so y varies directly with x. 
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Recognizing Data that Vary Directly Suppose that a table contains a set of data 
points (x, »). Then the following are equivalent and any of these statements can be 
used to determine if these data vary directly, where k is a nonzero constant. 


* The points (x, y) lie on the line y = ky. 

* The points (x, y) lie on a line with slope k, passing through (0, 0). 
* The points (x, ) satisfy the equation y = kx. 

¢ The ratios x always equal k, 


(SD 1} = &, then p = ky and the data vary directly. 


These concepts are used in the next example to recognize direct variation, 


ime Widhoe:y Wiodeling memory requirements 


TABLE 2.6 lists the megabytes (MB) x needed to record y seconds of music. 


Recording Digital Music 


[ x (MB) | 0,23 Ee 
ate 10.7 


TABLE 2.6 


(a) Compute the ratios z for the four data points, Does y vary directly with x? If it 
does, what is the constant of variation k? 

(b) Estimate the seconds of music that can be stored on 5 megabytes. 

(c) Graph the data in TABLE 2.6 and the line y = kx for your value of k. 


SOLUTION * 
Music and Memory Requirements (a) The four ratios from TABLE 2.6 are 
[0, 1.5, 0.5] by [0, 70, 10] 10.7 22.8 55.2 60.2 
0.23 = 46.5, 0.49 46.5, 116 = 47.6, and Ta7 47.4. 


Because the ratios are nearly equal, it is reasonable to say that y is directly 
proportional to x in this application, The constant of variation is about 47, the 
average of the four ratios, This means that y = 47x and we can store about 
47 seconds of music per megabyte, 
(b) Let x = 5 in the equation y = 47x, to obtain y = 47(5) = 235 seconds, 
FIGURE 2.53 (c) Graphs of the data and the line y = 47x are shown in FIGURE 2.53. 
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CONCEPT DESCRIPTION 


Models A good model describes and explains current data. It should also make predictions 
and forecast phenomena. 


Linear model If a quantity experiences a constant rate of change, then it can be modeled by a 
linear function in the form f(x) = mix + 4. 


f(x) = (constant rate of change)x + (initial value) 
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Piecewise-defined function 


A function is piecewise-defined if it has different formulas on different intervals of 
its domain. Many times the domain is restricted. 


f(x) = { 
When x = 2 then f(x) = x + 5,so f(2) = 2 + 5 = 7. The domain is [—3, 5]. 


[x] is the greatest integer less than or equal to x. 


ax-3 if -3sx<1 
eS @ leases 


The greatest integer function 


Direct variation 


Exercises 


[-5.9] 


The variable y is directly proportional to x or varies directly with x if y = kx for 
some nonzero constant k. 


Constant k is the constant of proportionality or the constant of variation. 


6, [8.7] =8, and [—5] = —5 


Modeling with Linear Functions 
Exercises 1 and 2; Write a symbolic representation 
(formula) for a function f that calculates the following. 

1. (a) The number of pounds in x ounces 


(b) The number of dimes in x dollars 


(c) The monthly electric bill in dollars if x kilowatt- 
hours are used at 6 cents per kilowatt-hour and 
there is a fee of $6.50 


(d) The cost of skiing x times with a $500 season pass 


2. (a) The distance traveled by a car moving at 50 miles 
per hour for x hours 


(b) The total number of hours in day x 


(c) The distance in miles between a runner and home 
after x hours if the runner starts 1 mile from 
home and jogs away from home at 6 miles per 
hour 


(d) A cat’s speed in feet per second after x seconds 
if its tires are 2 feet in diameter and rotating 14 
times per second 


Exercises 3-6; Find the formula for a linear function f that 
models the data in the table exactly, 


“Cs Tafoya] * 


ED Exercises 7-10; Critical Thinking March the situation 


with the graph (a-d) that models it best, where x-values 
represent time. 


7. Height of the Empire State Building from 1990 to 2010 
8. Average cost of a new car from 1980 to 2010 
9, Distance between a runner in a race and the finish line 


10, Amount of money earned after x hours when working 
at an hourly rate of pay 


ay 


/_ 
N 


c 


b. y 
d, y 
* 
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* Exercises 11-18: Write a formula for a linear function that 
models the situation. Choose both an appropriate name and 
an appropriate variable for the function. State what the 
input variable represents and the domain of the function. 
Assume that the domain is an interyal of the real numbers. 


11. 


12, 


14, 


15. 


16, 


17 


18. 


19. 


©) 


U.S. Homes with Broadband In 2010 about 27% 
of U.S. homes had broadband Internet access. This 
percentage increased, on average, by 1.2 percentage 
points per year for the next 4 years. (Source: U.S, 
Census Bureau.) 


Velocity of a Falling Object A stone is dropped from 
a water tower and its velocity increases at a rate of 
32 feet per second. The stone hits the ground with a 
velocity of 96 feet per second. 


Text Messages In the first month of 2016 about 
0.6 trillion text messages were sent. The num- 
ber of text messages being sent each month dur- 
ing 2016 grew by 0.08 trillion per month. (Source: 
CTIA.) 


Speed of a Car A car is traveling at 30 miles per 
hour, and then it begins to slow down at a constant 
rate of 6 miles per hour every 4 seconds, 


Speed of an Airplane An airplane is traveling at 
580 miles per hour and then begins to slow down at 
a constant rate until its speed is 180 miles per hour 
40 minutes later. 


Speed of a Train A train is traveling at 60 miles per 
hour and then begins to slow down at a constant rate 
until its speed is 10 miles per hour 50 minutes later. 


Population Density In 1900 the average number of 
people per square mile in the United States was 21.5, 
and it increased, on average, by 6 people every 10 
years until 2020. (Source: U.S, Census Bureau.) 


Injury Rate In 1992 the number of injury cases 
recorded in private industry per 100 full-time work- 
ers was 8.3, and it decreased, on average, by 0,23 
injury every year until 2015. (Source: Bureau of Labor 
Statistics.) 


Draining a Water Tank A 300-gallon tank is initially 
full of water and is being drained at a rate of 10 gal- 
lons per minute. 

(a) Write a formula for a function W that gives the 
number of gallons of water in the tank after ¢ 
minutes. 

How much water is in the tank after 7 minutes? 


(b) 


Graph function W and identify and interpret the 
intercepts. 


(ad) Find the domain of W. 


20. 


21. 


22, 


My 24, 


pa) 


Filling a Tank A 500-gallon tank initially contains 

200 gallons of fuel oil. A pump is filling the tank at a 

rate of 6 gallons per minute. 

(a) Write a formula for a linear function f that mod- 
els the number of gallons of fuel oil in the tank 
after x minutes. 


(b) 


Graph f. What is an appropriate domain for f ? 
Identify the y-intercept and interpret it. 


(a) 


Does the x-intercept of the graph of f have any 
physical meaning in this problem? Explain, 


Living with HIV/AIDS In 2014 there were 1.2 million 

people in the United States who had been infected 

with HIV. At that time the infection rate was 44,000 

people per year. (Source: Centers for Disease Control and 

Prevention.) 

(a) Write a formula for a linear function f that mod- 
els the total number of people in millions who 
were living with HIV/AIDS w years after 2014, 


(b) Estimate the number of people who may have 
been infected by the year 2018. 


Birth Rate In 1990 the number of births per 1000 

people in the United States was 16.7 and decreasing, 

on average, at 0.136 birth per 1000 people each year. 

(Source: National Center for Health Statistics.) 

(a) Write a formula for a linear function f that mod- 
els the birth rate x years after 1990, 


(b) Estimate the birth rate in 2012 and compare this 
estimate to the actual value of 13.7. 


. Ice Deposits A roof has a 0.5-inch layer of ice on it 


from a previous storm. Another ice storm begins to 

deposit ice at a rate of 0.25 inch per hour, 

(a) Finda formula fora linear function f that models 
the thickness of the ice on the roof x hours after 
the second ice storm started. 


(b) How thick is the ice after 2.5 hours? 


Rainfall Suppose that during a storm rain is falling 

ata rate of | inch per hour. The water coming from a 

circular roof with a radius of 20 feet is running down 

a downspout that can accommodate 400 gallons of 

water per hour. See the figure on the next page. 

(a) Determine the number of cubic inches of water 
falling on the roof in | hour. 


(b) 


One gallon equals about 231 cubic inches, 
Write a formula for a function g that computes 
the gallons of water landing on the roof in x 
hours. 

(c) How many gallons of water land on the roof dur- 
ing a 2.5-hour rain storm? 


(d) Will one downspout be sufficient to handle this 
type of rainfall? How many downspouts should 
there be? 


Exercises 25 and 26; Modeling Fuel Consumption The 
table shows the distance y in miles traveled by a vehicle 
using x gallons of gasoline. 
(a) Calculate the slopes of the line segments that connect 
consecutive points. 
(b) Find a linear function f that models the data. 
(c) Graph f and the data together, What does the slope 
‘ indicate? 
CP (d) Evaluate {(30) and interpret the result, 


6: x (gallon | ST to [1s [20 | 
169 _|_255 


76 |x (gations) 5 [ 10 [1s [20 | 


y (miles) | 194 392 580 781 


Piecewise-Defined Functions 


& 27, Speed Limits The graph of y = f(x) gives the speed 
limit y along a rural highway x miles from its starting 
point at an intersection. 

(a) What are the maximum and minimum speed lim- 
its along this stretch of highway? 


(b) 


Estimate the miles of highway with a speed limit 
of 55 miles per hour. 


(c) Evaluate f(4), f(12), and f(18), 


(a) 


At what x-values is the graph discontinuous? 
Interpret each discontinuity, 


we 
i 


= 
S 


Speed limit (mph) 
8s 


Ss 


0 4 8 2 16 2 
Distance (miles) 
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Ps 
So 28, ATM The graph of y = f(x) depicts the amount of 


money y in dollars in an automatic teller machine 

(ATM) after x minutes. 

(a) Determine the initial and final amounts of money 
in the ATM. 


(b) Evaluate f(10) and f(50). Is f continuous? 
(c) How many withdrawals occurred? 


(d) When did the largest withdrawal occur? How 
much was it? 


(e) How much was deposited into the machine? 


Amount (dollars) 


0 10 20 30 40 50 60 
Time (minutes) 


& Exercises 29 and 30: An individual is driving a car along a 
straight road. The graph shows the driver’s distance from 
home after x hours, 

(a) Use the graph to evaluate f(1.5) and f(4). 

(b) Interpret the slope of each line segment. 

(c) Describe the motion of the car, 

(d) Identify where f is increasing, decreasing, or constant. 
29, 


Distance (miles) 


‘Time (hours) 


30. 


Distance (miles) 


Time (hours) 
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31, First-Class Mail In January 2016, the retail flat rate 
in dollars for first-class mail weighing up to 5 ounces 
could be computed by the piecewise-constant func- 
tion P, where x is the number of ounces. 


080 if O<x<1 
097 if 1<x=<2 
P(x) =4 114 if 2<x53 
131 if 3<x<4 
148 if 4<y<5 


(a) Evaluate P(1.5) and P(3), Interpret your results. 
(b) Sketch a graph of P. What is the domain of P? 


(c) Where is P discontinuous on its domain? 


we 
» 


Swimming Pool Levels The graph of y = f(x) 

shows the amount of water y in thousands of gallons 

remaining in a swimming pool after x days. 

(a) Estimate the initial and final amounts of water in 
the pool. 


(b 


S 


When did the amount of water in the pool 
remain constant? 


(c 
qd 


LY 


Approximate f(2) and f(4). 


> 


At what rate was water being drained from the 
pool when | S x = 3? 


Gallons (thousands) 


Time (days) 


Exercise 33-36; Match each piecewise-defined function with 
its graph in choices a-d at the top of next column. 


—x+5 ifx <0 
33. f(x) = ta -4 ifx20 
sg ifs = 
34, w= {Py ifs —l 
-4 ifx<0 
35, h(x) = { 4 ifx=0 
= x? ifx <0 
36. k(x) = { Vx ifx=0 


ie Exercise 37-40 Quality Jobs The following graph shows 


the percentage P of people saying that now is a good time 
to find a quality job in the United States. (Source: Gallup.) 


2015, 42) 


(2003, 21) 
eit Vv. 
(2009, 10) 


2003 2009 2015 
Year 


37. Use the graph to evaluate P (2007) and P (2009). 
38. Describe the trends shown in the graph. 


39. Write a formula for a piecewise-defined function for 
this graph. 


40. Use a formula to evaluate P (2012). Interpret your 
answer. 


Exercises 41-50: Complete the following for f(x). 
(a) Determine the domain of f. Use interval notation. 
(b) Evaluate f(—2), f(0), and f(3). 

(c) Graph f. 

(d) Is f continuous on its domain? 


2 if -S<x<-l 
a= 43 if -l<x<5 

wt if-3<x<0 
a y= (7, if O<x<3 

2x if-2sx=<1 
#8. 40) = {7 if l<x<2 


3 if-3<x<0 
as) = {0 if 0<x<3 
x= YE-4s 2s I 
= soy = FY if l<x<3 
2-3 if-Ssxs -1 
4405) = {Py if -1<x<3 
3x if-lsx<1 
= sey { iff 1<x<2 
2 if -6 <x < -2 
48, f(x) = 40 if -2<x<0 
3x if Osxs4 
x if-3sxs-1 
49, f(x) = $1 if -l<x<1 
2- xe fF ies 3 
3 if-4<xs-l 
50. f(x) =4x-2 if -l<xs2 
0.5x if 2<xs4 
Exercises 51 and 52: Graph f. 
-}x+1 if-4sy<-2 
51, f(x) = 41 - 2x if-2<xs<1 
ay+¢ if i<xs4 
3 by f=3.<2.0< 1 
52, f(x) = 4 -2x if-l sexs 2 
Iy-5§ if 2<ys3 


53, Use f(x) to complete 


3x — 


f(x) = 44 


the following. 
1 if -Ssx<1 
if lsx=3 


6=-x fF 3<xe=s 


(a) Evaluate f at x = 


—3, 1,2, and 5. 


(b) On what interval is f constant? 


(c) Sketch a graph of f. 


54, Use g(x) to complete 
ar 


0.5x + 


(a) Evaluate gat x = 


Is f continuous on its domain? 


the following. 

6 if 8s xs -2 
if -2<x<2 

| if 2<7,<8 

—8, —2, 2, and 8. 


(b) For what x-values is g increasing? 


(c) Sketch a graph of g. Is g continuous on its domain? 
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Exercises 55 and 56; Use the graph of y = f(x) towritea 
piecewise-defined formula for f. Write each piece in slope- 
intercept form. 


57. Housing Market One way to describe the housing 
market is to divide the population of the United 
States by the number of new housing starts. This 
ratio is listed in the following table for selected years. 


Year | 2000 | 2005 | 2009 | 2011 
| Ratio] 225 | 180 [ 700 | 727 
Source: U.S. Census Bureau. 


Plot a line graph of these data. Let this graph be 
function R. 


(a 


h— 


% ; 
iP (b) Evaluate R (2009) and interpret the result. Do small 
or large values indicate a strong housing market? 


(c) Is R continuous on its domain? 
(d@) Where is R increasing, decreasing, or constant? 
(e) Write a piecewise-defined formula for R. 


58. High School Dropouts The table lists the percentage 
of the population that did nor have a high school 
diploma for selected years. 


Year | 1960 | 1980 | 2000 | 2015 
Percentage | 28 14 11 9 
Source: U.S. Census Bureau. 


(a) Plot a line graph of these data. Let this graph be 
function D, 


i (b) Interpret the slope of each line segment. 
(c) Is D continuous on its domain? 


continued on next page 
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(d) Where is D increasing, decreasing, or constant? 


(e) Write a piecewise-defined formula for D, 


Greatest Integer Function 


Exercises 59-62; Complete the following. 


fa (a) Use dot mode to graph the function f in the standard 
viewing rectangle, 
(b) Evaluate f(-3.1) and f(1.7). 
59, f(x) = [2x — 1] 60. f(x) = [x + 1] 


61. f(x) = [x] + 1 62, f(x) = [-y] 


63, Lumber Costs The lumber used to frame walls of 
houses is frequently sold in multiples of 2 feet. If the 
length of a board is not exactly a multiple of 2 feet, there 
is often no charge for the additional length. For example, 
if a board measures at least 8 feet but less than 10 feet, 
then the consumer is charged for only 8 feet. 

(a) Suppose that the cost of lumber is $0.80 for every 2 
feet. Finda formula fora function f that computes 
the cost of a board x feet long for 6 S x = 18. 


(b) Graph f. 


(c) Determine the costs of boards with lengths of 
8.5 feet and 15,2 feet. 


64, Cost of Carpet Each foot of carpet purchased from 
a 12-foot-wide roll costs $36. If a fraction of a foot 
is purchased, a customer does not pay for the extra 
amount. For example, if a customer wants 14 feet of 
carpet and the salesperson cuts off 14 feet 4 inches, 
the customer does not pay for the extra 4 inches, 

(a) How much does 9 feet 8 inches of carpet from 
this roll cost? 


(b) Using the greatest integer function, write a for- 
mula for the price P of x feet of carpet. 


Direct Variation (Proportionality) 


Exercises 65-68; Let y vary directly with x. Complete the 
following. 
65. Find y when x = 5, if y = 7 when x = 14. 


66. Find y when x = 2.5, if y = 13 when x = 10. 


67, Find y when x = h ify = 3 when x. = R, 


I 


68, Find y when x = 1,3, if y = 7.2 when x = 5.2. 


Exercises 69-72; Find the constant of proportionality k and 
the undetermined value in the table if y is directly propor- 


tional to x. 
6 8 
15 ? 


69. x 3 
y Ps) 


5 
12.5 


7. 712] 43] 57] 2 
y | 3,96 | 14.19 | 18.81 | 23.43 


71. Sales tax y on a purchase of x dollars 


x $25 $55 ? 
y $1.50 | $3.30 | $5.10 


72. Cost y of buying . DVDs at the same price 


x 3 4 5 
y | $41.97 [ $55.96 | 2 | 


73. Cost of Tuition The cost of tuition is directly pro- 
portional to the number of credits taken, If 11 credits 
cost $720,50, find the cost of taking 16 credits, What 
is the constant of proportionality? 


74, Strength of a Beam The maximum load that a hori- 
zontal beam can carry is directly proportional to its 
width. If a beam 1,5 inches wide can support a load 
of 250 pounds, find the load that a beam of the same 


type can support if its width is 3.5 inches, 


Pe 75. Antarctic Ozone Layer Stratospheric ozone occurs 


in the atmosphere between altitudes of 12 and 
18 miles, Ozone in the stratosphere is frequently 
measured in Dobson units, where 300 Dobson units 
correspond to an ozone layer 3 millimeters thick. 
In 1991 the reported minimum in the Antarctic 
ozone hole was about 110 Dobson units, (Source: 
R. Huffman, Atmospheric Ultraviolet Remote Sensing.) 
(a) The thickness y of the ozone layer is directly pro- 
portional to the number of Dobson units x, Find 
the constant of proportionality k. 


(b) How thick was the ozone layer in 1991? 


76. Weight on Mars The weight of an object on Earth 
is directly proportional to the weight of an object 
on Mars. If a 25-pound object on Earth weighs 
10 pounds on Mars, how much would a 195-pound 
astronaut weigh on Mars? 


77. Hooke's Law Suppose a 15-pound weight stretches 
a spring 8 inches, as shown in the figure. 


15 lb 


Solving a polynomial 
inequality 


Rational inequality 


Solving a rational 
inequality 
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DESCRIPTION 
Follow the steps for solving a polynomial inequality presented in this section. Either 
graphical or symbolic methods can be used. 


Example: A graph of y = x° — 2x? — 5x + 6 is shown. The boundary numbers (zeros) 
are —2, 1, and 3. The solution set to x3 — 2x2 — 5x + 6 > 0 is (—2, 1)UG, ~), 
because the graph is above the x-axis on these intervals. 


1 
zg Boundary numbers: —2, 1,3 


Can be written as a < 0, where p(x) and g(x) # 0 are polynomials and < may be 


replaced by >, S, or = 


Examples: s-5 =0, 2x- 


a 
X+2 


x? 


Follow the steps for solving a rational inequality presented in this section. Either 
graphical or symbolic methods can be used. 


Example: A graph of y = i 7 is shown. Boundary numbers occur where either 
the numerator or denominator equals zero: x = | or x = 3. The solution set to 
aes < 0is (-4 1), because the graph is below the x-axis on this interval. 


¥ 


4.7 | Exercises 


Rational Equations 


5 1 sp 1 e 
Exercises 1-6: Solve the rational equation xtlox-t x-1 
(a) symbolically, 3 
fg (5) graphically, and On At ase 
Ba2 eal 
(c) numerically. 
1 Ox 2 a 3 Exercises 7-32: Find all real solutions. Check your results. 
“yt2 "2x-1 xt x-2 
y cma t! 8. = 
5 2 1 1 “os x +3 
3. 2- St = 0 4.5+—==2 
5 oad ary ey 
a Bee g, A = 4 tion 3=-1 


. + 
x-5 5(2x + 5) 
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I F I 1 Graphical Solutions to Inequalities 


Exercises 33-38: Solve the equation and inequalities. 


2x 2 (a) f(y) =0 (b) f&)>0 (ce) f(x) <0 


y 


xyo-1l x-1 33, 34, 


21, —~ - 


22, —— + 


23, — 


8x 3 3 


24, 


25, = 
x - 3x x? -9 Exercises 39-44: Complete the following. 

(a) Identify where f(x) is undefined or f(x) = 0. 

5 ; (b) Solve f(x) > 0. 

oe x = (c) Solve f(x) < 0. 


39, 
27, ah l= = 


26, 


28. a 2= 
x x 


299, —~=——- 1 


30, 


31, —— + 


32. 


etl’ 1 4x? - | 


Polynomial Inequalities 


Exercises 45-50; Solve the polynomial inequality. 
(a) symbolically and (b) graphically. 

Use interval notation to write the solution set. 

45, x -x>0 46, 8x3 < 27 

47, x3 + x? = 2x 48, 2x? < 3y? + Sx 
49, x1 — 13x? + 36 <0 

50. 4x4 — 5x? -9 20 


Exercises 51-64: Solve the polynomial inequality. Use 
interval notation to write the solution set. 


51, x3 > 0 52. x1 > 0 
53, x1 - 1? <0 54, x4 — 4x? <0 
55, x3 - x? > 0 56. x3 +x? <0 
(x - 2)? <0 


58. (x + 2)°(v - 1) <0 


57. (x 


| 


59, x4 — 13x? + 36 <0 

60. x4 — 5x? +4<0 

61. (x — I(x — 2)(x + 2) 2 0 
62, -(x + I(x - 2) = 0 
63, 2x4 + 2x? < 12x? 64, x3 + 6x? + 9x > 0 


Exercises 65 and 66; Checking Symbolic Skills Solve each 
equation and associated inequalities, Use interval notation. 


65, P(x) = (x — 4)(x — D(x + 2) 


(a) P(x) =0 (b) P(x) < 0 (©) P(x) >0 
66. P(x) = (x — 3)(x + 2)(x + 5) 
(a) P(x) = 0 (b) P(x) <0 (©) P(x) > 0 


Exercises 67 and 68: Solve the polynomial inequality 
graphically. 
67, x3 — Tx? + 14v <8 


68, 2x? + 3x? - 3x <2 
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Rational Inequalities 


Exercises 69-74: Solve the rational inequality 
(a) symbolically and (b) graphically. 


69. dé, <0 70. S. >0 
x x 
4 X¥— 1 
7. <4 = 9 Te = 
73. : <0 74 =0 
“y?- 4 oo 
Exercises 75-94: Solve the rational inequality 
5 
5. > 0 76. >0 
ed 4 + 2x? 
1 2 
The 0 78, -———j 20 
(x — 1)? (x + 1)? 
1 1 
79. -—>0 80. >0 
x gd 
(x + 1) 2x 
ai, -———— = 6 82. >0 
¥-2 (x — 2 
= 28 ee 1 
———— i; a 
83 Thx 0 84 4 =e 1 
(x + 1)(x — 2) x(x — 3) 
(os a ee 
85 y43 0 86 <0 =0 
2x -'5 io 
87. = 88. =———; < 0 
= 1 x-y-2 
1 5 i] x 
ea x—3 ee oe 2+x 
5, 2 1 1 3 
.2- +52 , = 
By x a ue ¥=-1] Sel” 4 
93.—s 2 94, : < i +1 
ie oT x 


Checking Symbolic Skills 


Exercises 95-98: Solve the rational equation and associated 
inequalities. Use interval notation. 


x= 3 ee] 
95, (a) ee 96, (a) ara 
fj 7 <4 eT g 
x+5— ) 4 


© ={5=° @ ~=)50 
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eel | = 6 

* =1 F =- 

97. @ a0 98. (a) nD 1 
x= 1 P= 6 

es oa 

(b) x+2 0) x+2 , 
Fie! - 6 

Se 

©) 522 © ¥+2 ; 


Exercises 99-104: Solve each equation and inequality. Use 
interval notation. 


(v= 2)Q) = Qx + 10) 


mS (x — 2)? . 
() (x - 2 = Gs + 1)(1) eg 
100. (a) (2 - we ne DQ) _ 4 
wy) Ca NOY so 
101. (a) (x? + ne 2 Ms = DQx) _ 4 
() (x2 + ai . M + 1)(2x) ea 
102. (a) (x? - 76 1)(2x) ‘ 
6) (x? = a : Ge NeN am 
103. (a) Ded, oo =0 
(b) fo Hes) eo = 
104, (a) 2X + = ie +) 60 
(b) (2x + eS + DQ) — ‘ 
Applications 


105, Time Spent in Line Suppose the average number of 


vehicles arriving at the main gate of an amusement 
park is equal to 10 per minute, while the average 
number of vehicles being admitted through the gate 
per minute is equal to x. Then the average waiting 
time in minutes for each vehicle at the gate can be 


106. 


107. 


Ds 108. 


(0) 


go 


computed by f(x) = ag where > 10. (Source: 
F, Mannering.) 
(a) Estimate the admittance rate x that results in an 


average wait of 15 seconds, 


(b) If one attendant can serve 5 vehicles per minute, 
how many attendants are needed to keep the 
average wait to 15 seconds or less? 


Length of Lines (Refer to Example 2 in Section 4.6.) 
a 

Solve aoe = 3 to determine the traffic intensity 

when the average number of vehicles in line equals 3. 


Construction (Refer to Example 4.) Find possible 
dimensions for a box with a volume of 196 cubic 
inches, a surface area of 280 square inches, and a 
length that is twice the width. 


Minimizing Surface Area An aluminum can is 
being designed to hold a volume of 100 cubic 
centimeters, 


i Geometry Review 
To review formulas for cylinders, 
see Chapter R (page R-4), 


(a) Find a formula for the volume V in terms of r 
and h, 


Write a formula for a function S that calculates 
the outside surface area of the can in terms of 
only r. Evaluate S(2) and interpret the result. 


Find the dimensions that result in the least 
amount of aluminum being used in_ its 
construction, 


i 109. Minimizing Cost A cardboard box with no top and 


a square base is being constructed and must have a 

volume of 108 cubic inches, Let xv be the length of a 

side of its base in inches. 

(a) Write a formula A (x) that calculates the outside 
surface area in square feet of the box. 


(b) If cardboard costs $0.10 per square foot, write 
a formula C(x) that gives the cost in dollars of 
the cardboard in the box. 


Bo Find the dimensions of the box that would 


minimize the cost of the cardboard. 


% 
x) 


x 
4 


+ 110, Cost-Benefit A cost-benefit function C computes 


the cost in millions of dollars of implementing a 
city recycling project when x percent of the citizens 


participate, where C(x) = we > 


fg) Graph Cin [0, 100, 10] by [0, 10, 1}. Interpret 


the graph as x approaches 100. 


(b) If 75% participation is expected, determine the 
cost for the city. 


(c) The city plans to spend $5 million on this recy- 
cling project. Estimate the percentage of partici- 
pation that can be expected. 


‘. 
“111, Braking Distance The grade x of a hill is a measure 


of its steepness. For example, if a road rises 10 feet 
for every 100 feet of horizontal distance, then it has 


an uphill grade of x = it, or 10%, See the figure. 


The braking distance D for a car traveling at 50 
miles per hour on a wet uphill grade is given by the 


formula D(x) = EY 


(Source; L, Haefner.) 


(a) Evaluate D(0,05) and interpret the result, 


(b) Describe what happens to the braking distance 
as the hill becomes steeper. Does this agree with 
your driving experience? 


(c) Estimate the grade associated with a braking 
distance of 220 feet. 


& 112, Braking Distance (Refer to Exercise 111.) Ifa car is 


traveling 50 miles per hour downhill, then the car’s 

braking distance on a wet pavement is given by 
2500 

30(0.3 + x)’ 


where x < 0 for a downhill grade. 
(a) Evaluate D(—0.1) and interpret the result. 


D(x) = 


(b) What happens to the braking distance as the 
downhill grade becomes steeper? Does this agree 
with your driving experience? 


(c) The graph of D has a vertical asymptote at 
x = —0,3, Give the physical significance of this 
asymptote, 


(d) Estimate the grade associated with a braking 
distance of 350 feet. 


4 tance D in feet is given by the formula D(x) = 
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113, Waiting in Line (Refer to Example 8.) A parking 


garage attendant can wait on 40 cars per hour, If 
cars arrive randomly at a rate of x cars per hour, 
then the average line length is given by 


x2 
1600 — 40x” 


where the x-values are limited to 0 
(a) Solve the inequality f(x) = 8. 


f(x) = 


sx < 40. 


t a (b) Interpret your answer from part (a). 


114, Time Spent in Line If a parking garage attendant 


can wait on 3 vehicles per minute and vehicles are 
leaving the ramp at x vehicles per minute, then the 
average wait in minutes for a car trying to exit is 
given by the formula f(x) = 3 4 7 


(a) Solve the three-part inequality 


g g (b) Interpret your answer from part (a). 


115, Slippery Roads The coefficient of friction x 


measures the friction between the tires of a car and 
the road, where 0 < x = 1, A smaller value of x 
indicates that the road is more slippery. If a car is 
traveling at 60 miles per hour, then the braking dis- 
120 


(a) What happens to the braking distance as the 
coefficient of friction becomes smaller? 


(b) Find values for the coefficient of friction x that 
correspond to a braking distance of 400 feet or 
more, 


116. Average Temperature The monthly average high 


temperature in degrees Fahrenheit at Daytona 
Beach, Florida, can be approximated by 


f(x) = 0.0145x4 — 0,426x3 + 3.53x? — 6,.22x + 72, 


where x = | corresponds to January, x = 2 to 
February, and so on. Estimate graphically when the 
monthly average high temperature is 75°F or more. 


117, Geometry A cubical box is being manufactured to 


hold 213 cubic inches. If this measurement can vary 
between 212.8 cubic inches and 213,2 cubic inches 
inclusive, by how much can the length x of a side 
of the cube vary? 


118, Construction A cylindrical aluminum can is being 


manufactured so that its height / is 8 centimeters 
more than its radius r. Estimate values for the 
radius (to the nearest hundredth) that result in the 
can having a volume between 1000 and 1500 cubic 
centimeters inclusive. 
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Variation 


Exercises 119-122; Find the constant of proportionality k. 
119, y = ¥, and y = 2 when x = 3 


120. y = and y when x=8 


121, y = kx, and y = 64 when x = 2 
122. y = kx, and y = 96 when x = 16 
Exercises 123-126: Solve the variation problem. 


123, Suppose T varies directly with the 4 power of x, 
When x = 4, T = 20, Find T7when x = 16, 


124, Suppose y varies directly with the second power of x. 
When x = 3,» = 10.8, Find y when v = 1.5, 


125, Let y be inversely proportional to... When x = 6, 
y = 5. Find y when x = 15, 


126, Let z be inversely proportional to the third power 
of t, When ¢ = 5, z = 0,08, Find z when ¢ = 2, 


Exercises 127-130; Critical Thinking Assume that the 

constant of proportionality is positive. 

127, Let y be inversely proportional to x, If x doubles, 
what happens to y? 


128, Let y vary inversely with the second power of x. If x 
doubles, what happens to y? 


129, Suppose y varies directly with the third power of x. 
If x triples, what happens to y? 


130. Suppose y is directly proportional to the second 
power of x, If x is halved, what happens to y? 


Exercises 131 and 132: Critical Thinking The data satisfy 
the equation y = kx", where n is a positive integer. Determine 


kandn. 
3 4 
4.5 8 


131... ] 2 

»| 2 

13{x[ 3 [ 5 [7 [9 
32.4 | 150 | 411.6 | 874.8 


Exercises 133 and 134; Critical Thinking The data in the 
table satisfy the equation y = £, where n is a positive integer. 
Determine k and n. 


133] +[ 2 [| 3 | 4 5 
y{ is | 1 | o7s | 06 


134.77 2 4 6 8 


5 
12.5 


135. Fiddler Crab Growth The weight y of a fiddler crab 
is directly proportional to the 1.25 power of the 
weight x of its claws. A crab with a body weight of 
1,9 grams has claws weighing 1.1 grams. Estimate 
the weight of a fiddler crab with claws weighing 
0.75 gram. (Source: D, Brown.) 


136, 


Gravity The weight of an object varies inversely 
with the second power of the distance from the 
center of Earth. The radius of Earth is approxi- 
mately 4000 miles. If a person weighs 160 pounds on 
Earth’s surface, what would this individual weigh 
8000 miles above the surface of Earth? 


137, Hubble Telescope The brightness, or intensity, 
of starlight varies inversely with the square of its 
distance from Earth. The Hubble Telescope can see 


stars whose intensities are 5 that of the faintest star 


now seen by ground-based telescopes. Determine 
how much farther the Hubble Telescope can see 
into space than ground-based telescopes, (Source: 
National Aeronautics and Space Administration.) 


138. Volume The volume V ofa cylinder with a fixed height 
is directly proportional to the square of its radius r. Ifa 
cylinder with a radius of 10 inches has a volume of 200 
cubic inches, what is the volume of a cylinder with the 
same height and a radius of 5 inches? 


139, Electrical Resistance The electrical resistance R 
of a wire varies inversely with the square of its 
diameter d. If a 25-foot wire with a diameter of 
2 millimeters has a resistance of 0.5 ohm, find the 
resistance of a wire having the same length and a 


diameter of 3 millimeters. 


140. Strength of a Beam The strength of a rectangular 
wood beam varies directly with the square of the 
depth of its cross section. If a beam with a depth 
of 3.5 inches can support 1000 pounds, how much 
weight can the same type of beam hold if its depth 
is 12 inches? 


: ft 


Exercises 141 and 142: Violin String The frequency F of 
a vibrating string is directly proportional to the square root 
of the tension T on the string and inversely proportional to 


the length L of the string. 


141, If both the tension and the length are doubled, what 


happens to F? 
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Writing about Mathematics 


143. Describe the steps to graphically solve a polynomial 
inequality in the form p(x) > 0. 


144, Describe the steps to symbolically solve a rational 
inequality in the form f(x) > 0. 


142. Give two ways to double the frequency F, 


» Learn properties of 
rational exponents 


« Learn radical notation 


« Use radical functions and 
solve radical equations 

« Understand properties and 
graphs of power functions 

» Use power functions to 
model data 

» Graph power functions 
having integer exponents 

= Solve equations involving 
rational exponents 


= Use power regression to 
model data 


Orbital Data 


Introduction 


Johannes Kepler (1571-1630) was the first to recognize that a power function models 
the relationship between a planet’s distance from the sun and its period of revolution. 
TABLE 4.10 lists the average distance x from the sun and the time y in years for several 
planets to orbit the sun. The distance x has been normalized so that Earth is one unit 
away from the sun. For example, Jupiter is 5.2 times farther from the sun than Earth 
and requires 11.9 years to orbit the sun. 


Planets and Their Orbits 


Planet Venus | Earth Saturn 


Mercury Jupiter 


x (distance) | 0.387 0.723 1.00 5.20 9.54 
y (period) | 0.241 0.615 1.00 29:5: 
Source: C, Ronan, The Natural History of the Universe. 


TABLE 4.10 


A scatterplot of the data in TABLE 4.10 is shown in FIGURE 4.114, To model these 
data, we might try a polynomial, such as f(x) = x or g(x) = x. FIGURE 4.115 shows 
that f(°) = x increases too slowly and g(x) = x? increases too fast. To model 
these data, a new type of function is required. That is, we need a function in the 
form /i(x) = x’, where | < ) < 2. Polynomials allow the exponent b to be only 
a nonnegative integer, whereas power functions allow b to be any real number. See 
FIGURE 4.116 and Example 11. 


Polynomial Models 


Power Model 


Period (years) 


is needed. 


a) 


Distance (Earth 
FIGURE 4.114 


Laer ier 


012345678910" 
Distance (Earth = 1) 
FIGURE 4.116 


Distance (Earth = 1) 
FIGURE 4.115 
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Algebra Review 

To review integer exponents, see 
Chapter R (page R-7). To review radical 
notation and rational exponents, see 
Chapter R (page R-40). 
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Rational Exponents and Radical Notation 


The following properties can be used to simplify expressions with rational exponents, 


sion is a real number. 
Property 

1. pln = (pnyin (bi/nyn 

2. pin = Wp = (Wby" 


3, (b')? = pr 


7 1 
4.b° = r 
5, b'b? = prt? 
; 
6. a = pe 


Applying properties of exponents 


Simplify each na by hand. 


’ PROPERTIES OF RATIONAL EXPONENTS 
in ‘osteat terms and n= 2. Letrand p » be 
rational numbers, Assume that b is a pate real number and that each expres- 


Let m and n be positive integers with 7 j 


Example 
Be = (4)'2 = (4!/)8 = 23 =8 
82/3 = We? = (Ws)? = 2 = 4 
(23/)4 = 20/24 — 26 = 64 
1 1 
PD me ee 
a qin” 2 


39/2. 332 = 45/2402) — 34 = gy 


5/4 
:. = 55-0/) = 51/2 
r 


(a) 164 ~—(b) aR (0) 2778-278 ay (SMB) (- 128)" 
SOLUTION ; 
(a) 16% = (W16)' = 23 = 8 b Wi = (7b) 

43 fi 

——— = 4UA)-G/6) — gl? = == b 
0) 456 = 4 4 aoe f=! 
() alt 6273 = 272/9+0/) = 97-13 = ! a 1 bbe = | 
Yo7 3 
@) (SAP = SCM = 51 o \/5 by" = | 
I I 1 

125) =— prad 

(e) ( ) ( 9/195 4 (-5)! 625 ph 


Now Try Exercises 1, 7, 9, 11, and 13 


Writing radicals with rational exponents 


Use positive rational exponents to write each expression. 


(a) Vx (b) Wx? 
SOLUTION 

(a) Vx = xl? 

0) Vx = Ih = yh 


@ WH =e t= 2 
@ VVy+ Vy = (py! + y! 


my) Bs 


(yomeasa)i2 =; 


Now Try Exercises 19, 21, 23, and 27 


(©) (W253 @ VWy+ Vy 


(y™/2)12 = ys 
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Functions Involving Radicals 


Expressions involving radicals are sometimes used to define radical functions. Two 
common radical functions are the square root function and the cube root function. 
Their graphs and domains are shown in FIGURE 4.117 and 4.118, The fourth root func- 
tion is also shown in FIGURE 4.119. 


Square Root Function Cube Root Function Fourth Root Function 


FIGURE 4,117 


FIGURE 4.118 FIGURE 4.119 


hae Wiyaoee Evaluating radical functions 


EXAMPLE 4 


Evaluate each function for the given value of x. 
(a) f(x) =2Wx for x = 27 
(b+) gx) = V3 for x=4 
(©) h(x) = W2x for x=8 


SOLUTION 
(a) fQ7) = 2V27 = 23) = 6 
(b) g(4) = V8 = Vo4=8 
(c) h(s) = W208) = VW16 = 2 
In the next example, we use transformations to graph a function. 
Using transformations to graph a function 


Graph g(x) = —Wx + 1. 


SOLUTION To obtain the graph of g we can reflect the graph of f(x) = Wx (see 
FIGURE 4.118) across the x-axis to obtain y = — /x, and then shift this new graph 


left 1 unit to obtain y = — \/(x + 1), as shown in FIGURES 4.120 and 4.121. (In this 
example, we could also shift left 1 unit and then reflect across the x-axis.) 


Reflect Across x-Axis Shift Left 1 Unit 


FIGURE 4.120 FIGURE 4.121 


Now Try Exercise 43 
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F ay 
| EXAMPLE 5 | 


| EXAMPLE 6 


[-9, 9, 1] by [-6, 6, 1] 


Intersection 
537 


FIGURE 4.122 


Functions involving radicals have many applications. In the next example we 
use the cube root function to model numbers of plant species on different Galapagos 
islands. 


Estimating numbers of plant species 


The number N of different plant species that live on a Galapagos island is sometimes 
related to the island’s area A in square miles by the function 


N(A) = 28.6\A, 


(a) Approximate N to the nearest whole number for islands of 100 square miles and 
200 square miles. Interpret your answers. 
(b) Does N double if A doubles? 


SOLUTION 

(a) N(100) = 28.6V/100 ~ 133 and N(200) = 28.6\200 ~ 167. If the island is 
100 square miles, there are about 133 different species of plants. This number 
increases to 167 on an island of 200 square miles. 

(b) From part (a), we see that N does not double if A doubles, It increases by a factor 


of W2 ~ 1.26, not 2, 


| Now Try Exercises 141 | 


Equations Involving Radicals 


In solving equations that contain square roots, it is common to square each side of an 
equation and then check the results, This is done in the next example. 


Solving an equation containing a square root 
Solve x = V15 — 2x, Check your answers. 


SOLUTION 
Begin by squaring each side of the equation. 


y= VIS — 2x Given equation 
C= (v 15 = 2x) Square each sid 


x? = 15 — 2x impli 
x? +2x-15=0 Id 2x and sul 
(x + 5)(x - 3) = 0 
x=-5 or x=3 


Check; Now substitute these values in the given equation » = V15 — 2x, 
5 # VIS — 2(-5) = 5, ) V15 — 28) V 


Thus 3 is the only solution. This result is supported graphically in FIGURE 4.122. 
Notice that no point of intersection occurs when x = —5, 


\ 
| Now Try Exerci: 


} 


The value —5 in Example 6 is called an extraneous solution because it does 
not satisfy the given equation. It is important to check results whenever squaring 
has been used to solve an equation. For example, the equation x — 1 = 2 has one 
solution: 3, If we square both sides, we obtain (x — 1)? = 4, which has two solutions: 
3 and —1. Notice that —1 is not a solution to x — | = 2. It is an extraneous solu- 
tions. (Graphical solutions do not have extraneous solutions.) 
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(XGA If each side of an equation is raised to the same positive integer power, then 
any solutions to the given equation are among the solutions to the new equation. That 
is, the solutions to the equation a = b are among the solutions to a" = b". For this 
reason, we must check our answers. 


In the next example, we cube each side of an equation that contains a cube root. 


ime WiyAovs Solving an equation containing a cube root 


Solve W2x +5-2=1, 


SOLUTION Start by adding 2 to each side. Then cube each side. 


Wix+5=3 Add 2to each sid 
(W2x +5) = 3° Cube each sid 
2x +5 = 27 implif 
2x = 22 ubtract 5 from each sid 
x=11 Divide each side by 2 
The only solution is 11. The answer checks. 
Squaring Twice In the next example, we need to square twice to solve a radical 


equation. 


Pe WigdAaty Squaring twice 
Solve V2xv+3-Vxt1=1. 


SOLUTION 


Getting Started When the given equation contains two square root expressions, 
we frequently need to square twice. Start by isolating the more complicated radical 
expression and then square each side, > 


V2x+3-Vxt+1l=1 jiven equation 
Vax+3=1+Vxt+1 \solat 


(Vax +3) = (1+ Vx +1) Square each sid 
aw+3=14+2Vxt+1lt+xt+1 implify 
x+1=2Vx41 Isolate the remaining radi 

(x +1 = (2Vx + 1)? Square each sid in 


x? + vt+1=4(x +1) implif 
vr +2xt1l=4x4+4 Distributive propert 
x? -2x-3=0 ubtract 
(x — 3)(~ + 1) =0 Factor 
x-3=0 of x+1=0 7ero-product propert 
e=3 OF x=-l Ive each equation 
Checking reveals that both —1 and 3 are solutions to the given equation. 


Now Try Exercise 69 
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Cube Root Square 


Power Functions and Models 


Functions with rational exponents are often used to model physical characteristics 
of living organisms. For example, larger animals tend to have slower heart rates and 
larger birds tend to have bigger wings. There is a relationship between a bird’s weight 
and its wing size. (See Example 10.) 

Power functions often have rational exponents, and can be written in radical 
notation. A special type of power function is a root function. 


| A function f given by f(x) = x, where b is a constant, is a power function. If 
| b= z for some integer n = 2, then f is a root function given by f(x) = x, or 
equivalently, f(x) = Wx. 


Examples of power functions include the following. 


Power Functions 


AWM=2 AW fax, fy) = Vx? 


Domains of Power Functions Suppose a positive rational number f is written in 
lowest terms, Then the domain of f(x) = x?/” is all real numbers whenever q is odd 
and all nonnegative real numbers whenever q is even, A graph of a common power 
function f(x) = x?/3 is shown in FIGURE 4.123. 


Graphing power functions 


Graph f(x) = x’, where b = 0.3, 1, and 1.7, for x = 0. Discuss the effect that b has 
on the graph of f for x = 1. 


SOLUTION The graphs of y = x°°, y = x', and y = x!’ are shown in FIGURE 4.124, 
For x = 1, larger values of b cause the graph of f to increase faster. Note that each 
graph passes through the point (1, 1), Why? 


F(x) = x» x=0 


functions 


1 a 3 4 
FIGURE 4.124 


| Now Try Exercises 79 and 80 | 


Modeling In the next two examples, we use power functions to determine weights 
of birds based on wing size and to describe planetary motion. 


EXAMPLE 11 
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Modeling wing size of a bird 


Heavier birds have larger wings with more surface area than do lighter birds, For 
some species of birds, this relationship can be modeled by S(w) = 0.2/3, where w 
is the weight of the bird in kilograms, with 0.1 = w = 5, and Sis the surface area of 
the wings in square meters, (Source: C. Pennycuick, Newton Rules Biology.) 

(a) Approximate (0.5) and interpret the result. 

(b) What weight corresponds to a surface area of 0,25 square meter? 


SOLUTION 

(a) S(0.5) = 0.20.5) ~ 0,126, The wings of a bird that weighs 0,5 kilogram have 
a surface area of about 0.126 square meter. 

(b) To determine the weight that corresponds to a surface area of 0.25 square meter, 
we must solve the equation 0.293 = 0.25. 


0.202 = 0,25 juation to 


0.25 
2/3 = 29 Dj 
W 02 
3 
(wy = ($2) Cube each sid 


= o 
I Il 

Pe 

+ E 

welY 

aos wn 

ole |< 
wID 
Pn 
o> 


we +14 


Since i must be positive, the wings of a 1.4-kilogram bird have a surface area of 
about 0,25 square meter. 


Modeling the period of planetary orbits 


Use the data in TABLE 4,10 at the beginning of this section to complete the following, 

(a) Make a scatterplot of the data. Graphically estimate a value for b so that 
f(x) = x° models the data. 

(b) Check the accuracy of f(x). 

(c) The average distances of Uranus, Neptune, and Pluto (no longer a major planet) 
from the sun are 19.2, 30,1, and 39.5, respectively. Use f to estimate their periods 
of revolution. Compare these estimates to the actual values of 84.0, 164.8, and 
248.5 years, 


SOLUTION 
(a) Graph the data and y = x? for different values of b. From the graphs of y = x!“4, 
y = x!5, and y = x! in FIGURES 4.125-4,127, it can be seen that b ~ 1.5. 


Exponent Too Small Exponent About Right? Exponent Too Large 
[0, 10,1] by [0, 30, 10] [0, 10, 1] by [0, 30, 10] (0, 10, 1] by [0, 30, 10] 


FIGURE 4.125 FIGURE 4.126 FIGURE 4,127 
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(b) Let »; = x!5. The values shown in FIGURE 4.128 model the data in TABLE 4.10 
remarkably well. 


Comparing Model with True Values 


Uranus | 
X; Distance to the sun | 
compared to Earth Neptune | 
(Earth = 1) 
7 Pluto | 


FIGURE 4,128 FIGURE 4.129 


(c) To approximate the number of years required for Uranus, Neptune, and Pluto to 


orbit the sun, evaluate y, = x! at x = 19,2, 30.1, and 39.5, as shown in FIGURE 
4,129. These values are close to the actual values. 


| Now Try Exerctko 139 | 


Graphs of Power Function Having Integer Exponents 


In their most general form, power functions f(x) = x’ can have any nonzero real 
number b as an exponent. However, this subsection focuses on power functions of the 
form f(x) = ax", where » is a nonzero integer and a is the leading coefficient 


Positive Integer Exponents In FIGURES 4,130(a)-(d) graphs of y = xy =x, 
y = x°, and y = x4 are shown. 


y 


(a) (b) 
FIGURE 4,130 


(da) 


These four graphs illustrate how to generalize the graphs of f(x) = ax", when n 
is a positive integer. Notice that the end behavior changes, depending on whether 1 is 
odd or even, as illustrated in FIGURES 4.131 and 4.132. 


n Odd and Positive (y = ax") n Even and Positive (y = ax”) 
y ¥ y 


\ — / \ 


V 


(a) (b) (a) (b) 
FIGURE 4,131 FIGURE 4.132 


(a) 
FIGURE 4.133 
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Characteristics of f(x) = ax", where n is a positive integer include the following. 


* The domain of f is all real numbers, or (—%, ©). 

* The x- and y-intercepts are (0, 0). 

* When 1 is odd, the shape of the graph is either c or S. 

* When n is even, the shape of the graph is either \“ or ¥Y. 

* If a < 0, the graph is reflected across the x-axis, compared to a > 0. 


NegativeIntegerExponents InFIGURES4.133(a)-(d) the graphsof y = x7}, y= x, 
y =x, and y = x“ are shown. 


These four graphs illustrate how to generalize the graphs of f(x) = ax", when n 
is a negative integer. Notice that the end behavior changes, depending whether » is 
odd or even, as illustrated in FIGURES 4.134 and 4.136, 


n Odd and Negative (y = ax") n Even and Negative (y = ax") 
y 
= x 
| 1>0 
(a) (a) 
FIGURE 4.134 FIGURE 4.135 


Characteristics of f(x) = ax", where n is a negative integer, include the following. 
* The domain of f is x # 0, or (—~, 0)U(0, ~). 
* When nis odd, the shape of the graph is either op or &. 
* When » is even, the shape of the graph is either Pt, or . f 


* The y-axis is a vertical asymptote, and the x-axis is a horizontal asymptote. 
* Ifa < 0, the graph is reflected across the x-axis, compared to a > 0. 


Interpreting the graph of a power function 
a 1 

Complete each of the following for f(x) = —. 
x 


(a) Is function f a power function? 

(b) If possible, evaluate f(0) and f(2). 

(c) Give the domain and range of f. 

(d) Over what interval(s) is the graph of y = = cg IcheAsine 
(e) Asx > —%, f(x) > —__. 

(f) Does f(x) = f(—x)? Is f an odd or even function? 
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FIGURE 4.134(a) (Repeated) 


/EXAMPLE ‘ 


[-5, 5, 1] by [-40, 40, 10] 


X=2,.9541769| Y=23 
FIGURE 4.136 


SOLUTION 
: -5 i ‘ : wen 
(a) Because = == , f(x) is a power function with a negative integer we 
I 
(b) Because ao se. 0 is undefined, f(0) is undefined, Also, f(2) = = 30 


(c) Function f(x) = Sis defined for all real numbers, x 4 0, or (—~, Pte o), 
The graph of y = = fla) i is similar to the graph in FIGURE 4.134(a) repeated in the 
margin, so the range is (—~, 0)U(0, ©). 

(da) From FIGURE 4.134(a), f is increasing on (—%, 0) and on (0, ~), 

(e) From FIGURE 4.134(a), as x > —%, f(x) approaches the negative x-axis, or y = 0. 
Thus, as x > —%, f(x) > 0. 

(f) No, f(x) # —f(x). For example, /(1) = p= 1, whereas f(—1) = c = =-l, 
Because f(—x) = ( k x = ak = —f(x) for all nonzero x, function f is an odd 

-x ie 
function. ” 


Equations Involving Rational Exponents 


The next example demonstrates a basic technique that can be used to solve equations 
that have rational exponents, 


Solving an equation that has rational exponents 


5/2 


Solve 2x°/* — 7 = 23. Round to the nearest hundredth and give graphical support. 


SOLUTION 


Symbolic Solution Start by adding 7 to each side of the given equation, 


2x5? = 30 ld 7 to each 
x? = 15 Divide each side | 
(x52)? = 15? Square each si 
x5 = 225 Properties of exponent 
x = 2255 — Take the fifth Df 
= 2,95 proximat 


Graphic Solution Graphical support is shown in FIGURE 4.136, where the graphs of 
Y, = 2X(5/2) — 7 and Y, = 23 intersect near (2.95, 23), When entering X4(5/2), be 
sure to put parentheses around the fraction 3. 


Now 


MAKING CONNECTIONS 


Solutions to x” = k (k a constant and 1 = 2 an integer) 
nodd; — The real solution to x" = k is x = Wk, or x = k', for all k. 

See Example 13, where we solve »° = 225 as part of the solution. 
neyen: The real solutions to x” = k arex = + Wk, ory = £k', fork = 0. 
See Example 10, where we solve 1’ = (925 i 


9228)" as part of the solution, 


Equations that have rational exponents are sometimes reducible to quadratic 
form as demonstrated in the next example, 


EXAMPLE 14 
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Solving an equation having negative exponents 


Solve 15? — 197! +6 =0. 


SOLUTION Two methods for solving this equation are presented. 
Method I: Use the substitution v = 7! = } and i? = Ww? = + 
15n-* — 191-1 + 6 =0 — Given equation 

1S? -— 191 +6=0 Let rand uv? =n 


(Bu — 2)(5u — 3) =0 


1 : 1 2 

1= = O u= > ' roperty 
3 5 ; 

Because u = i it follows that n = i, Thus n = 3 or n= 3 


Method 2: Another way to solve this equation is to multiply each side by »:’ to elimi- 
nate negative exponents. 


15n? — 1977! +6=0 Given equation 
n(15n-2 — 19n7! + 6) = 1?) Multiply each side by n? 


15n?n = 197?n! + 6n? = 0 Distributive propert 
15 — 19n + 6n? = 0 Properties of exponent 
6r — 19n + 15 =0 Rewrite the equation 
(2n — 3)3n - 5) =0 Factor 
ion or nue roduct propert 
2 3 prey 


Now Try Exercise 121 


In the next example, we solve an equation with fractional exponents that can be 
written in quadratic form by using substitution. 


Solving an equation having fractions for exponents 
Solve 2x7 + 5x!3 — 3 = 0, 
SOLUTION 
To solve this equation, use the substitution u = x3, 
2x78 + 5x13 —- 3 =0 Given equation 
Ax? + 5(x18) — 3 =0 Properties of exponents 
2? + 5u —-3 =0 Let 


(Qu — 1I)(u+3)=0 — Factor 
1 
w= > oF u = —3  Zero-product property 
Because « = x"V3, it follows that x = «°, Thus x = (4)3 = for x = (-3)' = -27. 
Power Regression 


Rather than visually fit a curve to data, as was done in Example 11, we can use 
least-squares regression to fit the data. Least-squares regression was introduced in 
Section 2.1. In the next example, we apply this technique to data from biology. 
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PIMA Modeling the length of a bird’s wing 


TABLE 4.11 lists the weight W and the wingspan L for birds of a particular species. 


Weights and Wingspans 
W (aograns) 
L (meters) 
Source: C. Pennycuick. 
TABLE 4,11 


(a) Use power regression to model the data with L = aW’., Graph the data and the 
equation together. 


(b) Approximate the wingspan for a bird weighing 3.2 kilograms. 


SOLUTION 

(a) Let x be the weight W and y be the length ZL. Enter the data, and then select 
power regression (PwrReg), as shown in FIGURES 4.137 and 4.138. The results are 
shown in FIGURE 4.139. Let 


y = 0,9674x93326 or 1 = 0,9674 093326, 


The data and equation are graphed in FIGURE 4.140. 
(b) Ifa bird weighs ‘.2 kilograms, this model predicts the wingspan to be 


L = 0.9674(3.2)°376 ~ 1,42 meters. 


Sy = 0,9674x 03326 


BS 
Hy ul 


FIGURE 4,137 FIGURE 4.138 FIGURE 4,139 FIGURE 4.140 


Now Try Exercise 145 


opel 4.8 } Putting It All Together _ It All Together 


CONCEPT EXPLANATION 


Rational exponents | 7/n = (yml/n 93/2 = (93)"72 = (729)! = 27 
= (xt 93/2 ay (9'/)3 a (3) =27 


Radical notation ya Vy 25!2 = /25 = § 
xB = Wy 278 = W27 = 3 

xm Wyn g23 = WR? = 64 =4 

= (Wx) 49? = (V4) = (2) = 8 


CONCEPT 


Solving radical 
equations 


Power function 


Root function 


TYPE OF FUNCTION 


Linear function 
f(x) = ax +b 


Polynomial function 


f(x) Saar ep 
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EXPLANATION 


The solutions to a = b are among the solutions Solve V2x +3 =x. 
to a" = b" when n is a positive integer. Check a ; 
your results. w+3=x square each side 


x? -2x-3=0 Rewrite equation 
(x + 1)(x - 3) =0 Factor 
x=-l or x¥=3 Solve. 
Checking reveals that 3 is the only 
solution, 


f(x) = x°, where b is a constant 


f(x) = x'/", where n = 2 is an integer fo) =x'? or fx) = Vx 
g(x) =x'8 or g(x) = Vx 


Several types of functions are listed in the following summary, which may be 
used as a reference for future work. Unless specified otherwise, each tick mark rep- 
resents 1 unit. 


EXAMPLES 
f(x) = 0.5x - 1 


g(x) = -3x + 2 
h(x) = 


ax" + ax + ay 


Rational function 

) = 2) when 
f(x) = ae? where 
p(x) and g(x) are 
polynomials with 
qx) #0 


Root function 
f(x) = x!”, where 
n = 2 is an integer 


f(x) = x12 = Vx 
g(x) = x13 = Wr 
h(x) = x'4 = Wy 


continued on next page 
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TYPE OF FUNCTION 
Power function 

f(x) = x°, where b is a 
constant 


f(x) = x7 
g(x) = xt! 
h(x) = x3 


Properties of Exponents 


Exercises 1-18; Eyaluate the expression by hand. 


1, 9/3 2, -16°? 
3. 16-%/4 425-7 
5, —81°° 6, 3215 
71, (9/2 8. (4-'2y-4 
oT 0. 
11, 2795/6 « 27-6 12. 1673» 16-6 
13, (-27)°54 14, (—32)-3/5 
15. (0.5? 16. (22)? 
7. 3)" 18. (8-19 + 27-9 
Exercises 19-28; Use positive exponents to rewrite. 
19, V2x 20. Vx +1 
2. W25 22. Wy? 
23, (Wy)? 24, (Wy)? 
28, Vx» Wx 26. (2) * 
3 ‘x 
27. Vy Vy 28. Pe 


Exercises 29-32; Use radical notation to rewrite. 
29, a Vol? 30. 245 


31. (a? a plry12 32. (a4 ale 3)1/3 
Functions Involving Radicals 


Exercises 33-40: Evaluate the function for the given value of x. 


33. f(x) = W2x forx = 32 


34. f(x) = 5W-x forx = 8 
35, f(x) =2Vx5 forx = 4 
36. f(x) = V2x3 forx = 2 
37. f(x) = W5x forx = 125 
38. f(x) =2W-x forx = -81 
39. f(x) = W32x forx = -1 
40. f(x) =3W-x forx = 32 


Exercises 41-52: Use transformations of the graphs of 
y= Vx, y= Ws, or y= Wy to graph y = f(x). 
41. f(x) = W-x 42. fix) = Vx + 1-2 


4B. fix) = Ve-1+1 44. fO) = -2Wr 
45. f(x) = We +2-1 46. f(x) = Wx 1 
47. f(x) =2Wx-1 48, f(x) = Wax 

49. fx) = Vx $3 +2 50. f(x) = -V—x 
51. f(x) = 2Vx 52. f(x) = V-x + 1 
Equations Involving Radicals 


Exercises 53-76: Solve the equation. Check your answers. 


53. Vx -4=0 54. Vx -9 =0 
55. 2Vx+3=9 56.4- Vx =0 
57. V2-x=4 58. V5 —x =3 


5. Vx+2=x-4 860. V2xF1=13 

61. V3x+7=3x+5 62. Vi-x=x45 
63. V5x —-6 =x 64. x -—5= V5x—1 
6. Vxt5t1l=x 66. V4—3x=x+8 


67. Vx #143 = V3x44 
68, Vx = Vx —5 41 

69, Vax - Vx+1=1 

1, Vax -4+2= V3x+4 
MN. Wetl=-3 

2. W2t5=4 

2. Wx+1= Wax—1 

4, V2? +1 = Wi - x 
15s, Wx -2+4= 20 

16. Wax +3= Vx 41 


Power Functions 


Exercises 77 and 78; Evaluate each f(x) at the given x. 
Approximate each result to the nearest hundredth. 


71, f(x) =x? - x, x = 50 
78, f(x) = x74 -— 9M, x =7 


Exercises 79 and 80: Match f(x) with its graph, Assume 
that a. and b are constants withhO<a<1<b, 


79, f(x) = x" 80. f(x) = x? 
a bY 


Exercises 81-86; Use translations to graph f. 
81. fi) =x? +1 82. f(x) = (x — 1)!8 


83. f(x) = x - 1 84, f(x) = (x - 14 
85. f(x) = (x + IPA - 2 86. f(x) = (x - 17 


Power Function Having Integer Exponents 


Exercises 87-96; Complete each of the following for f(x). 

(a) If possible, evaluate f(0) and f(—2). 

(b) Sketch a graph of f. Give the domain and range. 

(c) Over what interval(s) is the graph of y = f(x) 
increasing? Decreasing? 

(d) Asx—>-%, f(y) > 

(e) Asx %, f(x) > : 

(f) Does f(x) = f(—x)? Is function f odd or even? 


87, f(x) = -x3 88. f(x) = x° 
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89, f(x) = x4 90. f(x) = -x° 
91. f(x) = -x4 92. f(x) = x6 
93. f(x) = x3 94, f(x) = —x 
1 I 
95, fQ) = By 96. f(x) = a 


Exercises 97-100; Determine how the value of f(x) 
changes when x triples and when x is reduced by half. 
Assume that x is a positive number, 


97, f(x) = $x3 98. f(x) = 2x? 


99, f(x) = 3 100. f(x) = 5 


Exercises 101-108: Critical Thinking Use the given graph 
of y = ax", where n is a nonzero integer to complete the 
Sollowing. 

(a) Isn odd or even? Is n positive or negative? 

(b) Is the coefficient a positive or negative? 

(c) Over what interval(s) is f(x) positive? negative? 

(d) Over what interval(s) is the graph increasing? decreasing? 
(e) What type of symmetry does the graph exhibit? 

(f) Identify any asymptotes. 


101, y 102. y 
x if 
\ 
\ 
103. y 104, y 
{ 
aie 
\ 
\ 
105, y 106, y 
4 h 
——_ t+ + a any 
\7 
\|/ 
) 
107. b 108. y 
4 4 
f \ 
/ \ 
aa 4+ x —— "and x 
j 
| \ 
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Exercises 3-7; Negative Rational Exponents Write the 
expression as one ratio without any negative exponents. 
2/3 4 1/3 


x 


x 


‘ yl — yh 
6 
Rx + x73 = x28 
(x + 1) 
(x? + DI? - 5x(x? + 1)7'"Qx) 
r+ 


7. Wire between Two Poles Two vertical poles of 
lengths 12 feet and 16 feet are situated on level ground, 
20 feet apart, as shown in the figure at the top of the 
next column. A piece of wire is to be strung from the 
top of the 12-foot pole to the top of the 16-foot pole, 
attached to a stake in the ground at a point P ona 
line connecting the bottoms of the vertical poles, Let x 
represent the distance from P to D. 


16 ft 
12h 


(a 
(b 


n— 


Express the distance from P to C in terms of x, 


5S 


Express the lengths AP and BP in terms of x. 


(c 


LY 


Give a function f that expresses the total length 
of the wire used. 


fg ) Graph f in the window [0, 20, 5] by [0, 50, 10]. 


(e) Approximate the value of x that will minimize 
the amount of wire used to the nearest hundredth 
of a foot. What is this minimum? 


CHECKING BASIC CONCEPTS FOR SECTIONS 4.7 AND 4.8 


1. Solve. 
y= 1 
@) tH 
l= 
8 35 
(b) aoe ae 
1 I 1 
© y-1 3y+2) x +4+x-2 


2, Solve 2x3 + x? — 6x <0. 


wal 
3, Solve 4-3 = 0. 


4, Let y vary inversely with the cube of x. If x = 1 then 
y = 150, Find y if x = 4. 


5. Simplify each expression without a calculator, 


(a) -48? (b) (818 @) W2P 
6. Solve the equation 4x7? — 3 = 29, 
7. Solve the equation V Sx — 4 = x — 2, 


8. Solve each equation, 
(a) n°? + Gn! = 16 


(b) 2x77 + Sy'4 - 12 =0 


9, Find a and b so that f(x) = ax? models the data. 


i [23 \# 
fy] 2 | 283] 346] 4 
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CONCEPT EXPLANATION AND EXAMPLES ms x 


Section 4.1 More Nonlinear Functions and Their Graphs 


Polynomial Function Can be represented by f(x) = a,x" + dy_px"! + ++ + aan? + ax + a 
The leading coefficient is a, ~ 0 and the degree is n, where n is a whole number. 


Example: f(x) = —4x3 — 2x? + 6x + 4 a, = -4,n = 3 


Absolute and Local The accompanying graph has the following extrema. 
Extrema P 
Absolute maximum: none 
Absolute minimum: —14.8 
Local maximum: 1 
Local minimums: —4.3, —14.8 
Symmetry Eyen function: f(—x) = f(x); the graph is symmetric with respect to the y-axis. 


Odd function: f(—x) = —f(x); the graph is symmetric with respect to the origin. 


Examples: f(x) = x4 — 3x? f®™=x-x 


Even Function Odd Function 
Section 4.2 Polynomial Functions and Models 


Graphs of Polynomial Their graphs are continuous with no breaks, and their domains include all real 
Functions numbers, The graph of a polynomial function of degree n = 1 has at most n 
x-intercepts and at most n — | turning points. 


Examples; See “Putting It All Together” for Section 4.2. 


Piecewise-Polynomial Example: 
xw-2 ifx<0 


Functions 
f(x) = i 2x ifx=0 


f(-2) = (-2P -2=2 
f) = 1-20) =1 
fQ) = 1 -— 2Q) = -3 


f is discontinuous at x = 0. 
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| CONCEPT 


Section 4.3 Division of Polynomials 


Division Algorithm 


Remainder Theorem 


Let f(x) and d(x) be two polynomials with the degree of d(x) greater than 
zero and less than the degree of f(x). Then there exist unique polynomials g(x) 
and r(x) such that 


f(x) = dQ) + ga) + rQ), 


where either r(x) = 0 or the degree of r(x) is less than the degree of d(x). 
That is, 


Dividend) (Divisor) « (Quotient) (Remainder), 


Example: 3+ - J T" That is, 
x? — 4x +5-= (x — Ie — 3) + 2. 
If a polynomial f(x) is divided by x — k, the remainder is f(x). 


Example: If x? — 4x + 5 is divided by x — 1, the remainder is 
fQ) = P - 4(1) + 5 = 2. 


Section 4.4 Real Zeros of Polynomial Functions 


Factor Theorem 


Complete Factored 
Form 


Multiple Real Zeros 


A polynomial f(x) has a factor x — k if and only if f(k) = 0. 


Example: f(x) = x? — 3x + 2; 
{() = 0 implies that (x — 1) isa factor of x? — 3x + 2, 


f(x) = a(x — ey)(x = c)*** (w= ¢,), where a, is the leading coefficient of the 
polynomial f(.) and the c, are its zeros, This form is unique. 


Example: f(x) = —2x} + 8x has zeros of —2, 0, and 2; therefore 
f(x) = —2(x + 2)(v — 0)(x — 2). 
Odd multiplicity: Graph crosses the x-axis, 
Even multiplicity: Graph touches but does not cross the x-axis. 
Higher multiplicities; Graph levels off more at a zero of higher multiplicity. 


Example: Let f(x) = —2(x + I3(x — 4); f(x) has a zero of —1 with odd 
multiplicity 3 and a zero of 4 with even multiplicity 2. 


not cross 
300 the x-axis | 


Even: does | 


Odd: crosses | | 
the x-axis | | 


ONCEP' 


CHAPTER 4 Summary 


XPLANATION AND) VIPLES 


Section 4,4 Real Zeros of Polynomial Functions (conTINUED) 


Polynomial Equations 


Polynomial equations can be solved symbolically, graphically, and numerically. 
A common symbolic technique is factoring. 


Example: Solve x* — 4x = 0 symbolically and graphically. 


Symbolic Solution Graphical Solution 
xQ? - 4) =0 The zeros are —2, 0, 
x(x — 3x + 2) =0 ee 
x=0,x=2, or x=-2 


Section 4.5 The Fundamental Theorem of Algebra 


Fundamental Theorem 
of Algebra 


Number of Zeros 
Theorem 


Conjugate Zeros 
Theorem 


Polynomial Equations 
with Complex 
Solutions 


A polynomial f(x) of degree n = 1 has at least one complex zero. 
Explanation: With complex numbers, any polynomial can be written in complete 
factored form. 


Examples; x? + 1 = (x + )(x — ) 
3x? — 3x — 6 = 3(x + I(x — 2) 


A polynomial of degree n, with n = 1, has at most n distinct zeros. 


Example: A cubic polynomial has at most three distinct zeros 


If a polynomial f(x) has only real coefficients and if a + bi is a zero of f(x), then 
the conjugate a — bi is a zero of f(x). 


Example: Because —1 + iV2 is a zero of x? + 2x + 3, it follows that its 
conjugate, —1 — iV2, is also a zero of x? + 2x + 3, 
Polynomial equations can have both real and nonreal complex solutions. 
Example: Solve x4 — 1 = 0. 
(x? — IQ? + 1) =0 
(x — D(x + DQ? + 1) =0 


The x-intercepts are —1 and 1. The complex 
solutions +/ cannot be found from a graph. 
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Section 4.6 Rational Functions and Models 


Rational Functions 


f(y) = non where p(x) and q(x) # 0 are polynomials y 
Example: f(x) = x= . 


Horizontal asymptote: y = 2 
Vertical asymptote: v = | 


To find vertical and horizontal asymptotes, see page 327. 
To graph rational functions by hand, see page 333. 


Section 4.7 More Equations and Inequalities 


Solving Rational 
Equations 


Direct Variation 


Inverse Variation 


Polynomial Inequality 


Multiply each side by the LCD, Check your results. 


—24 
x= 3 
—24 — 4(x — 3) = (x + 3)(x — 3) 
-24-4y + 12=7?-9 
O= x? + 4x43 
0= (+ 3)v + 1) 
x=-3 or x=—-l 


Example: -4=x+3 


Let x and y denote two quantities and 1 be a positive number. Then y is directly 
proportional to the nth power of x, or y varies directly with the nth power of x, if 
there exists a nonzero number & such that y = kx". 


Example: Because V = 4ar°, the volume of a sphere varies directly with the third 
3 y 
power of the radius. The constant of variation is fr. 


Let x and y denote two quantities and n be a positive number, Then y is inversely 
proportional to the nth power of x, or y varies inversely with the nth power of x, if 
there exists a nonzero number & such that y = & 


Example: Because J = oy the intensity of a light source varies inversely with the 


square of the distance from the light source. 


Write the inequality as p(x) > 0, where > may be replaced by =, <, or =. 

Replace the inequality sign with an equals sign, and solve this equation. The solu- 
tions are called boundary numbers, Then use a graph or table to find the solution 
set to the given inequality. 


y 


Example: 4x — x* > 0; Boundary numbers: —2, 0, 2 
The solution set is (— ©, —2)U(0), 2) 
because the graph is above the x-axis for 
these intervals of x-values. 
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Section 4.7 More Equations and Inequalities (conTINUED) 


Rational Inequality As with polynomial inequalities, find the boundary numbers, including x-values 
where any expressions are undefined. 


x + DQe-3 
Example: & +I) =0 


Boundary numbers: —2, 0, 3 
Solution set: [ —2, 0) U[3, ©) 


Section 4.8 Radical Equations and Power Functions 
Rational Exponents xi = NVM = (NVx)” 

Example: 25°? = 253 = (25) = 53 = 125 
Functions Involving Functions defined by radical expressions 


Radicals 
Examples: f(x) = Wx; f(-8) = W-8 = -2 


fix) = Wx + (81) = War + 1 = 28 


Solving Radical When an equation contains a square root, isolate the square root and then square 
Equations each side, Be sure to check your results, 
Example x + V3x-3=1 
V3x-3=1-y7 


3x - 3 = (1 - x)? 
3x -3 = 1-2 +x 
O=y?-Sx+4 
=(x¥- )D@- 4 
x=1 or x=4 
Check: | is a solution, but 4 is not. 


1+ V3)-3=1 4 4+ V3(4)-3 41 
Power Function f(x) = x°, where b is a constant 


Example: f(x) = x47, g(x) = xh? 
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1, State the degree and leading coefficient of the polyno- 
mial f(x) = 4 + x — 2x? = 7x3, 


Exercises 2 and 3: Use the graph of f to estimate any 
(a) local extrema and 


(b) absolute extrema. 


fa 4. Graph f(x) = —0.25x4+ 0.67x7 + 9.5x? — 20x — 50. 
(a) Approximate any local extrema. 


(b) Approximate any absolute extrema. 
(c) Determine where f is increasing or decreasing. 
Exercises 5-8; Determine if f is even. odd, or neither, 
5. f(x) = 2x6 — 5x4 -— x? 6 f(x) = —Sx? - 18 
1 
1+ 


1 fx) = 7 + 3x3 - 3 8B f(y) = 


Exercises 9 and 10; The table is a complete representation 
of f. Decide if f is even, odd, or neither. 


%[ yy | -4]-2][ 0 | 2 [ -4 
fx) | 12] 7] 0 | -7 | -13 

10 x] —-5[-3]-1[ 1 [3 | 
fe) |-6]| 2] 7[ 7 [| 2 [| -6 


Exercises 11 and 12: Critical Thinking Sketch a graph of 

a polynomial function that satisfies the given conditions, 

11, Cubic polynomial, two x-intercepts, and a positive 
leading coefficient 


12, Degree 4 with a positive leading coefficient, three 
turning points, and one x-intercept 


Exercises 13 and 14: Use the graph of the polynomial func- 

tion f to complete the following. 

(a) Determine the number of turning points and estimate 
any x-intercepts. 


(b) State whether a > 0 ora < 0. 
(c) Determine the minimum degree of f. 


Exercises 15 and 16; State the end behavior of f. 
15, f(x) = -2x3 + 4x - 2 


16. f(x) = 1 - 2x - x4 


17. Find the average rate of change of f(x) = x3 + 1 


from x = —2tox = -1. 
18, Find the difference quotient for g(x) = 4x°. 
19, Let f(x) be given by 
2x 
fQ) = { 


f0<x.<2 
8-yx if2s7. <4. 

(a) Sketcha graph of f. Is f continuous on its domain? 
(b) Evaluate f(1) and f(3). 

(c) Solve the equation f(x) = 2. 


20. Determine the type of symmetry that the graph of 
gQ) = x°— 4y exhibits. 


Exercises 21-24: Divide the expression. 
14x3 — 21x? — 7x 2x3 — x? — dx + 1 


21, 2. 
1x - x+2 
3 — Tx + x3 — $x? + 13x - 
23. 4x Ix + 4 24. 3x = 3x -— 18 
2x +3 w+4 


25. The polynomial given by f(x) = 3x — 3x? + ay -3 
has zeros 1, 2, and 3, Write its complete factored form. 


26. Write a complete factored form of a quintic (degree 5) 
polynomial f(x) that has zeros —2 and 2 with mul- 
tiplicities 2 and 3, respectively. 


27. Use the graph of y= f(x) to write its complete 
factored form. (Do not assume that the leading 
coefficient is + 1.) 


28, Critical Thinking What is the maximum number of 
times that a horizontal line can intersect the graph of 
each type of polynomial? 


(a) linear (degree 1)  (b) quadratic — (e) cubic 


Exercises 29 and 30: Use the rational zero test to determine 
any rational zeros of f(x). 
29. f(x) = 2x3 + x? -— 13x + 6 


30. fx) = x8 +? = My - 11 


Exercises 31-32: Solve the equation. 
31, 9x = 3x3 32, x4 - 3x7 +2=0 


fq Exercises 33 and 34: Solve the equation graphically. Round 
your answers to the nearest hundredth, 


33, x3 - 3x +1=0 34, x4 — 2x = 2 


Exercises 35 and 36; Find all complex solutions, 
35. +x =0 36. x4 + 3x7 +2=0 


37. Write a polynomial f(x) in complete factored form 
that has degree 3, leading coefficient 4, and zeros 1, 
3i, and —3i. Then write f(x) in expanded form. 


38, Use the graph of f(x) = 2x4 — x? — 1 to predict 
the number of real zeros and the number of nonreal 
complex zeros of f, Find these zeros symbolically. 


39. If a zero of f is i, find the complete factored form of 
f(x) = xt + x3 + 2x? +41. 


40. State the domain of f(x) = a = i. Identify any hori- 
zontal or vertical asymptotes in the graph of f. 
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41. Find any horizontal or vertical asymptotes in the 
graph of 


2x? +x — 15 
f0) = 374 x3" 


42. Let f(x) = 


2 
w-4 
(a) Find the domain of f. 


(b) Identify any horizontal or vertical asymptotes. 
Bo Graph f with a graphing calculator. 
(d) Sketch a graph of f that includes all asymptotes. 
Exercises 43-48: Graph y = g(x) by hand. 


1 x 
43. g(x) = pi 2 44, g(x) = ee 
45, g(x) = a bee 46. g(x) = _2x-3 
pas x? + 2x +1 EB 2x7 + x — 6 
47. g(x) = 2x! 48. g(x) = x? 


49. Sketch a graph of a function f with vertical asymp- 
tote x = —2 and horizontal asymptote y = 2. 


3x 


fg 50. Solve the equation =~" 3 = 2 symbolically, graphi- 


cally, and numerically. 


Exercises 51-54: Solve the equation. Check your results. 


5x + 1 1 1 
51.-54 73 52g bea 0 
1 1 4 
S o4 8 x-2  x?-4 
+5 x-1 
i x-2 xtl1 


Exercises 55 and 56: Use the graph of f to solve each 
inequality. 


(a) f(x) > 0 


(b) fx) < 0 
56. y 


=> 


i 
we 
_ 


e— 
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Exercises 57-60: Solve the inequality. 
SR tx?-6x>0 58 x4 +4 < 5x? 


2x = 1 1 1 4 
59, 3 


>0 s 

xt 2 me ete D 
Exercises 61-64; Evaluate the radical expression by hand. 
61, (3363/4) 62, (9°37)? 


4\-3?2 
64, (3) 


Exercises 65-68; Write the radical expression using positive 
exponents. 


65, Wx4 66. (Wz) 
67. Wy Vy 68, Vx Wx? Wx 


Exercises 69 and 70: Give the domain of the power function. 
Approximate (3) to the nearest hundredth. 


69. f(x) = x2 70. f(x) = 72/3 


63, (2°32 21/2)-3 


Exercises 71-82; Solve the equation. Check your results. 


71, x5 = 1024 72, x38 = 4 
73, Vx -2=x-4 14, 3/2 = 27 

75, 2x4 + 3 = 6 716, x3 + 3y'/3 = -2 
71, Wax -3+1=4 

78, m3 +m? +n! =0 

79, 2? — Sn! = 3 

80. x94 — 16x'/4 = 0 

81, 2) — 4K — 5 = 0 

82. Vx-2=5-Vr43 

Applications 


83, Pulse Rate and Length During the 18th century 
Bryan Robinson found that the pulse rate of an ani- 
mal could be approximated by 


1607 


The input x is the length of the animal in inches, and 

the output f(x) is the approximate number of heart- 

beats per minute. (Source: H. Lancaster, Quantitative 

Methods in Biology and Medical Sciences.) 

(a) Use f to estimate the pulse rates of a 2-foot dog 
and a 5,5-foot person. 


fx) = 


(b) What length corresponds to a pulse rate of 400 
beats per minute? 


84, Time Spent in Line Suppose a parking garage atten- 
dant can wait on 4 vehicles per minute and vehicles 
are leaving the ramp randomly at an average rate of x 
vehicles per minute. Then the average time Tin min- 
utes spent waiting in line and paying the attendant is 
given by 


! 
4-y 
where 0 = x < 4, (Source; N, Garber and L, Hoel, 


Se Traffic and Highway Engineering.) 
ee (a) Evaluate 7(2) and interpret the result. 


T(x) = 


(b) Graph T for 0 S x < 4, 


(c) What happens to the waiting time as x increases 
from 0 to (nearly) 4? 


(d) Find x if the waiting time is 5 minutes, 


iP 85. Modeling Ocean Temperatures The formula 


Tin) = —0.064n' + 0,56m? + 2.9m + 61 


approximates the ocean temperature in degrees 
Fahrenheit at Naples, Florida. In this formula m is 
the month, with m = | corresponding to January, 

(a) What is the average ocean temperature in May? 


(b) Estimate the absolute maximum of 7 on the 
closed interval [1, 12] and interpret the result. 


fq 86. Minimizing Surface Area Find possible dimensions 
that minimize the surface area of a box with no top 
that has a volume of 96 cubic inches and a length that 
is three times the width, 


87, Falling Object If an object is dropped from a height 
h, then the time ¢ required for the object to strike the 
ground is directly proportional to the square root of /. 
If it requires | second for an object to fall 16 feet, how 


long does it take for an object to fall 256 feet? 


Animals and Trotting Speeds Taller animals tend 
to take longer, but fewer, steps per second than 
shorter animals, The relationship between the shoul- 
der height / in meters of an animal and an animal’s 
stepping frequency F in steps per second, while 
trotting, is shown in the table. 

2.0 | 2.5 | 


mn] 05] 10] 15 
F [26] 1s] 1s] 13] 12 | 


Source: C, Pennycuick, Newton Rules Biology, 


88. 


B (a) Find values for constants a and b so that the 
formula f(x) = ax? models the data. 


(b) Estimate the stepping frequency for an elephant 
with a 3-meter shoulder height, 
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. Let S= {(—3, 4), (-1, —2), (0, 4), (1, —2), (-1, 5)}. 


(a) Find the domain and range of S. 


(b) Is Sa function? 


. Find the exact distance between (—1, 4) and (3, —9). 


. Use the graph to express the domain and range of f. 


Then evaluate (0). 


. Graph y = g(x) by hand. 


(a) g(x) = 2 - 3x 
(©) gt) = yx-2 +2 
(e) g(x) = V-x 


(b) g(x) = |2x — 1| 
@ gw=x-1 
() g(x) = Wx 


(g) g@) = 5 +2 (h) g(Q) =x? - x 


The monthly cost of driving a car is $200 for mainte- 
nance plus $0.25 a mile. Write a formula for a function 
C that calculates the monthly cost of driving a car x 
miles, Evaluate C(2000) and interpret the result. 


. The graph of a linear function f is shown. 


LF 


TI 
Ce ee 


(a) Identify the slope, y-intercept, and x-intercept. 
(b) Write a formula for f(x). 

(c) Evaluate f(—3) symbolically and graphically. 
(d) Find any zeros of f. 


. Find the average rate of change of f(x) = x? — x 


from x = —3 tox = —2. 


ff l4. 


. Find the difference quotient for f(x) = x? + 6x. 


. Write the slope-intercept form for a line that passes 


through (—2, 5) and (3, —4). 


. Write the slope-intercept form for a line that passes 
through (—1,4) and is perpendicular to the line 
3x — 4y = 12. 


. Write an equation of a line that is parallel to the 
x-axis and passes through (4, —5). 


. Determine the x- and y-intercepts on the graph of 
5x — 4y = 10. Graph the equation. 


. If C(x) = 15x + 2000 calculates the cost in dollars 
of producing x radios, interpret the numbers 15 and 
2000 in the formula for C(x). 


Solve —2.4x — 2.1 = V3x + 1.7 both graphically 
and numerically. Round your answer to the nearest 
tenth. 


Exercises 15-24; Solve the equation. 


15 


16. 


26. 


. —3(2 - 3x) - (-x - I= 1 
wt 5 = 5x? +x 17. |3x -4| + 1=5 
. wr +tx+2=0 19. 7x? + 9x = 10 
. xt +9 = 10x? 


» VSP +44 +5 


ax —3 _ 4x —3 
“S5-x 1-2x 


21. 3x73 + 5x13 - 2 =0 


24, Wx -—4-1=3 


. Solve bx -4@-x+1= 3x — $. Is this equation 
either an identity or a contradiction? 


Graph the function f. Is f continuous on its domain? 
Evaluate f(1). 
x-1 if-3<xs-1 
JQ=4xt1 H-l<e< i 
1-» if lsxs3 


Exercises 27-32: Solve the inequality. 


27, 
29, 


31 


woty-(l+x > 3x 28-4 < 4x - 6 <3 


. [Sx — 7| = 3 30. 5x? + 13-6 <0 
.x3-9x <0 ig SESS og 
x2 
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33. The graph of a nonlinear function f is shown. Solve 39, Sketch a graph of a quartic (degree 4) function with 
each equation or inequality. a negative leading coefficient, three x-intercepts, and 
(a) f(x) = 0 ) f@>0 © fa) so three turning points, 


40. State the end behavior of f(x) = 4 + 3x — 2°. 


41. Divide each expression, 
4a — 8a? + 12 2x3 — dy + | 

ec Ee ahs Ss db pe RL SEE 

(a) Aa (b) eT 

42. A quintic (degree 5) function f with real coefficients 
has leading coefficient + and zeros —2, i, and —2i. 
Write f(x) in complete factored form and expanded 
form. 


34, Write the quadratic polynomial f(x) = 2x? — 4x +1 4B 


fa Hretonn Vials aoe ne +k. . A degree 6 function f has zeros —3, 1, and 4 with mul- 


tiplicities 1, 2, and 3, respectively. If the leading coef- 


35. Use the given graph of y = f(x) to sketch a graph of ficient is 4, write the complete factored form of f(x). 


each equation, 44 


(a) y=f&e+2)-1 (b) y = ~2f(r) 
©) y= fax) +1 @ y= s(bx) 


. Use the graph to write the complete factored form of 
the cubic polynomial f(x). 


45, Write 4 L i in standard form, 
36, Use transformations of graphs to sketch a graph of 46. Find all complex solutions, to x4 — 25 = 0. 
yHIVrtil. 


47 


State the domain of f(x) = oa Find any 


37, Use the graph of f to estimate each of the following. vertical or horizontal asymptotes, 


(a) Where f is increasing or decreasing 
48. Write Wx5 using rational exponents. Evaluate the 


(b) The zeros of f expression for x = 8, 


(c) The coordinates of any turning points Applications 


“4 Ct, 
(d) Any local extrema 49, Water in a Pool The graph shows the amount of 


water in a swimming pool x hours past noon, Find 
the slope of each line segment and interpret each 
slope. 


38. Are f(x) = x4 - 5x3 -—7 and g(x) = V9—- x? 


even, odd, or neither? 


Water (gallons X 1000) 


12 3 4 5 6 
Time (hours) 


50. 


51. 


52, 


54, 
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Distance At noon, one runner is heading south at 8 & 55, Group Rates Round-trip airline tickets to Hawaii 


miles per hour and is located 2 miles north of a sec- 
ond runner, who is heading west at 7 miles per hour, 
Approximate the distance between the runners to the 
nearest tenth of a mile at 12:30 P.M. 


Mixing Acid Two liters of a 35% sulfuric acid solu- 
tion need to be diluted to a 20% solution, How many 
liters of a 12% sulfuric acid solution should be mixed 
with the 2-liter solution? 


Working Together Suppose one person can paint a 
room in 10 hours and another person can paint the 
same room in 8 hours, How long will it take to paint 
the room if they work together? 


Maximizing Revenue The revenue R in dollars from 
selling x thousand toy figures is given by the formula 
R(x) = x(800 — x). How many toy figures should be 
sold to maximize revenue? 


Construction A box is being constructed by cutting 
2-inch squares from the corners of a rectangular sheet 
of metal that is 6 inches longer than it is wide. If the 
box is to have a volume of 270 cubic inches, find the 
dimensions of the metal sheet. 


56. 


B 57. 


are regularly $800, but for each additional ticket 

purchased the price is reduced by $5. For example, | 

ticket costs $800, 2 tickets cost 2(795) = $1590, and 

3 tickets cost 3(790) = $2370. 

(a) Write a quadratic function C that gives the total 
cost of purchasing ¢ tickets. 


(b) Solve C()) = 17,000 and interpret the result. 


(c) Find the absolute maximum for C and interpret 
your result. Assume that ¢ must be an integer. 


Modeling Data Find a quadratic function in the 
form f(x) = a(x — h)’ + k that models the data in 
the table. Graph y = f(x) and the data if a graphing 
calculator is available. 


[x] 4 | 6] 8] 10] 
15 | 37 | 80 


y | 6 


Minimizing Surface Area A cylindrical can is being 
constructed to have a volume of 107 cubic inches. 
Find the dimensions of the can that result in the least 
amount of aluminum being used in its construction. 


hen a link is posted on a social network, the majority of the engagements 
with this link occur within the first few hours. For example, within the first 
3 hours, a link on Facebook will have received half of its “hits.” This half-life for 
Twitter is even shorter, 2.8 hours, but much longer, 400 hours, for StumbleUpon. 
(See Section 5.3, Example 12.) 

PGA golfers make about 99.2% of their putts that are 3 feet or less. However, 
every time a putt's distance increases by 6.6 feet, the chances of a pro making it 
decrease by about half. (See Section 5.3, Exercise 127.) 

One reason for the explosive growth in mobile communication is the ability 
of researchers to increase the electrical efficiency of electronic devices. Since 
the era of the vacuum tube, the number of calculations that can be made using 
1 kilowatt-hour of electricity has doubled every 1.6 years. (See Section 5.6, 
Example 4.) 

Each of the examples above makes use of the mathematical concept of an 
exponential function. This chapter discusses this important topic. 


Sources: “The Half-Life of a Link", Column Five; “A Deeper Law than Moore’s,” 
The Economist. 
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= Perform arithmetic 
operations on functions 


« Review function notation 
« Perform composition of 


functions 


Introduction 


Addition, subtraction, multiplication, and division can be performed on numbers and 
variables, These arithmetic operations can also be used to combine functions. For exam- 
ple, to model the stopping distance of a car traveling at x miles per hour, we compute two 
functions, The first function is the reaction distance, r(x), which is the distance that a car 
travels between the time when a driver first recognizes a hazard and the time when the 
brakes are applied. The second function is braking distance, b(x), which is the distance 
that a car travels after the brakes have been applied. Stopping distance, s(x), is equal to 
the sum of r(x) and b(x), FIGURE 6.1 illustrates this example of addition of functions. 


Stopping Distance Is a Sum of Functions: 
s(x) = r(x) + b(x) 


Reaction distance | Braking distance 


FIGURE 5.1 


Stopping distance | 


Arithmetic Operations on Functions 


The concept of finding the sum of two functions can be represented symbolically, 
graphically, and numerically, as illustrated in the next example. 


Representing stopping distance 


For wet, level pavement, highway engineers sometimes let (x) = u and b(x) = La 
where r(x) and b(x) are in feet and x is in miles per hour. (Source: L, Haefner, 
Introduction to Transportation Systems.) 

(a) Evaluate (60) and b(60) and interpret each result. 

(b) Write a formula for s(x) and evaluate s(60). Interpret the result. 

(c) Graph r, bd, and s, Interpret the graphs. 

(a) Illustrate the relationship among r, b, and s numerically, 


SOLUTION 
(a) Substitute 60 into each formula. 


(60) = Fo) = 220 and (60) = 50? = 400, 


At 60 miles per hour the reaction distance is 220 feet and the braking distance is 
400 feet. 
(b) Symbolic Representation Let s(x) be the sum of r(x) and d(x). 


i 11 Lys 
s(x) = r(x) + Be) = ox FY 


Stopping Distance = Reaction Distance + Braking Distance 
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The stopping distance for a car traveling at 60 miles per hour is 
11 1 
s(60) = =) + 9 (oo? = 620 feet. 


(©) Graphical Representation Graph y, = dy, y= $x, and y3 = uy + 5x2, as 
shown in FIGURES 6.2-5.4, 


Reaction Distance: r(x) Braking Distance: b(x) Stopping Distance: s(x) 
y 


& 400 & 
8 8 
E 5 
ia} a 
= x 
Speed (mph) Speed (mph) Speed (mph) 
FIGURE 5.2 FIGURE 5.3 FIGURE 6.4 


For any x-value, the sum of y; and y, equals y3. For example, if x = 60, then 


Al A+B{ 
s(60) = 1(60) + 4(60) = 220 + 400 = 620, 


BI] 
as illustrated in FIGURE 5.4. 
() Numerical Representation TABLE 6.1 shows r(x), b(x), and s(x) = r(x) soe b(x). 
Values for s(x) can be found by adding r(x) and b(x). For example, 
s(60) = 220 + 400 = 620. 


Adding Functions 


ease a | 
400 |-— Braking distance | 
a 276 | 432 | 620 = Stopping distance: s(x) = r(x) + b(x) | 


TABLE 56.1 


Now Try] txercise 111) 


We now formally define arithmetic operations on functions. 


| If f(x) and g(x) both exist, the sum, difference, product, and quotient of two func- 
tions f and g are defined by 


(f + g(x) = fQ) + gQ), 
(f - g) = SQ) - gQ), 
(fg) (x) = f(x) + g(x), and 


(E)oo = i. where g(x) # 0. 
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(XGA The dot in the expression f(x) + g(x) means that we multiply f (x) and g(x). 


Operations on Functions and Domains The domains of the sum, difference, and 
product of f and g include x-values that are in both the domain of f and the domain 
of g. The domain of the quotient f/g includes all x-values in both the domain of f 
and the domain of g, where g(x) # 0. 


For example, if f(x) = 4 with domain {x|x 4 0} and g(x) = = with 


domain {x|x # 2}, then the domain of f(x) + g(x) is {x]x 4 0,1 # 2}. 
Graphical, Numerical, and Symbolic Evaluation In the next example, we evalu- 


ate the sum, difference, product, and quotient of two functions in three ways: graphi- 
cally, numerically, and symbolically. 


me ViyAovA Evaluating combinations of functions 


f(4) = 9 and g(4) = 2 


FIGURE 6.5 


If possible, use each representation of f and g to evaluate (f + g)(4), (f — g)(-2), 
(fg) (1), and (f/g) (0). 


(c) f(x) = 2x + Ig) = Vx 


SOLUTION 
(a) Graphical Evaluation From FIGURE 6.5, f(4) = 9 and g(4) = 2. Thus 


(f+ 9) = f@) + g@)=9+2= 11 


Although f(—2) = —3, g(—2) is undefined because —2 is not in the domain of 
g. Thus (f — g)(—2) is undefined. The domains of f and g include 1, and it fol- 
lows that 


(fg) = f+ g(l) = 3-1 = 3, 
The graph of g intersects the origin, so g(0) = 0. Thus (f/g)(0) = an is 
undefined. 
Numerical Evaluation From the tables, f(4) = 9 and g(4) = 2. As in part (a), 
(f+ 94) =/4 +94 =9+2= 11. 

A dash in the table indicates that g(—2) is undefined, so (f — g)(—2) is also 
undefined. The calculations of (fg) (1) and (f/g) (0) are done in a similar manner, 
Symbolic Evaluation Use the formulas f(x) = 2x + 1 and g(x) = Vx. 
(f + g)(4) = £(4) +e (4) = (2°44 14+ V4=94F2=11 
(f — g)(-2) = f(-2) - g(-2) = @+ (-2) + 1) — V=2 is undefined. 
(fs)() re 0) ‘ g(l) sie d 4 vi Solas It is assumed that the output 

fO) cannot be an imaginary number. 


(£) (0) = 20) is undefined, since g(0) = 0. 


(b) 


~ 


(c 


~ 
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| EXAMPLE 3] Performing arithmetic operations on functions symbolically 


| EXAMPLE 4 


Let f(x) = 2+ Vx - land g(x) = x? - 4. 

(a) Find the domains of f(x) and g(x). Then find the domains of (f + g) (x), 
(f — g) (x), (fg)(a), and (f/g)(x). 

(b) If possible, evaluate (f + g)(5), (f — g)(1), (fg) (0), and (f/g)(3). 

(c) Write expressions for (f + g)(x), (f — g)(x), (g(x), and (f/g) (x). 


SOLUTION 

(a) Whenever x = 1, f(x) = 2 + Vx — 1 is defined. Therefore the domain of f(x) 
is {x|v = 1}, or [1, %). The domain of g(x) = x? — 4 is all real numbers. 
The domains of (f + g)(x), (f — g)(x), and (fg)(x) include all x-values in both 
ma rig of f(x) and the domain of g(x). Thus their domains are {x|x = 1}, 
or [1, %). 

To determine the domain of (f/g)(x), we must also exclude .v-values for 
which g(x) = x? — 4 = 0, This occurs when x = +2. Thus the domain of 
(f/g)(x) is {x|x = 1x # 2}, or [I, 2)U(2, ©). (Note that x # —2 is satis- 
fied if x = 1.) 

(b) The expressions can be evaluated as follows. 


(6 +9) =f) + 9 = (2+ V5—1) +4) =4 421 = 25 
(f - 9) = s0) - g(t) = (2+ Vi=1) - (2-4) =2-(-3)=5 
(fg) (0) is undefined, since 0 is not in the domain of f(x). 


(7/90) = £0. = 24+ V8= 1 2+ V2 


gQ@) *-4 5 
(c) The sum, difference, product, and quotient of f and g are calculated as follows. 
Cf + g(x) = f(x) + g(x) = (2 v— I) +(x? -— 4) = Ve = 1 + 2? 


(f = g(x) = f0) - g@) = (22+ Ve = 1) - (2-4) = Ve 1-7 +6 
(fg)(x) = f) + gx) = (2 + Vx — 1)? - 4) 
( 7) (x) f(xy) _2+Vx-1 

& 


g(x) x - 4 


| Now Try Exercises 9 and 49 | 


An Application The next example is an application from business involving the 
difference between two functions, 


Finding the difference of two functions 


The expenses for a band to produce the master sound track for an album include rent- 

ing a music studio and hiring a music engineer, These fixed costs are $12,000, and the 

cost to produce each album with packaging is $5, 

(a) Assuming no other expenses, find a function C that outputs the cost of producing 

the master sound track plus x albums. Find the cost of making the master track 

and 3000 albums. 

Suppose that each album is sold for $12. Find a function R that computes the 

revenue from selling x albums, Find the revenue from selling 3000 albums, 

(c) Determine a function P that outputs the profit from selling x albums. How much 
profit is there from selling 3000 albums? 


b 


J 


SOLUTION 

(a) The cost of producing the master sound track for $12,000 plus x albums at $5 
each is given by C(x) = 5x + 12,000, The cost of manufacturing the master 
sound track and 3000 albums is 


C (3000) = 5(3000) + 12.000 = $27,000, 
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(b) The revenue from x albums at $12 each is computed by R(x) = 12x. The revenue 
from selling 3000 albums is R(3000) = 12(3000) = $36,000. 

(c) Profit P is equal to revenue minus cost. This can be written using function 
notation. 


ll 


P(x) = R(x) — C(x) 

12x — (Sx + 12,000) 
12x — 5x — 12,000 
7x — 12,000 


If x = 3000, P(3000) = 7(3000) 12,000 = $9000. 


ll 


HORDES 


Review of Function Notation 


In the next example, we review how to evaluate function notation before we discuss 
composition of functions. 


EXAMPLE 5 Evaluating function notation 


Let g(x) = 3x? — 6x + 2. Evaluate each expression. 


(a) g2) @® gh) © g&’) @ g&+2) 


SOLUTION 
(a) g2) = 32)? — 6@) +2 =12-12+2=2 
3 


(b) gk) = 342 — 6k +2 
() gl?) = 30? — Ox”) + 2 = 3x4 — 6x? + 2 
(@) g(x + 2) = 3 + 2? — Oe + 2) +2 


3 
3(x? + 4x + 4) — 6(v + 2) +2 
= 3x? + 12x + 12 - 6x — 12 +2 
3x? + 6x +2 


Algebra Review 
To review squaring a binomial, see 
Chapter R (page R-17). 


Composition of Functions 


Many tasks in life are performed in sequence. For example, to go to a movie we might 
get into a car, drive to the movie theater, and get out of the car. A similar situation 
occurs with functions. For example, to convert miles to inches we might first con- 
Composition of Functions vert miles to feet and then convert feet to inches in sequence. Since there are 5280 
(converting 5 miles to inches) feet in a mile, f(x) = 5280x converts x miles to an equivalent number of feet. Then 
g(x) = 12x changes feet to inches. To convert x miles to inches, we combine the func- 
g tions f and g in sequence. FIGURE 5.6 illustrates how to convert 5 miles to inches. First, 
iT | f(5) = 5280+ 5 = 26,400. Then the output of 26,400 feet from f is used as input for 
g. The number of inches in 26,400 feet is g(26,400) = 12 + 26,400 = 316,800. This 
computation is called the composition of g and f. 

Miles Feet Inches The composition of g and f shown in FIGURE 5.6 can be expressed symbolically. 

FIGURE 5.6 The symbol ¢ is used to denote composition of two functions. 


(gp f)(5) = 8(F@) rst compute f{ 
= g(5280° 5) 

= g (26,400) 

= 12+ 26,400 

There are 316,800 os neon 

inches in 5 miles. = 316,800 : 


A distance of 5 miles is equivalent to 316,8()() inches. 


Composition of g and f; 
not multiplication 
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The concept of composition of two functions relates to applying functions in 
sequence and is now defined formally. 


f is defined by 


(ge f)Q) = g(fQ)). 
We read g(f(x)) as “g of f of x.” 


The domain of ge f is all x in the domain of f such that f(x) is in the domain of g. 
See Example 7(c). 


Symbolic Evaluation of Composite Functions The next three examples discuss 
how to evaluate composite functions and find their domains symbolically. 


Finding a symbolic representation of a composite function 
Find a formula for the composite function g° f that converts x miles into inches. 


SOLUTION Let f(x) = 5280x and g(x) = 12x. 
(ge f(x) = g(/()) 
= g(5280x) f(x) = 5280x is the input for g 
= 12+ 5280x 
= 63,360. 


Thus (ge f)(x) = 63,360x converts x miles into inches. 


Definition of composition 


j multiplies the input by 1 


inplif 
pity 


Now Try Exercise 109) 


(AB Converting units is only one application of composition of functions. 
Another application involves examining how a decrease in the ozone layer causes an 
increase in ultraviolet sunlight, which in turn causes increases in the number of skin 
cancer cases, See Example 10. 


See the Concept: (fg) (x) and (f © g) (x) Are Different 


| ® With multiplication, 


@ Multiplication: (f9)(5) | © Compostion: (f°9)(5) _ || input 5 is given to 


INPUT INPUT 5 both functions and 
then the outputs 
are multiplied: 

(r A e 
; ‘i 8@) f(5) + (5). 
D scirtitece fis SH anit ao Mee ® With composition, 
| OUTPUT (5) OUTPUT g(5) OUTPUT 2(5) 
(g(5) becomes the input for f) the output of the 
first function g(5) 
becomes the input 
(F8)Q) = £@) + 8@) (f° gy) = f(g) for the second 


function f(g(5)). 
Composition is a 
sequence of 
functions. 


OUTPUT f(5) © 9(5) OUTPUT f(g(5)) 
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PCW AWA Evaluating a composite function symbolically 


Let f(x) = x? + 3x + 2 and g(x) = aN 

(a) Evaluate (f° g)(2) and (ge f)(2). How do they compare? 

(b) Find the composite functions defined by (f° g)(x) and (go f)(x). Are they 
equivalent expressions? 

(c) Find the domains of (f ¢ g)(x) and (ge f) (x). 


SOLUTION 
(a) (Fog) (2) = f(o(2)) = (8) = (BP + 3(8) + 
(go f) (2) = g(f(2)) = g@? + 3+2 + 2) 


w rea = seo) =s(4) = (ZY +302 


3 
= g(12) = +4 ~ 0.0833 


I . 
x? + 3x +2 
The expressions for (f © g)(x) and (ge f)(x) are not equivalent. For example, 
1 


13 
og)(1)=>~+—-4+2=6 70 f)(1) = = = = 
(fea =a 4 2 = 6 and (g° f) (1) P+3ay+2 6 
Finding the domain of (f° g)(x) The domain of f is all real numbers, and the 
domain of g is {x|x # 0}. The domain of (f °g)(x) = f(g(x)) consists of all 
x in the domain of g such that g(x) is in the domain of f. Thus the domain of 
(fog) = 4 ++ 2is {x]x ¥ O}. 
Finding the domain of (ge f)(x) The domain of (ge f)(x) = g(f(x)) consists 
of all x in the domain of f such that f(x) is in the domain of g. Since 
x? + 3x + 2 = 0 when x = —1 or x = —2, the domain of (ge f)(x) = aoe 
is {x|x A -l,x # —2}. 


Now Try Exercises 61 and 69 


(ge f)(x) = g(f(x) = ge? + 3x + QHZ 


(¢ 


LY 


MAKING CONNECTIONS 


Composition and Domains To find the domain of a composition of two functions, 
it is sometimes helpful not to immediately simplify the resulting expression. For 


example, if f(x) = x? and g(x) = Vx — 1, then 
(feg)(x) = (Vx = 1). 
From this unsimplified expression, we can see that the domain (input) of f° g must 


be restricted to x = 1 for the output to be a real number. As a result, (f° g) can 
be simplified to 


(fog) =x-1, 


provided its domain is restricted to x = 1. 


odio Finding symbolic representations for composite functions 


Find (f ° g)(x) and (g° f)(x). 

(a) f(x) = x +2, g(x) = x3 — 2x? - 1 
) fO) = V2x, gx) = 5 

(©) f(x) = 2x - 3, g(x) = x7 +5 


SOLUTION 
Getting Started When finding a composition of functions, the first step is often to 


write (f °g)(x) = f(g(x)) or (g° f)() = g(fQ)). > 
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(a) Begin by writing (f °g)(x) = f(g(x)) = f(x? — 2x? — 1). Function f adds 2 to 
the input. That is, f(input) = (input) + 2 because f(x) = » + 2. Thus 


fie - 2x7 - N= 2x? — 1)+2=x3 — 2x? +1, 


To find the composition (ge f)(x), write (g°f)(x) = g(f(x)) = g(v + 2). 
Because g(x) = x? — 2x? — 1, it follows that 


g(input) = (input)* = (input)? =1, or 
gl t 2)=( + 28-2 + 2h - 1. 


© ea = Keo =(4)= 2 He J 


(ge f)(x) = gf) = g(V2x) Cree ( 


© (feg)(x) = f(g(x)) = fx? + 5) = 207 + 5) -— 3 = nv? +7 
(g°f)(x) = g(f)) = gx - 3) = Qx - 3° + i= = 4x? — 12x + 14 


(TQ A composition of f with itself is denoted (f° f) (x). For example, if f(x) = 3x, then 
(f° f(x) = Bx) = 3+ 3x = 9x. 

That is, f multiplies the input by 3, so (f © f)(x) multiplies the input by 3 twice, which 

is equivalent to multiplying the input by 9. 


Graphical Evaluation of Composite Functions The next example shows how to 
evaluate a composition of functions graphically. 


Evaluating a composite function graphically 


Use the graphs of f and g shown in FIGURE 5.7 to evaluate each expression. 
(a) (f° 8)(2) (b) (g°f)(-3) = © (fe f)(-3) 
SOLUTION 
(a) Because (f © g)(2) = f(g(2)), first evaluate g(2). From FIGURE 6.8, «(2) = | and 
(f°) (2) = f(y(2)) = f(). 
To complete the evaluation of (f°g)(2), use FIGURE 5.9 to determine that 


f(1) = 3. Thus (f °g)(2) = 3. 
(b) Because (ge f)(—3) = g(f(—3)), first evaluate the expression f(—3). FIGURE 5.10 


shows that /(—3) = —1,so 
FIGURE 5.7 (g°f)(—3) = g(/(—3)) = g(- I). 
From FIGURE 6.11, ¢(— 1) = —2. Thus (ge f)(—3) = —2. 
(c) Similarly, (f° f)(-3) = f(f(-3)) = f(-1) = 1. 


(fe g)(2) = #(1) = 3 (ge f)\(-3) = g(-1) = -2 


pe ae oe 


~ x 


sai aaaliean Saeeie 


L 


FIGURE 5.9 FIGURE 5.10 FIGURE 5.11 


Pow ry nora 97 


( 


Composition formed from 
§ 6.4 and 6.5. 


TAB 
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Numerical Evaluation of Composite Functions TABLES 5.2 and 6.3 represent 
two functions f and g, 


Pati tetste] Parte 
f(x) | 4 [1 a(xs)| 4 | 3 | 2 | 1 


TABLE 6.2 TABLE 5.3 


We can use these tables to evaluate expressions, such as (g  f)(3) and (f © g)(3). 
(g°J)(3) = g(f(3)) Definition of composition 
= 8(4) f(3) ble 5.2 


We see that (f° g)(3) = f(g(3)) = f(2) = 3 by using TABLE 6.3 and then TABLE 5.2. 


(STA Composition of functions is no¢ commutative. That is, (g° f)(x) # (fog) (x) 
in general. For example, from above, (g° f)(3) 4 (f°g)(3). 


An Application The next example illustrates how composition of functions occurs 
in the analysis of the ozone layer, ultraviolet (UV) radiation, and cases of skin cancer, 


Evaluating a composite function numerically 


Depletion of the ozone layer can cause an increase in the amount of UV radiation 
reaching the surface of Earth, An increase in UV radiation is associated with skin 
cancer, In TABLE §.4 the function f computes the approximate percent increase in UV 
radiation resulting from an x percent decrease in the thickness of the ozone layer, 
The function g shown in TABLE 5.5 computes the expected percent increase in cases of 
skin cancer resulting from an x percent increase in UV radiation, (Source; R. Turner, 
D, Pearce, and I, Bateman, Environmental Economics.) 


Percent Increase in UV Radiation 


Percent decrease 
in the ozone layer 


Percent increase 


in UV tadiation — 
TABLE 6,4 — 


Percent Increase in Skin Cancer 


Percent increase 
in UV radiation 
Percent increase in 
cases of skin cancer 


TABLE 5.5 


(a) Find (go f)(2) and interpret this calculation. 
(b) Create a table for go f. Describe what (g° f)(x) computes, 


SOLUTION 


(a) (ge f)@) = g(f(Q2)) = g(3.0) = 10.5. This means that a 2% decrease in the 
thickness of the ozone layer results in a 3% increase in UV radiation, which could 
cause a 10.5% increase in skin cancer. 

(b) The values for (ge f)(x) can be found in a similar manner, See TABLE 6.6. 


‘Soe 


TABLE 5.6 


Percent decrease 


2 3 4 5 6 in the ozone layer 
5,25 | 10.5 | 15.75] 21.0 | 26.25] 31.5 li a 


cases of skin cancer 


The composition (ge f)(x) computes the percent increase in cases of skin cancer 
resulting from an x percent decrease in the ozone layer. 
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Writing Compositions When you are solving problems, it is sometimes helpful 
to recognize a function as the composition of two simpler functions. For example, 


h(x) = Wer can be thought of as the composition of the cube root function, 
g(x) = Wk, and the squaring function, f(x) = x*. Then / can be written as 
h(x) = g(f()) = Wy, This concept is demonstrated in the next example. Note 


that answers may vary. 


He WAY Writing a function as a composition of two functions 
Find f(x) and g(x) so that A(x) = (ge f)(x). 


(a) h(x) = (x + 3 


SOLUTION 


(b) h(x) = V2x -7 (©) h(x) = 


oe 


(a) Let f(x) = x + 3 and g(x) = x?. Then 
(g°f)(x) = g(f(e)) = a + 3) = + 3). 
(b) Let f(x) = 2x — 7 and g(x) = Vx. Then 


(c) Let f(x) = x? + 2x and g(x) = 4. Then 


(g°f)(x) = g(f(x)) = gx — 72) = V2" = 7, 
(f(a) = 8c? + 2) = 
mie ee ss x? + 2x 


(ge f)Q) = 


Now Try Exercises 06, 97, and 103 


Ca 5.1 | Putting It All Together It All Together 


CONCEPT 
Sum of two functions 


NOTATION 
(f + g)Q) = fQ) + gQ) 


Difference of 
two functions 


(f -— g(x) = fQ) - gQ) 


Product of 
two functions 


(fg) (x) = f) + g@) 


Quotient of . _ £0) 


two functions g(x)’ ,g(x) #0 


fQ) = x7, g(x) = ax + 1 

(f + )G) = /B) + 83) =9+7= 16 

(f + g)Q) =f) + g@) = x? + 2x +1 

f(x) = 3x, g(x) = 2n + 1 

(f - 9 (1) = f() - (I) = 3-3 =0 

(f — g)(x) = fx) — g(x) = 3x — (2x + 1) 
=x-1 

fx) = 7, g(Q) = 1 - 3 

(fg)(-2) = f(-2) + g(-2) = (-8)(7) = —56 

(fg) (x) = fQ) +g) = x4(L — 3x) = x7 — 354 


f(x) = x? - LQ) =x 4+ 2 
fQ)_3 

(F)@= sa 

x SB) a? 

(2) ae) x 


ye #2 


=f, 
+2 
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( CONCEPT NOTATION 
Composition of two | (go f)(x) = g(fQ)) f@) = 33,0) = x? - x41 
functions (g f)(2) = g(fQ)) = (8) 
= 64-16+1=49 


(ge f)(x) = g(fQ) = gv’) 
= (x4)? — 2(x3) + 1 
= x6 - 23 +1 


Exercises 
Concepts 
1. If f(3) = 2 and g(3) = 5,(f + g)(3) = _. Exercises 11-34: Checking Symbolic Skills Use f(x) 
and g(x) to find a formula for each expression. Identify its 
2. If f(3) = 2 and g(2) = 5,(g°f)(3) = __. domain. 
3, If f(x) = x? and g(x) = 4x, (fg) (x) = . (a) (f + g)) (b) (f — gx) 
gas es 6 nes (c) (fg)@) (d) (f/g)@) 
4, If f(x) = x° and g(x) = 4x, (fog)() = __. 
f 8 fog U1. f(x) = 2x, g(x) = x? 
& 5, Cost of Carpet If f(x) calculates the number of 
( square feet in x square yards and g(x) calculates the 12, f(x) = 1 — 4x, g(x) = 3x +1 
cost in dollars of x square feet of carpet, what does Si Bate eo eer 
(g° f)(x) calculate? 13. f(x) = 3x, gs) =1-x 
14, f(x) = 1 - 5x, g(x) = —4x 


& 6. Time Conversion If f(x) calculates the number of 


days in x hours and g(x) calculates the number 15. f(x) = 4x + 2, g(x) =4-4y 
of years in x days, what does (ge f)(x) calculate? 2 ‘i 
16. f(x) = 3x + 1, gw =x+5 
Arithmetic Operations on Functions 
17. f(x) = x? - 1, gi =x? +1 


Exercises 7-10: Use f(x) and g(x) to evaluate each expres- 
sion symbolically. 18. f(x) = 4x3 — 8x?, g(x) = 4x? 


eRe Sega) = hae 19, f@)=x-Ve-1,  gh)ax+Ven1 


(a) (f + g)(3) (b) (f — g)(-) 

© (fe) @ (f/@)Q) 20. f(x) =3 + V2x +9, g(x) =3- Vx+9 
& $= oe xe a. f(x) = Vx - 1, gx) = Vx +1 

(a) (g + g)(-2) (b) (f - 9) 22, f(x) = V1 - x, ga =x) 

(©) (gf)() @) (g/f)(-3) 1 3 

23. f(x) = ——, (x) = 

9. f(x) = 2x + Le) = + fx Bo a | aM x+1 

@) (f + 8)Q) ) (fF - 9(3) 24, f(x) = x¥?, gy) =3 

© Ua @ (4/90) 28. f(x) = =, sas 

( 10. f(x) = Wx, g(x) = |x - 3| F 
(a) (f + g)(-8) (b) (f - 2D) 26. f(x) = a g(x) =x 
(c) (fg)() @) (f/g)27) 


27. f(x) =x? - 1, g(x) = |x + 1| 
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28. f(x) = |2x - II, g(x) = |2x + 1] 
x? — 3x +2 x 
OO ee eT 
4x — 2 24 | 
ters Ss 80) = 3.56 
2; y+1 
31. f(x) = ; x) = 
fo) v= 1 a(x) x? - 2x t+ I 
32. f(x) = ap g(x) =x? +x-2 
33, f(x) = x9? = x37, g(x) = x!? 
34, fx) = PF - 2x8 41, g@)=x'F-1 


Exercises 35-40; Use the graph to evaluate each expression. 
35, 


(a) (f + g)(-2) 
) Ff - gC) 
©) (fg) (2) 
@) (f/g)() 


@ +a) 
(b) (f — 9)) 
© (fg)(Q) 

@ (f/g)Q) 


(a) (f + 8)Q) 
b) (f - g)Q) 
© (fg)0) 
@) (f/s)() 


) F + 9) 
(b) (f — g)(0) 
©) (/g)(-1)) 
@) (f/g)() 


=> 
> 


(a) (f + 9)(0) 
(b) (f - g)(-1) 
© (fg)() 

(@) (f/8)(2) 


(a) (f +g) 
(b) (f — g)(-2) 
(©) (fg) (0) 
@) (f/g)Q) 


Exercises 41 and 42; Use the tables to evaluate each expres- 
sion, if possible. 


(a) (f + g)\(-)) (b) (g — JO) 
(c) (gf (2) (d) (f/8)(2) 


4.0 7-1] 0] 2 x} -1] 0 ] 2 
fi} -3] 5 | 1 a(x) | -2| 3 | 0 | 
eT gisil ele) Twa ee 
rol att fs | aol ato [a 


Exercises 43 and 44; Use the tables to evaluate each expres- 
sion, if possible, 
(a) (f + g)) 
(ce) (gf)(-S) 


43.1] —5] 0 5 
fo) | -3 | 4 | 3 | [ee] =! 
44.7 x] -s[ 0] 5 x] -s] 0] 5 
fo} 3] 2/10] Teal -i0ol s | 8 


Exercises 45 and 46; Use the tables to evaluate each expres- 
sion, if possible, 
(a) (f + g)() 
(c) (fg)(-2) 


(b) (g - f)(5) 
(d) (f/g)(5) 


| =5 


0 
2 


5 
1 


(b) (f - 9) 4) 
(d) (f/g) (0) 


4.[ yJ-2T 0] 2] 4 
f(x) | 0] 5 71 10 
| g(x) | 6] 0 | -2] 5 


47. Use the table in Exercise 45 to complete the following 
table, 


(f+ gv 
(Ff = 9) 


(f/g)() 


48. Use the table in Exercise 46 to complete the table in 
Exercise 47, 


Review of Function Notation 


Exercises 49-60; Checking Symbolic Skills For the given 
g(x), evaluate each of the following. 

(a) g(-3) (b) gb) (c) g(°) (d) g2x — 3) 
49. g(x) = 2x +1 50. g(x) = 5 - 4x 


51. g(x) = 2x? - 4 52. g(x) = -x? 
53. g(x) = 4x? + 3x— 1 54, g(x) = 2x7 - x -9 
55. g(x) = Vxt+4 56. g(x) = V2-x 


57, g(x) = [3x — 1] +4 58. g(x) = 2|1 —x| -7 


4x i c= x+3 


Bi EO STG 2 


Composition of Functions 


Exercises 61-64: Use the given f(x) and g(x) to evaluate 
each expression. 
61. fx) = Vx +5, g(x) =x? 

(a) (f°8)() (b) (ge f)(-) 


62. f(x) = |x? - 4], gQ@) = 2x7 + x41 
(a) (feg)() (b) (g° f)(-3) 


63. f(x) = 5x - 2, g(x) = |x| 
(a) (fe8)(-4) (b) (ge f)(5) 


64. f(x) = coo g(x) =5 


@) (fea)@) ) (g°f)Q) 


Exercises 65-84; Checking Symbolic Skills Use the given 
f(x) and g(x) to find each of the following. Identify its 
domain. 


(a) (fog) = (b) (ge f)@) —(e) (Fe YQ) 
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65. f(x) = 2x, gw =xt+1 
66. f(x) = —3x, g(xy) =2-x 
67. f(x) = 2x + 1, g(x) = -4x - 1 
68. f(x) = 2 - 5x, g(x) = 8x 


69. f(x) = x°, g(x) =x? + 3-1 


10, f(x) =2- x, a 5 


11. f(x) = x + 2, g(x) = x4 +x? - 3x -4 


72. f(x) = x?, g(x) = Vi-x 
73. f(x) = 2 - 3x, gi) =x 
74, f) = Vx, g(x) = 1-3? 
75. f(x) = . . r g(x) = Sx 

1 2 
76. f(x) = 3x g(x) = eT 
71. fx) =x4+4, g(x) = V4 - x? 
78. f(x) = 2x + 1, g(x) = 4x3 — 5x? 
79. f(x) = Vx -1, g(x) = 3x 
80. f(x) = zs 7 = g(x) = 2x + 3 
81. f(x) = 1 — 5x, g(x) = : = = 
82. f(x) = Wx - 1, g(xy) =x +1 


m O=— b> 0) 


1 
ke g(x) = ek? 


84. f(x) = ax?,a > 0, g(x) = Vax,a>0 


Exercises 85-88: Use the graph to evaluate each expression. 
85. 


(a) (f°8)(4) 
b) (g°f)Q) 
© (feN@ 


> x 
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(a) (f°8)@) 
(b) (geg)() 
©) (g°f\@4) 


(a) (fea) 
(b) (g°f)(-2) 
(©) (g°g)(—2) 


88. i 
. fs | @) (fog)(-2) 
il rei (b) (ge f\() 
SPR © UNO 
fs , is 


Exercises 89 and 90: Tables for the functions f and g are 
given. Evaluate the expression, if possible, 


(a) (ge f(b) (Fes) (ce) (f° GB) 


f(x) 


RET 


a x| a 
Tey 


Exercises 91 and 92; Tables for the functions f and g are 
given, Evaluate the expression, if possible. 


(a) (g°f)) (b) (feg)(S) (e) (g2g)(10) 
1, x} 0] 5 


10] 15 x 
f(xy)} 5 | 0 | 10) 15 g(x) 


0 | 5| 10 x] —5| 5{ 10] 15 
5 | 10|—5s} | ex] 15] 10|—5} 0 


o 


5 
10 


15 
0 


wr 


5 


92. 


5 
f(x)| 0 


93. Use the tables for f(x) and g(x) in Exercise 89 to 
complete the composition shown in the diagram. 


OOO 


94, Use the tables for f(x) and g(x) in Exercise 90 to 
complete the composition shown in the diagram. 


YOU 


Exercises 95-106; Checking symbolic skills (Refer to 
Example 11.) Find f(x) and g(x) so that h(x) = (g° f) (x). 
Answers may vary. 


95, h(x) = Vx - 2 96. h(x) = ae ais 
97, h(x) = 42x + 13 98, h(x) = We +1 


99. h(x) = (x? — 1)? 100. h(x) = 4(x — 5)? 
101. A(x) = —4[x + 2| 102. h(x) = SV - 1 


103. h(x) = = 104. h(x) = a 


105. A(x) = 34 —y'4 106. h(x) = x78 — 5x'B +4 4 


Applications 


107. Profit (Refer to Example 4.) Determine a_ profit 
function P that results if the albums are sold for $15 
each. Find the profit from selling 3000 albums. 


108. Revenue, Cost, and Profit Suppose that for a major 
production company it costs $150,000 to produce a 
master track for a music video and $1.50 to produce 
each copy. 

(a) Write a cost function C that outputs the cost of 
producing the master track and x copies, 


(b 


LS 


If the music videos are sold for $6.50 each, find 
a function R that outputs the revenue received 
from selling x music videos. What is the revenue 
from selling 8000 videos? 


(c) Find a function P that outputs the profit from 
selling x music videos. What is the profit from 
selling 40,000 videos? 


(d) How many videos must be sold to break even? 
That is, how many videos must be sold for the 
revenue to equal the cost? 


Exercises 13-18: Find an equation that shifts the graph of 
f by the desived amounts, Do not simplify. Graph f and the 
shifted graph in the same xy-plane. 


13, f(x) = x°; right 2 units, downward 3 units 

14, f(x) = 3x — 4; left 3 units, upward | unit 

15, f(x) = x? — 4x + 1; left 6 units, upward 4 units 
16, f(x) = x? — x — 2; right 2 units, upward 3 units 
17. f(y) = 1? + 2x — 1; left 3 units, downward 2 units 
18, f(x) = 5 - 3x - by right 5 units, downward 8 units 


Exercises 19-26; (Refer to Example 2.) Write a formula 
for a function g whose graph is similar to f(x) but satisfies 
the given conditions, Do not simplify the formula, 


19, f(x) = 3x? + 2v - 5 
(a) Shifted left 3 wnits 


(b) Shifted downward 4 units 


20. f(x) = 2x? — 3x + 2 
(a) Shifted right 8 units 


(b) Shifted upward 2 units 


21. f(x) = 2x? 
(a) Shifted right 2 units and upward 4 units 


(b) Shifted left 8 units and downward 5 units 


22. f(x) = 5x? 
(a) Shifted left 10 units and downward 6 units 


(b) Shifted right | unit and upward 10 units 


23, f(x) = 3x? - 3x + 2 
(a) Shifted right 2000 units and upward 70 units 


(b) Shifted left 300 units and downward 30 units 


24, f(x) = |x| 
(a) Shifted right 4 units and downward 3 units 


(b) Shifted left 5 units and upward 2 units 


25. f(x) = Vx 


(a) Shifted right 4 units, reflected about the x-axis 


(b) Shifted left 2 units, reflected about the y-axis 


26. f(x) = Vx 


(a) Reflected about the x-axis, shifted left 2 units 


(b) Reflected about the y-axis, shifted right 3 units 
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Exercises 27-30; Translating Circles Write an equation 
that shifts the given circle in the specified manner, State the 
center and radius of the translated circle. 


27, x? + y? = 4; right 3 units, downward 4 units 
28. x? + y? = 9; right 2 units, downward 6 units 
29, x? + y? = 5; left 5 units, upward 3 units 

30, x? + y? = 7; left 3 units, downward 7 units 


Transforming Graphical Representations 


Exercises 31-38; Use the accompanying graph of y = f(x) 
to sketch a graph of each equation, 


31, (a) yp = f(x) +2 32, (a) y = f(x + 1) 
(b) y = f(x - 2) -1 
(©) y = -fQ) 


(b) y = -/Q) 
(©) y = 2fQ) 


33, (a) yp = f(x +3)—2 34. @) y= fe-1)-2 
(b) » = f(-x) (b) y= -fQ) +1 
© y= 35/@) ©@ y=s(hy) 


y 


35, (a) p= f(xt 1 +1 36 (a) y= f(x) - 2 
(b) y = -fQ@) - 1 (bs) y=f(x- 1 +2 


©) »y =4/x) © y= 2f(-x) 
: 


ALL 


\ 


| 
f 


oy 
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37, (a) y = f(x) + 1 
(b) y = 2y(bx) +1 
© y=3/2-%) 


38. (a) y = f(2x) 
) y = s(bx) - 1 
© y = 2/1 - 3) 


Leste tedbaatt radiation 


San ee 
Y 


Reflections of Graphs 


Exercises 39-42; Write the requested equation. Then graph 
the given equation and your equation. 
39, Reflect f(x) = Vx + | across the x-axis. 


40. Reflect f(x) = |x| — 1 across the x-axis. 

41, Reflect f(x) = x? — x across the praxis, 

42, Reflect f(x) = Vx + 1 across the praxis. 
Exercises 43-48: (Refer to Example 6.) For the given rep- 


resentation of a function f, graph the reflection across the 
x-axis and graph the reflection across the y-axis. 


43. fx) =x? -2v-3 44, f(xy) = 4 - Tx - 2x? 
45, f(x) = |x +1] -—1 46. f(x) = 4x - 2| +2 


47, Line graph determined by the table 


x[| -3 [| -1 | 1 2 
jo| 2] 3] 1 | = 


48, Line graph determined by the table 


«| -4 | =2 


Exercises 49-52; Critical Thinking Suppose that the 

graph of y = f(x) increases on an open interval (a, b). 

Answer the following. 

49, Does the graph of » = —f(x) increase or decrease on 
the interval (a, b)? 


50, Does the graph of y = f(—x) increase or decrease on 
the interval (—b, —a)? 


51. Does the graph of y = —f(—.x) increase or decrease 
on the interval ( — b, —a)? 


52. If c > 0, does the graph of y = —cf(x) increase or 
decrease on the interval (a, b)? 


Graphing Transformations of Functions 


Exercises 53-62. Use transformations to explain how the graph 


of f can be found by using the graph of y = x’, y = Vx, or 
y = |x|. You do not need to graph y = f(x). 


53. f(y = -3P +1 54 f(x) = (x + 2? - 3 
55. f(x) = fx + 1? 56. f(x) = Ax - 4? 
57. f)=-Vxt5 58 fi) =-Vx -3 
59, f(x) = 2V—x 60. f(x) = \/-by 

61. f(x) = |-@ + 1) 62. f(x) = |4 - x| 


Exercises 63-86; Use transformations to sketch a graph of f. 


63. f(x) = x? - 3 64. f(x) = —x? 
65. f(x) = (x — 5 +3 66. f(x) = (x + 4? 
67. f(x) = -Vx 68. f(x) = Ax — 1? +1 


69. f(x) = -x? + 4 10. f(x) = V=x 

7. f(x) = |x| — 4 72. fix) = Vx +1 

73. f(x) = Vx -3 +2 74. f(x) = |x + 2) - 3 
75. f(x) = |2x| 76. f(x) = 4[x| 

71. f(x) = 1 - Vx 78. f(x) =2Vx—-2-1 
79. fx=-Vi-x 80. f(x) = V=x-1 
81. f(x) = V-@ + 1) 

82. f(x) =2 + V-@—3) 

83. f(x) = (x - 1) 84. f(x) = (x + 2) 

85. f(x) = —x3 86. f(x) = (-x)? + 1 


Transforming Numerical Representations 


Exercises 87-94; Critical Thinking Two functions, f and 
g, are related by the given equation. Use the numerical rep- 
resentation of f to make a numerical representation of g. 


87. g(x) = f(y) +7 
| co ee | 2 
f(x) |} 5 6 p) 7 9 


88. g(x) = f(x) — 10 


x] 0 5 | 10 [| 15 | 20 
f(x) | —5 i 21 | 32 47 


89. g(x) = f(x — 2) 


[—s 


[_ £0) 


90. g(x) = f(x + 50) 


x}|—100 | —S0 0 50 | 100 
f(x) 25 80 120 150 | 100 


1. g(x) = fvt+ 1-2 


[oes EaEREEaCH 


92. g(x) = f(x — 3) + 5 
9 
31 


[x[-3 | 0 6 

| rm 3 | 8 | ts | 27 
-2 [-1 | o [1 | 2 
WEIEZERE 


93. g(x) = f(-x) + 1 
94, g(x) = —f(x + 2) 


= 


| f@) 


x]-4 ]-2 | of 2 | 4 
fol 5s | 8 | tol 38 [5 


Exercises 95-102: The points (—12, 6), (0, 8), and (8,—4) 
lie on the graph of y = f(x). Determine three points that 
lie on the graph of y = g(x). 


95. g(x) = f(x) + 2 

96. g(x) = f(x) — 3 

97, g(x) = f(x — 2) + 1 

98. g(x) = f(x + 1) - 1 

99. g(x) = -F f(x) 

100. g(x) = -2f@) 

101, g(x) = f(-2x) 

102. g(x) = f(-4y) 
Critical Thinking About Domain and Range 


Exercises 103-110; Let the domain of f(x) be [-1,2] 
and the range be [0,3]. Find the domain and range of the 
following. 


103, f(x — 2) 104. 5f(x + 1) 
105. —f(x) 106. f(x — 3) +1 
107. f(2x) 108. 2f(x — 1) 


109. f(—x) 110. —2f(—x) 
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Exercises 111-114: Determine the domain and range of 
function f. Use interval notation. 


11. f(x) = -@ + 1? - 5 
112. f(x) = 2x — 5)? + 10 
113. f(x) = V-x — 4-2 
4. fx) = -Vx — 1 +3 


Applications 


Exercises 115-118: (Refer to Example 8.) Use transforma- 
tions of graphs to model the table of data with the formula 
f(x) = a(x — hy + k, (Answers may vary.) 

115. Number of iPhones sold (millions) 


Year] 2009 | 2010 | 2014 | 2015 | 
iPhones | 20.7 | 40.0 | 169 | 231 | 


Source: Apple Corporation. 


116. Cumulative number of apps downloaded from the 
Apple store (billions). 


Year | 2010 | 2011 | 2012 | 2013 | 2014 
Apps| S| 14] 27] 53] 85 


Source; Apple Corporation. 


117. Google revenue ($ billions) 
Year| 2008 | 2009 | 2010 | 2014 2015 | 
Revenue 22 24 29 66 75 | 
Source; Google. 
118. Average price of a home in thousands of dollars 


Year| 1970 | 1980 | 1990 | 2000 | 2005 
Price 30 80 150 210 300 


Source: U.S. Census Bureau. 


& 119, U.S. Home Ownership The general trend in the per- 


centage P of homes lived in by owners rather than 
renters is modeled by 


P(x) = 0.00075x? + 0.17% + 44, 


where x is years after 1990. Determine a function 
g that computes P, where x is the actual year. For 
example, P(0) = 44, so g(1990) = 44. 


BS 120, U.S. AIDS Deaths The function D defined by 


D(x) = 2375x? + 5134x + 5020 


models AIDS deaths x years after 1984, Write a for- 
mula g(x) that computes AIDS deaths during year 
x, where x is the actual year. 
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Using Transformations to Model Motion 


| 121, Computer Graphics (Refer to Example 9.) Suppose 
that the airplane in FIGURE 3.97 is flying at 0.2 kilo- 
meter per second to the left, rather than to the right. 
If the position of the airplane is fixed at (—1, 5), 
graph the image of the mountain and the position of 
the airplane after 15 seconds, 


fa 122, Computer Graphics (Refer to Example 9.) Suppose 
that the airplane in FIGURE 3.97 is traveling to the 
right at 0.1 kilometer per second and gaining alti- 
tude at 0.05 kilometer per second. If the airplane’s 
position is fixed at (-1, 5), graph the image of the 
mountain and the position of the airplane after 20 
seconds, 


2 123, Modeling a Weather Front Suppose a cold front 
passing through the United States at noon, has a 


shape described by the function y = ty, Each unit 


represents 100 miles. Des Moines, Iowa, is located 

at (0, 0), and the positive y-axis points north, See 

the figure. 

(a) If the cold front moves south at 40 miles per 
hour and retains its present shape, graph its 
new location at 4 P.M, 


Suppose that by midnight the vertex of the 
front, which is maintaining the same shape, has 
moved 250 miles south and 210 miles east of Des 
Moines, Columbus, Ohio, is located approxi- 
mately 550 miles east and 80 miles south of Des 
Moines, Plot the locations of Des Moines and 
Columbus together with the new position of the 
cold front, Determine whether the cold front 
has reached Columbus by midnight. 


oP 0) 


Cold front s 


7] 124, Modeling Motion The first figure at the top of the 
next column is a picture composed of lines and 
curves. In this exercise we will model only the red 
semicircle that outlines the top of the silo. In order 
to make it appear that the person is walking to the 


right, the background must be translated horizon- 
tally to the left, as shown in the second figure. 


The semicircle at the top of the silo in the first figure 


is described by f(x) = V9 — x? + 12, 
(a) Graph f in [-12, 12, 1] by [0, 16, 1]. 


(b) To give the illusion that the person is walking to 
the right at 2 units per second, graph the top of 
the silo after | second and after 4 seconds, 


=| Exercises 125-128; Critical Thinking About Reflections 

Computer graphics frequently use reflections, Reflections 

can speed up the generation of a picture or create a figure 

that appears perfectly symmetrical. (Sowee: S, Hoggar, 

Mathematics for Computer Graphics.) 

(a) For the given f(x), constant k, and viewing rectangle, 
graph x =k, y = f(x), andy = f(2k — »). 

(b) Generalize how the graph of y = f(2k — x) compares 
to the graph of y = f(x). 


125. f(x) = Vx, k = 2,[-1,8, 1] by [-4, 4, 1] 
126. f(x) = x*,k = -3,[-12, 6, 1] by[-6, 6, 1] 


127, f(x) = x4 — 2x? + Ik = -6, [-15, 3, 1] 
by [-3, 9, 1] 


128. f(x) = 4x — x4, k = 5,[-6, 18, 1] by [-8, 8, 1] 


Writing about Mathematics 


129, Explain how to graph the reflection of » = f(x) 
across the x-axis, Give an example. 


130, Let c be a positive number, Explain how to shift the 
graph of y = f(x) upward, downward, left, or right 


c units, Give examples, 


131, If the graph of y = f(x) undergoes a_ vertical 
stretch or shrink to become the graph of y = g(x), 
do these two graphs have the same x-intercepts? 
y-intercepts? Explain your answers, 


132. If the graph of y = f(x) undergoes a horizontal 
stretch or shrink to become the graph of y = g(x), 
do these two graphs have the same .x-intercepts? 


y-intercepts? Explain your answers, 


Se << 


( 
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CHECKING BASIC CONCEPTS FOR SECTION 3.5 


1. Predict how the graph of each equation will appear 3. Write an equation that transforms the graph of 


compared to the graph of f(x) = x”. 


(a) y= vt 4? 
© y=&-5P+3 


f(x) = x? in the desired ways. Do not simplify. 
0) y=x-3 (a) Right 3 units, downward 4 units 


(b) Reflected about the x-axis 


2. Use the graph shown to sketch a graph of each (c) Shifted left 6 units, reflected about the y-axis 


equation, 


(a) y = -2 fQ) 
© y=fa-)t1 


CONCEPT 


(a) Reflected about the y-axis, shifted left 6 units 


4, Use transformations to sketch a graph of the equation 
y=Vxt+1-2. 


yn 


Critical Thinking Use the table for f(x) to make 
tables for g(x) and h(x). 


(a) gx) =f - 2) +3 
(b) h(x) = -2f(e + YD 


[se] apa 
7) a 


EXPLANATION AND EXAMPLES 


Section 3.1 Quadratic Functions and Models 


Quadratic Function 


General form: f(x) = ax? + bx t+, a #0 


Examples: f(x) = x? and f(x) = —3x? +x +5 


a <0: opens downward 
Increases: x<h 
Decreases: x>h 

x 


Parabola The graph of a quadratic function is a parabola. 
Vertex form: f(x) = a(x — h)?* + k (standard form for a parabola with a vertical 
axis) Leading coefficient: a; vertex: (h, k); axis of symmetry: x = h 
Example: y y 
Ci 
a> 0: opens upward 
Increases: x>h 
Decreases: x <h 
Completing the The vertex of a parabola can be found by completing the square. 
Square to Find 
the Vertex Example: y=xr-4y41 


yr-lt4=x?-4x44 ( 
yt+3=(-27 Peifbet aeiiate inant 
y=-2P-3 Subtract 3 
The vertex is (2, —3). 
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Section 3.1 Quadratic Functions and Models (conTINUED) 


Vertex Formula 


b , b 
x-coordinate; x = “Fa y-coordinate: y = if ) 


Example: f(x) = 2x? + 4x - 4 
‘ 4 = 501) dae: 
x 2(2) 1, y =2(-1)? + 4(-1) - 4 6 


Vertex: (—1, —6) 


Section 3.2 Quadratic Equations and Problem Solving 


Quadratic Equation 


Factoring 


Square Root Property 


Completing the 
Square 


Quadratic Formula 


Can be written as ax? + by +c =0, a #0 
A quadratic equation can have zero, one, or two real solutions. 


x? +2x+1=0, and 
One solution 


x(x — 1) = 20 
Two solutions 


Examples; x? + 1 = 0, 
Zero solutions 


Write an equation in the form ab = 0 and apply the zero-product property: if the 
product of two expression equals 0, then at least one of the expressions must equal 0, 


x? — 3y = -2 
w-3x+2=0 
@ - D@ -2)=0 
v=! or x=2 


Example: 


If x? = k and k = 0, then x = + Vk, 


Example: x? = 16 implies x = +4, 


If x? + ky = d, then add (§ to each side. 


x? — dy = 2 -4 
VP-4yt4=24+4 
(x — 2? = 6 
x-2=+V6 

2+ V6 


Example: 


x= 


ee: Vb? — 4ac 


x 
2a 


2x7 — 5y -3=0 
—(-5) + V(-5)? — 4(2)(-3) 


i 2(2) 4 


Example: 


| 
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CONCEP" EXPLANATION AND EX! 


Section 3.2 Quadratic Equations and Problem Solving (ConTINUED) 


Discriminant The number of real solutions to ax? + bx + ¢ = 0 with a 4 0 can be found by 
evaluating the discriminant, b? — 4ac. 


1, If b? — 4ac > 0, there are two real solutions. 
2. If b? — 4ac = 0, there is one real solution. 
3. If b? — 4ac < 0, there are no real solutions (two complex solutions). 


Section 3.3 Complex Numbers 
Imaginary Unit i=V-Il, ?=-1 


Examples: V—4 = 2i, V—-7 = iV7 
V3» V=27 = 1V3+1V27 = PV81 = -9 


Complex Number a + bi, where a and b are real numbers (standard form) 


Complex numbers include all real numbers. We can add, subtract, multiply, and 
divide complex numbers. 


Examples: (2 — 3/) + (1 + Si) = (2 + 1) + (-3 + 5)i = 3 + 2i 
31-2 +1 2+(3- i= -2+2I 
(3 — dC + 21) = 3(1) + 3(2/) — (1) — iQ’) = 5 + Si 
Led Oa NOe sh 8i 1. 3 
2+i 2+/)2-A 5 55 


i 


Complex Conjugate The conjugate of a + bi is a — bi. 
Examples: [Number | 5 — 2i Si —7 | -1+4i 
Conjugate | 5 + 2i 9h =] -1-4 
Complex Solutions The quadratic formula can be used to solve quadratic equations with complex 
solutions, 


Example: The solutions to x? —x +2=0are 


1+ VEIP = 4MQ _ 1, M 
2(1) i 
Section 3.4 Quadratic Inequalities 
Quadratic Inequality ax? + bx + ¢ < Owitha # 0, where < may be replaced by S, >, or =. 


Example: 3x? -—x +150 
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Section 3.4 Quadratic Inequalities (CONTINUED) 


Graphical Solution Graph y = ax? + bx + e and find the x-intercepts; then determine x-values 
where the inequality is satisfied. 


Example: Solve —x? — x + 2> 0. 


The x-intercepts are (—2, 0) and (1, 0). 


The parabola is above the 
x-axis (y > 0) between 
= -2andx=1. 


Solution set is {x |-2 < x < 1}, 
or (—2, 1) in interval notation. 


Symbolic Solution First solve ax? + bx + ¢ = 0 and use a table of values or a number line to deter- 
mine the x-intervals where the inequality is satisfied. 
Example: Solve x? — 4 = 0. 
v-4=0 implies x = +2. 
Solution set is {x]x < —2 or x = 2}, or (-~, -2] U[2, @), 


Interval Test Value x | 2 — 4 | Positive or Negative? 


(-%, -2) = ositive 

(=2;,2) 0 Negative 

(2, ) 3 
Section 3.5 Transformations of Graphs 
Vertical Shifts y = f(x) + ¢ shifts the graph of y = f(x) upward c units, 
with c > 0 y = f(x) — ¢ shifts the graph of y = f(x) downward c units, 
Horizontal Shifts » = f(x — ©) shifts the graph of y = f(x) to the right ¢ units. 
with c > 0 y = f(x + ©) shifts the graph of y = f(x) to the left c units, 
Vertical Stretching » = ef(x) vertically stretches the graph of y = f(x) when c > | and shrinks the 
and Shrinking graph when 0 < ¢ < |, 
Horizontal Stretching » = f(ex) horizontally shrinks the graph of y = f(x) when c > | and stretches 
and Shrinking the graph when 0 < ¢ < |. 
Reflections y = —f(x) isa reflection of y = f(x) across the x-axis, 


y = f(—x) isa reflection of y = f(x) across the y-axis, 


Exercises 1 and 2; Use the graph to find the following. 

(a) Sign of the leading coefficient 

(b) Vertex 

(c) Axis of symmetry 

(d) Intervals where f is increasing and where f is decreasing 


Exercises 3 and 4; Write f(x) in the general form 
f(x) = ax? + bx + ¢, and identify the leading coefficient. 
3. f(x) = -2v - 5? +1 


4. f(x) = hv + 1P - 2 


Exercises 5 and 6: Use the graph of the quadratic function 
f towrite itas f(x) = a(x — hy +k. 


Exercises 7 and 8: Write f(x) in the vertex form 
f(x) = a(x — hy + k, and identify the yertex. 


1 fix)=x?+6x-1 8 f(x) = 2x? + 4-5 


Exercises 9 and 10; Use the vertex formula to determine 
the vertex on the graph of f: 


9, f(x) = -3x7 + 2x - 4 
10, f(x) = x? + 8x — 5 


Exercises 11-14; Sketch a graph of the function. 
11, f(x) = -3x? + 3 12, g(x) = Ax - 1" - 3 


13, f(x) = —|x + 3| 14. f(x) = V2-x 


15, Average Rate of Change Find the average rate of 
change of f(x) = —6x? + 7x + 5 from 2 to 4, 
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16, Difference Quotient Find the difference quotient for 
f(x) = x? - 2x. 


Exercises 17-24: Solve the quadratic equation. 
17, x7 -x-20=0 18, —5x? — 3x = 0 


19, 422-7=0 20. 252? = 
2. -27?-31+14=0 22. x(6- x) = -16 
23, 0.1x? - 0.3x = 1 24, (k + 2% = 


Exercises 25-28: Solve by completing the square. 
25, x? + 2x = 5 26, x? — 3x = 3 


27, 222-62-1=0 2% —4r? - fx +1=0 


29, Solve the equation 2x? — 3y” = 6 for y. Is ya func- 
tion of x? 


30, Solve h = —}g/? + 100 for ¢. 


31, Use the imaginary unit / to simplify each expression, 
(a) V-16 (b) V-48 


() V-5+ V=15 


Write each expression in standard form. 
(a) (2 — 3i) + (-3 + 3)) 


(b) (—S + 3i) — (-3 - Si) 
(c) (3 + 2i)(-4 - A 


3 + 2i 
251 


32 


(a) 


Exercises 33 and 34 Use the graph and the given f(x) to 
complete the following. 

(a) Find any x-intercepts. 

(b) Find the complex zeros of f. 

33, y 34, 


Exercises 35 and 36; Find all complex solutions, 
35, 4x7 +9 = 0 36, 2x? + 3 = 2x 
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37. Use the graph of y = f(x) to solve the inequality. 
Use interval notation to express your answer. 


(a) f(x) > 0 (b) f(x) <0 


38, Solve the equation or inequality. 
(a) x7 - 3x +2=0 (b) x? - 3x +2<0 
(c) x? - 3x +2>0 

Exercises 39-42; Solve the inequality. Use set-builder or 


interval notation to write the solution set to the inequality. 
39, x? - 3v +250 40. 9x? -4>0 


41. n(n — 2) = 15 42,17 +45 6n 


Exercises 43-48; Critical Thinking Sketch a graph of 
S(x) = ax? + bx + © that satisfies that given conditions. 


43, a<0,b°>-4ac=0 44, a> 0,8? — 4ac <0 
45.a<0,2 -4ac<0 46. a< 0,0? - 4ac>0 


41. a>0,b-4ac>0 48. a> 0,b* — 4ac =0 


49, If f(x) = 2x? — 3x + 1, use transformations to 


graph y = —f(x) and y = f(-y). 


Use the given graph of y = 
each expression, 
(a) y= fix +1)-2 


(b) y = —2fQ) 
(ce) y = fQx) 


50. f(x) to sketch a graph of 


Exercises 51-54: Use transformations to sketch a graph of f. 


51. f(x) = 22-4 52. f(x) = -4V—x 
53, f(x) = -2(v — 2)? + 3 
54. f(x) = —|x - 3] 


Applications 


55, Maximizing Area A homeowner has 44 feet of fence 
to enclose a rectangular garden. One side of the gar- 


56. 


57. 


den needs no fencing because it is along the wall of 
the house. What dimensions will maximize area? 


Maximizing Revenue The revenue R in dollars 
received from selling x radios is R(x) = x(90 — x). 
(a) Evaluate R (20) and interpret the result. 

(b) What number of radios sold maximize revenue? 


(c) What is the maximum revenue? 


(a) What number of radios should be sold for rey- 
enue to be $2000 or more? 


Projectile A slingshot is used to propel a stone 
upward so that its height / in feet after ¢ seconds is 


_ given by h() = —16/? + 887 + 5, 


58. 


59, 


60. 


= (a) Evaluate h (0) and interpret the result. 


(b) How high was the stone after 2 seconds? 
(c) Find the maximum height of the stone. 
(ad) At what time(s) was the stone 117 feet high? 


(e) Determine the domain and range of s(¢) in this 
application. 


World Population The function given by the for- 
mula f(x) = 0.000478x? — 1.813x + 1720.1 models 
world population in billions from 1950 to 2020 dur- 
ing year x. 


+ (a) Evaluate f(1985) and interpret the result. 


(b) Estimate world population during the year 2000, 


(c) According to this model, when did world popu- 
lation reach 7 billion? 


Construction A box is being constructed by cutting 
3-inch squares from the corners of a rectangular sheet 
of metal that is 4 inches longer than it is wide. If the 
box is to have a volume of 135 cubic inches, find the 
dimensions of the metal sheet. 


Room Prices Room prices are regularly $100, but 

for each additional room rented by a group, the 

price is reduced by $3 for each room, For example, 

1 room costs $100, 2 rooms cost 2 x $97 = $194, 

and so on. 

(a) Write a quadratic function C that gives the total 
cost of renting x rooms, 


(b) What is the total cost of renting 6 rooms? 
(c) How many rooms are rented if the cost is $730? 


(d) What number of rooms rented gives the greatest 
cost? 
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61, Minutes Spent on Facebook The following table percent of total area that is irrigated and y is the rice 
gives estimates for the total number of minutes in yield in tons per hectare. (1 hectare ~ 2.47 acres.) 
billions spent on Facebook per year. Find a func- 


tion in the form M(x) = a(x — fh)? + & that models x 0 20 40 60 | 80 100 | 
this data, y | 1a | is | 23 | 30] 45 | 1 | 
Source: D. Grigg, The World Food Problem. 
Year| 2007 2008 2009 2016 . f 
7 (a) Use least-squares regression to find a quadratic 
Minutes | 60 84 184 2500 function that models the data. 


Source: Business Insider, 


ede me A (b) Solve the equation f(x) = 3.7. Interpret the results, 
62. Irrigation and Yield The table shows how irrigation = 


of rice crops affects yield, where x represents the 


More Nonlinear Functions @ 
and Equations 


M athematics can be both abstract and applied. Abstract mathematics is 
focused on axioms, theorems, and proofs that can be derived independently 
of empirical evidence. Theorems that were proved centuries ago are still valid 
today. In this sense, abstract mathematics transcends time. Yet, even though 
mathematics can be developed in an abstract setting—separate from science 
and all measured data—it also has countless applications. 

There is a common misconception that theoretical mathematics is unimport- 
ant, yet many of the ideas that eventually had great practical importance were 
first born in the abstract. For example, in 1854 George Boole published Laws of 
Thought, which outlined the basis for Boolean algebra. This was 85 years before 
the invention of the first digital computer. However, Boolean algebra became the 
basis on which modern computer hardware operates. 

In this chapter we discuss some important topics in algebra that have had 
an impact on society. We are privileged to read in a few hours what took people 
centuries to discover. To ignore either the abstract beauty or the profound appli- 
cability of mathematics is like seeing a rose but never smelling one. 
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More Nonlinear 
Functions and Their 
Graphs 

Polynomial Functions 
and Models 

Division of Polynomials 
Real Zeros of Polynomial 
Functions 

The Fundamental 
Theorem of Algebra 


Rational Functions and 
Models 


More Equations and 
Inequalities 

Radical Equations and 
Power Functions 
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« Learn terminology about Introduction 
polynomial functions 
» Find extrema of a function Monthly average high temperatures at Daytona Beach are shown in TABLE 4.1. 
= Identify symmetry in a 
graph of a function _ Average High Temperatures at oe Beach 
» Determine if a function is Month aE 11 
CR: QUE Ox HaTTN = (°F) | 69 2 Le ea ae: 88 Et | 81 76 | 70 


Source: J, Williams, The USA Weather Almanac. 
TABLE 4.1 


FIGURE 4.1 shows a scatterplot of the data. A linear function would not model 
these data because these data do not lie on a line. One possibility is to model the 
data with a quadratic function, as shown in FIGURE 4.2. However, a better fit can be 
obtained with the nonlinear function f whose graph is shown in FIGURE 4.3. Function 
f is a polynomial function with degree 4. 


Temperature Data Quadratic Model New Polynomial Model 


y 


Accurate enough? | Amore accurate model 


wan January (x 


=i) 


Temperature (°F) 
Temperature (°F) 


Temperature (°F) 


oe a = 10 12 02 4 : a anal co 4 7 : 0 
Month (112) Month (112) Month (112) 
FIGURE 4,1 FIGURE 4.2 FIGURE 4.3 


Polynomial Functions 


Constant, linear, and quadratic functions are examples of polynomial functions. The 
following box gives a general definition for polynomial functions. 


2 POLYN 101 MITA 


A Bilgworctal function f of degree nin the yariable x can be represented by 


F(X) = ayx" + dyayx"! + 000+ + ax? + ax + a, | 


where each coefficient a, is a real number, a, ~ 0, and n is a nonnegative integer. 
The leading coefficient is a, and the degree is n. 


The domain of a polynomial function is all real numbers, and its graph is continuous 
and smooth without breaks or sharp edges. 
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Algebra Review Examples of polynomial functions include the following. 
Toseee enna see ChApiErR Formula Degree Leading Coefficient 
fd) = 10 0 do = 10 
g(x) = 2x — 3.7 1 a =2 
Polynomial functions h(x) = 1 - 1.4x + 3x? 2 a =3 
d(x) = x! — 2x3 — x? + 4y - 6 4 a,=1 
k(x) = ‘ys + 4x4 + 6 A = 


A polynomial function of degree 2 or higher is a nonlinear function. Functions f 
and g are linear, whereas functions /, d, and k are nonlinear, 


Quadratic functions, which were discussed in Chapter 3, are examples of 
nonlinear functions, This chapter introduces more nonlinear functions. 


Functions that contain radicals, ratios, or absolute values of variables are not 


polynomials, For example, f(x) = 2Vx, g(x) = 4: and h(x) = |2x + 5] are nor 


polynomials, However, they are nonlinear functions. 


Temperature Data 


Identifying Extrema 


In FIGURE 4.1, repeated in the margin, the minimum monthly average temperature of 
69°F occurs in January (x = 1) and the maximum monthly average temperature of 90°F 
oceurs in July (vy = 7). Minimum and maximum y-values on the graph of a function 
often represent important data, Although maximum and minimum y-values can occur 
on the graphs of all types of functions, we will initially focus on graphs of polynomials, 
Graphs of two polynomial functions with “hills” and “valleys” are shown 
i oi _ in FIGURES 4.4 and 4.5, These hills and valleys are associated with maximum and 
0 2 4 6 8 0 12 “minimum y-values on the graphs. The following See the Concept shows how these 
Month (112) minimum and maximum y-values are classified. 


See the Concept: Absolute and Local Maximums and Minimums 


@ Absolute minimum: — 6 


Temperature (°F) 


© Absolute maximum: None 
@ Absolute maximum: 12.7 

© Absolute minimum: None 
@ Local maximum: 2.25 

@ Local minimum: — 3.1 


Note that the absolute minimum of —6 
in FIGURE 4.4 is also a local minimum, 
and that the absolute maximum of 12.7 
in FIGURE 4.5 is also a local maximum, 


FIGURE 4,4 


In FIGURE 4.4, the minimum y-value on the graph of f is — 6. It is called the abso- 
lute minimum of f. Function f has no absolute maximum because there is no largest 
y-value on a parabola opening upward. 

In FIGURE 4.5 the peak of the highest “hill” on the graph of g is (—2, 12.7). 
Therefore the absolute maximum of g is 12.7. There is a smaller peak located at the 
point (3, 2.25). In a small open interval near x = 3, the p-value of 2.25 is locally 
the largest. We say that g has a /ocal maximum of 2.25, Similarly, a “valley” occurs on 


4.1 More Nonlinear Functions and Their Graphs 265 


Absolute Maximum: 11 the graph of g, where the lowest point is (1, — 3. 1). The value — 3.1 isnot the smallest 
Ocours Twice at x= £2 y-value on the entire graph of g. Therefore it is not an absolute minimum. Rather, 
—3,1 is a local minimum. 
Maximum and minimum values that are either absolute or local are called 
extrema (plural of extremum). A function may have several local extrema, but at 
most one absolute maximum and one absolute minimum. However, it is possible 
for a function to assume an absolute extremum at two values of x. In FIGURE 4.6 the | 


absolute maximum is 11. It occurs atx = #2. 


fad In FIGURE 4.6, the absolute maximum of 11 is also a local maximum because 
itis the largest y-value in a small interval near either x = —2or x = 2. 


Sometimes an absolute maximum (minimum) is called a global maximum (minimum). 
FIGURE 4.6 Similarly, sometimes a local maximum (minimum) iscalled a relative maximum (minimum). 


B cr > . 
Let c be in the domain of f. | 


f(o) is an absolute (global) maximum if flo) = f(x) for all x in the domain of f. 
{(o) is an absolute (global) minimum if fc) = fQ) for all x in the domain of f. 
f(o) is a local (relative) maximum if f(c) = f(x) when x is near c. | 
f(c) is a local (relative) minimum if f(¢) = f(x) when x is near ¢. | 


The expression “near ce” means that there is an open interval in the domain | 
of f containing ¢ where f(c) satisfies the inequality. 


Identifying and interpreting extrema 


FIGURE 4.7 shows the graph of a function f that models the volume of air in a person’s 
lungs, measured in liters, after x seconds. (Source: V. Thomas, Science and Sport.) 

(a) Find the absolute maximum and the absolute minimum of f, Interpret the results. 
(b) Identify two local maximums and two local minimums of f. Interpret the results. 


Volume of Air in a Person's Lungs 


Y Large inhale | 


Normal inhale 


Volume (liters) 
e 


Normal exhale | 


Large exhale 


0 4 8 12 16 20 
Time (seconds) 
FIGURE 4.7 


SOLUTION 

(a) The absolute maximum is 4 liters and occurs at C. The absolute minimum is 
1 liter and occurs at D. AtCa deep breath has been taken and the lungs are more 
inflated. After C, the person exhales until the lungs contain only 1 liter of air at D. 

(b) One local maximum is 3 liters. It occurs at A and E and represents the amount 
of air in a person’s lungs after inhaling normally. One local minimum is 2 
liters. It occurs at B and F and represents the amount of air after exhaling nor- 
mally, Another local maximum is 4 liters, which is also the absolute maximum. 
Similarly, 1 liter is a local minimum and also the absolute minimum. 
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/EXAMPLI Identifying extrema 
LSA SREA NYS, , ying extrem: 


Use the graph of f in FIGURE 4.8 to estimate any local and absolute extrema, 


SOLUTION 
Local Extrema The points (—2, 8) and (1, (9) on the graph of f correspond to the 
lowest point in a “valley.” Thus there are local minimums of § and 19, The point 
(-1, 13) corresponds to the highest point on a “hill.” Thus there is a local maximum 
of 13, 


Absolute Extrema Because the arrows point upward, there is no maximum y-value on 
th the graph. Thus there is no absolute maximum, However, the minimum y-value on 
FIGURE 4.8 the graph of f occurs at the point (1, 19). The absolute minimum is — 19, 


iN 


iw Try Exercini 116 | 


| NOTE | Extrema are p-values on the graph of a function, not x-values, 
Modeling ocean temperatures 


The monthly average ocean temperature in degrees Fahrenheit at Bermuda can be modeled 
by fQ) = 0.0215x4 — 0,648.3 + 6.03.2 — 17.1x + 76.4, where x = | corresponds 
to January and x = 12 to December. The domain of fisD= {x]lsx< 12}. 

(a) Graph f in [1, 12, 1] by [50, 90, 10]. 

(b) Estimate the absolute extrema, Interpret the results, 


SOLUTIC IN 

(a) The graph of J1 = f(x) is shown in FIGuRE 4.9, 

(b) Many graphing calculators have the capability to find maximum and minimum 
y-values. The points associated with absolute extrema are shown in FIGURES 4,9 


FIGURE 4.9 and 4.10. An absolute minimum of about 61,5 corresponds to the point (2.01, 61.5). 
This means that the monthly average ocean temperature is coldest during the 
[1, 12,1] by [50, 90, 10] month of February (x ~ 2) when it reaches a minimum of about 61,5°F, 


An absolute maximum of approximately 82 corresponds to (7.61, 82.0). 
Rounding, we might say that the warmest average temperature occurs during 
August (x ~ 8) when it reaches a maximum of 82°F, (Or we might say that this 
maximum occurs in late J uly, since x ~ 7.61.) 


Maximum | Now ‘ry Exercl a) 
X=7.608694 , Y=82,005128 . 


FIGURE 4.10 Symmetry 


Even Functions Symmetry is used in art, mathematics, science, and computer graph- 
ics. Many objects and animals are symmetric along a line so that the left and right sides 
are mirror images. For example, if'a butterfly is viewed from the top, the left wing is typ- 
ically a mirror image of the right wing. Graphs of functions may also exhibit this type of 


symmetry, as shown in FIGURES 4.11-4,13, These graphs are symmetric with respect to the 
y-axis. A function whose graph satisfies this characteristic is an even function, 


Even Functions: Symmetry with Respect to the y-Axis 


folded on the y-axis, the | |_ 


If these graphs are | 
two halves match. I 


i | Ley | 
FIGURE 4.11 FIGURE 4.12 FIGURE 4.13 
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An Even Function FIGURE 4.14 shows a graph of an even function f. Since the graph is symmetric 
A with respect to the y-axis, the points (, y) and (— x,y) both lie on the graph of f. 
Thus f(:) = » and f(—.) = », and so f() = f(—2) for an even function. 
For an even function, opposite inputs result in the same output. This means 
that if we change the sign of the input, the output does not change. For example, if 
g(x) = x, then g(2) = g(-2) = 4. 


EVEN FUNCTION 7 ; 
A function f is an eyen function if f(—x) = f(x) for every x in its domain. The | 


etric with respect to the y-axis. | 


ine 

li (x, y) ison the 
graph, (—x, y) is 

FIGURE 4.14 also on the graph. 


Odd Functions A second type of symmetry is shown in FIGURES 4,15-4.17, If we could 
spin or rotate the graph about the origin, the original graph would reappear after half'a 
turn, These graphs are symmetric with respect to the origin and represent odd functions. 


Odd Functions: Symmetry with Respect to the Origin 


Spinning these graphs 
180° around the origin, 
results in the same graph, 


ara 


FIGURE 4.15 FIGURE 4,16 FIGURE 4.17 


An Odd Function In FIGURE 4.18 the point (x, y) lies on the graph of an odd function f. If this point 
y spins halfa turn, or 180°, around the origin, its new location is (— x, —y). Thus f() = » 
and f(—.) = —». It follows that f(—) = -y = —f(«) for any odd function f. 
For an odd function, opposite inputs result in opposite outputs. Changing the 
eC) | sign of the input only changes the sign of the output. For example, if g(x) = x3, then 
g(3) = 27 and g(—3) = -27. 


@ If (x,y) ison ee 
the graph, ... |) 


opp Function ; 
A function f is an odd function if f(—x) = — f(x) for every x in its domain, The 


Ol-x. is 


—'~ also on the graph. graph of an odd function is symmetric with respect to the origin. 
FIGURE 4,18 — : : — : ‘ 

Identifying Odd and Even Functions The terms odd and even have special 
meaning when they are applied to a polynomial function f. If f(x) contains terms 
that have only odd powers of x, then f is an odd function. Similarly, if f(x) contains 
terms that have only even powers of x (and possibly a constant term), then f is an 
even function. For example, f(x) = x° — 4x! — 2x? + 5 is an cven function, whereas 

(CRITICAL THINKING | g(x) = x° + 4y° is an odd function, This fact can be shown symbolically. 

If 0 is in the domain of an odd f(-») = (x8 - 4-4)! — 2 ry + 5 titut f. 


function f, what point must 
lie on its graph? Explain your 
reasoning, 


= x6 — dy! — 2x7 +5 npl 
f(x) is ar 
(-2x)8 + 4(-»% 

-x° — 4x3 moplif 


~g(x) 


Il 


g(-») 


ll 


Ml 
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Algebra Review 
To review cube roots, see Chapter R 
(page R-39), 


Cube Root Function 
y 


“3 
| 


j=2 


EE 
| 
3 
if 


FIGURE 4.19 


(XSTQ It is important to remember that the graphs of many functions exhibit no 
symmetry with respect to either the y-axis or the origin. These functions are neither 
odd nor even, 


| . * 
KAMPLE 4) Identifying odd and even functions 


For each representation of a function f, identify whether f is odd, even, or neither, 


0 es ee ee ee 1 2 3 
f(x) | 105 | 2 [-os5] -2 |-os! 2 aos 
; 


(b) (©) fx) = x7 ~ 5x 


(d) f is the cube root function. 


SOLUTION 

Getting Started If either f(—x) = f(x) or its graph is symmetric with respect to the 
y-axis, then f is even, If either f(—x) = —f(x) or its graph is symmetric with respect 
to the origin, then f is odd. Otherwise, f is neither even nor odd. } 


(a) The function defined by the table has domain D = {-3, -2, -1, 0, 152; 3}, 
Notice that f(—3) = 10.5 = (3), f(-2) = 2 = (2), f(-1) = -0.5 = f(1), and 
/(-0) = —2 = f(). The function f satisfies the statement f(-x) = f(x) for 
every x in D. Thus f is an even function. 

(b) If we fold the graph on the y-axis, the two halves do not match, so f is not an 
even function. Similarly, f is not an odd function since spinning its graph half a 
turn about the origin does not result in the same graph. The function f is neither 
odd nor even, 

(c) Since f is a polynomial containing only odd powers of x, it is an odd function. This 
fact can also be shown symbolically. 


S(-4) = (x9 - 5(-x) 


= —x3 + 5y npli 
= -(x3 — 5x) ributive propert 
= —f(x) 1 ode Faricti 


(d) Note that for the cube root function, W/—8 = —2 and that W8 = 2.In general, 
W-x = —W-x, which indicates that f(—x) = —f(x), where f(x) = Wy. Thus 
f is an odd function, This fact can also be seen by graphing f(x) = Wx, as 
shown in FIGURE 4.19. Spinning the graph of f(x) = Wy a half a turn about the 
origin results in the same graph. 


| Now ry Exerctaos 64, 67, 71 and 70} 


[CRITICAL THINKING) : ae 
Discuss the possibility of the graph of a Junction being symmetric with respect to 
the x-axis, 
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we Putting It All Together 


CONCEPT 


Absolute, or global, 
maximum (minimum) 


EXPLANATION 

The maximum (minimum) y-value on the graph of 
y = fo) 

A graph of a function may or may not have an 
absolute maximum (minimum). 


GRAPHICAL EXAMPLE 


_ absolute 
minimum 


Local, or relative, 
maximum (minimum) 


A maximum (minimum) y-value on the graph of 
y = f(x) in an open interval of the domain of f 


local -—— 
maximum 


A graph of a function may or may not have a local 
maximum (minimum). 


t= local 


Note that it is possible for a y-value on the graph of minimum 
f to be both an absolute maximum (minimum) and 


a local maximum (minimum). 
f(-x) = f@) 
The graph is symmetric with respect to the y-axis. If 


the graph is folded on the y-axis, the left and right 
halves match. 


Even function 


Changing the sign of the input does not change the 
output. 


Odd function 


f(-x) = -f@) 
The graph is symmetric with respect to the origin. 
If the graph is spun about the origin, the graph 
reappears after half a turn, or 180°. 

Changing the sign of the input only changes the 
sign of the output. 


Exercises 
Note: Many of the answers in this section involve estima- 3. f(x) = Vx 4. f(x) = 2x3 - Wr 
tions. Your answers may vary slightly, particularly when you 
are reading a graph. 5, f(x) = 1 —- 4x — 5x4 6. f(x) = 5 — 4x 
Polynomials 7. g() = sao 8. g() = fan 
/ e+ 3t- 1 
( Exercises 1-10: Determine if the function is a polynomial : j 
function, If it is, state its degree and leading coefficient a. 9. g(t) = 22 10. g() = |2¢| 


1, f@) = 2x7 —x+5 2. f(x) = -x4t + 1 
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Finding Extrema of Polynomials 


Exercises 11-32: Use the graph of f to estimate the 


(a) local extrema and 
(b) absolute extrema, 


(Hint: In Exercises 25-32, local extrema cannot occur at 
endpoints because they only occur on open intervals.) 


31. 


Exercises 33-44; Determine any 


(a) local extrema and 

(b) absolute extrema. 

(Hint: Consider the graph y = g(x).) 

33. g(x) = 1 — 3x 34. g(x) = fx 


35. g(x) 36. gx) =1-3x° 
37. g(x) = -2Ax + 3 +4 

38. g(x) = Hv - 1)? - 2 

39, g(x) = 2x7 - 3x41 


ayv+l 


40, g(x) = -3x? + 4x - 1 


41. g(x) = |x + 3} 42. g(x) = —|x| +2 
43. g(x) = Wx 44, g(x) = - 


a Exercises 45—52; Determine graphically any 
(a) local extrema and 
(b) absolute extrema. 


45. g(x) = 3x - 33 46. g(x) = i : ix 

47. f(x) = —3x4 + 8x? + 6x? — 24x 

48. f(x) = —x4 + 4x3 — 4x? 

49, f(x) = x4 — 2x? + 1 

50. f(x) = -1y4 + 4x? — 8 

51. f(x) = —— 5, i « =—>— 
+ ¥ + 2e +2 

Symmetry 


Exercises 53-58: Use the graph to determine if f is odd, 


even, or neither. 
53. 
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Exercises 59-78: Determine if f is odd, even, or neither. 


59, 
61. 
63. 
65. 
67. 
69. 
71. 
73. 


75. 


TI. 


79. 


f(x) = 5x 60. f(x) = -3x 

fw =x+3 62. f(x) =2x-1 
f(x) = x? - 10 64. f(x) = 8 — 2x? 
fx) = x4 -— 6x? +2 66. f(x) = —x° + 5x? 
f(x) = x3 - 2x 68. f(x) = - 

f= - 3 70. f(x) = 3x3 - 1 
fix) = Wx? 72. f(x) = V-x 
fi) = VI- 74. f(x) = Vx? 

f(x) = 16. fix) = + 
fa)=|x+2) 78. 0) = 

The table is a complete representation of f. Decide if 


f is even, odd, or neither. 


Lak tel =I Ls 


1 10 


100 
—5 | 23 | -5S6 


80. The table is a complete representation of f. Decide if 


f is even, odd, or neither. 


¥ | =5 


b 


(x) 


SY 


1 


aes 


81. Complete the table if f is an even function. 


>x od ee (Pla -1 
f(x) | 21 —25 


7 


at] 
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82, Complete the table if f is an odd function. 
x| =§ 


3. || 2 2 3] 5 
f(x) | 1B =5 =| 


83, Critical Thinking If the points (—5, —6) and(—3, 4) 
lie on the graph of an odd function f, then what do f(5) 
and f(3) equal? 


84, Critical Thinking If the point (1 — a,b + 1) lies 
on the graph of an even function f, then what does 
f(a — 1) equal? 


0 


Critical Thinking about Graphs of Polynomials 


85, Sketch a graph of an odd linear function. 
86, Sketch a graph of an even linear function. 


87, Does there exist a continuous odd function that is 
always increasing and whose graph passes through 
the points (—3, —4) and (2, 5)? Explain, 


88, Is there an even function whose domain is all real 


numbers and that is always decreasing? Explain. 


89, Sketch a graph of a continuous function with an 
absolute minimum of —3 at v = —2 and a local 


minimum of —1 at x = 2. 


90, Sketch a graph of a continuous function with no 
absolute extrema but with a local minimum of —2 at 


x = —1 anda local maximum of 2 at x = 1. 


91, Sketch a graph of a continuous function that is increas- 
ing on (—%, 2) and decreasing on (2, ), Could this 


function be quadratic? 


92. Sketch a graph of a continuous function with a local 
maximum of 2 at y = —1 and a local maximum of 0 


atv = 1, 


Translations of Graphs 
Exercises 93-96: Use the graph of f(x) = 4x - ay and 
translations of graphs to sketch the graph of the equation, 


93, y = f(x + 1) 94, y = f(x) - 2 


95, y = 2f(x) 96. » = f(x) 


97, Critical Thinking If the graph of y = f(x) is 
increasing on (1,4), then where is the graph of 
y = f(x + 1) — 2 increasing? Where is the graph of 
y = —f(x — 2) decreasing? 


98, Critical Thinking If the graph of f is decreasing 
on (0, @), then what can be said about the graph of 
y = f(-x) + 12 The graph of y = —f(x) - 1? 


Checking Symbolic Skills 


Exercises 99-104; Odd and Even Polynomials Complete 
each of the following. 
99. If P = 4x3 and Q = 2x + »°, are P and Q odd or 
even? Multiply P and Q to find PQ. Is the product 
PQ an odd or even polynomial? 


100, If P = —2x? and Q = x? + 3x%, are P and Q odd 
or even? Multiply P and Q to find PQ, Is the prod- 
uct PQ an odd or even polynomial? 


101. (Refer to Exercise 99,) Make a generalization about 
whether the product of two odd polynomials is odd 
or even, Support your answer with an example, 


102. (Refer to Exercise 100.) Make a generalization about 
whether the product of two even polynomials is odd 
or even, Support your answer with an example, 


103, If P = x and Q = x? + 2x4, are P and Q odd or 
even? Multiply P and Q to find PQ. Is the product 
PQ an odd or even polynomial? 


104, (Refer to Exercise 103.) Make a generalization 
about whether the product of an odd and an even 
polynomial is odd or even, Support your answer 


with an example. 


Applications 


105, Temperature in Sunlight The graph shows the 
temperature readings of a thermometer (on a partly 
cloudy day) x hours past noon, 


y 


Temperature (°F) 


Oot 2 24 8 6 
Time (hours past noon) 


ty, *. . £58 
(a) Identify the absolute maximum and minimum. 
2, 

Interpret each. 


(b) Identify any local maximums and minimums. 
(Do not consider the endpoints.) 


(c) For what x-values was the temperature increasing? 


106, Daytona Beach (Refer to the introduction to this 
section.) The graph shows the monthly average high 
temperatures at Daytona Beach, 


y 


Temperature (°F) 


0 2 4 6 8 10 12 
Month 


(a) Identify the absolute maximum and minimum. 
(b) Identify a local maximum, 


(c) For what x-values is the temperature in Daytona 
Beach increasing? 


107, Facebook Versus Yahoo During 2009, Facebook 
surpassed Yahoo for the greatest number of unique 
monthly users. The formula 

F(x) = 0.0484x3 — 1,504x? + 17.7% + 53 
models these numbers in millions of unique monthly 
. users x months after December 2008, 
PS (a) Evaluate F(1) and F(12). Interpret the result. 


(b) Graph y = F(x) in [0, 13,2] by [0, 150, 25]. 
Does F have any local extrema for | = x = 12? 


(c) Where is F increasing ifits domain is | = x = 12? 


108. Google + Users Google+ experienced an increase 
in the number of users between July 1, 2011 and 
February 1, 2012. The total number of users in mil- 
lions can be modeled by the polynomial function 


G(x) = 0.000014437x? — 0.00406x? + 0,603x + 3.7, 


“ where x represents days after July 1, 2011. 
O° (@) Evaluate G(31) and interpret the result. 


(b) Graph y = G(x) in [0, 215, 20] by [0, 90, 10]. 
Does function G have any local extrema for the 
interval 0 = x = 215? 

(c) Where is function G increasing if its domain is 
Osx 215? 
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B 109, Heating Costs In colder climates the cost for natural 


gas to heat homes can vary from one month to the 
next. The polynomial function given by 


f(x) = —0.1213x4 + 3.462.x3 — 29.22.x? 
+ 64.68x + 97.69 


models the monthly cost in dollars of heating a typical 

home. The input x represents the month, where x = 1 

corresponds to January and x = 12 to December. 

(a) Where might the absolute extrema occur for 
l<x< 12? 


£ @) Graph f in [1, 12, 1] by [0, 150, 10]. Find 
the absolute extrema and interpret the results, 


B 110. Natural Gas The U.S. consumption of natural gas 


from 1965 to 1980 can be modeled by 


f(x) = 0,0001234x4 — 0.005689x7 + 0.08792 x? 
— 0.5145x + 1.514, 


where x = 6 corresponds to 1966 and x = 20 to 1980, 
Consumption is measured in trillion cubic feet. 
. (Source: Department of Energy.) 
& @) Evaluate f(10) and interpret the result. 


0) 


~ 


Graph f in [6, 20, 5] by [0.4, 0.8, 0.1 ]. Describe 
the energy usage during this time period. 


& (c) Determine the local extrema and interpret the 
/ results. 


111. Average Temperature The graph approximates 
the monthly average temperatures in degrees 
Fahrenheit in Austin, Texas. In this graph x repre- 
sents the month, where x = 0 corresponds to July. 


°B 


Mar Jul Noy 


(a) Is this a graph of an odd or even function? 


(b) June corresponds to x = —1 and August to 
x = |. The average temperature in June is 83°F. 
What is the average temperature in August? 


(c) March corresponds to x = —4 and November 
to x = 4. According to the graph, how do their 
average temperatures compare? 


th. , fs 
£2 (@) Interpret what this type of symmetry implies 
about average temperatures in Austin. 
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112. Height of a Projectile When a projectile is shot “* 2. Minimizing Area A piece of wire 20 inches long is 
into the air, it attains a maximum height and then ; cut into two pieces. One piece is bent into a square 
falls back to the ground. Suppose that x = 0 cor- and the other is bent into an equilateral triangle, as 
responds to the time when the projectile’s height is illustrated. 
maximum. If air resistance is ignored, its height / 
above the ground at any time x may be modeled by x 
h(x) = —16x? + Imax, Where Imax is the projectile’s 
maximum height above the ground. Height is mea- z r * ‘i 
sured in feet and time in seconds, Let Max = 400 / \ 

., feet. vA ¥ \ 
rh (a) Evaluate /(—2) and /(2). Interpret these results. : y 
ce (b) Evaluate i (—S) and h(5). Interpret these results. (a) Write a formula that gives the area A of the two 


(c) Graph h for —5 S x S 5, Is h even or odd? anapond Tentos oles 


(b) Find the length of wire (to the nearest tenth of 
an inch) that should be used for the square if the 
combined area of the two shapes is to be mini- 


(d) How do the values of (x) and /(—x) compare 
on the interval -5 = x = 5? What does this 
result indicate? 


mized? 
Writing about Mathematics é 43, Minimizing Time A person is in a rowboat 3 miles 
: . from the closest point on a straight shoreline, as 
113, Critical Thinking Explain the difference between a illustrated in the figure. The person would like to 
local and an absolute maximum. Are extrema x-values reach a cabin that is 8 miles down the shoreline. The 
or y-values? person can row at 4 miles per hour and jog at 7 miles 
‘ es, er hour. 
114, Critical Thinking Describe ways to determine if a P 
polynomial function is odd, even, or neither. Give 
examples. ein EE 
P s : z 
115, Critical Thinking If an odd function f has one local f = 
maximum of 5 at x = 3, then what else can be said 3mi 
about f? Explain. | 
116. Critical Thinking If an even function f has an abso- 4 
lute minimum of —6 at x = —2, then what else can : 


be said about f? Explain. 


. (a) How long will it take to reach the cabin if the 
Extended and Discovery Exercises person rows straight toward shore at point 4 and 


201, Maximizing Area Find the dimensions of the rect- then jogs to the cabin? 


angle of maximum area that can be inscribed in a 
semicircle with radius 3. Assume that the rectangle 
is positioned as shown in the accompanying figure. 


(b) How long will it take to reach the cabin if the 
person rows straight to the cabin and does no 


jogging? 


fg© Find the minimum time to reach the cabin. 


« Understand the graphs of 
polynomial functions 

= Evaluate and graph 
piecewise-defined 
functions 


= Use polynomial regression 
to model data 


Turning me y 
(2, 8) 


ms 
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xo 


Turning point | 


(2,-8) 
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Introduction 


Brazil experienced a robust economic boom leading up to 2010, as a result of exports of 
raw materials and new oil. However, since then its economy has been contracting and 
in recent years, Brazil has been experiencing its worst recession in 25 years, TABLE 4.2 
shows actual and projected unemployment rates in Brazil from 2010 to 2020. 


Unemployment Rate in Brazil 


Source: IMF 2016. 
TABLE 4.2 


A scatterplot of the data is shown in FIGURE 4.20, and one possibility for a 
polynomial modeling function f is shown in FIGURE 4.21, Notice that f is neither 
linear nor quadratic because the data decreases, increases, and then decreases. What 
degree polynomial might we use to model these data? This question is answered in 
Example 4, 


A Scatterplot A Modeling Function 


pop ot tt 
rr ot 


j—i—_+—_|_@-—} 


Unemployment (percent) 
Unemployment (percent) 


oe oe 
0 “72010 2012 2014 2016 2018 2020 


Year Year 
FIGURE 4,20 FIGURE 4,21 


Graphs of Polynomial Functions 


Tuming Points The graphs of polynomial functions are continuous, smooth, and 
sometimes contain “hills” and “valleys.” A turning point occurs whenever the graph 
of a polynomial function changes from increasing to decreasing or from decreasing 
to increasing. Turning points are associated with “hills” or “valleys” on a graph, The 
p-value at a turning point is either a local maximum or a local minimum of the function, In 
FIGURE 4.22 the graph has two turning points, (—2, 8) and (2, —8). A local maximum 
is 8 and a local minimum is —8. 


End Behavior of Graphs End behavior is a description of what happens to a 
graph as either x becomes very large (approaches infinity: x > %), or x becomes 
very small (approaches negative infinity: x ~ —°°), For example, if we trace the 
graph in FIGURE 4.22 toward the right, p-values become very large without a maxi- 
mum, Similarly, if we trace the graph toward the left, y-values become very small, 
without a minimum, We say that the end behavior of the graph tends to —% on the 
left and © on the right. (Strictly speaking, the graph of a polynomial has infinite 
length and does not have an end.) More formally, we say that 


f(x) > -® as x—> — and f(x) > asx, 
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We discuss the graphs of polynomial functions, starting with degree 0 and 
continuing to degree 5. Look for patterns in the graphs of these polynomial functions 
with regard to x-intercepts and turning points. 


Constant Function If f(x) «anda # 0, then f is both a constant function and 
a polynomial function of degree 0. (If a = 0, then f has an undefined degree.) 

* Graph is a horizontal line. (See FIGURES 4.23 and 4.24.) 

* No x-intercepts or turning points 


a>o0 a<0 


4 No x-intercepts 
No turning points 


Nox-intercepts | -3 
No turning points | 


FIGURE 4,23 FIGURE 4.24 


Linear Function If f(x) = aa ) and a # 0, then f is both a linear function 
and a polynomial function of degree 1. 


* Graph is a line, neither horizontal nor vertical. (See FIGURES 4.25 and 4.26.) 

¢ Graph has one x-intercept and no turning points. 

¢ End behavior tends to —° on the left and © on the right when a > 0, and tends 
to © on the left and —c on the right when a < 0. 


a>o a<0 
A y 
,; f flx) > @ as 
One x-intercept | 4 / "ae x2 -% \ 
No turning points | 
/ f(x) > @ as 


2 / x0 


One x-intercept \ 
No turning points | f(x) >—2 | 


asx \ 


FIGURE 4.25 FIGURE 4.26 


(XE) Because » and —© are not actual real numbers, we use arrows (>) instead 
of equal signs (=). For example, the expression /(.) > © as © means that 
“f(x) becomes greater and greater without any limit as x becomes greater and 
greater,” 


Quadratic Function If f(x) = ax? + bx + ¢ anda # 0, then f is both a qua- 
dratic function and a polynomial function of degree 2. 


* Graph is a parabola, opening either upward (a > 0) or downward (a < 0), (See 
FIGURES 4.27-4.29.) 

* Graph can have zero, one, or two x-intercepts, and exactly one turning point, 
called the vertex. 

* End behavior tends to © on both sides when a > 0, and tends to —% on both 
sides when a < 0. 
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a<0 
y 


Two x-intercepts 
One turning point 


No x-intercepts One x-intercept | 
One turning point 6 One turning point | —6 | \ 
Se 
FIGURE 4.27 FIGURE 4.28 FIGURE 4.29 {> -% 
asx—> to 
Cubic Function If f(x) = ax? + bx? + ex + d and a # O, then f is both a 


cubic function and a polynomial function of degree 3. 


* Graph can have one, two, or three x-intercepts with zero or two turning points. 
(See FIGURES 4.30-4.32.) 

* End behavior tends to —~ on the left and » on the right when a > 0. 

¢ End behavior tends to © on the left and — on the right when a < 0. 

¢ Graph must cross the x-axis at least once. 


a<0 a>o a>o 
fx) > @ as ; fix) > ® asx 
x7-o% ae ~———- 


One x-intercept 
No turning points | 3 


y= 


Two x-intercepts 
Three x-intercepts Two turning points 
Two turning points 


fx) > -% y = f(x) fx) -2 
FIGURE 4.30 FIGURE 4,31 : FIGURE 4.32 
Quartic Function If f(x) = ax‘ + bx° + cx? + dx + e and a # 0, then f is 
both a quartic function and a polynomial function of degree 4. 


* Graph can have up to four x-intercepts and up to three turning points. (See 
FIGURES 4.33-4.35.) 
* End behavior tends to © on both sides when a > 0 and tends to — on both 


sides when a < 0. 


Three x-intercepts 
Three turning points 


Fourx-intercepts | 
Three turni ints 


FIGURE 4.33 FIGURE 4.34 FIGURE 4.35 
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Quintic Function If f(x) = ax* + bx? + ex? + dx* + ex + k and a # 0, 
then f is both a quintic function and a polynomial function of degree 5. 


* Graph can have up to five x-intercepts and up to four turning points. (See 
FIGURES 4,36-4.38.) 

¢ End behavior tends to — on the left and © on the right when @ > 0. 

¢ End behavior tends to © on the left and —* on the right when a < 0, 

* Graph must cross x-axis at least once, 


a>o a>o a<0 


(x) > ~% as 
ro One x-intercept fe) —« 
). ee No turning points 


-43 


Five x-intercepts 


Two x-intercepts | -4 
| Four turning points 


fx) > -% Two turning points” 


fo) > ~ 


FIGURE 4.36 FIGURE 4.37 FIGURE 4.38 asx 


Analyzing Graphs of Polynomials The maximum numbers of .x-intercepts and 
turning points for a polynomial function of degree n can be summarized as follows, 


| DEGREE, : S, ANI RNIT To) TS | 
The graph of a polynomial function of degree n, with n = 1, has at most 7 x-intercepts 
and at most 7 — | turning points. 


The end behavior of a polynomial function depends on whether its degree is even 
or odd and whether its leading coefficient is positive or negative. The following See 
the Concept summarizes this discussion, The region inside the oval indicates where 
the graph might have varying numbers of y-intercepts and turning points. 


See the Concept: End Behavior of Polynomial Functions 


Even degree Odd degree 


@up|  y Ov | y y Op} @Ovrj 


a>0 


a<0 


@ Down | © Down | @ Down | @ Down {| 


@ fix) > % asx -~% @ f(x) > -2 asx -% @ fx) > -x asx -@ @ f(x) > & asx>-% 


@ f(X) > e asx>@ @ f(x) -“asx>& @ f(x) > % asx ® f(x) > -% asx>% 


L THINKIN 


Can you sketch the graph of a 
quadratic function with no turn- 
ing points, a cubic function with 
one turning point, or a quar- 
tic function with two turning 
points? Explain. 


x-intercepts: 
(2,0), (1,0), (3, 0) 
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Analyzing the graph of a polynomial function 


FIGURE 4.39 shows the graph of a polynomial function f. 

(a) How many turning points and how many x-intercepts are there? 

(b) Is the leading coefficient a positive or negative? Is the degree odd or even? 
(c) Determine the minimum possible degree of f. 


y 


FIGURE 4.39 


SOLUTION 

(a) There are four turning points corresponding to the two “hills” and two “valleys.” 
There appear to be four x-intercepts. 

(b) The left side of the graph rises and the right side falls. Therefore a < 0 and the 
polynomial function has odd degree. 

(c) The graph has four turning points. A polynomial of degree n can have at most 
n — | turning points. Therefore f must be at least degree 5. 


More examples of graphs of polynomials and their characteristics are found 
in the “Putting It All Together” for this section. 


Analyzing the graph of a polynomial function 


Graph f(x) = x3 — 2x? — 5x + 6, and then complete the following. 

(a) Identify the x-intercepts. 

(b) Approximate the coordinates of any turning points to the nearest hundredth, 
(c) Use the turning points to approximate any local extrema. 


SOLUTION 

(a) A calculator graph of f, shown in FIGURE 4.40, intersects the x-axis at the points 
(— 2, 0), (1, 0), and (3, 0), and so the x-intercepts are (— 2, 0), (1, 0), and (3, 0). 

(b) There are two turning points. From FIGURES 4.41 and 4.42 their coordinates are 
approximately (—0.79, 8.21) and (2.12, —4.06). 

(c) There is a local maximum of about 8.21 and a local minimum of about —4.06. 


Given Function Local Maximum * 8.21 Local Minimum * —4,06 
[-10, 10,1] by [—10, 10, 1] {-10, 10, 1] by [—10, 10,1] [=10, 10, 1] by [-10, 10, 1] 


Maximum 
X=7.7862976 tY=8.2088207 


FIGURE 4.40 FIGURE 4.41 
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| EXAMPLE 3 | Analyzing the end behavior of a graph 


Let f(x) = 2 + 3x — 3x? - 2x7, 
(a) Give the degree and leading coefficient. 
(b) State the end behavior of the graph of f. 


SOLUTION 

(a) Rewriting gives f(x) = — 2x’ — 3x? + 3x + 2. The term with highest degree 
is — 2x", so the degree is 3 and the leading coefficient is 

(b) The degree of f(x) is odd, and the leading coefficient is negative. Therefore the 
graph of f rises to the left and falls to the right. More formally, 


f(x) > @ as vr > — 0 and f(x) > — © as ¥ > &, 

This conclusion is supported by FIGURE 4.43. 

(CRITICAL THINKING] Cubic with a < 0 
Can a quartic function have 


both an absolute maximum and 
an absolute minimum? Explain. 


FIGURE 4.43 


| Now Try Exerci: ie 43, ] 
An Application Next we analyze the data presented in the introduction to this section, 


EXAMPLE 4) Modeling unemployment 


FIGURE 4.20, which shows unemployment rates in Brazil, is repeated below. 

(a) Could a linear or quadratic function model the data? 

(b) What minimum degree polynomial might be appropriate to model the data? 
(c) Should the leading coefficient a be positive or negative? 


| | 
| 
ij 
ae | 
bees 
od 
| i | 


Unemployment (percent) 


[| 
{t 


i 
H i H 
0 Aas 2012 2014 2016 2018 2020 
Year 
FIGURE 4.20 (Repeated) 


SOLUTION 

(a) The data clearly do not lie ona line, so a linear function is not appropriate. Because 
unemployment rates decrease, increase, and then decrease, a quadratic function 
would not be a good choice either. The data are not U-shaped or ()-shaped. 

(b) Because the data decrease, increase, and then decrease, a polynomial with at least 
two turning points would be appropriate. A cubic, or degree 3, polynomial is a 
possibility for a modeling function. 

(c) Because the data rise to the left and fall to the right, a should be negative, 


| Now Try Exercises 49(a), (b), and (c) | 


FIGURE 4.44 
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The following Making Connections helps show the relationship among polyno- 
mials, polynomial functions, and polynomial equations with one variable. 


MAKING CONNECTIONS 


Polynomials, Functions, and Equations 


Polynomial of Degree n 
3 | Constant term: —5 | 
2x7 aK - 5 
Leading coefficient: 2 | Two of four terms: —3x? and x | 


Polynomial Function of Degree n 


Degree: 3 | 
7 > 


f(x) = 2x3 3x7 +x -5 


Domain: All real numbers | Graph is continuous and smooth; 
SS no breaks or sharp edges. 


Polynomial Equation of Degree n 


Ceaser J 


A degree 3 polynomial equation has at most 3 solutions. 


Concavity Graphs of polynomial functions with degree 2 or greater are curves. 
Coneavity is a mathematical description of how a curve bends. A line exhibits no, 
or zero, concavity because it is straight. A parabola that opens upward is said to be 
concaye upward everywhere on its domain. See FIGURE 4.44, A parabola that opens 
downward is said to be concave downward everywhere on its domain. See FIGURE 4.46. 
A graph of a higher degree polynomial can be concave upward on one interval of its 
domain and concave downward on a different interval of its domain, See FIGURE 4.46, 
where the graph is concave upward on the interval (—~, 0), shown in blue, and con- 
cave downward on (0, ), shown in red. Concavity is usually defined for open inter- 
vals. Determining the exact x-value where a graph switches from concave upward to 
downward or vice versa can be difficult to do visually and often requires techniques 
learned in calculus. This point is called the point of inflection. (See Exercises 109-114 
in this section.) 


Examples of Graphs with Concavity 


Point of 
inflection KY 


FIGURE 4.45 FIGURE 4.46 
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Piecewise-Defined Polynomial Functions 


In Section 2.4 piecewise-defined functions were discussed. Ifeach piece is a polynomial, 
then the function is a piecewise-defined polynomial function or piecewise-polynomial 
function. An example is given by f(x). 
2 ieee First piece | 
fO= 2-4 tee 
r “= "— second piece | 


One way to graph f is to first graph y = x3 and y=xr-1 separately, as shown in 
FIGURES 4.47 and 4.48, Then the graph of f is found by using the blue portion of y = x3 
for x < | and the blue portion of y = x? — 1 for x = 1, as illustrated in FIGURE 4.49, 
At x = | there is a break in the graph, where the graph of f is discontinuous. 


First Piece (blue) Second Piece (blue) Combine Both Pieces 


; : a" 
Does not i Includes | 3 | ‘a | 
include x = 1 ,x=1 | id ee 
Zl Lt | 
eI ans 
7] rat 
- | ~ Discontinuous 
=F atx=1 
FIGURE 4.47 FIGURE 4.48 FIGURE 4.49 
PI ES | Evaluating a piecewise-defined polynomial function 


Evaluate f(x) at v = —3, —2, 1, and 2. 
wax if-S<x<-2 
f@) =4-x3 if-2<.<2 
4-4. if 25755 


SOLUTION To evaluate f(—3) we use the formula f(x) = x? — x, because —3 is in 
the interval —5 = x < -2, 


f(-3) = (-3" - (-3) = 12 

To evaluate {(—2) we use f(x) = —x3, because —2 is in the interval -2 < x < 2. 
f(-2) = -(-2)8 = -(-8) =8 

Similarly, f(1) = —1 = —1 and f(2) = 4 - 4(2) = —4, 


Graphing a piecewise-defined function 


Complete the following. 
(a) Sketch a graph of f. 
(b) Determine if f is continuous on its domain. 
(c) Solve the equation f(x) = 1. 
sx?-2 if-4<y<0 
fX)=$2x-2 if O0<x<2 
2 ff 23 >—4 


FIGURE 4,50 


Solving f(x) = 1, 
y 


Solutions | 


FIGURE 4,51 
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SOLUTION 

(a) For the first piece, graph the parabola determined by y = 4y? — 2 on the inter- 
val —4 < x <0, Place dots at the endpoints, which are (—4, 6) and (0, -2). 
See FIGURE 4.50, For the second piece, graph the line determined by y = 2x — 2 
between the points (0, —2) and (2, 2). Note that the left endpoint of the middle 
piece coincides with the right endpoint of the first piece, Finally, graph the hori- 
zontal line y = 2 from the points (2, 2) to (4, 2). Note that the left endpoint of 
the third piece coincides with the right endpoint of the middle piece. 

(b) The domain of f is —4 < x < 4. Because there are no breaks in the graph of f 
on its domain, the graph of f is continuous. 

(c) The red horizontal line » = | intersects the blue graph of » = f(x) at two points, 
as shown in FIGURE 4.51, The x-coordinates of these two points of intersection 
coincide with the green segments and can be found by solving the equations 


a and 2x -2= 


The solutions are -V6 ~ —2.45 and 3. 


An Application When there is a small number of fishing boats in a large area of 
water, each boat tends to catch its limit each trip, As the number of boats increases 
dramatically, there comes a point of diminishing returns, where the yield for each boat 
begins to decrease even though the total number of fish caught by all fishing boats 
continues to increase, This phenomenon can be modeled by a piecewise-polynomial 
function F defined by 


ts fOsxs5 
—0,08x? + l6x-1 ifS5<x< 15 


where x is the number of fishing boats in hundreds and F(x) outputs thousands of 
tons of fish harvested. A graph of Fis shown in FIGURE 4.52. 


F(x) = 


Diminishing Returns and Overfishing 


y Diminishing returns | 


y = F(x) 


Point of diminishing returns | 


Fish harvested 


(thousands of tons) 
Henweeauanrn 


Constant returns | 


0 5 10 1S 
Fishing boats (hundreds) 
FIGURE 4,52 


Analyzing diminishing returns 


Use the preceding discussion to complete the following. 
(a) Evaluate F(2) and interpret the result. 
(b) Find the absolute maximum on the graph of F and interpret the result. 


SOLUTION 
(a) For 0 <= x S$ 5, F(x) = x,80 F(2) = 2. When 200 fishing boats are used, 
2 thousand tons of fish are harvested. 
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Brazil's Unemployment 
y 


y 
A 


4 
| 


Lt el | 


ere 
71K 
ss 
I 
cr 


7 
AY Vee | 


0 “72010 2012 2014 2016 2018 2020 
Year 


FIGURE 4,21 (Repeated) 


| EXAMPLE 8 | 


Brazil's Unemployment 


[2020 | 100 | 


TABLE 4,2 (Repeated) 


(b) The second piece is F(x) = —0).08x? + 1.6x — 1, so its graph isa parabola open- 
ing downward, To find the absolute maximum, we first need to find its vertex. 
ahi 
2a 
_ 1.6 


~ ~2(= 0.08) 


= 10 
= 10 


x= 


Because F(i()) = —0.08(10)? + 1.6(/0) — 1 = 7, the vertex is (10, 7). This result 
means that 7 thousand tons of fish is the maximum amount of fish that can be 
caught in these waters and it occurs when 1000 fishing vessels are used. If more 
boats are used, there is a decrease in the overall catch. 


| Now Try Exercise 07 | 


) NiZ IaAryYeccintr 
Polynomial Regression 


We now have the understanding to model the unemployment data presented in the 
introduction to this section. The polynomial function f (shown in FIGURE 4.21 and 
repeated in the margin) rises to the left and falls to the right, so it has odd degree and 
the leading coefficient is negative. Since the graph of f has two turning points, it must 
be at least degree 3. A cubic polynomial f(x) is a possible choice, where 


f(x) = ax? + bx? + ox +d. 


Trial and error would be a difficult way to find values for a, b, c, and d. Instead, we 
can use least-squares regression, which was also discussed in Sections 2.1 and 3.1, for 
linear and quadratic functions. The next example illustrates cubic regression. 


Determining a cubic modeling function 


The data in TABLE 4.2 (repeated in the margin) lists Brazil’s unemployment rates, 

(a) Find a polynomial function of degree 3 that models the data. 

(b) Graph f and the data together. 

(c) Estimate unemployment in 2024. 

(d) Did your estimates in part (c) involve interpolation or extrapolation? Is there a 
problem with using higher degree polynomials (n = 3) for extrapolation? Explain. 


SOLUTION 

(a) Enter the six data points. Then select cubic regression, as shown in FIGURE 4.53. 
The equation for f(x) is shown in FIGURE 4.54, 

(b) A graph of f and a scatterplot of the data are shown in FIGURE 4.55. 

(c) (2024) ~ —6.58, which is incorrect because unemployment rates cannot be 
negative. 

(a) The 2024 estimate uses extrapolation. Because the end behavior of a higher 
degree polynomial rapidly tends to either « or —%, extrapolation-based esti- 
mates are usually inaccurate with higher degree polynomials. 


Select Cubic Regression Regression Equation 


Graph of f and Data 
[2008, 2022, 2] by [0, 12,2] 


DIT (@NK@ TESTS 
:1-Var Stats 
:2-Var Stats 


CubicReg 


ax34+bx2+cx+d 
11921296 


R2=.9224006617 


FIGURE 4,63 FIGURE 4.54 FIGURE 4.55 


| Now Try Exercise 105 
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rs 4.2 | Putting It All Together | It All Together 


Higher degree polynomials generally have more complicated graphs. Each additional 
degree allows the graph to have one more possible turning point and x-intercept. The 
graph of a polynomial function is continuous and smooth; it has no breaks or sharp 
edges. Its domain includes all real numbers. The end behavior of a polynomial always 
tends to either « or —«, End behavior describes what happens to the y-values as 
|x| becomes large. 


FUNCTION TYPE CHARACTERISTICS EXAMPLE GRAPHS 


Constant No x-intercepts and no turning points 
(degree 0) f(x) =aa#40 


Linear (degree 1) | One x-intercept and no turning points 
f(x) = ax +b,a #0 


Quadratic At most two x-intercepts and exactly one turning 
(degree 2) point 
( f(x) = ax? + bx + c,a #0 


Cubic (degree 3) At most three x-intercepts and up to two turning 
points 
f(x) = ax? + bx? + ox + da #0 


Quartic (degree 4) | At most four x-intercepts and up to three turning 
points 
f(x) = ax? + bx? + cx? + dx +e,a #0 


Quintic (degree 5) | At most five x-intercepts and up to four turning 
points 
f(x) = ax® + bxt + ex? + dx? + ex +k, 
a#0 
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Note: Many of the answers in this section involve estima- 
tions. Your answers may vary slightly, particularly when 
you are reading a graph. 


Graphs of Polynomial Functions 


1. Arunner is working out on a straight track. The graph 
shows the runner’s distance y in hundreds of feet from 
the starting line after ¢ minutes. 

(a) Estimate the turning points, 


% 
ie (b) Interpret each turning point. 


Qe 
Start Nai 


Distance (feet X 100) 


O22 2 4 8 6 


Time (minutes) 


2. A stone is thrown into the air. Its height y in feet after 
t seconds is shown in the graph, Use the graph to com- 
plete the following. 

(a) Estimate the turning points, 


re (b) Interpret this point. 


Height (feet) 


Time (seconds) 


Exercises 3-14; Use the graph of the polynomial function 

f to complete the following. Let a be the leading coefficient 

of the polynomial f(x). 

(a) Determine the number of turning points and estimate 
any x-intercepts. 

(b) State whether a > 0 ora <0. 

(c) Determine the minimum degree of f. 
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y B Exercises 21-28: Complete the following. 
(a) Graph y = f(x) in the standard viewing rectangle. 
1 | (b) Approximate the coordinates of each turning point. 
ft ial " (ce) ner ay local extrema. 
Ps 
“2 FIN| | AIT 2 2. f(x) = i — 3% 
ee & 22. f(x) = x? — 4x — 3 
7 See 23. f(x) = 0.025x4 — 0.45x? — 5 
1.3 
. fx) = —byt + ax? + fx? - 3x + 
Exercises 15-20: Complete the following without a 7A. {0)'= * ae lei 
calculator. 25, f(x) = 1 — 2x + 3x? 
(a) Match the equation with its graph (a-f). a oe 13 
(b) Identify the turning points. » f(x) = 4x — 3x 


(c) Estimate the x-intercepts. 27. f(x) = 13 Se 12 — 2x 
(d) Estimate any local extrema. * 
(e) Estimate any absolute extrema. 28. f(x) = 


15. f(x) = 1 -— 2x + x? 
16. f(x) = 3x - x3 


int +30 - 4? = 24 +4 


Exercises 29-48: Complete the following. 
(a) State the degree and leading coefficient of f. 


17, f(x) = x3 + 3x? — 9x (b) State the end behavior of the graph of fe 

18, f(x) = x4 — 8x? 29, f(x) = -2x + 3 30. f(x) = bx -2 
19, f 31. f(x) = x? + 4x 32. f(x) = 5- 5x? 
20. 33. f(x) = -2x3 34, f(x) = 4x — 5x3 
a 35. f(x) = —4 + 5x 36. f(xy) =2-x 


37. fy) =—44+x—-5x? 38, f(x) = 3x7 - 4 +7 
39. f(x) = 2x3 — x? +4x 40. f(x) = 9x7 - An + 4 
41. f(x) = —xt - 3x? + 5 42, f(x) = Ix + xt - 5 


43. f(x) =x? - x - 4 
44, f(x) = x4 — 4x3 + 3x? - 3 


c 45. f(x) = 0.1x° — 2x? - 3x + 4 
46. f(x) = 3x3 — 2 - x4 
41. f(x) = 4 + 2x - 4x? 
48, f(x) = —0.2x° + 4x? — 3 
Modeling Data with Polynomials 
e. Exercises 49-54: The data on the next page are modeled 


exactly by a linear, quadratic, cubic, or quartic function f 
with leading coefficient a. All zeros of f are real numbers 
located in the interval [—3, 3]. 

(a) Make a line graph of the data. 

(b) State the minimum degree of f. 

(c) Isa > Oorisa < 0? 


(4) Find a formula for f(x). 


288 CHAPTER 4 More Nonlinear Functions and Equations 


[x] -3] -2]7-1[ 0 71 
fy} 3] -3|-7[ 0 [7 
50.[ x] -3 | -2] -1] 0 
fol uf of 7] s 
x] -3[ -2]| -1] 0 
fix)| 14] 7{ 2] -1 
52 {T -3) -27 -1] of 1 
fy} —-13[ -6[ -1] 273 | 2] -1 


51. | 


Critical Thinking about Graphs of Polynomials 


Exercises 55-66: If possible, sketch a graph of a poly- 
nomial that satisfies the conditions, Let a be the leading 
coefficient. 

55, Degree 3 with three real zeros and a > 0 


56. Degree 4 with four real zeros and a < 0 

57, Linear with a < 0 

58. Cubic with one real zero and a > 0 

59, Degree 4 with four turning points 

60. Degree 5 and symmetric with respect to the y-axis 
61, Degree 3 and an odd function with no x-intercepts 
62, Degree 6 and an odd function with five turning points 
63. Degree 3 with turning points (—1, 2) and (1, 2) 


64, Degree 4 with turning points (—1, —1), (0, 0), and 
(1, -1) 

65, Degree 2 with turning point (—1, 2), passing through 
(—3, 4) and (1, 4) 


66. Degree 5 and an odd function with five x-intercepts 
and a negative leading coefficient. 


Dominant Term of a Polynomial 


fa Exercises 67 and 68: Critical Thinking Graph the func- 
tions f, g, and h in the same viewing rectangle. What hap- 
pens to their graphs as the size of the viewing rectangle 


increases? Explain why the term of highest degree in a 
polynomial is sometimes called the dominant term. 
67. f(x) = 2x4, g(x) = 2x4 — 5x? + 1, and 

h(x) = 2x4 + 3x? — x — 2 

(a) [-4,4, 1] by [-4,4, 1] 


(b) [—10, 10, 1] by [—100, 100, 10] 
(©) [=100, 100, 10] by [-10°, 10%, 105] 
68. f(x) = —x3, g(x) = —x° + x? + 2, and 
h(x) = —x3 - 2x7 + 4-1 

(a) [-4, 4,1] by [-4,4, 1] 

(b) [-10, 10, 1] by [—100, 100, 10] 


(c) [-100, 100, 10] by [—105, 105, 10°] 


Checking Symbolic Skills 


69, Compare the average rates of change from 0 to 5 for 
f(x) = x, g(x) = x’, and A(x) = x7. 


70, Compare the average rates of change from | to 3 for 
f(x) = x, g(x) = x’, and A(x) = x3. 


Exercises 71-74: Average Rate of Change Calculate the 
average rate of change of f on each interval. What happens 
to this average rate of change as the interval decreases in 
length? 

(a) (1.9, 2.1] 

(b) [ 1.99, 2.01] 

(c) [ 1.999, 2.001] 


1. f(x) = x3 
73. f(x) = inf 13 


72. f(x) = 4x - 4x" 
74. f(x) = 4x? = 3x4 


Exercises 75-78: Difference Quotient Find the difference 
quotient of g. 


75. g(x) = 3x3 16. g(x) = -2x3 


1 gy =ltx-x 78. g() = 43 Oy 


Piecewise-Defined Functions 


Exercises 79-86: Evaluate f(x) at the given values of x. 
80. x = —1,0, and 3 


79, x = —2and 1 


81, x = —1, 1, and2 


82, x = —2,0, and 2 


83, x = —3, 1, and4 
xi- 4x? if xs =3 
f(x) = § 3x? if-3<x<4 
wi- 54 if x24 
84, x = —4,0, and 4 
—4x if x= -4 
fW=4xe4+2 if-4<xs2 
4- x? if x>2 
85, x = —2, 1, and 2 
w+wt+6 if-Ssx<0 
fQX)=4 x +6 if O<x<2 
e+ if 25x55 
86. x = 1975, 1980, and 1998 
0.2(x — 1970) + 60 if 1970s x< 
f(x) = § 190 — (x — 1980)? if 1980 s x < 
Ax — 1990) +100 if1990Sxs 


Exercises 87-96: Complete the following. 


(a) Sketch a graph of f. 
(b) Determine if f is continuous on its domain. 
(c) Solve f(x) = 0. 


m= (oP ocnes 
aia ener 
on ae ere 
on ree 

au 1o= {0° fosne2 
mio~ {enh faces 


1980 
1990 
2000 
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2x if-Ssx<-l 
93. f(x) = 4 -2 if-lsx<0 
w-2 if OSx=2 
05x? if-45x.<-2 
94. f(x) = 4 x if -2<x<2 
?-4 if 25x54 
+3 if-2<x<0 
95. f(x) = 4x +3 if O0<x<1 
4+x-x if lsxs3 
—2x if-3sx<-l 
9. fyy=4x?+1 if-lsxs2 
b+. if 2<xs3 
Applications 
By 97, Diminishing Returns (Refer to Example 7.) Let the 
5 


function F, defined by 
2x ifOsx=4 
F(x) = 
) Pie +4x-4 if4<x< 12, 


calculate a fish harvest in thousands of tons when x 
hundred fishing boats are used in a region. 
(a) Evaluate F(3) and interpret the result. 


(b) Find the absolute maximum on the graph of F 
and interpret the result. 


> 98. Diminishing Returns The function F, defined by 
x fOsxs5 
Ha) = i +16x-1 if <x <5, 


99. 


100. 


was used in Example 7 to describe a fish harvest in 
a region. 
(a) Evaluate F(6) and interpret your answer. 


(b) Solve F(x) = 6 and interpret the result. 


(c) Use FIGURE 4.52 to find the point of diminishing 
returns and interpret its meaning. 


Electronics The Heaviside function H, used in the 
study of electrical circuits, is defined by 


0 ifr <0 
mo = {' ifr =0. 


(a) Evaluate H(—2), H(0), and H(3.5). 
(b) Graph y = H(d). 


A Strange Graph The following definition is dis- 
cussed in advanced mathematics courses. 


fs) 15 if x is a rational number 
x) = per ee age 
1 if xis an irrational number 


(a) Evaluate (3), 4-V2), and f(z). 
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Be (b) Is f a function? Explain. 
a (c) Discuss the difficulty with graphing y = f(a). 


101, Modeling Temperature In the figure the monthly 
average temperature in degrees Fahrenheit from 
January to December in Minneapolis is modeled by 
a polynomial function f, where x = 1 corresponds to 
January and x = 12 to December. (Source: A. Miller 
and J, Thompson, Elements of Meteorology.) 


aS 


iz 


eee 


i Feb} Aprj Jun/Augi Oct Dec ‘ 


Oo 2 4 6 8 tO Br” 
Month 


(a) Estimate the turning points. 
/! (b) Interpret each turning point. 


102, Brazil's Unemployment Rate Refer to Example 8 and 
the introduction to this section. 
(a) Estimate the years between 2012 and 2020 when 
unemployment was 7%. 
“i (b) Use the table in Example 8 to calculate the aver- 
; age rate of change in unemployment from 2014 
to 2018, Interpret the result. 


{ 


5 103, Modeling An object is lifted rapidly into the air at a 
; constant speed and then dropped. Its height / in feet 
after x seconds is listed in the table. 


1{2]3]4{{5 
36 | 72 | 108] 144] 128 


(a) At what time does it appear that the object was 
dropped? 


0 
0 


7 
0 


x (sec) 
| ncit) 


6 
80 


(b) Identify the time interval when the height could 
be modeled by a linear function. When could it 
be modeled by a nonlinear function? 


(c) Determine values for the constants m, a, and b 
so that f models the data. 

ifO<7,<4 

if4<x<s7 


mx 


f(x) = hes -4P +b 


(d) Solve f(x) = 100 and interpret your answer. 
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Sy 104, 


fg 105. 


fg 106. 


Modeling A water tank is filled with a hose and 
then drained, The table shows the number of gallons 


y in the tank after ¢ minutes. 
i 3[4]5 
0;9 27 | 36 | 16 


The following function f models the data in the table. 


2 
18 


6 [7 
4 | 0 


| t(min) 
| »(gal) 


sf = ot fOs1s4 
47? — 561+ 196 if4<157 


Solve the equation f() = 12 and interpret the results. 


Aging in America The table lists the number N 
(in thousands) of Americans over 100 years old for 


selected years x. 
1980 | 1990 | 2000 | 2010 
IS | 37 | 30 | 7 


Use regression to find a polynomial of degree 3 
that models the data, Let . = 0 correspond to 
1960. 

Graph f and the data. 


1960 | 1970 
3 | 5 


v 


N 


(a 


ha] 


(b 
(c 
(d) 


~ 


Estimate N in 1994 and in 2020. 


~ 


Did your estimates in part (c) involve interpola- 
tion or extrapolation? 


Modeling Water Flow A cylindrical container has 
a height of 16 centimeters. Water entered the con- 
tainer at a constant rate until it was completely 
filled. Then water was allowed to leak out through 
a small hole in the bottom. The height of the water 
in the container was recorded every half minute over 
a 5-minute period. 


| Time (min) | 0 | 0.5 EO. || 1:5. |. 2:0: |, 275 
| Height (em| 0 | 4 | 8 | 12 | 16 | 116 
Time (min) | 3.0 | 3.5 | 4.0 | 4.5 | 5.0 

Height (em) | 8.1 | 5.3 | 3.1 | 1.4 | 0.5 | 


(a) Plot the data. 


(b) Find a piecewise-defined function that models 
the data. (Hint: Use regression.) 


© 


Approximate the water level after 1.25 minutes 
and after 3.2 minutes. 


(a 


> 


Estimate the time when water was flowing out of 
the tank and the water level was 5 centimeters. 


Exercises 107 and 108; U.S. Natural Gas Consumption. 


107, The data in the table lists U.S, natural gas consump- 
tion in quadrillion BTUs. 
(a) Find a polynomial function that models the data, 


(b) Graph f and the data together, 


Year | 1960 


Consumption | 12.4 


1970 | 1980 
21,8 | 20.4 


1990 | 2000 
19,3 | 24.0 


108, Refer to your results in Exercise 107, 

(a) Estimate natural gas consumption in 1974 and 
in 2010, Compare these estimates to the actual 
values of 21,2 and 24.9 quadrillion BTUs, 
respectively, (Use the full precision of your 
regression equation.) 


(b 


J 


Did your estimates in part (a) involve interpola- 
tion or extrapolation? Is there a problem with 
using higher degree polynomials (7 = 3) for 
extrapolation? Explain, 


Concavity 


Exercises 109-114: Estimate the intervals where the graph 
of f is concave upward and where the graph is concave 
downward. Use interval notation, 


110. 


bese) 
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Writing about Mathematics 


Exercises 115-118: Discuss possible local extrema and 
absolute extrema on the graph of f. Assume that a > 0. 


115, f(xy) = ax +b 

116. f(x) = ax? + bx + 

117. f(x) = ax? + bx? + ex +d 
118, f(x) = alx| 


Extended and Discovery Exercises 


BS 1. Torricelli’s Law A cylindrical tank contains 500 gal- 


lons of water, A plug is pulled from the bottom of the 
tank, and it takes 10 minutes to drain the tank. The 
amount A of water in gallons remaining in the tank 
after ¢ minutes is approximated by 


1\2 
= 500 ed. Siem F 

Al) = 5 (: “) 

What is a reasonable domain for A? 


(a 
() 


Evaluate A(1) and interpret the result. 


(c) What are the degree and leading coefficient of 
A(t)? 


@ 


> 


Has half the water drained from the tank after 
5 minutes? Does this agree with your intuition? 
Explain. 


* Exercises 2 and 3 Critical Thinking Suppose that a 
person is riding a bicycle on a straight road and that f(t) 
computes the total distance in feet that the rider has tray- 
eled after t seconds, To calculate the person’s average 
velocity between time t, and time ty, we can evaluate the 
difference quotient 


Sle) = fa) 


b- 


(a) For the given f(0) and the indicated values of t, and ty, 
calculate the average velocity of the bike rider. Make 
a table to organize your work. 

(b) Make a conjecture about the velocity of the bike rider 
precisely at time ty, 


2. f() = ?,4 = 10 3. f = Vin =4 
() b=1 () b=5 
(ii) % = 10.1 di) = 41 
(iii) ) = 10.01 (iii) 4 = 4.01 
(iv) % = 10.001 (iv) = 4.001 


x Poa Exercises 4-7: Average Rates of Change These exercises 


investigate the relationship between polynomial functions 
and their average rates of change. For example, the average 
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rate of change of f(x) = x? from x to x + 0.001 for any 
x can be calculated and graphed as shown in the figures. 
The graph of f is a parabola, and the graph of its average 
rate of change is a line. Try to discover what this relation- 
ship is by completing the following. 


[-10, 10, 1] by [-10, 10, 1] 


io] 


& 
=| 
x 
) 


1 
Y3 
Ya 
Ys 


(a) Graph each function and its average rate of change 
from x tox + 0.001. 

(b) Compare the graphs. How are turning points on the 
graph of a function related to its average rate of change? 

(c) Generalize your results, Test your generalization. 


4, Linear Functions 
fi) = 3x +1 
f(x) = 1.5x — 5 


5. Quadratic Functions 
filx) = 2x? -— 3x + 1 


folx) = -2x + 6 
fax) = —4x - 2.5 


folx) = —0.5x? + 2x + 2 


fix) =x? +x -2 falx) = —1.5x? — 4x + 6 
6. Cubic ee 
AiG) = 0.5x? ~ 29x +1 
~~ +x? a 38 = 5 
fi) = = 2x3 - Sy? +x -3 
falx) = —x3 + 3x - 4 


7. Quartic Functions 
fix) = 0.05x4 + 0.2x3 — x? — 2.4 
fo(x) = —0.1x4 + 0.143 + 1.3x? — OL -— 1.2 
Sx(x) = 0.1x4 + 0.403 — 0.2x? — 2.4x — 2.4 


CHECKING BASIC CONCEPTS FOR SECTIONS 4.1 AND 4.2 


1, Use the graph of f to complete the following. 


(a 
(b 
(c 


(d) Approximate the v-coordinates of the x-intercepts 
and zeros of f. Then solve f(x) = 0. How are the 
x-coordinates of the x-intercepts, zeros, and solu- 
tions to f(x) = 0 related? 


a) 


Determine where / is increasing or decreasing. 


S 


Identify any local extrema. 


LY 


Identify any absolute extrema. 


s 


Use the graph to complete the following. 


(b) What type of symmetry does the graph of f 
exhibit? 


(c) Is f an odd function or an even function? Why? 
(a) Find the domain and range of f. 


3. If possible, sketch a graph of a cubic polynomial with 
a negative leading coefficient that satisfies each of the 
following conditions. 

(a) Zero x-intercepts 


(b) One x-intercept 
(c) Two x-intercepts 
(d) Four x-intercepts 


4, Plot the data in the table. 


(a) What is the minimum degree of the polynomial 
function f that would be needed to model these 
data? Explain. 


(b) Should function f be odd, even, or neither? 
Explain. 


(c) Should the leading coefficient of f be positive or 
negative? Explain. 


5. Use least-squares regression to find a polynomial 
that models the data in Exercise 4. 


6. Graph y = f(x). 


= (P 


Is f continuous? 
fO= x52 
i244 


4,3 Division of Polynomials 293 


Division of Polynomials 


Divide polynomials by 
monomials 


Divide polynomials by 
polynomials 


Apply the division 
algorithm 


Learn synthetic division 


Understand the remainder 
theorem 


Algebra Review 
To review simplification of rational 
expressions, see Chapter R (page R-28). 


EXAMPLE 1 


Introduction 


The area A of a rectangle with length L and width W is calculated by A = LW. If 
we are given the area and the width of a rectangle, we can find the length L by solving 
A = LW for L to obtain L = #. For example, if the area is 48 square feet and the 


width is 6 feet, then the length of the rectangle equals L = 8 = 8 feet. Now consider 


a more general situation shown in FIGURE 4.56. 


x+3 A=x?+ 8x4 15 


L 
FIGURE 4.56 


The area A is x? + 8x + 15 and the width Wis x + 3, so we can find an expres- 
sion for L in the same way by calculating 
ASS x? + 8x + 15 
Ww x +B 
In this case, the calculation of L involves division of polynomials. (See Example 5.) 
This section discusses basic concepts related to division of polynomials. 


L 


Division by Monomials 


Adding (or subtracting) fractions having like denominators is straightforward. For 
example, 


3 TST a7. 3 7 
=—+>—=— andso ——=—Tt+>a 
| Wy eee 7 7 17 17 17 
Note that when we reverse the process, the denominator of 17 is divided into each term 
in the numerator. By reversing the process, we can sometimes simplify expressions. 


set aes 3xt Sx? 8 
5x3 SSS 


This process is used in the next example. 


x+1 ubtract exponent 


Dividing by a monomial 


Divide 6x? — 3x? + 2 by 2x”. 


SOLUTION 
Getting Started Remember to divide 2x? into every term of 6x? — 3x? + 2. » 


A ye - . ; 
Write the problem as ce eee Then divide 2x? into every term in the numerator. 


6x9 — 3x? +2 6x9 3x7 2 
Pa 2x7 ax? 2x? 
3 1 
=130 = a | 
2. x? 
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| EXAMPLE 


Algebra Review 


To review multiplication of polynomials, 


see Chapter R (page R-16), 


Division by Polynomials 


Dividing polynomials 


Divide 2x? — 3x? — ILy + 7 by x — 3, Check the result. 
SOLUTION Begin by dividing x into 2... 
Start by dividing x 

into 2x’ to get 2x’, e='3 


Then multiply 2x? and x — 3 
to get 2x* — 6x? and subtract. 


Then multiply 3x and x — 3 


to get 3x — 9x and subtract. | 


Now divide x into 


Divide x into — 2x 


Then multiply —2 and x — 3 


to get —2x + 6 and subtract. 


pa 3x? — Lin +7 
3 2 


2x ¢ 


In the next step, divide x into 3°’. 


Divide x into 2: 
3x’ to get 3x. 


x — 3)2x3 — 3x2 — Ty +7 


2x? + 3x — 2 


x — 3)ax3 — 3x 


Before dividing a polynomial by a binomial, we review division of natural numbers, 


This result is checked as follows; 3 + 58 + 1 = 175. That is, 
(Divisor) (Quotient) (Dividend), 
The quotient and remainder can also be expressed as 58h, Since 3 does not divide into 


175 evenly, 3 is not a factor of 175. When the remainder is 0, the divisor is a factor of 
the dividend. Division of polynomials is similar to division of natural numbers. 


( 3) 16 eG 


ubtract. Remainder is 1 


The quotient is 2x? + 3x — 2 and the remainder is 1, Polynomial division is also 


ee 


Divsor | 


(x,- 3)(2x? + 3x 
Zz 


Quotient | 


Remainder | 


checked by multiplying the divisor and quotient and then adding the remainder. 
2) — 32x? + 3x — 2)+1 
2x3 + 3x? — 2x — 6x? -— ON +641 


1 


mE 


EXAMPLE 3 


The degree of - 4 is less 
than the degree of the 

divisor 2x 4 3,sS0 stop. 
The remainder is — 4 
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For each step of long division, we perform a subtraction. When the degree 
of this difference is less than the degree of the divisor, we stop. This final difference 
is called the remainder. 


A division problem, such as us is typically given in the form 


divide each term in the equation 


(Dividend) 


Divison” If we 


(Dividend) = (Divisor) (Quotient) + (Remainder) 
by (Divisor), we obtain the equation 


(Dividend) ; (Remainder ) 
— > = (Ounotient) 
(Divisor) (Divisor) 


For example, because 175 divided by 3 equals 58 remainder |, we can use this equa- 
tion to justify writing us = 58+ i or 584. We can use the results from Example 2 
to write : : 


2x3 - 3x? — Lx +7 I 
2x* + 3x -2+ : 
x— 3 aaa | 


This process is applied in the next example. 


Dividing polynomials 


Divide each expression. Check your answer. 


6x? + 5x — 10 


Oe +5 


(b) (5x? — 4x? + 7x — 2) + (x? + 1) 


SOLUTION 


(a) Begin by dividing 2x into 6x’. 


3x 
2x + 3)6x? + Sx — 10 
6x? + 9x 3x(2x + 3) = 6 
—4x — 10 Subtrac ; 


In the next step, divide 2x into —4x. 


3x ~~ 2 
2x + 3)6x? + 5x — 10 
6x? + 9x 


=—4x — 10 
—4x — 6 (2x + 3) 


The quotient is 3: — 2 with remainder — 4. This result can also be written as 
follows. 


4 (Rer j 


3x —-2+ Quotient) + 
2x +3 Di 


To check this result use the equation 
(Divisor)(Quotient) + (Remainder) = (Dividend). 
This result can be checked as follows. 
(2x + 3)@x — 2) + (-4) = 6x? + 5x - 6-4 
= 6x" + 5x 10 ¥ I ult ch 
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(b) Begin by writing x? + las .x* + Ox + I. 
5x 4 
x? + Ox + 5x3 — 4x? + Tx — 2 


1 7) The degree of 2x | 2 is less than 
Insert the ee Ox =4x* + 2x = 2 the degree of the divisor x’ + 1,so 
as a “place holder, Inder tex 3 
place o —4y? + Ox — 4 stop. The remainder is ae 
oe ae ae 
The quotient is 5. { with remainder of 2 + 2. This result can also be writ- 
ten as 
2A { 2 if 
\ 4+ 
+ I 


This result can be checked as follows. 
(x? + 1)(5x ()) + 2y + 2 = 5x3 — 4x? + Sy - 44 2n +2 


= 5, 4 
= 5, j \ v i ut chi 


| Now Try Exercises 21 and 25 } 
This process is summarized by the following division algorithm for polynomials, 


IVITA 


| Let f(x) and d(x) be two polynomials, with the degree of d(x) greater than zero | 
| and less than the degree of f(x). Then there exist unique polynomials q(x) and | 
r(x) such that 


fe) = dw) + qe) + rQ), 


(Dividend) (Divisor) * (Quotient) (Remainder) 


where either r(x) = 0 or the degree of r(x) is less than the degree of d(x). The 
polynomial r(x) is called the remainder, 


The Division Algorithm in Real Life Although the division algorithm may seem 
unrelated to everyday life, it is actually expressing something that is very common. 
For example, if there are 5 calculators for 16 students to use, then there should be 


3 students to a group leaving | extra student, who could join a group of 3. That is, 


18 = 3 with remainder |, 


Synthetic Division 


A shortcut called synthetic division can be used to divide x — k into a polynomial. 
For example, to divide x — 2 into 3x4 — 7x3 — 4x + 5, we perform the following 
steps with k = 2, The equivalent steps involving long division are shown to the right. 


2)}3 -7 oO -4 5 3x3 — x? - Iv - 8 
as ‘ 6 =-2 -—4 —16 x — 2)3x4 = 7x3 + On? — 4x + 5 
Add first and secon ; 24 Rips 
row to get third row. | 3 {| ~2 8 II 3x" — 6x" 
Ne SS —Ix3 + Ox? 
Remainder 3 2. 
The red numbers are the | — Bad Sa 
coefficients of the quotient. | —2x* — 4x 
2x? + 4x 


—85 4 S$ 
-8x + 16 


-4 5 
-4 16 
—-8 -11 

EXAMPLE 4 
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Notice how the red and green numbers in the expression for long division 
correspond to the third row in synthetic division. The degree of the quotient, 
3x3 — x? — 2x — 8, is one less than the degree of f(x). The steps to divide a polyno- 
mial f(x) by x — k using synthetic division can be summarized as follows. 


1, Write k to the left and the coefficients of f(x) to the right in the top row. If any 
power of x does not appear in f(x), include a 0 for that term. In this example, an 
x?-term did not appear, so a 0 is included in the first row. 

2. Copy the leading coefficient of f(x) into the third row and multiply it by k. 
Write the result below the next coefficient of f(x) in the second row. Add the 
numbers in the second column and place the result in the third row. Repeat the 
process, In this example, the leading coefficient is 3 and k = 2. Since 3+ 2 = 6, 
6 is placed below the —7. Then add to obtain —7 + 6 = —1. Multiply —1 by 
2 and repeat. 

3. The last number in the third row is the remainder. If the remainder is 0, then the 
binomial x — k is a factor of f(x). The other (red) numbers in the third row are 
the coefficients of the quotient, with terms written in descending powers. 


Performing synthetic division 
Use synthetic division to divide 2x? + 4x? — x + 5 by x + 2. 


SOLUTION 
Getting Started To find the value of k, write the divisor as x — k. Because x + 2 
equals x — (—2), the value of k is —2 » 


2x3 + 4x? — x + 5 


Let k = —2 and perform synthetic division on the problem YF? ‘i 


—2| 2 4 -1 § 
Add first and second —4 0 2 , 
row to get third row. t+. 1 Remainder | 


The remainder is 7 and the quotient is 2x? + 0x — 1 = 2x? — 1. This result is 
expressed by the equation 

aw+42-x+5 ., 

x+2 x +2’ 


Now Try Exercise 41 | 


An Application from Geometry In the final example, we use division to solve the 
problem presented in the introduction to this section. 


Finding the length of a rectangle 


If the area of a rectangle is x? + 8x + 15 and its width is x + 3, use division to find 
its length, 


SOLUTION We use synthetic division to divide x? + 8x + 15 by x + 3. However, 
long division could also be used. 


—3) 1 8 15 
3-15 
1 5 0 


The remainder is ), so x + 3 divides evenly into x? + 8x + 15, and the length is 


x + 5, 
Now Try Exercise 53 | 
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Remainder Theorem If the divisor d(x) is x — k, then the division algorithm for 
polynomials simplifies to 

f(x) = (x — k)g(e) + 7, 
where r is a constant. If we let x = k in this equation, then 

fk) =(k -— Kok) +r =r. 


Thus f(k) is equal to the remainder obtained in synthetic division. In Example 4, 
when f(x) = 2x3 + 4x? — x + 5 is divided by x + 2, the remainder is 7. For this 
example, k = —2 and f(—2) = 2(—2)? + 4(-2)? — (-2) + 5 = 7. This result is 
generalized by the remainder theorem. 


REMAINDER THEOREM 
Ifa polynomial f(x) is divided by x — k, the remainder is f(k). 


i Ga 4.3 | Putting It All Together | It All Together 


CONCEPT EXPLANATION 


Division by | Be sure to divide the denominator into every sa — 1002 5a 10a 
amonomial | ferm in the numerator. Seba Sa a~2 


Division by Division by a polynomial can be done in a When 6x3 + 5x? — 8x + 4 is divided by 
a polynomial | manner similar to long division of natural 2x — 1, the quotient is 3x? + 4x — 2 with 
numbers, See Examples 2 and 3. remainder 2 and can be written as 


6x3 + 5x? — 8x +4 
2x J 


2 
2 a 
3x? +4245. 


Division 
algorithm 


(Dividend) = (Divisor)(Quotient) + (Remainder) 
This equation can be written as 


(Dividend) 
(Divisor) 


3 
Niel 2 —2 
=y?-y4+1+4 

xtt~* * xt 
Dividend: x? — 1 
Divisor: x + | 
Quotient: x? — x + 1 
Remainder: —2 


(Remainder) 


= (Quotient) + (Divisor) * 


Synthetic 
division 


An efficient method for dividing . — k into a 


Divide 2x3 - 3x7 +x + 2byx+ 1. 
polynomial 


i) 2 =3 f 2 
2 5 ~6 
2-5 6 -4 


The quotient is 2x? — 5x + 6, and the 
remainder is —4. 


If f(x) = 3x? — 2x + 6 is divided by x — 2, 
the remainder is f(2) = 3(2)? — 2(2)+ 6 =14. 


Remainder 
theorem 


If a polynomial f(x) is divided by x — k, the 
remainder is f(x). 
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Division by Monomials 


Exercises 1-8; Divide the expression. 


i sx4 — 15 x? — 5x 
“10x “By 
‘ 3x4 — 2x? - 1 4 5x3 — 10x? + 5x 
‘ 3x? 5 15x? 
3! ©, eee, a | — 
5. x 4 6 2x 3x* 4x — 7 


4x3 , —4x 


' 5x(3x? — 6x + 1) (1 = 5x) + 1) + x? 
, 3n? ; 2x 
Division by Polynomials 


Exercises 9-14; Divide the first polynomial by the second. 
State the quotient and remainder, 


9, x3 = 2x? — Sx +6 x-3 
10, 3x? — 10x? — 277 + 10 x+2 
11, 2x4 — 7x3 — 5x27 - 19 +17 x +1 


12, x4 - x3 - dy +1 x-2 
13, 3x3 — 7x + 10 x- 1 
14, x4 — 16x? + 1 x+4 


Exercises 15-22; Divide. Check your answer, 
xt - 3x3 - 3 +3 x3 = 2x? -— +3 


15, 16, 
: x-3 a ae | 

4x3 — yx? — 5x + 6 x4 + 3x3 - dy + 1 
17, Foi 18. ED 

4 5 14: aan 2s 
19.° + 2. 2 +3 4-3 

x+ 1 xk 3 

6x3 + 5x? — 8x + 4 12x3 = 14x? + 7 — 7 
21, dy 22. Ace 8 


Exercises 23-30; Divide the expression, 


4 9,3 7 
23. 3x Te + 6% = 16 


ax 7 
4 3 938 sc 
24. 20x" + 6x 2xe 152, 
SX] 
5x4 — 2x7 + 6 
8, > 
+2 


xt — x? + Iv - 3 


26, 
wr+3 


8x3 + 10x? — 12x - 15 


27, 
2x? — 3 


ax4 — x3 + 4y? + Bx +7 
2x? + 3x + 2 


29, 


3x4 + 2x3 — x? + 4x -— 3 


30. 
Pty 1 


Division Algorithm 
Exercises 31 and 32: Use the equation 
(Dividend) = (Divisor)(Quotient) + (Remainder) 


to complete the following. 
x} — 8x? + 15x — 6 


31. 25 x? — 6x + 3 implies 
(x -— 2)(? - 6x +3) = 
4 
wA-1NS_ 3 4 a 1 
32, ye YT 2x? + Ay aoe ar 


implies x4 - 15=(x+2)X 2 + 2 


Exercises 33-38: Use division to express the (Dividend) as 
(Divisor) (Quotient) + (Remainder). 


2 2 
X= Be Pl DN = Hit 2 
as a ars a 
2x3 + x? — 2x 1-2 4+%3 
ot 2x + 1 ee g=4 
ae ree o9 st Mt ca 5, 
37, 2 te ee 38, 2 =e xv+4 
+1 x+y 


Synthetic Division 


Exercises 39-48; Use synthetic division to divide the first 
polynomial by the second. 


39, x3 + 2x? — 17x — 10 x+5 
40, x3 - 2x +1 x+4 
41, 3x3 — 11x? — 20x +3 x-5 
42, x4 — 3x3 — 5x? + 2x — 16 x-3 
43, x4 — 3x3 — 4x? + 12x x-2 


44, 9 + 2xt- 3-27? +244 42 


45. xP +a44+ 2x42 x+1 


46, x4 — 2x9 + 2x? — 5y = 2 
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54. Area ofa Rectangle Use the figure to find the width W 
of the rectangle from its length and area A. Determine 
the value of WW when x = 5 inches. 


47, 2x8 — x4 — x3 + 4 4+ 3 BBE 


48, x4 - ix + 3x? = 3x +5 x 


Remainder Theorem 


" ; RA ee ay 
Exercises 49-52: Use the remainder theorem to find the W As 3x8 5x? + 3x-5 


remainder when f(x) is divided by the given x — k. 
49, f(x) = $x? — 3x + 1 y= 1 : al 


IN es a Ae ie " 
50, f(x) = —4x" + 6x — 7 x+4 Writing about Mathematics 


51. f(x) = 4x3 — x? + dx + 2 x+2 55. Critical Thinking Compare division of integers to 


52, f(x) = x4 + 4x3 — x $3 et: division of polynomials, Give examples. 


56. When can you use synthetic division to divide two 
Applications polynomials? Give one example where synthetic 
division can be used and one example where it can- 


53, AreaofaRectangle Use the figure to find the length L 
not be used. 


of the rectangle from its width and area A. Determine 
the value of L when x = 10 feet. 


3x41) As 12x? + 13x43 


L 
4.4 | 
« Understand the factor : 
theorem Introduction 
« Factor higher degree Some species of birds, such as robins, have two nesting periods each summer, Because 
polynomials completely the survival rate for young birds is low, bird populations can fluctuate greatly during 
» Analyze polynomials the summer months, (Source: S. Kress, Bird Life.) 
having multiple zeros The graph of f(x) = 4 61x? + 839. (22) shown in FIGURE 4.57 models 
» Understand the rational a population of birds in a small county, x days after May 31. 
zeros test and Descartes’ 
rule of signs A Summer Bird Population 
« Solve higher degree y 


polynomial equations 


» Understand the inter- 
mediate value theorem Where the bird | 


population is 5000 | 


Bird population 
g 


0 10 20 30 40 
Days (1 < June 1) 
FIGURE 4.57 


If we want to determine the dates when the population was 5()()(), we can solve 


x 61x? $39 (221 = 5000. —— Third degree polynomial 
equation 


109, 


110, 


111, 


112, 


Ye 113. 


Converting Units There are 36 inches in a yard and 

2.54 centimeters in an inch, 

(a) Write a function J that converts x yards to 
inches, 


(b) Write a function C that converts x inches to 
centimeters. 


(c) Express a function F that converts x yards to 
centimeters as a composition of two functions. 


(ad) Write a formula for F, 


Converting Units There are 4 quarts in | gallon, 4 

cups in | quart, and 16 tablespoons in | cup. 

(a) Write a function Q that converts x gallons to 
quarts. 


(b) Write a function C that converts x quarts to 
cups. 


(c) Write a function 7 that converts x cups to table- 
spoons, 


(d) Express a function F that converts x gallons to 
tablespoons as a composition of three functions, 


(e) Write a formula for F. 


Stopping Distance (Refer to Example 1.) A driver’s 


reaction distance is (x) = iy and braking dis- 


tance is b(x) = by? 


(a) Find a formula s(x) that computes the stopping 


distance for this driver traveling at x miles per 
hour, 


(b) Evaluate s (60) and interpret the result. 


Stopping Distance (Refer to Example 1.) If a 
driver attempts to stop while traveling at x miles 
per hour on dry, level pavement, the reaction dis- 


tance is r(x) = iy and the braking distance is 


by) = ie’, where both distances are in feet. 


(a) Write a formula for a function s in terms of r(x) 
and b(x) that gives the stopping distance when 
driving at x miles per hour. Evaluate s (55). 


(b) Graph r, b, and s on the same axes. Explain how 
the graph of s can be found using the graphs of 
rand b, 


(c) Make tables for r(x) and b(x) at x = 11, 22, 
33, 44, and 55, Then use these tables to con- 
struct a table for s(x). 


Skin Cancer (Refer to Example 10 and TABLES 5.4 
and 5.6.) If possible, calculate the composition and 
interpret the result. 


(a) (go f)Q) (b) (feg)21) 


114. 
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Skin Cancer In Example 10, f and g are both linear. 
(a) Find symbolic representations for f and g. 


(b) Determine (g° f) (x). 
(c) Evaluate (ge f) (3.5) and interpret the result. 


Urban Heat Island Urban areas tend to be warmer 
than the surrounding rural areas. This effect is called 
the urban heat island. In the first figure, f computes the 
average increase in nighttime summer temperatures 
in degrees Celsius at Sky Harbor Airport in Phoenix 
from 1948 to 1990. In this graph, 1948 is the base year 
with a zero temperature increase. The rise in urban 
temperature increased peak demand for electricity. In 
the second figure, g computes the percent increase in 
electrical demand for an average nighttime tempera- 
ture increase of x degrees Celsius. (Source: W. Cotton 
and R. Pielke, Human Impacts on Weather and Climate.) 


Rise in temperature (°C) 


1950 1960 1970 1980 1990 
Year 


Increase in demand (%) 


o © x os 4 
Rise in temperature (°C) 


(a) Evaluate (g f)(1975) graphically. 


& (b) Interpret (ge f)(x). 


116. 


Swimming Pools In the figures, f computes the 
cubic feet of water in a pool after x days, and g con- 
verts cubic feet to gallons. 


Water (cubic feet) 


Time (days) 


continued on next page 
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y / 119, Equilateral Triangle The area of an equilateral 
triangle with sides of length s is given by 


V3 


A(s) = 7s 


: 


(a) Find A(4s) and interpret the result. 


Water (gallons) 
Ss 
8 


(b) Find A(s + 2) and interpret the result. 


02000 4000 


Water (cubic feet) 120. Energy of a Falling Object A ball with mass m is 


dropped from an initial height of /ig and lands with 


(a) Find the gallons of water in the pool after 2 days. a final velocity of vy. The kinetic energy of the ball is 
bh (b) Interpret (g° f)(y). K(v) = tm, where v is its velocity, and the poten- 
_ tial energy of the ball is P(1) = mgh, where / is its 

117, Temperature The function f computes the temper- height and g is a constant. 

ature on a summer day after x hours, and g converts (a) Show that P(/io) = K(v,). (Hint: vy = V2gho,) 

Fahrenheit temperature to Celsius temperature. See - 

the figures, Pe (b) Interpret your result from part (a). 

y 


121. Circular Wave A marble is dropped into a lake, 
resulting in a circular wave whose radius increases 
at a rate of 6 inches per second, Write a formula for 
C that gives the circumference of the circular wave 
in inches after / seconds. 


2 2 
a 6 = 


Temperature (°F) 
23 


a 
= 


0 10 20 30 40 


Time (hours) 


30} 


122. Circular Wave (Refer to Exercise 121.) Write a 
function A that gives the area contained inside the 
circular wave in square inches after / seconds. 


nD 
a 


Temperature (°C) 
as 


123. Methane Emissions Methane is a greenhouse gas 

x that lets sunlight into the atmosphere but blocks 
heat from escaping Earth’s atmosphere. In the table, 

f(x) models the predicted methane emissions in mil- 


60 65 70 75 80 85 90 
Temperature (°F) 


(a) Evaluate (g° f) (2). lions of tons produced by developed countries. The 
be function g(x) models the same emissions for devel- 
At (b) Interpret (g° f) (x). oping countries. 


118. Surface Area of a Balloon The surface area A 
of a balloon with radius r is given by A(r) = 427°. 
Suppose that the radius of the balloon increases 
from r to r + h, where / is a small positive number. 


; ts (a) Find A(r + h) — A(x). Interpret your answer. Source: A. Nilsson, Greenhouse Earth. 
(b) Evaluate your expression in part (a) for r = 3 (a) Make a table for a function / that models the 
and / = 0.1, and then for r = 6 and h = 0.1. total predicted methane emissions for devel- 


oped and developing countries. 
(c) If the radius of the balloon increases by 0.1, 


does the surface area always increase by a fixed (b) Write an equation that relates f(x), g(x), and 
amount or does the amount depend on the h(x). 
value of r? 


124, Methane Emissions (Refer to Exercise 123.) The 
figure shows graphs of the functions f and g that 
model methane emissions, Use these graphs to 
sketch a graph of the function h. 


y 


(million tons) 


Methane emissions 


y = g(x) 


“990 2010 ~-2030~—* 


Year 


125, Geometry The surface area of a cone (excluding the 
bottom) is given by S = mr'Vr? + h?, where ris its 
radius and A is its height, as shown in the figure. If 
the height is twice the radius, write a formula for S 
in terms of r. 


126, Sphere The volume V of a sphere with radius r is 
given by V = dar’, and the surface area S is given 


by S = 4mr*, Show that V = tar (& pa 


127. Cylinder The volume V of a cylinder is given by 
V = mi*h, where r is the radius and / is its height. If 
the height is three times the radius, write a formula 
for Vin terms of h. 


Fr 


h 
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128, Cylinder The surface area S of a cylinder (including 
the top and bottom) is given by S = 2a? + 2arh, 
where r is the radius and / is the height. If the height 
is twice the radius, write a formula for Sin terms of r, 


129, Rectangular Box The volume V of a box with length 
L, width W, and height H equals V= LWH., If the 
height is half the width and the length is three times 
the width, write a formula for V in terms of of L. 


H 


W 


130. Rectangular Box The surface area S of a box 
with length L, width W, and height H equals 
S = 2LW + 2WH + 2LH. If the width is half the 
length and the length is four times the height, write 
a formula for S in terms of W. 


Critical Thinking about Concepts 


131, Show that the sum of two linear functions is a linear 
function, 


132, Show that if f and g are odd functions, then the 
composition g° f is also an odd function. 


133, Let f(x) = k and g(x) = ax + b, where k, a, and b 
are constants, 
(a) Find (f  g)(x). What type of function is f ° g? 


(b) Find (ge f)(x). What type of function is g° f? 


134, Show that if f(x) = ax + b and g(x) = ex +d, 
then (ge f)(x) also represents a linear function. 
Find the slope of the graph of (g° f)(x). 


Writing about Mathematics 


135, Critical Thinking Describe differences between 
(fg) (x) and (f ¢g) (x), Give examples. 


136, Critical Thinking Describe differences between 
(f °g)(x) and (ge f)(x), Give examples, 
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« Calculate inverse 
operations 


= Identify one-to-one 
functions 

« Find inverse functions 
symbolically 

= Use other representations 
to find inverse functions 


Introduction 


Many actions are reversible. A closed door can be opened—an open door can be 
closed, One hundred dollars can be withdrawn from or deposited into a savings 
account. These actions undo or cancel each other. But not all actions are revers- 
ible. Explosions and weather are two examples. In mathematics the concept of 
reversing a calculation and arriving at the original value is associated with an 
inverse. 

Actions and their inverses occur in everyday life. Suppose a person opens a car 
door, gets in, and starts the engine. What are the inverse actions? The person turns 
off the engine, gets out, and closes the car door. Notice that we must reverse the order 
as well as apply the inverse operation at each step. 


Inverse Operations and Inverse Functions 


Inverse Operations In mathematics there are basic operations that can be consid- 
ered inverse operations. 


Inverse Operations: Addition and Subtraction 


End 


Start =) te = $5 2 
with 10, [10 me 15 15 “ 10 with 10. 


Add 5. | Subtract 5. | 


Addition and subtraction are inverse operations. The same is true for multiplication 
and division, as illustrated by the following, 


Inverse Operations: Multiplication and Division 


Start End 
with 10. | 10X2=20 20 + 2 = 10-——~ with 10, 


Multiply by 2. | Divide by 2. 


In the next example, we discuss inverse operations further. 


Finding inverse actions and operations 


For each of the following, state the inverse actions or operations. 
(a) Put on a coat and go outside. 
(b) Subtract 5 from x and divide the result by 2. 


SOLUTION 

(a) To find the inverse actions, reverse the order and apply the inverse action at each 
step. The inverse actions would be to come inside and take off the coat. 

(b) We must reverse the order and apply the inverse operation at each step. The 
inverse operations would be to multiply x by 2 and add 5. The original opera- 


tions could be expressed as “5 , and the inverse operations could be written as 
2 


the expression 2x + 5. 


| Now ry Exercison 3 and 7) 


MAKING CONNECTIONS 


The Notation f~! and Negative 
If a represents a 


real number, nes a! =1}, For 


Iexponents 
example, 4"! = }. On the other 
hand, if f represents a func- 
tion, note that f(x) + ree 
Instead, f'(x) represents 
the inverse function of f. For 
instance, if f(x) = 5x, then 
fl) = 3 4 x 
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Inverse Functions TABLE 5.7 can be used to convert gallons to pints, There are 
8 pints in a gallon, so f(x) = 8x converts x gallons to an equivalent number of 
pints. If we want to convert pints to gallons, we need to divide by 8. This conver- 


sion is calculated by g(x) = } where x is the number of pints. We say that f and g 
are inverse functions and write this statement as g(x) = f (x), See TABLE 5.8. We 


read f~! as “f inverse.” 
Inverse Functions 
aera to Pints Pints to Gallons 
16 
= f(x) a Lette | i eas me 
TABLE 5.7 TABLE 5.8 
LL ya =8 = (8) = 


Multiplying by 8 and dividing by 8 are inverse operations. As discussed ear- 
lier, adding 5 and subtracting 5 are also inverse operations. If f(x) = x + 5, then 
the inverse function of f is given by f~'(x) = x — 5. For example, f(5) = 10, and 
f7'(i0) = 5. If input x produces output y with function f, input y produces output x 
with function f~!. This can be seen in TABLES 5.9 and 5.10. 


Inverse Functions 
Subtract 5 


x] 5 | 10 | 15 
[ste] o [5 [10 | 15 | 
TABLE 5.10 Wee 

f'6) =0 


From TABLES 6.9 and 5.10, if f(«) = 4, then f-'() = w. That is, if f outputs / 
with input v, then f~! must output « with input ). Inputs and outputs (domains 
and ranges) are interchanged for inverse functions. This statement is illustrated in 
FIGURE 5.12, 


Inverse Functions 


Domain of f= Range o off | 


Domain of f-! = Range of f | 


On fos 
FIGURE 5.12 


When f(x) = x + Sand f(x) = x — 5 are applied in sequence, the output of 
f is used as input for f~!. This is composition of functions. 


(fe AG) = f1U@) 
Input is x; =f'@+5 
output is x. =( 5)-5 


=x 
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The composition f~'e f with input x produces output x. The same action occurs 
when computing the composition f° f~!. 


(F°f-DG) = FUF"@))—_Deinition of composition 


Input is x; 
output is x. = (x 5) + 5 
= x 
Another pair of inverse functions is given by f(x) = x4 and f-\(x) = Wx. An 
example of x3 and Wx being inverse functions is 2° = 8 and WS = 2, 


Before a formal definition of inverse functions is given, we must discuss one-to- 
one functions, 
One-to-One Functions 


Functions Without Inverses Not every function has an inverse function, as seen 
in next example. 


E XAIMPLE 2 


Determining if a function has an inverse function 


TABLE 6.11 represents a function C that computes the percentage of the time that the 
sky is cloudy in Augusta, Georgia, where x corresponds to the standard numbers 
for the months, Determine if C has an inverse function, 


Cloudy Skies in Augusta 


x(month)| 1 | 2 | 3 | 4] 5]6]7]8 ]|9 |] iu] 2 
C(x)(%) | 43 | 40 | 39 | 29 | 28 | 26 | 27 | 25 | 30 | 26 | 31 | 39 | 


Source: J. Williams, The Weather Almanac, 
TABLE 5,11 


SOLUTION 

For each input (month), C computes exactly one output. For example, C(3) = 39 
means that during March the sky is cloudy 39% of the time. If C has an inverse 
function, the inverse must receive 39 as input and produce exactly one output. Both 
March and December have cloudy skies 39% of the time. Given an input of 39, it is 
impossible for an inverse fiction to output both 3 and 12, Therefore C does not have 
an inverse function. 


| Now Try Exercise 21 | 


Determining If a Function Has an Inverse If different inputs of a function f pro- 
duce the same output, then an inverse function of f does not exist. However, if different 
inputs always produce different outputs, f is a one-to-one function. Every one-to-one 
function has an inverse function, For example, f(x) = x? is not one-to-one because 


Different Inputs | 


f(—2) = 4and fQ) = 4. Not one-to-on 
(J 


Same Output | 


Therefore f(x) = x? does not have an inverse function because an inverse fiction 
cannot receive input 4 and produce both —2 and 2 as outputs. However, g(x) = 5x 
is one-to-one because different inputs always result in different outputs. Therefore g 


has an inverse function: g(x) = %. 
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A function f is a one-to-one function if, for elements cand d in the domain of f, : 
c#d_ implies f(c) ¥ f(d). 


That is, different inputs always result in different outputs. 


A function f is one-to-one if equal outputs always have the same input. 
This statement can be written as f(c) = /(/) implies ¢ = d, which is an equivalent 
definition of a one-to-one function. 


manos Determining if a function is one-to-one graphically 


Use each graph to determine if f is one-to-one and if f has an inverse function. 


(b) 


SOLUTION 


(a) In FIGURE 5.13 the horizontal line y = 2 intersects the graph of f at (— |, 2), 
(i, 2), and (@, 2). This means that f(— 1) = f() = f@) = 2. Three distinct 
inputs, —1, 1, and 3, produce the same output, 2. Therefore f is not one-to-one 
and does not have an inverse function. 

(b) See FIGURE 5.14. Because every horizontal line intersects the graph at most once, 
different inputs (x-values) always result in different outputs (-values). Therefore 
f is one-to-one and /as an inverse function. 


There is no inverse function. Pa Pe There is an inverse function. 


Not One-to-One One-to-One 


A horizontal line intersects 
the graph more than once. 


al 


+ 


Any horizontal line intersects 
the graph at most once. 


FIGURE 5.13 FIGURE 5.14 


Now Try Exorclkos 13 and 15 
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explain why a nonconstant linear 
function has an inverse function, 
whereas a quadratic function 
does not, 


| EXAMP! LEA | 


(2) To show that f is not one-to-one, it is nos necessary to find the actual points 
of intersection—we have to show only that a horizontal line can intersect the graph 
of f more than once, 


The technique of visualizing horizontal lines to determine if a graph represents a 
one-to-one function is called the horizontal line test. 


| Ifevery horizontal line intersects the graph of a function f at most once, then f is 
a one-to-one function. 


Increasing, Decreasing, and One-to-One Functions Ifa continuous function f 
is always increasing on its domain, then every horizontal line will intersect the graph 
of f at most once. By the horizontal line test, f is a one-to-one function. For example, 
the function f shown in Example 3(b) on the preceding page is always increasing on its 
domain and so it is one-to-one. Similarly, if a continuous function g is only decreasing 
on its domain, then g is a one-to-one function, 


Symbolic Representations of Inverse Functions 


If a function f is one-to-one, then an inverse function f~' exists. Therefore f(a) = b 
implies f~'(b) = a for every a in the domain of f, That is, 


(a) / (f(a)) j '(h) a, 
Similarly, f~'(b) = a implies f(a) = b for every b in the domain of f~! and so 
f )(b) AG) '(b) f(a) bh 


These two properties can be used to define an inverse function. 


| Let f be a one-to-one function. Then f~! is the inverse function of f if 
(fF bef) =f YQ) =x  forevery xin the domain of f and 
(feof) = ff") = x for every x in the domain of f~!. 


In the next two examples, we find an inverse function and verify that it is correct. 


Finding and verifying an inverse function 


Let f be the one-to-one function given by f(x) = x° — 2. 
(a) Find a formula for f(x). (b) Identify the domain and range of f eh 
(c) Verify that your result from part (a) is correct. 


SOLUTION 

(a) Since f(x) = x° — 2, function f cubes the input x and then subtracts 2, To 
reverse this calculation, the inverse function must add 2 to the input x and then 
take the cube root. That is, f(x) = Wx + 2. An important symbolic technique 
for finding f~!(x) is to solve the equation y = f(x) for x. 


yt2=x 
Wy +2=. I 


Interchange x and y to obtain y = Wx + 2. This gives us the formula for f~!(x). 


(XA If the variables are x and y, we usually interchange them when writing 
the inverse function because typically x is the input and y is the output. 
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Cube Root (b) Both the domain and the range of the cube root function include all real num- 
bers. The graph of f~'(x) = Wx + 2 is the graph of the cube root function 
shifted left 2 units. Therefore the domain and range of f~! also include all real 
numbers. See FIGURE 5.15, 

(c) To verify that f(x) = Wx + 2 is indeed the inverse of f(x) = x7 — 2, we 
must show that /~!(/(«)) = x and that f(f~'()) = x. 


f"U)) = f'@3 - 2) f(x) 
= V(x? — 2) +2 f'(x) 


Input is x; 


output is x. = Wx Combine term: 
Be = aa lif 
Cube Root 
Shifted Left 2 Units FUG) = g(x + 2) Flog 
ey 
Input is x; ( x+ 2)3 -2 f(x) 
output is x. =(x+2)-2 Cube the expression 


These calculations verify that our formula for f (x) is correct. 


Now Try Exercise 87 


The symbolic technique used in Example 4(a) is now summarized. 


FINDING A SYMBOLIC REPRESENTATION FOR f a) 


FIGURE 5.15 


To find a formula for f~!, perform the following steps. 
STEP 1; Verify that f is a one-to-one function. 

STEP 2: Solve the equation y = f(x) for x, obtaining the equation x = f~'(y). 
STEP 3: Interchange x and y to obtain y = f~!(x). 


To verify f~!(x), show that (f~! ° f)(x) = x and (f° f(y) = x. 


> Wiynoay Finding an inverse function 


The function f(x) = 3x + 39 gives the percentage of China’s population that may 
live in urban areas x years after 2000, where 0 = x = 40. 

(a) Explain why f is a one-to-one function. 

(b) Find a formula for f~!(x). 

(c) Evaluate and interpret the meaning of f~'(60). 


SOLUTION 
(a) Since f isa linear function, its graph is a line with a nonzero slope of 3. Byery horizon- 
Pp pe oly ry 


tal line intersects it at most once. By the horizontal line test, f is one-to-one, 
(b) To find f~!(x), solve the equation y = f(x) for x. 


yoiety 
y-39= 30 
3 — 39) = 4 ipl =, tf | 
54> Se rib 
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a 
|) EXAMPLE 6 


XAMPLE 7 


In the equation 4 y — 52 = x, interchange x and y to obtain y = fy — §2, The 
formula for the inverse is, therefore, 


f'@ = es — 52. 
3 
(c) Substitute 60 for x in f-'(x) = fx — 52. 


f'@) = $(60) — 52 = 28 


The expression f~!(x) predicts the number of years after 2000 when x percent of 
China’s population will live in urban areas, In 2028, it is estimated that 6() percent 
of China’s population will live in urban areas. 


' Rowe 
| Now Try Ex reine 145 | 


Finding the inverse of a rational function 


3x 
#1 


The rational function f(x) = is one-to-one. Find f~!(x). 


SOLUTION 


Start by solving for x in » = f(x). 


yee yi 
ya + I) 3x 
ye ty = 3 
yx Se = ay f 
vi) Nl 
os ro bi 
Thus f~'(x) = — >, after interchanging x and y. 


Now Try Exercise 63 


Restricting the domain of a function 


Let f(x) = (vx — 1). 

(a) Does f have an inverse function? Explain. 
(b) Restrict the domain of f so that f~! exists. 
(©) Find f~!(x) for the restricted domain. 


SOLUTION 

(a) The graph of f(x) = (x — 1), shown in FIGURE 5.16, does not pass the horizontal 
line test. Therefore f is not one-to-one and does not have an inverse function. Note 
that the graph of y = (x — 1) is the graph of y = x? shifted right 1 unit. 


Not One-to-One 


Restricting the Domain 


No inverse 
3 3 One-to-one, so there 


is an inverse 


FIGURE 5.16 FIGURE 5.17 
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(b) If we restrict the domain of f to D = {x|x = 1}, then f becomes a one-to- 
one function, To illustrate this, the graph of y = (x — 1)? for x = 1 is shown 
in FIGURE 5.17, This graph passes the horizontal line test and f ~! exists on the 
restricted domain. 

(c) Assume that x = 1 and solve the equation y = f(x) for x. 


y= (x - IP 
7 ae 
Vyt lax 


Thus f-'(x) = Vx + 1. rite th | 


(STA In Example 7 we could have restricted the domain to y = 1, rather than 
x = 1. In this case, we would obtain the left half of the parabola, which would also 
represent a one-to-one function that has an inverse. 

Other Representations of Inverse Functions 


Tables and graphs of a one-to-one function can also be used to find its inverse, 


College Graduates (%) Numerical Representations and Diagrams In TABLE 5.12 a complete numeri- 
1940 | 1970 cal representation of a function f is given. From this table we see that function f 
has domain D = {1940, 1970, 2015} and it computes the percentage of the U.S, 
population with 4 or more years of college in year x. 

Function f is one-to-one because different inputs always produce different outputs. 
Therefore f~! exists. Since (1940) = 5, it follows that f~!(5) = 1940, Similarly, 
fC) = 1970 and f~'(34) = 2015, TABLE 6.13 shows a table for f~'. 

The domain of f is {1940, 1970, 2015} and the range of f is {5, 11, 34}. The 


TABLE 5,12 


x| 5 r 34 
Pea] a [oe [a0 


TABLE 5.13 domain of f~! is {5, 11,34} and the range of f~! is {1940, 1970, 2015}, The fune- 
tions f and f~! interchange domains and ranges. FIGURES 6.18 and 6.19 demonstrate this 
property. 


Interchange Domains and Ranges for f and f' 


fp 
1940 Co oy Reverse arrows 
Function fhas an — to find f'. 
inverse function. 1979 ibs . - —_ 
= . 2015 
Domain Range Range Domain 
FIGURE 56,18 FIGURE 5.19 


FIGURE 5.20 shows a function f that is nof one-to-one, In FIGURE 5.21 the arrows 
have been reversed, This relation does nof represent the inverse function because input 
4 produces two outputs, | and 2, 


Function Not a Function 
/ ee Two outputs: | 
See Tand2 | 
Function f does not have — - 
an inverse function. = 
Domain Range Range Domain 


FIGURE 5.20 FIGURE 6.21 
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The relationship between domains and ranges is summarized in the following box. 


y \ * Ny 
DIVIAI ND RANG! INV 


The domain of f equals the range of f~!. 
The range of f equals the domain of f~!. 


Graphical Representations If the point (2, 5) lies on the graph of f, then 
f@) = 5 and f~'(5) = 2. Therefore the point (5, 2) must lie on the graph of f7!. 
In general, if the point (v, /) lies on the graph of f, then the point (4, ) lies on the 
graph of f~', Refer to FIGURE 5.22. If a line segment is drawn between the points 
(a, b) and (b, a), the line y = x is a perpendicular bisector of this line segment. 
FIGURE 6.23 shows pairs of points in the form (a, b) and (6, a). FIGURE 5.24 shows 
continuous graphs of f and f~! passing through these points. The graph of f~! is a 
reflection of the graph of f across the line y = x. 


Reflecting to Find f~! 


(b, a) is a reflection 
of (a,b) acrossy=x. | 


FIGURE 6.22 FIGURE 5.23 FIGURE 5.24 


The graph of f* is a reflection of the graph of f across the line »y = x. 


Representing an inverse function graphically 


Let f(x) = x? + 2. Graph f. Then sketch a graph of f~!. 


SOLUTION FIGURE 5.25 shows a graph of f. To sketch a graph of f~!, reflect the 
graph of f across the line y = x. The graph of f~! appears as though it were the 
“reflection” of the graph of f in a mirror located along y = x. See FIGURE 5.26 


2 


[-5, 5, 1] by [-5, 5, 1] 


Shift y= x3 i 
upward 2 units, 


> 
u < . 
aa I f-lisareflection 


of f across y=x. 


FIGURE 5.25 FIGURE 5.26 


| Now Try Exercise 135 | 
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The following See the Concept shows how to represent and find inverse functions. 


See the Concept: Representing Inverse Functions 


Verbal Symbolic Numerical Graphical 


f;  Multiplyxby f(x) = 2x +1 


2 and add 1, 
BES To find f~"(x), 
solve for x. 
f7': Subtract 1 
from x and y=2x+1 
divide by 2. y-1=2x 
Use the inverse yon x 
operations in the a Fin 
reverse order. fe) = *9 


Reflect the graph of facross y = x. 


(XG A function has an inverse if it is one-to-one. 


maWiAcel Evaluating / and /~! graphically 


CRITICAL THINKING 


Does an inverse function for 
f(x) = |2x — 1] exist? Explain, 
What difficulties would you 
encounter if you tried to evaluate 
f~'(3) graphically? 


Use the graph of f in FIGURE 5.27 to evaluate each expression. 
(a) fQ) (b) #'@) © f-(-3) 


SOLUTION 

Getting Started To evaluate f(«) graphically, find w on the y-axis, Move upward 

or downward to the graph of f and determine the corresponding y-value, To evalu- 

ate f~'(/) graphically, find b on the p-axis. Move left or right to the graph of f and 

determine the corresponding x-value. » 

(a) To evaluate f(2), find 2 on the x-axis, move upward to the graph of f and then 
move left to the y-axis to obtain f(2) = 3, as shown in FIGURE 6.28. 


f(2) = 3 


FIGURE 5.28 
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(b) To evaluate f~'(3), start by finding 3 on the y-axis, move right to the graph of f, and 
then move downward to the x-axis to obtain f 1) = 2, as shown in FIGURE 6.29. 
Notice that f(2) = 3 from part (a) and f~!(3) = 2 here. 

(c) Toevaluate f~'(—3), find —3 on the y-axis, move left to the graph of f, and then 
move upward to the x-axis. We can see from FIGURE 6.30 that f-'(—3) = — 1, 


f7(-3) = -1 


£73) = 2 


FIGURE 5.29 


FIGURE 6.30 


Now Try Exercise 123 


: 5.2 | Putting It All Together It All Together 


CONCEPT 
One-to-one function 


Horizontal line test 


Inverse function 


Domains and ranges 
of inverse functions 


J is one-to-one if different inputs always 
result in different outputs. That is, a # b 
implies f(a) # f(b). 


If every horizontal line intersects the 
graph of f at most once, then f is one-to- 
one. 


If a function f is one-to-one, it has an 
inverse function f~! that satisfies both 


(fb o f)@) = f'(fQ) = x 
and 


(feof YQ) = fF") = x. 


If f(@ = b, then f-'(b) = a. 


The domain of f equals the range of f~!. 


The range of f equals the domain of f~!. 


f(x) = x? = 4y is not one-to-one because 
{@) = 0 and (4) = 0, With this function, 
different inputs can result in the same output, 


Not one-to-one | 


f(x) = 3x — 1 is one-to-one and has inverse 
function f-'(x) = +1, 
S'CUfQ)) = f-'Bx = 1) 
_ Gx- 1 +1 
3 

=y 
Similarly, {(f7'() = x. 
If f(1) = 2, then f'(2) = 1, 


Let f(x) = (x + 2)? have restricted domain 
v= —2 and range » = 0. It follows that 


f'@) =Vx — 2 has domain » = 0) and 
range y = —2, 
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Inverse Operations 


& + Exercises 1-4: State the inverse action or actions. 
1, Opening a window 2. Climbing up a ladder 


3. Walking into a classroom, sitting down, and opening 
a book 


4, Opening the door and turning on the lights 


Exercises 5-12: Describe verbally the inverse of the state- 
ment. Then express both the given statement and its inverse 
symbolically. 


5. Add 2 to x. 6. Multiply x by 5. 
7. Subtract 2 from x and multiply the result by 3. 
8. Divide x by 20 and then add 10. 

9, Take the cube root of x and add 1. 

10. Multiply + by —2 and add 3. 

11. Take the reciprocal of a nonzero number x. 

12. Take the square root of a positive number x. 

One-to-One Functions 


Exercises 13-20; Use the graph of y = f(x) to determine 
if f is one-to-one, Does f have an inverse? 


13, 


15. 


Exercises 21-24: The table is a complete representation of f. 
Use the table to determine if f is one-to-one and has an inverse. 


i cess ee 
lm] 4 [3 [3] s | 

nas ee 
fi| 4[ 2 [0 


23. 


Exercises 25-38: Determine if f is one-to-one. You may 
want to graph y = f(x) and apply the horizontal line test. 


25. f(x) = 2x -7 26. f(x) = x? - 1 


27. f(x) = —2x? + x 28. f(x) = 4 - dy 
29. f(x) = x4 30. f(x) = |2x — 5 
31. fix) = gs - 1 32; fO) =a? 

1 
33. f(x) = Thee 34, f(x) = a 
35. f(x) = 3x- x? 36. f(x) = xh 


37. f(x) = x!” 38. f(x) = x? - 4x 


416 CHAPTER 5 Exponential and Logarithmic Functions 


’ i Exercises 39-42: Modeling Decide if the situation could be 

“modeled by a one-to-one function, 

39, The distance between the ground and a person who is 
riding a Ferris wheel after x seconds 


40. The cumulative numbers of AIDS cases from 1980 to 
2010 


41. The U.S. population from 1980 to 2010 
42, The height » of a stone thrown upward after x seconds 


Symbolic Representations of Inverse Functions 
Exercises 43-70; Checking Symbolic Skills Find f~'(x). 


43. fsy=xt5 44, f(x) =x-8 
45, f(x) = 6x 46. f(x) = —10x 
47, f(x) = —7x + 2 48. f(x) = 9x -8 
49. f(x) = Wx 50. f(x) = 2x 

51. f(x) = —2x + 10 52. f(x) = x3 +2 
53, f(x) = 3x - 1 54, f(x) = = : 
55, f(x) = 2x3 — 5 56. f(x) = 1 - 4x3 


57, f(x) =x? - Ix 20 


58. f(x) = (x + 2," S -2 


59, f(x) = x 60. f(x) = -z 
; a 


61. f(x) = $4 - Sx) +1 62, f(x) = 6 - 22x - 4) 


6. sa) = 5 64, f(s) = 

65, fox) = AT 66, f(x) = 
61, fix) = ‘ 3 68. f(x) = 3 +2 
69, f(x) = a ; 70. {@) = 5 2 


Exercises 71-78: Checking Symbolic Skills Restrict the 
domain of f(x) so that f is one-to-one. Then find f~'(x). 
Answers may vary. 


1. f(x) =4- 3x? 72. f(x) = 2x + 3)? 


23. fi) =(¥- 22 +4 74. fQ) = 


5, f(xy) =x +1 


71. f(x) = V9 = 2x? 


76. f(x) = (x + 3) 


78, f(x) = V25 — x? 


Exercises 79-98: Checking Symbolic Skills Find a for- 
mula for f~\(x). Identify the domain and range of f7'. 
Verify that f and f~' are inverses. 


79, f(x) = —4x 80. f(x) = 7x 
81. f(y) =6-x 82. f(x) = 1 - 2x 
83. f(x) = 5x +7 84, f(x) = 4x - 1 


85. f(x) = 5x — 15 
86. f(x) = (x + 3,x = -3 
87. f(x) = Wx — 5 88. f(x) = 6 — 7x 


89. f(x) = “ : Ce el 


1. fy) = Vx -5,x25 
92. f(x) = V5 - dx,x <3 


2 
93. f(x) = ts 94, f(x) = emi 

95. f(x) = 2x3 96. f(x) = 1 - 4x3 
97. f(x) = x?,x =0 98. f(x) = Wi - x 


Numerical Representations of Inverse 
Functions 


Exercises 99-102: Use the table for f(x) to find a lea 
f'). ee the domains and ranges of f and fo 


“ 2 - 3 | 100. ce 10 
oa 9 | f(x) 

101. [ ¥ 2] 4] 102, «fo fi 
fa] 0 16 | fix)| 1 | 2/4 


Exercises 103 and 104: Use f(x) to complete the table. 


103. f(x) = 4x 
+ fofatat sd 
fo | | 
{af 8 | 27 
fo") 


104, f(x) = x3 


Exercises 105-112: Use the tables to evaluate the following. 
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[| [ofr] 2]3]a| 
4 | 2 


foy| 1 | 3 | 5 

xf-l]} 1] 2]3 | 4 
g@)[ of 2]; 1] 4 [5 | 
105. f~'@) 106. f~'(5) 
107, g'(4) 108. g~!(0) 


109. (fo g')(1) 
U1. (go f-')(5) 


110, (ge g)(2) 
112. (f~!°g)(4) 


Temperature (°C) 


45678910 ~ 
Time (minutes) 


Exercises 123-126: Use the graph to evaluate the expression. 


123. 


Exercises 113-120; Use the tables to evaluate the following. 


x 2 6 8 
f) 2 6 | 4 
x] 0 | 2 8 
g(x) | 4 8 6 


113. f-'(0) 
115, g™'(4) 


117. (fe g')(2) 
119, (f-!o f-)8) 


114, f-'(8) 

116. g7(0) 

118. (gt og')() 
120. (ft og" (4) 
Graphs and Inverse Functions 


& 121, Interpreting an Inverse The graph of f computes the 
balance in a savings account after x years. Estimate 
each expression, Interpret what f~!(x) computes. 


(a) f(1) (b) f-'(110)——@)_ f-1(160) 


Balance (dollars) 


Years 


ee 122, Interpreting an Inverse The graph of f at the top of 
. the next column computes the Celsius temperature of 
a pan of water after x minutes. Estimate each expres- 
sion. Interpret what the expression f~!(x) computes. 


(a) £4) (b) £10) ©) s-'(80) 


(a) f-) 


(b) 
© 
(a) 


(@) 


126. 


(a) 
(b) 
© 
@) 


f'2) 
f'O 
(f-!° NG) 


FQ) 

i'd 
f'@ 

(fe f-)Q.5) 


fA) 

f'© 
f'© 
(fof) 


fQ) 
i) 
ae) 
(fof )0) 
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Exercises 127-132; Use the graph of y = f(x) to sketch a 
f'Q). 


graph of y 
127, 


129. 


132. 


Exercises 133-138: Graph y = f(x) and y = x. Then 
graph y = f(x) 
133. f(x) = 2x - | 


134. f(x) = -jx +1 

136. f(x) = Wx - 1 

137. fx) = (x + 1?,x 2-1 

138. f(xy) = Vx +1 ; 
fg Exercises 139-142: Graph y = f(x), y = f-'(x), and 0 
y = x ina square viewing rectangle such as [—4.7, 4.7, 1] 

by [-3.1, 3.1, 1]. a 

139. f(x) = 3x - 1 ; x 


142, f(x) = Vx - 1 


135, f(x) = x3 - 1 


by 147, 


140. f(x) = 


141. f(x) = 4x? = 1 


Applications 


143. Volume The volume V of a sphere with radius r is 
3 


given by V = $ar 
(a) Does V represent a one-to-one function? 


Yt (b) What does the inverse of V compute? 


(c) Find a formula for the inverse. 


ia) (d) Normally we interchange x and y to find the 

: inverse function. Does it make sense to inter- 
change V and r in part (c) of this exercise? 
Explain. 


144, Temperature The formula F = 2C + 32 converts 


a Celsius temperature to Fahrenheit temperature. 
(a) Find a formula for the inverse. 


(b) Normally we interchange x and y to find the 
inverse function. Does it makes sense to inter- 
change F and C in part (a) of this exercise? 


Explain. 
(c) What Celsius temperature is equivalent to 
68°F? 
145. Height and Weight The formula W = Bh = su 


approximates the recommended minimum weight 

for a person / inches tall, where 62 = h = 76. 

(a) What is the recommended minimum weight for 
someone 70 inches tall? 


(b) 
(c 
(d) 


Does W represent a one-to-one function? 


Find a formula for the inverse. 


Ac 


Evaluate the inverse for 150 pounds and inter- 
pret the result. 


@ 


46. Planetary Orbits The formula 7(x) = x°/? calcu- 
lates the time in years that it takes a planet to orbit 
the sun if the planet is x times farther from the sun 
than Earth is. 

(a) Find the inverse of 7. 


What does the inverse compute? 


(b) What does the inverse of T calculate? 


Converting Units The tables represent a function 
F that converts yards to feet and a function Y that 
converts miles to yards, Evaluate each expression 
and interpret the results. 


x(yd) | 1760 | 3520 | 5280 | 7040 | 8800 
F(x) (it) | 5280 | 10,560 | 15,840 [ 21,120 | 26,400 
x(mi)[ 1 2 3 4 5 
¥(x)(ya) | 1760 | 3520 | 5280 | 7040 | 8800 


(a) (Fe Y)(2) 
(b) F~'(26,400) 
(©) (Y~!° F)(21,120) 


148, 


Converting Units (Refer to Exercise 147.) 
(a) Find formulas for F(x), Y(x), and (Fe Y)(x). 


& (b) Find a formula for (Y~!° F~')(x), What does 


& 149, Converting Units The tables represent a function C 


150, 


this function compute? 


that converts tablespoons to cups and a function Q 
that conyerts cups to quarts, Evaluate each expres- 
sion and interpret the results, 


x(tbsp) | 32 | 64 

C(x)(e) | 2 | 4 | 38 | 

Oe 
Q(x(aqt)} O05] 1 2 


(a) (Q°C)(96) 
(b) 'Q) 
(©) (Cte Q")(1,5) 


Rise in Sea Level The global sea level could rise due 
to partial melting of the polar ice caps, The table 
represents a function R that models this expected 
rise in sea level in centimeters for the year ¢. (This 
model assumes no changes in current trends.) 


1990 | 2000 | 2030 
LRcocem) |_| 


Source; A, Nilsson, Greenhouse Earth. 


(a) Is Ra one-to-one function? Explain, 


5 
ES 
a 
fe 


oe (b) Use R(d) to find a table for R7(A. Interpret 
RR, 
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Writing about Mathematics 


151, Explain how to find verbal, numerical, graphical, 
and symbolic representations of an inverse function. 
Give examples. 


152, Critical Thinking Can a one-to-one function have 
more than one x-intercept or more than one y-inter- 
cept? Explain. 


153, Critical Thinking If the graphs of y = f(x) and 
y = f'(x) intersect at a point (a, b), what can be 
said about these graphs? Explain. 


154, If f(x) = ax? + bx + ¢ with a % 0, does f~'(x) 
exist? Explain. 


Extended and Discovery Exercises 


rei 1, Interpreting an Inverse Let f(x) compute the 
height in feet of a rocket after x seconds of upward 
flight. 
(a) Explain what f~'(x) computes. 


(b) Interpret the solution to the equation 
f(x) = 5000, 

(c) Explain how to solve the equation in part (b) 
using f~'(x). 


2. Critical Thinking If the graph of f lies entirely in 
quadrants I and II, in which quadrant(s) does the 
graph of f~! lie? 


CHECKING BASIC CONCEPTS FOR SECTIONS 5.1 AND 5.2 


1, 


Use the table to evaluate each expression, if possible. 


(a) (f + g)(1) () (f - g(-) 
(©) (fg) (0) @) (f/g)(2) 
©) (fe8)Q () (ge f)(-2) 


2, Use the graph to evaluate each expression, if possible. 


(@) (f + 9) (b) (g — NO) 
© (fg)Q) @ (s/A(-) 
©) (f°8)Q) ®) (geAW 
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3. Let f(x) = x? + 3x — 2 and g(x) = 3x — 1, Find 
each expression, 


@) (f+ 9) 0) /9%) © Fea 
4, If f(x) = 5 — 2x, find f~"(x). 


5, Use the graph in Exercise 2 to answer the following. 
(a) Is f one-to-one? Does f7! exist? If so, find it. 


(b) Is g one-to-one? Does g™ exist? If so, find it. 


6. Graph f(x) = Wx and y=x. Then graph 
y= f'Q). 
7. Use the table in Exercise | to evaluate the following. 


(Assume that f~! exists.) 


(a) f-'(-2) (b) (fb e gh) 


8. Use the graph in Exercise 2 to evaluate the following. 


(a) f-'Q) (b) (f7! 2 g)(0) 


« Distinguish between 
linear and exponential 
growth 

« Recognize exponential 
growth and decay 

« Calculate compound 
interest 

« Use the natural 
exponential function in 
applications 

« Model data with 
exponential functions 


Introduction 

Suppose that we deposit $500 into a savings account that pays 2% annual interest. 
If none of the money or interest is withdrawn, then the account increases in value by 
2% each year. When an amount A changes by a constant percentage over each fixed 
time period, such as a year or a month, then the growth (or possibly decay) in A can 
be described by an exponential model. In this section we use exponential functions to 
calculate interest and model real data. 


Linear and Exponential Functions 


A linear function g can be written as g(x) = mx + b, where m represents the rate of 
change. For example, TABLE 5.14 shows that each time x increases by | unit, consecu- 
tive p-values are found by adding 2 to the preceding y-value. We can write a formula 
g(x) = 2x + 3 because the rate of change is 2 and g(0) = 3. 


A Linear Function 


Each time x increases by 1 unit, 
y increases by 2 units. 


TABLE 5.14 


An exponential function is different. Rather than adding a fixed amount to the 
preceding y-value for each unit increase in x, an exponential function multiplies the 
preceding y-value by a fixed amount for each unit increase in x. TABLE 5.15 shows an 
exponential function f, where consecutive y-values are found by multiplying the pre- 
ceding y-value by 2. (The y-values increase by 100%, or double, for each unit increase 
in x.) 


An Exponential Function 

x fofi] 2] 3] 4 ay 
3] 6 | 12 | 24 | 48 | 96 

ee es es i 


Each time x increases 
by 1 unit, y doubles. 


TABLE 5.15 
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Compare the following patterns for calculating the linear function g(x) and the expo- 
nential function f(x). 


Linear Growth Exponential Growth 
g(0) = 3 igo ae f(0) =3 Multiply by 2 each step. | 
gI)=34+7=34+2+1=5 fl) =3, pee 
g(0) f) 
g(2)=3+2+4+2=34+2+:2=7 fQ)=3+2-2=3+2=12 
g(1) f() 
g3)=3+24+24+2=34+2+3=9 (GB) =3+2°2-2=3+23= 24 
—_—— er 
g(2) 2) 
g(4)=34+24+24+24+2=3+2-'4=11 f(4) = 3+2+2+2:2=3-2! = 48 
——— pine Wiens 
8(3) 1G) 
g(5)=3+24+24+24+24+2=342'5=13 f(5) = 3+2+2°2+2:2=3+2 = 96 
SS a 
s(4) f(4) 


Notice that if x is a positive integer then 
g(x) =34+(24+24++++4+2) and f(x) =3°Q+200 2). 
x terms x factors 
Using these patterns, we can write formulas for g(x) and f(x) as follows. 
g(x) =3+2x and ff) =3-2° 
Linear function | Exponential function | 


This discussion gives motivation for the following definition. 


-EXPON ENT \L FUNCTION 
A function f represented by 


f(x) = Ca, with a>0, a #1, and C>0, 


is an exponential function with base a and coefficient C. 


Examples of exponential functions include 


fx) =3*, g(x) = 5.7), and h(x) = (3 


Na 


1 
C=4,a=-> 


c=5a=17 | 


Some definitions for an exponential function require that C = 1. In this case, 
an exponential function is defined as f(x) = a*. 


The following Seeing the Concept on the next page compares the graph of the 
exponential function f(x) = 2* to the graph of the linear function g(x) = 2x. See 
FIGURES 5.31 and 5.32 
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See the Concept: Exponential and Linear Functions 


Exponential Function Linear Function 


2 [_¥ 
x | -1 | PS es @® For each 1-unit increase in x, 
: ca yee eae the y-values increase by a 
2* Ps fa 214] 8] 16 ax | -2 [0] 2 6 factor of 2. 
A 
LA a tT 


© For each 1-unit increase in x, 
the y-values increase by plus 2. 


@ An exponential function 
increases faster than a linear 
function for large values of x 
whenever a > 1 in the formula 
f(x) = Ca*, 


FIGURE 6.31 FIGURE 6,32 


Any nonzero number raised to the 0 power equals 1. If f(x) = Ca‘, then 
f{(0) = Ca® = C(1) = C. This means the following. 


* Cequals the value of f(x) at x = 0. 
* Cequals the y-coordinate of the y-intercept on the graph of f, 
* Cequals the initial value of f(x) when x is time. 


For example, if g(x) = 5(1.7)*, then g(0) = 5 and the y-intercept is (0, 5), Also the 
initial value of g(x) is 5 when x is time and x = 0, 


MAKING CONNECTIONS 


Exponential Functions and Polynomial Functions An exponential function has a 
yariable for an exponent, whereas a polynomial function has consiants for exponents, 
For example, f(x) = 3° represents an exponential function, and g(x) = .' represents 
a polynomial function. 


| Recognizing linear and exponential data 


For each table, find either a linear or an exponential function that models the data, 


Ole] oT 1 [as Melo [1 [sf at | 
3 | 45 | 6.75 [10.125 ly{ 16 | 12 [ 8 | 4 [0 | 


SOLUTION 
(a) For each unit increase in x, the y-values increase by adding 1.5, so the data are 
linear, Because y = —3 when x = 0, it follows that the data can be modeled by 


f(x) = 1.5x — 3. 


EXAMPLE 2 
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(b) For each unit increase in x, the y-values are multiplied by 4. This describes 
an exponential function given by f(x) = Ca‘ with C = f() = 16 anda =|, 
so f(x) = 16 (i). 

(c) Since the data do not differ by a fixed amount for each unit increase in x, the 


data are not linear. To determine if the data are exponential, calculate ratios of 
consecutive y-values. 


45. 6.75 Ls 10.125 

3 AD 6.75 
For each unit increase in x, the next y-value in the table can be found by multi- 
plying the previous y-value by 1.5, so let a = 1,5. Since y = 3 when x = 0, let 


C = 3. Thus f(x) = 3(1.5)*. 
(a) Note that » = {6 when x = 0. For each unit increase in x, the next y-value is 
found by adding —4 to the previous y-value, so f(x) = —4x + 16. 


MAKING CONNECTIONS 


Linear and Exponential Functions 


* Fora linear function g, each unit increase in x results in adding to g(x) a fixed 
constant equal to the slope m. If m > 0, g(x) is increasing and if m < 0, g(x) 
is decreasing. 


+ For an exponential function f, each unit increase in x results in multiplying f(x) 
by a fixed constant equal to a. If a > 1, f(x) is increasing, and if 0 < a < 1, 
f(x) is decreasing. 


Determining an Exponential Function Two points can be used to determine a 
line. In a similar way, the values of f(x) at two points can be used to determine C and 
a for an exponential function. This technique is demonstrated in the next example. 


Finding exponential functions 


Find values for C and a so that f(x) = Ca” satisfies the conditions. 
(a) f(0) = 4 and f(1) = 8 
(b) f(-1) = 8 and f(2) = 1 


SOLUTION 

(a) f(0) = 4, so C = 4. When x increases | unit from x = 0 to x = 1, f(x) doubles 
from f(0) = 4 to f(1) = 8. It follows that for each unit increase in x, the output 
is multiplied by 2. Thus a = 2 and f(x) = 4). 

(b) Getting Started Because we are not given f(0), we cannot immediately deter- 
mine C. Instead, first find a. » 
When x increases 3 units from x = —1 to x = 2, f(x) decreases by a factor of 
» from f(—1) = 8 to f(2) = 1. It follows that a’ = 4, because for an exponen- 
tial function, when x increases by 3 units, we multiply f(x) by a three times. 
Therefore, a = vi = 4, Thus f(x) = city" Next determine C by using the 
fact that f(@) = |. 


f= intent, or cms 


Thus f(x) = a(3)", 
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See the Concept: Exponential Graphs 


Exponential Growth (a > 1) Exponential Decay (0 < a < 1) 


@ y-intercept: (0, C) | 


Y — @ Growth factor: a | ¥  @ Decay factor: a | by a factor of a for 


Finding an exponential model 


The number of centenarians (people who are 100 years old or more) in India is 

projected to increase by a factor of 1.04 each year after 2010 until 2100, (Souree; UN 

Population Prospects, 2010 Revision.) 

(a) If there were 50,000 centenarians in India in 2010, write a function f that gives 
this number x years after 2010, 

(b) Estimate the projected number of centenarians in 2050, 


SOLUTION 

(a) Because the number of centenarians is expected to increase by a factor of 1.04 
each year, function f is exponential with a = |.04, The variable x represents 
time and the initial number of centenarians was 50,000, so C = 50,000, Thus 
f(x) = 50,000(1.04)*, 

(b) The year 2050 is 40 years after 2010, so let x = 40. 

f(40) = 50,000(1.04)"" = 240,000 

This model projects that in 2050 India will have about 240,000 centenarians. 


(EV Ifa population is increasing by a factor of 1.04 each year, then the popu- 
lation is increasing by 4% each year. 


Exponential Growth and Decay 


If a positive number C is multiplied repeatedly by a number a that is greater than 1, 
then the products will grow and always be larger than C. Similarly, if a positive 
number C is multiplied repeatedly by a number a that is between 0 and 1, then the 
products will decrease, or decay, and always be smaller than C, For example, if 
C = 8 is multiplied by a = 2 repeatedly, then the results are 8, 16, 32, 64, 128, and 
so on, These numbers grow exponentially. However, if we multiply C = 8 by a = 5 
repeatedly, then the results decrease and are 8, 4, 2, 1, 7m and so on, These numbers 
decay exponentially. These concepts are used to understand the graphs of exponential 
functions. 


Graphs of Exponential Functions If a > 1 for the exponential function given 
by f(x) = Ca*, then f(x) experiences exponential growth with growth factor a. If 
0 <a <1, thenexponential function f(x) experiences exponential decay with decay 
factor a. The following See the Concept illustrates these ideas. 


@® The y-values change 


each unit increase 
inx. 


® (0, C) lies on the 
graph of an 
exponential function, 


@ Horizontal asymptote I @ Graphs of exponential 
functions always lie 
® Always decreasing | above the x-axis, The 
. ——aa x-axis is a horizontal 
asymptote, 
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FIGURES 5.33 and 5.34 show graphs having exponential growth or decay. Note that 
when a > 1, the graphs exhibit growth and when 0 < a < 1, the graphs exhibit decay. 


Growth Factors a of 1.3, 1.7, and 2.5 Decay Factors a of 0.15, 0.5, and 0.7 


Graphs decrease faster 


Graphs increase faster 
—|——- for smaller decay factors. 
a a hae 


for larger growth factors. | 


-1 01 
FIGURE 5.34 


FIGURE 5.33 


PROPERTIES OF EXPONENTIAL FUNCTIONS 


An exponential function f, defined by f(x) = Ca* with a > 0,a # 1, and C > 0, 
has the following properties. 


1, The domain of f is (—%, «) and the range of f is (0, ~). 

2. The graph of f is continuous with no breaks. The x-axis is a horizontal 
asymptote. There are no y-intercepts and the y-intercept is (0, C). 

3. Ifa > 1, f isincreasing on its domain; if 0 < a < 1, fis decreasing on its domain. 

4, f is one-to-one and therefore has an inverse. (See Section 5.4.) 


Transformations of Exponential Graphs In Section 3.5 we discussed ways to 
shift, reflect, stretch, and shrink graphs of functions. These transformations can also 
be applied to exponential functions as demonstrated in the next example. 


i> WiAAY Transformations of exponential graphs 


Explain how to obtain the graph of g from the graph of f(x) = 2*. Then graph both 
f and g in the same xy-plane. 


(a) g(x) = 21-2 (b) g(x) = 2% 


SOLUTION 
(a) If we replace x with x — | and subtract 2 in the formula f(x) = 2%, we obtain 
f(x — 1) — 2 = 2°"! — 2, which is g(x). Thus if we shift the graph of »y = 2* 
right 1 unit and downward 2 units, we obtain the graph of g. See FIGURE 5.35. 
(b) If we replace x with —x in the formula f(x) = 2*, we obtain f(—x) = 27%, which 
is g(x). Thus if we reflect the graph of y = 2* across the y-axis, we obtain the 
1 x 


graph of g. See FIGURE 5.36. Note that by properties of exponents, 27° = () : 


iat 


+ unit and downward 
a Bs ie 2 uni 
units, 


~ Shift each point right | 


FIGURE 5.35 FIGURE 5.36 


Now Try Exercises 81 and 83 
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Compound Interest 


We can use exponential functions to calculate interest on money. For example, sup- 
pose a principal P of $1000 is deposited in an account paying 3% annual interest. At 
the end of | year, the account will contain $1000 plus 3% of $1000, or $30, which 
totals to $1030, In general, the amount A in an account at the end of | year with 
annual interest rate r (in decimal form) and principal P is 


A=Pt+rP 101 
Principal P plus interest rP =F - +) 


That is, the amount A after | year equals the principal P times | + r. If no money 
is withdrawn, the amount in the account after 2 years is found by multiplying P by 
1 + ra second time. 


A=P(L+r(1 +r 
= P(L+r)* 


This pattern continues. After ¢ years, the amount A in the account is found by multi- 
plying the principal P by ¢ factors of (1 + 7). 


Amount in account he Years money is in the account } 
A= P(1 +»)! 
ral ~ 
Principal initially deposited | Interest rate (decimal form) | 


This type of interest is said to be compounded annually. 

For example, if a person receives 3% annual interest on $1000, then the amount 
after 5 years is found by multiplying $1000 by (1 + 0.03), or 1.03, five times. The final 
amount is 1000(1 + 0.03)° ~ $1159.27. 


CAMPLE 5 | Calculating an account balance 


If the principal is $2000 and the interest rate is 8% compounded annually, calculate 
the account balance after 4 years, 


SOLUTION 
The principal is P = 20), the interest rate is r = 0.08, and the number of years is 
t=4, 


A= P(I +r) = 20001 + 0.08)! ~ 2720.98 
After 4 years, the account contains $2720.98. 


| Now Try Exercise 93 | 


The value of r can be negative in some applications. For example, if a stock 
is initially worth $150 and decreases 3% each year for 4 years, then its new value is 
given by $150(1 — 0.03)* = $150(0.97)? ~ $132.79. 


In most savings accounts, interest is paid more than once a year, where a smaller 
amount of interest is paid more frequently. For example, if $1000 is deposited at 8% 
interest compounded quarterly, then instead of paying 8% interest at the end of the 


ear, the account pays 8% _ 2% interest four times per year. 
y pays “4 y' 


A = 1000(1 + 0.02)! = $1020.00 jount:after 3 month 
Multiply $1000 by A = 1000(1 + 0.02)? = $1040.40 rount after 6 month 
02 fourstimes, A = 1000(1 + 0.02)? ~ $1061.21 sountesttan' Granth 

A = 1000(1 + 0.02)4 ~ $1082.43 nount after 1 year 
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Paying 8% interest once would give 1000(1 + 0.08)! = $1080. The extra $2.43 results 
from compounding quarterly rather than annually. 


jars is deposited in an account paying an annual rate of inter- | 
est r (expressed in decimal form) compounded (paid) n times per year, then after ¢ | 
years the account will contain A dollars, where 


r at 
As (1 + ") é 
n | 


bE 6oKH) Comparing compound interest 


Suppose $1000 is deposited by a 20-year-old worker in an Individual Retirement 
Account (IRA) that pays an annual interest rate of 12%, Describe the effect on the bal- 
ance after 45 years at age 65 if interest were compounded quarterly rather than annually, 


SOLUTION 
Compounded Annually Let P = 1000, = 0.12, = 1, ands = 65 — 20 = 45, 


»\at 
. A= (i + r) = 1000(1 + 0.12)" ~ $163,987.60 
ni 


Make a conjecture about the Gompounded Quarterly Let P = 1000, 1 = 0.12,n = 4,and¢ = 45, 
effect on the IRA balance after as) 

45 years if the interest rate in As 000( 5 “2 “= 1000(1 + 0,03)'8° ~ $204,503.36 
Example 6 were 6% instead of 4 = : 


10, ¥: . 7 
12%; Test-yourseonjecture. Because of the very high interest rate and long time period, quarterly compounding 


results in an increase of $40,515.76! 


The Natural Exponential Function 


In Example 6, compounding interest quarterly rather than annually made a significant 
difference in the balance. What would happen if interest were compounded daily or 
even hourly? Would there be a limit to the amount of interest earned? To answer these 
questions, suppose $1 was deposited at the very high interest rate of 100%, TABLE 5.16 


shows that there is a /imit. In this example, the interest formula A = P(t + ry" simpli- 


fies to A = (1 + Hy’, because P = ¢ = r = 1. The graph of y = (1 + iy is shown 
in FIGURE 5.37. The graph approaches the horizontal asymptote y ~ 2.7183. This 
means that the y-values never exceed about 2.7183. 


Compounding More and More Frequently 
P= $1 andr = 1,00 


2.000000 
2.613035 
2.714567 
2.718127 
2.718279 


Interval between 
compounding 


Levels off 
near $2.72 


8760 
525,600 


Minute 


Second 31,536,000 | 2.718282 x 
TABLE 5.16 = ‘ FIGURE 5.37 
Times compounded Amount A after 1 year 


in] year 
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Compounding that is done more frequently, by letting » become large with- 
out bound, is called continuous compounding. The exponential expression (1 f 4\" 


reaches a limit of approximately 2.718281828 as n — ©. This value is so important 
in mathematics that it has been given its own symbol, e, sometimes called Euler’s 
number, 


x 
As x becomes very large this |___ t+ i —>e as x7. 
expression approaches e. x : c 


The number e¢ has many of the same characteristics as 7, Its decimal expansion 
never terminates or repeats in a pattern. It is an irrational number. 


To eleven decimal places, e ~ 2.71828182846. 


An Application Continuous compounding can be applied to population growth. 
Compounding annually would mean that all births and deaths occurred on December 
31. Similarly, compounding quarterly would mean that births and deaths occurred 
at the end of March, June, September, and December. In large populations, births 
and deaths occur continuously throughout the year. Compounding continuously is a 
natural way to model large populations. 


The function f, represented by f(x) = e*, is the natural exponential function. 


In FIGURE 5.38 the graphs of ) yy 3°, and ) e* are shown, Because 
e ~ 2.72 and 2 < e < 3, the graph of y = e* lies between the graphs of y = 2* and 
y=’, 


Comparing y = e* to y = 2* and y = 3% 
y 


' 
i 
fot 
3" < e* < 2° forx <0 


| 
| 


FIGURE 6.38 


Evaluating the natural exponential function 
Approximate to four decimal places f(x) = e* when x = 1, 0.5, and —2.56, 


SOLUTION 
2.718281828 FIGURE 5.39 shows that these values are approximated as follows: f(1) = e! ~ 2.7183, 

e(.5) {(0.5) = 0 = 1.6487, and f(—2.56) = e?* = 0.0773. 
1.648721271 


e4(-2.56) 
.0773047404 


(XENIA) When evaluating e*, be sure to use the built-in key for e*, rather than using 
FIGURE 6,39 an approximation for e, such as 2.72. 


EXAMPLE 8 
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Derivation of Continuous Compounding Formula To derive the formula for 
continuous compounding, we begin with the compound interest formula, 


r at 
A= (1 + r) ‘ 
n 
Let k = 4. Then n = rk, and with these substitutions, the formula becomes 


1\"Ke ayy 
a= P(1 +3) Al(i+z)T" 


Ifn— &, then k > © as well, and the expression (1 + i) K_5 @, as discussed earlier. 
This leads to the formula A = Pe’. 


CONTINUOUSLY COMPOUNDED INTEREST Jj 


Ifa principal of P dollars is deposited in an account paying an annual rate of inter- 
est r (expressed in decimal form), compounded continuously, then after ¢ years the 
account will contain A dollars, where 


A= Pe", 


Jalculating continuously compounded interest 


The principal in an IRA is $1000 and the interest rate is 12%, compounded continu- 
ously, How much money will there be after 45 years? 


SOLUTION 
Let P = 1000, r = 0.12, and ¢ = 45. Then A = 1000e!245 = $221,406.42. This is 
more than the $204,503.36 that resulted from compounding quarterly in Example 6, 


| Now Try Exercise 97 


Natural Exponential Growth and Decay The natural exponential function is 
often used to model growth of a quantity. If Ag is the initial amount of a quantity 
A at time ¢ = 0 and if k is a positive constant, then exponential growth of A can be 
modeled by 


4(t) {ye"'. Growth (f O) 
FIGURE 5.40 illustrates this type of growth graphically for k > 0. Similarly, 
{(t) doe * Decay (k > O) 


can be used to model exponential decay provided k > 0. FIGURE 5.41 illustrates this 
type of decay graphically for ¢ > 0. A larger value of & causes the graph of A to 
increase or decrease more rapidly. That is, a larger value of k causes the average rate 
of change in A to be greater in absolute value, 


Exponential Growth Exponential Decay 
y 


FIGURE 5.40 FIGURE 5.41 
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(EV In the compound interest formula A = Pe'', the value of » corresponds to the 
value of / in the formula A = Age’. If r > 0, the principal P grows and if r < 0, 
the principal P decays. 

Because bacteria grow continuously, it is appropriate to model their growth with 
the natural exponential function, as shown in the next example. 


PTV YAO Modeling the growth of E. coli bacteria 
g J 


E. coli (Escherichia coli) is a type of bacteria that inhabits the intestines of animals. 

These bacteria are capable of rapid growth and can be dangerous to humans—espe- 

cially children. In one study, E. coli bacteria were found to be capable of doubling in 

number about every 49.5 minutes. Their number WN after ¢ minutes could be modeled 

by V(t) = Noe, Suppose that No = 500,000 is the initial number of bacteria per 

milliliter, (Source: G. S, Stent, Molecular Biology of Bacterial Viruses.) 

(a) Make a conjecture about the number of bacteria per milliliter after 99 minutes, 
Verify your conjecture. 

(b) Determine graphically the elapsed time when there were 25 million bacteria per 
milliliter. 


SOLUTION 

(a) Since the bacteria double every 49.5 minutes, there would be 1,000,000 per 
milliliter after 49,5 minutes and 2,000,000 after 99 minutes. This is verified by 
evaluating 


[0, 400, 100] by [0,3 x 107,1 x 107] 


N(99) = 500,000¢%!40) ~ 2,000,000, 


V4, = 500,000e0.014x (b) Graphical Solution Solve N(1) = 25,000,000 by graphing y, = 500,000c°!4’ 
Intersection and y, = 25,000,000. Their graphs intersect near (279.4, 25000000), as shown 
X= 279.43021_ Y= 25000000 in FIGURE 6.42. Thus in a 1-milliliter sample, half a million £, coli bacteria could 
FIGURE 5.42 increase to 25 million in approximately 279 minutes, or 4 hours and 39 minutes. 


P 
Now ‘Try Exercise 121} 


(GTA You will learn how to solve the equation in Example 9(b) symbolically, See 
Exercise 108 in Section 5.6. 


Exponential Models 


The next example analyzes the increase in atmospheric carbon dioxide (CO), 


| EXAMPLE 10) Modeling atmospheric CO, concentrations 


Predicted concentrations of atmospheric carbon dioxide (CO,) in parts per million 
Pp 2 Pp p 

(ppm) are shown in TABLE 6.17, (These concentrations assume that current trends 

continue.) 


Concentrations of Atmospheric CO, 


Year| 2000 | 2050 | 2100 | 2150 | 2200 
CO, (ppm) | 364 | 467 | 600 | 769 | 987 | 


Source: R. Turner, Environmental Economics, 
TABLE 5.17 


(a) Let x represent years after 2000. Find values for C and a so that f(x) = Ca* 
models these data. 
(b) Predict CO, concentrations for the year 2025, 


[0, 60, 10} by (0, 1.2, 0.2] 


Graph levels off | 
neary = 1. | 


FIGURE 5.43 
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SOLUTION 
(a) Getting Started When modeling data by hand with f(x) = Ca‘, one strategy is to 
let Cequal (0). Then substitute a different data point into this formula to find a, » 
The concentration is 364 when x = 0, so C = 364. This gives f(x) = 364a*. 
One possibility for determining a is to use the last data point and require that the 
graph of f pass through the point (200, 987). It then follows that f(200) = 987. 


3640” = 987 f )) 
987 
| a ee 
364 


(c20°)1/200 = (2) 200 


987 \ 1/200 
a= (=) ' f 1 
a =~ 1,005 


Thus f(x) = 364(1.005)*. Answers for f(x) may vary slightly. 
(b) Since 2025 corresponds to x = 25, evaluate f(25). 


£5) = 364(1.005)> = 412 
Concentration of CO, could reach 412 ppm by 2025. 


iow try Hxorco 110) 


Modeling traffic flow 


Cars arrive randomly at an intersection with an average rate of 30 cars per hour. 

Highway engineers estimate the likelihood, or probability, that at least one car will 

enter the intersection within a period of x minutes with f(x) = 1 — e~°5*, (Source: 

F, Mannering and W. Kilareski, Principles of Highway Engineering and Traffic Analysis.) 

(a) Evaluate f(2) and interpret the answer. 

(b) Graph f for 0 = x S 60. What is the likelihood that at least one car will enter 
the intersection during a 60-minute period? 


SOLUTION 

(a) fQ) = 1 -— €°) = 1 — e! ~ 0.63. There is a 63% chance that at least one 
car will enter the intersection during a 2-minute period. 

(b) Graph y = 1 — e 5%, as shown in FIGURE 5.43. As time progresses, the prob- 
ability increases and begins to approach 1. That is, it is almost certain that at 
least one car will enter the intersection during a 60-minute period. (Note that a 
horizontal asymptote occurs at y = 1.) 

orci 123) 


Modeling Half-Life Links on Facebook typically experience half of their engage- 
ments (“hits”) during the first 3 hours. In the next 3 hours, half of a half, or a 
fourth, of their hits might occur. This pattern of decreasing by half each 3 hours can 
continue over time and is sometimes referred to as a half-life of a link on Facebook. 
Because the number of engagements with a link is decreasing by a factor of 4 over 


each 3-hour period, we can use an exponential function to model this situation. 


| Modeling the half-life of a Facebook link 


Initially a link on Facebook has had no hits, so 100% of its hits are yet to occur. Write 
an exponential function F that gives the percentage of engagements yet to occur on a 
typical Facebook link if its half-life is 3 hours. Estimate this percentage after 4 hours. 
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y a = 
/EXAM [PLE 


Age 


Years 
FIGURE 5.44 


[0, 50000, 10000} by [0, 0.1, 0.01 ] 


Y> = 0,5°/5700 


Intersection 
X= 24634,99 _Y=.05 


FIGURE 5,45 


SOLUTION 
Let F() = Ca‘, where fis time in hours. Initially, 100% of its hits are yet to occur, 
so let F(0) = 100. It follows that C = 100 and F()) = 100a‘. Next we must find the 
value of a. Because the half-life is 3 hours, 50% of the hits remain to occur after 
‘hours, so F(Q) = 50. 


100a° = 50 
324 
a = 5 i 
3 _ (113 f 
(@)8 = (4) ; : F each 
a= 


Thus we can write F(/) as 
F(O = 100((4))! = 100(4)”. 
After 4 hours, 
r60) = 10(4)” ~ 40%, 


After 4 hours, the link has about 40% of its total hits remaining while 60% have already 
occurred, Note that 4 hours is more than the half-life of 3 hours, so F'(4) is less than 50%, 


| Now Try Exercise 125 | 


These half-life results can be generalized by the following. 


MODELIN 


| Ifa quantity initially equals C and has a half-life of k, then the amount 4 remain- 
| ing after time / is given by 


A) = c(3)". 


Radioactive Decay Radioactivity is an application of half-life. For example, the 
half-life of radium-226 is about 1600 years, After 9600 years, a 2-gram sample decays to 


A(9600) = (4) OO” = 0.03125 gram, 


Finding the age of a fossil 


Radioactive carbon-14, which is found in all living things, has a half-life of about 
5700 years and can be used to date fossils. Suppose a fossil contains 5% of the amount 
of carbon-14 that the organism contained when it was alive. Graphically estimate its 
age. The situation is illustrated in FIGURE 5.44, 


SOLUTION 
The initial amount of carbon-14 is 100% (or 1), the final amount is 5% (or 0.05), and 


the half-life is 5700 years, so A = 0.05, C = I, and k = 5700 in A(x) = C(4)"", To 
determine the age of the fossil, solve the following equation for x. 


1 \3/5700 
0.05 = (3) 


Graph Y; = 0.05 and Y, = 0.54(X/5700), as shown in FIGURE 5.45, Their graphs 
intersect near (24635, 0.05), so the fossil is about 24,635 years old. 


| Now ‘Try Exercise 129) 


(SEA) In Section 5.6, Example 8 you are asked to solve Example 13 symbolically. 
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re 5.3 | Putting It All Together | It All Together 


CONCEPT COMMENTS 


Exponential function | Exponential growth occurs when a > 1, and SQ) = 5(0.8)* 
f(x) = Ca® exponential decay occurs when 0 <a < 1. 


g(x) = * 
where a > 0,a # 1, | Coften represents the initial amount present 
and C > 0 because f(0) = C. 


Decay:0<a<1 


Growth: a> 1 


Linear growth If data increase by a fixed amount m for each | The following data can be modeled by 
y=mxtb unit increase in x, they can be modeled by a f(x) = 3x + 2 because the data increase 
linear function, 3 units for each unit increase in x and 
because y = 2 when x = 0. 


Exponential growth If data increase by a constant factor a for The following data can be modeled by 
y= Ct each unit increase in xv, they can be modeled f(x) = 2(3)* because the data increase by 
( by an exponential function. a factor of 3 for each unit increase in x 
and because y = 2 when x = 0. 


Interest compounded | P is the principal, r is the interest rate $500 at 8%, compounded monthly, for 
n times per year (expressed in decimal form), 7 is the number 3 years yields 


y\nt of times interest is paid each year, ¢ is the 0.08 \ 20) 
A= a(t + r) number of years, and A is the amount after / s00(1 + ra) =~ $635.12. 
years. 


The number e The number ¢ is an irrational number that is e ~ 2.718282 
important in mathematics, much like 7. 

Natural exponential This function is an exponential function with | f(x) = e* 

function base e and C = 1, 


Interest compounded | P is the principal, r is the interest rate $500 at 8% compounded continuously for 
continuously (expressed in decimal form), f is the number 3 years yields 
A= Pel of years, and A is the amount after ¢ years. 500e983) ~ $635.62. 


Modeling half-life If a quantity initially equals C and has a half- | A 5-gram sample of radioactive material 
life of k, then the amount A remaining after with a half-life of 300 years is modeled by 
time ¢ is given by 


1 1/300 
( ao = c(t)". ao=3G) 


434 CHAPTER 5 Exponential and Logarithmic Functions 


FR) exercises 


Review of Exponents 


Exercises 1-12: Simplify the expression without a calculator. 


1 3 2. (-3)? 
1)-3 
3, 3(4)!? 4, 5(3) 
5. —2(27)°8 6. —4(8) 78 
7, 4¥/64u3 8. 25 
3\0 
9, 3° 10. 5(3) 
11. (5101) 1/101 12; (8271/27 


Linear and Exponential Growth 


Exercises 13-22; (Refer to Example 1.) Find either a 
linear or an exponential function that models the data in 
the table. 


= [+ fatatofet 
64 | 32 16 


lg beg l=a To id Fa 


y 3 Eye) 8 | 10.5} 13 


.f yy [| -4 [-27 0]2]4 


y |[o3125[ 1.25] 5 | 20 


1 [1s] -s [5 | 15 | 25 
y 22 | 24 | 26 | 28 | 30 


19.7 -6 | -2 2 6 
y | -2 | -8 | 4 16 
20. 5 3 5 8 
y 3 24 | 96 | 768 
ay =4 | =i 5 5 
y | 6561 | 243 | 9 + 


22, 


23. 


24, 


25. 


26. 


27, 


28. 


16 
219 


x —20 —4 

y 246 234 
Comparing Growth Which function becomes larger 
for 0 <= x = 10: f(x) = 2% or g(x) = 


36 
204 


Comparing Growth Which function becomes larger 
for 0 < x < 10: f(x) = 4 + 3x or g(x) = 4(3)°? 


Comparing Growth Which function becomes larger 
for 0 < x < 10: f(x) = 2x + 1 or g(x) = 2%? 


Comparing Growth hia'g function becomes smaller 


for4 <x S 12: f(x) = Zorg) = 


Salaries If you were offered 1¢ for the first week of 
work, 3¢ for the second week, 5¢ for the third week, 
7¢ for the fourth week, and so on for a year, would 
you accept the offer? Would you accept an offer that 
pays I¢ for the first week of work, 2¢ for the second 
week, 4¢ for the third week, 8¢ for the fourth week, 
and so on for a year? Explain your answers. 


@ * @®@ 60@ 
@S @88 ©8898 


© ©8606 
@ ©8 @6 0808 


Critical Thinking (Refer to Exercise 27.) Explain the 
type of growth that each salary offer is exhibiting. 
Write an equation that calculates each salary after x 
weeks, 


Exponential Functions 


Exercises 29-36: Find C and a so that f(x) = Ca" satisfies 
the given conditions. 


29, 


30. 


3h, 
32. 
33. 
34, 


f(0) = 5 and for each unit increase in x, the output 
is multiplied by 1.5. 


f(1) = 3 and for each unit increase in x, the output 
is multiplied by 3, 


f{(0) = 10 and f(1) = 20 
f(0) = 7 and f(-1) = 1 
f(1) = 9 and f(2) = 27 
f(-1) = fand f(1) = 4 


35, f(-2) = and fQ) = + 
36, f(-2) = 3 and f(2) = 12 


Exercises 37-40; Find a linear function f and an exponen- 
tial function g whose graphs pass through the tvo given 
points, 


37. (0,4), (1,8) 38. (0,3), (1, 2) 


39, (—2, 12), (1, 1.5) 40. (1, 3), (5, 48) 

Exercises 41-44: Find C and a so that f(x) = Ca* models 

the situation described, State what the variable x represents 

in your formula, (Answers may vary.) 

41, Bacteria There are initially 5000 bacteria, and this 
sample doubles in size every hour, 


42, Savings Fifteen hundred dollars is deposited in an 
account that triples in value every decade. 


43, Home Value In 2015 a house was worth $200,000, 
and its value decreases by 5% each year thereafter. 


44, Population A fish population is initially 6000 and 
decreases by half each year. 


45, Tire Pressure The pressure in a tire with a leak is 30 
pounds per square inch initially and can be modeled 
by f(x) = 30(0,9)* after x minutes, What is the tire’s 
pressure after 9,5 minutes? 


46. Population The population of California was about 
37 million in 2010 and increasing by 1,0% each year, 
Estimate the population of California in 2020, 


Exercises 47-50: Approximate f(x) to four decimal places. 


47, f(x) = 4c, y= -24 
48, f(x) = -2.1e°07, x= 19 
49, f(x) = ste - ¢), x = -0.7 


50, f(x) = 4(€ 8 — 696), x= 16 


Graphs of Exponential Functions 
Exercises 51-66: Sketch a graph of y = f(x). 


51, f(x) = 2* 52. f(x) = 4* 
53, f(x) = 3% 54. f(x) = 3(2) 
55. f(x) = 3° 56. f(x) = 15° 
57. fx) = 52) 58. f(x) = AD 
59, f(x) = 4(2*) 60. f(x) = 93~) 


61, f(x) = 2(4)" 62. f(x) = 5($)" 
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63, f(x) = 2($)° 64. f(x) = 23") 


65. f(x) = (4) 66. f(x) = (4)° 


Exercises 67-70: Use the graph of y = Ca* to determine 
values for C and a. 


71. Critical Thinking Let f(x) = 7(4)". 
(a) What are the domain and range of f? 


(b) Is f either increasing or decreasing on its domain? 

(c) Find any asymptotes on the graph of f. 

(d) Find any x- or y-intercepts on the graph of f. 

(e) Is f a one-to-one function? Does f have an inverse? 
72. Critical Thinking Repeat Exercise 71 with f(x) = e*. 


73, Match the formula for f with its graph (a-d), Do not 
use a calculator, 

(i) fQ) = e 
(iii) f(x) = 1.5* 


(iit) fX) = 3* 
(iv) f(x) = 0.99% 


a, 
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74, Critical Thinking (Refer to the graphs in Exercise 73.) 
For each graph (a-d) give its domain, range, and the 
intervals where it is increasing or decreasing. 


75. Modeling Phenomena Match the situation with the 
graph (a—-d) that models it best. 
(i) Balance in an account after x. years earning 10% 


interest compounded continuously 


(ii) Balance in an account after x years earning 5% 
interest compounded annually 


(iii) Air pressure in a car tire with a large hole in it 
after y minutes 


(iv) Air pressure in a car tire with a pinhole in it after 
¥ minutes 


uy bd. 5 


76 


Critical Thinking (Refer to the graphs in Exercise 75.) 
For each graph (a-d) give a different situation that 
each graph (a-d) could model. Answers will vary. 


Exercises 77-78: Critical Thinking Complete the follow- 
ing for the given graph of an exponential function f. 


(a) Give the domain and range of f, 

(b) Identify intervals where f is greater than 1 and where 
is f less than 1. 

(c) Estimate the average rate of change fiom x = 0 tox = 2. 

(d) Identify intervals where f is increasing and where f is 
decreasing. 

(e) Give any intercepts. 

(f) If x is positive and doubles, what happens to f(x)? 


an’ >x 


Transformations of Graphs 


Exercises 79 and 80: The graph of y = f(x) is shown in the 
figure. Sketch a graph of each equation using translations 
of graphs and reflections. Do not use a graphing calculator 


79. f(x) = 2" , 
(a) y= 2*—2 71 
LTA 
(b) y= 21 Pee Zay=2 
© y=2" Rr ee 
@) y = —2* Pee ee 
80. f(x) = & y 


(a) y= —¢ 05x 


(b) y= eo dx = 3 


() y= oO 5(x-2) 


(@) y= eo 5x 


Identifying Domain and Range 
for Transformations 


Exercises 81-92: Graph y = f(x). Then use transforma- 
tions to graph y = g(x) on the same xy-plane. Use your 
graph to identify the domain and range of function g. 


81. f(x) = 2°, g(x) = 2**! 

82. f(x) = 2", g(x) = 2? + 1 
83. f(x) = 3°, g(x) = 3% 

84. f(x) = 3%, g(x) = —-3* 

85. f(x) = 2%, g(x) = 2" + 1 
86. f(x) = 2%, g(x) = 1 - 2° 
87. f(x) = e*, g(x) = ev! 

88. f(x) = e*, g(x) = -e* 

89. f(x) = (5), eG) = 3(5)° 
90. f(x) = (3) 

91. f(x) = (3) > 

92 f(s) = ()',80) = GY = 1 
Compound Interest 


Exercises 93-104; Use the compound interest formula to 
approximate the final value of each amount. 


93. $600 at 7% compounded annually for 5 years 
94, $2300 at 2% compounded semiannually for 10 years 


95. $950 at 3% compounded daily for 20 years 

96. $3300 at 3% compounded quarterly for 2 years 

97. $2000 at 10% compounded continuously for 8 years 

98. $100 at 1.5% compounded continuously for 50 years 

99. $1600 at 1.3% compounded monthly for 2.5 years 
100. $2000 at 8.7% compounded annually for 5 years 
101. $500 at 0.8% compounded semiannually for 20 years 
102. $750 at 0.5% compounded monthly for 3 years 


103. $1500 at 0.75% compounded continuously for 8 years 


104. $900 at 0.99% compounded continuously for 9 years 


105, College Tuition If college tuition is currently $8000 
per year, inflating at 6% per year, what will be the 
cost of tuition in 10 years? 


8 106. Doubling Time How long does it take for an invest- 
ment to double its value if the interest is 12% com- 
pounded annually? 6% compounded annually? 


107. Investment Choice Determine the best investment: 
compounding continuously at 6.0% or compound- 
ing annually at 6.3%, 


108. Investment Choice Determine the best investment: 
compounding quarterly at 3.1% or compounding 
daily at 2.9%, 


Applications 


109. Bacteria Growth A sample of bacteria taken from 
a river has an initial concentration of 2.5 million 
bacteria per milliliter and its concentration triples 
each week, 

(a) Find an exponential model B that calculates the 
concentration after x weeks. 


(b) Estimate the concentration after 1.5 weeks. 


110. Fish Population A fish population in a small lake 
is estimated to be 6000. Due to a change in water 
quality, this population is decreasing by half each 
year, 

(a) Find an exponential model f that approximates 
the number of fish in the lake after x years. 


(b) Estimate the fish population to the nearest hun- 
dred after 3.5 years. 


111. Insect Population A fish fly density is 2 million insects 
per acre and is decreasing by one-fourth (25%) every 
week, Estimate their density after 3.2 weeks, 
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112. Bacteria Growth A concentration of bacteria is 
5 million per milliliter and is tripling every day. 
Estimate the concentration after 2.4 days. 


113, Stock Value A stock is worth $40 a share and decreases 
by 2% per week. Estimate its value after 6.5 weeks. 


114. Home Price A home is worth $200,000 and decreases 
in value by 1.5% per year. Estimate its value after 
3.5 years. 


115. Intensity of Sunlight The intensity / of sunlight at 
the surface of a lake is 300 watts per square meter. 
For each 1-foot increase in depth of a lake, the 
intensity of sunlight decreases by a factor of i 


(a) Estimate the intensity / of sunlight at a depth of 
50 feet. 


+ (b) Graph the intensity of sunlight to a depth of 50 
feet. Interpret the y-intercept. 


116. Pollution A pollutant in a river has an initial con- 
centration of 3 parts per million and degrades at a 
rate of 1.5% per year. Approximate its concentra- 
tion after 20 years, 


117. Population Growth The population of Arizona was 
6.6 million in 2010 and growing continuously at a 
1.44% rate. Assuming this trend continued, estimate 
the population of Arizona in 2016. 


118. Saving for Retirement Suppose $1500 is deposited 
into an IRA with an interest rate of 6%, compounded 
continuously, How much money will there be after 30 
years? 


119, Greenhouse Gases (Refer to Example 10.) Chloro- 
fluorocarbons (CFCs) are gases that might increase 
the greenhouse effect. The following table lists 
future concentrations of CFC-12 in parts per billion 
(ppb) if current trends continue. 


Year 2005 | 2010 | 2015 
CFC-12 (ppb) 0.88 | 1.07 | 1.31 


Source: R. Turner, Environmental Economics, 


2020 
1.60 


(a) Find values for C and a so that f(x) = Ca* 
models these data, where x is years after 2000. 


(b) Estimate the CFC-12 concentration in 2013. 


120. Bacteria Growth The table lists the concentration 
of a sample of £. coli bacteria B (in billions per liter) 
after x hours. 


x{[o]3]s5] 8 
B | 0.5 | 62 |33.3| 414 


Source: G. S, Stent, Molecular Biology of Bacterial Viruses. 


continued on next page 
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(a) Find values for C and a so that f(x) = Ca* fg ©) Graph P. Explain why it is logical for P to be 
models these data. an increasing function, Does the graph have a 


. . . horizontal asymptote? 
(b) Estimate the bacteria concentration after 6.2 


hours, B (c) Solve P(x) = 0.5 and interpret the result. 
121, E. Coli Growth (Refer to Example 9.) 125, Half-Life for Twitter (Refer to Example 12.) The 
(a) Approximate the number of £. coli after 3 hours, half-life for a link on Twitter is 2,8 hours, Write an 
. ' . exponential function 7 that gives the percentage of 
(b) Estimate graphically the elapsed time when engagements remaining on a typical Twitter link 
there are 10 million bacteria per milliliter. after ¢ hours, Estimate this percentage after 5.5 


122, Drug Concentrations Sometimes after a patient sauna 


takes a drug, the amount of medication A in the 126, Half-Life for StumbleUpon (Refer to Example 12.) 


bloodstream can be modeled by 4 = Age", where The half-life for a link on StumbleUpon is 400 hours, 
Ao is the initial concentration in milligrams per liter, Write an exponential function S that gives the 
ris the hourly percentage decrease (in decimal form) percentage of engagements remaining on a typical 
of the drug in the bloodstream, and / is the elapsed StumbleUpon link after ¢ hours, Estimate this per- 
time in hours, Suppose that a drug’s concentration centage after 250 hours, 

is initially 2 milligrams per liter and that r = 0.2. 

(a) Find the drug concentration after 3.5 hours. 127. Putts and Pros At a distance of 3 feet, professional 


, : ? golfers make about 95% of their putts, For each 
fg (>) When did the drug concentration reach 1.5 mil- additional foot of distance, this percentage decreas- 
ligrams per liter? es by a factor of 0.9, 
(a) Write an exponential function P that gives the 
percentage of putts pros make at a distance of x 
feet beyond a 3-foot distance. 


123, Modeling Traffic Flow Cars arrive randomly at an 
intersection with an average rate of 50 cars per hour, 
The likelihood, or probability, that at least one car 


will enter the intersection within a period of x min- f@ (») Estimate this percentage for 23 feet (vy = 20). 

utes can be estimated by P(x) = 1 — e, 

(a) Find the likelihood that at least one car enters (c) What additional distance decreases a pro golfer’s 
the intersection during a 3-minute period. putting percentage by half? 

| (b) Graphically determine the value of x that gives 128, Filters Impurities in water are frequently removed 
a 50-50 chance of at least one car entering the using filters. Suppose that a I-inch filter allows 10% 
intersection during an interval of x minutes. of the impurities to pass through it. The other 90% 
tt. F . : is trapped in the filter, 

i 124, Tree Density Ecologists studied the spacing between (a) Find a formula in the form f(x) = 100a* that 
individual trees in a forest in British Columbia. The calculates the percentage of impurities passing 
probability, or likelihood, that there is at least one through x inches of this type of filter, 
tree located in a circle with a radius of x feet can be 
estimated by P(x) = 1 — e°!!44’, For example, (b) Use f(x) to estimate the percentage of impuri- 
P(7) ~ 0.55 means that if a person picks a point at ties passing through 2,3 inches of the filter. 


random in the forest, there is a 55% chance that at least 
one tree will be located within 7 feet. See the figure, [@ 129. Radioactive Carbon-14 (Refer to Example 13.) 


(Source; E. Pielou, Populations and Community Ecology.) A fossil contains 10% of the carbon-14 that the 
organism contained when it was alive, Graphically 


estimate its age, 


fg 130. Radioactive Carbon-14 A fossil contains 20% of 
the carbon-14 that the organism contained when it 
was alive, Estimate its age. 


131. Radioactive Radium-226 The half-life of radi- 
um-226 is about 1600 years. After 3000 years, what 

(a) Evaluate P(2) and P(20), and interpret the percentage P of a sample of radium remains? 
results, 


132, Radioactive Strontium-90 Radioactive stron- 
tium-90 has a half-life of about 28 years and some- 
times contaminates the soil. After 50 years, what 
percentage of a sample of radioactive strontium 
would remain? 


133. Swimming Pool Maintenance Chlorine is frequent- 
ly used to disinfect swimming pools. The chlorine 
concentration should remain between 1.5 and 2.5 
parts per million. On warm sunny days with many 
swimmers agitating the water, 30% of the chlorine 
can dissipate into the air or combine with other 
chemicals each day. (Source: D, Thomas, Swimming 
Pool Operators Handbook.) 

(a) Find C and a so that f(x) = Ca* models the 
amount of chlorine in the pool after x days. 
Assume that the initial amount is 2.5 parts per 
million, 


(b) What is the chlorine concentration after 2 days 
if no chlorine is added? 


134, Thickness of Runways Heavier aircraft require 
runways with thicker pavement for landings and 
takeoffs, A pavement 6 inches thick can accommo- 
date an aircraft weighing 80,000 pounds, whereas a 
12-inch-thick pavement is necessary for a 350,000- 
pound plane. The relation between pavement thick- 
ness / in inches and gross weight W in thousands of 
pounds can be modeled by W = Ca‘, (Source: Federal 
Aviation Administration.) 

(a) Find values for C and a. 


(b) What is the weight of the heaviest airplane a 
9-inch-thick runway can accommodate? 


=] (c) What is the minimum thickness for a 242,000- 
pound plane? 


135, Trains The faster a locomotive travels, the more 
horsepower is needed. The formula 


H(x) = 0.157(1.033)* 


calculates this horsepower for a level track. The 
input x is in miles per hour and the output H(x) is 
the horsepower required per ton of cargo. (Source: 
+ L, Haefner, Introduction to Transportation Systems.) 
ee @) Evaluate H(30) and interpret the result, 


(b) Determine the horsepower needed to move a 
5000-ton train 30 miles per hour. 


(c) Some types of locomotives are rated for 1350 
horsepower. How many locomotives of this 
type would be needed in part (b)? 


e 136. Survival of Reindeer For all types of animals, the 
percentage that survive into the next year decreases. 
In one study, the survival rate of a sample of 
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reindeer was modeled by S(‘) = 100(0.999993)"*, 
The function S outputs the percentage of reindeer 
that survive f years. (Source: D, Brown.) 

(a) Evaluate S(4) and S(15). Interpret the results. 


@ () Graph Sin [0, 15,5] by [0, 110, 10]. Interpret 
the graph. Does the graph have a horizontal 
asymptote? 


Writing about Mathematics 


137. Explain how linear and exponential functions differ. 
Give examples. 


138. Discuss the domain and range of an exponential 
function f. Is f one-to-one? Explain. 


Extended and Discovery Exercises 


Exercises 1-4; Present Value In the compound inter- 
est formula A = P(L + r/n)", we can think of P as the 
present value of an investment and A as the future value 
of an investment after t years. For example, if you were 
saving for college and needed a future value of A dollars, 
then P would represent the amount needed in an account 
today to reach your goal in t years at an interest rate of r, 
compounded n times per year. If we solve the equation for 
P, it results in 


P=A(L+r/ny™. 


1. Verify that the two formulas are equivalent by trans- 
forming the first equation into the second. 


2. What should the present value of a savings account be 
to cover $30,000 of college expenses in 12.5 years, if 
the account pays 7.5% interest compounded quarterly? 


3. Suppose you want to have $15,000 to buy a car in 
3 years. What should the present value of a savings 
account be to reach this goal, if the account pays 5% 
compounded monthly? 


4, A parent expects college costs to reach $40,000 in 
6 years. To cover the $40,000 in future expenses, how 
much should the parent deposit in an account that pays 
6% interest compounded continuously? 
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Exercises 5-8; Average Rate of Change of e* Complete 9, Average Rate of Change What is the pattern in the 
the following. Round your answers to two decimal places. results from Exercises 5-8? You may want to test 
(a) Find the average rate of change of f(x) = e* from x to your conjecture by trying different values of x. 


x + 0,001 for the given x. 
(b) Approximate f(x) = e* for the given x. 
(c) Compare your answers in parts (a) and (b). 
5.x =0 6. x = -2 


10. Average Rate of Change (Refer to Exercises 5-8.) 
For any real number &, what is a good approxima- 
tion for the average rate of change of f(x) = e* 
on a small interval near x = k? Explain how your 

ee es a i ees answer relates to the graph of f(x) = e*. 


« Evaluate the common 


logarithmic function Introduction 
= Evaluate logarithms Bacteria growth is often exponential. For example, TABLE 5.18 and FIGURE 5.46 show 
with other bases the concentration B (in thousands per milliliter) in a bacteria sample after x days, 
= Solve basic exponential where B(x) = 10°. To determine how long it takes for the concentration to reach 
and logarithmic equations 500 thousand per milliliter, we can solve the equation |()° = 500, The graphical 
« Solve general exponential solution in FIGURE 5.47 is about 2.7, but finding this value symbolically requires 
and logarithmic equations logarithms. 


« Convert between 
exponential and Gq h of Bacteria (1000 / mL 
logarithmic forms chsthasmsaiiael ee 


x| 0 1 2 | 3 | 


Elapsed days | 
Bix) | 1 | 10 | 100 | 1000 | 
TABLE 5,18 
Exponential Growth Solving 10* = 500 
¥ y 


Baggs 


¢ : 8-500) = 27 


Solution to 
equation ~2.7 


05 10 15202530 


Bacteria concentration (1000/mL) 


Bacteria concentration (1000/mL) 


0 05 1.0 TS 2.0 25 3.0 
Time (days) Time (days) 
FIGURE 5.46 FIGURE 5.47 


Notice that the graph of B(x) = 10° in FIGURE 56.46 is increasing and one-to- 
one, so B has an inverse function. Because B(!) = 10, it follows that B7'(10) = |. 
Similarly, BQ) = 100 implies that B'(100) = 2, and in general, B(K) = 10* implies 
that B-'(10*) = k. TABLE 6.19 lists some values for B7!(x). 
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Inverse Function of B 


x] 1 | 10 | 100 | 1000 | 
B-\x) | 0 


2 | 3 | 
TABLE 5.19 


B~ (x) is the inverse of 10°. 


B-\(500) is between 2 and 3. | 


The solution to 10° = 500 represents the number of days needed for the bacteria 
concentration to reach 500 thousand per milliliter. To solve this equation, we must 
find an exponent k such that 10 = 500. Because B™'(10*) = k, this is equivalent 
to evaluating B~'(500), as shown graphically in FIGURE 5.47. From TABLE 5.19, k is 
between 2 and 3 because 500 is between 100 and 1000. 


The Common Logarithmic Function 


The inverse of y = 10* is defined to be the common (base-10) logarithm, denoted log x 
or logy) x. Thus 10’ = 100 implies log 100 = 2, 10° = 1000 implies log 1000 = 3, 
and in general, 


10°=4 implies logh = «, 


It follows from the introduction that B-'(500) = log 500 and B™!(x) = logx. 
The common exponential function and the common logarithmic function, 
represented in TABLES 5.20 and 5.21, are inverse functions. 


Common Exponential Function 


ja ae| od | 8 | 2 
3 1072 


TABLE 5.20 
-4] 19-3 
4) =-3 


Inverse Functions Common Logarithmic Function Acommon 


10°7} 107! | 10° | 10°°} 10! 10? | 107 logarithm is an 
exponent of 10. 


TABLE 5.21 


The common logarithm of a positive number is the exponent k, such that 10° = x. 
This concept can be illustrated visually. 


Common Logarithm 


Input x Output k 
If x > 0, then x = 10* log x =k because 
for some exponent k._ X= 10. 


x=10 —— |1log10*) —> k 


(GEV Previously, we have always used one letter, such as f or g, to name a function. 
The common logarithm is the first function for which we use three letters, log, to 
name it. Thus f(x), g(x), and log(x) all represent functions having input x. Generally, 
log(x) is written without parentheses as log x. 


The following See the Concept discusses the graph of y = log x. 
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See the Concept: The Graph of y = log x 


Range | } Vertical asymptote | 


EXAMPLE 1 


Domain is (0, °). 

Range is (—%, ~). 

The y-axis is a vertical asymptote. 
Graph is continuous and increasing. 


Graph passes horizontal line test (one-to-one). 


We have shown verbal, numerical, graphical, and symbolic descriptions of the com- 
mon logarithmic function. A formal definition of the common logarithm is now given. 


| COMMON LOGARIT aM | 
= weebew Sick eae ee —_ = 
The common logarithm of a positive number x, denoted log x, is defined by 
logx =k — ifandonlyif x = 104, 
where k is a real number. The function given by 
f(x) = logx 
is called the common logarithmic function. 


(XB The common logarithmic function outputs an exponent k, which may be 
positive, negative, or zero, However, a valid input must be positive. Thus its range is 
(—, ©) and its domain is (0, ~). 


The equation logx = k is called logarithmic form and the equation x = 10* is 
called exponential form, These forms are equivalent. That is, if one equation is true, 
the other equation must also be true. 


Logarithmic Form Exponential Form 
log 100 = 2 10? = 100 Pairs of equivalent 
log 1000 = 3 10° = 1000 Sauations 
log 75 =-l lo! = t 


logx =k 
i General forms be 


Logarithms and Exponents A logarithm is an exponent, For example, to evaluate 
the logorithm log 1000 ask, “10 to what power equals 1000?” The necessary exponent 
equals log 1000. That is, log 1000 = 3 because 10° = 1000. 


Evaluating common logarithms 


Simplify each logarithm by hand. 
(a) log 100,000 (b) log! (c) lossao5 (d) log V10  (e) log(—2) 


FIGURE 5,48 


Reflection Across y = x 


FIGURE 6.49 
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SOLUTION 
(a) Ask, “10 to what power equals 100,000?” Because 10° = 100,000, it follows that 
log 100,000 = 5. That is, 
log 100,000 = log 10° = 5. 


(b) Ask, 10 to what power equals 1?” Because 10° = 1, it follows that log 1 = 0. 
That is, 


log! = log 10° = 0. 


1 =9 
——— oF oe = 3 
(c) log To00 log 10 


1 
@ log V10 = tog(10"”) = 5 
(e) Because 10* is always positive, 10‘ A —2 for any x. Thus “10 to what power 


equals —2” has no answer and log (—2) is undefined. The domain of log x is all 
positive numbers, or (0, 7). 


Square Roots and Logarithms Much like the square root function, the common 
logarithmic function does not have an easy-to-evaluate formula, For example, 
V4 = 2 and V/100 = 10 can be calculated mentally, but for V2 we usually rely 
on a calculator, Similarly, logl100 = 2 can be found mentally since 100 = 10°, 
whereas logl2 can be approximated using a calculator. See FIGURE 5.48, To check 
that logl2 ~ 1,079181246, evaluate 10!-°79!8!246 ~ 12, Another similarity between 
the square root function and the common logarithmic function is that their domains 
do not include negative numbers, If outputs are restricted to real numbers, both V —3 
and log(—3) are undefined expressions. 


Graphs and Inverse Properties Because log x and 10% are inverses, we can write 
f(x) = logx and f~'(x) = 10%. Their graphs are reflections across the line y = x, 
as shown in FIGURE 5.49, For inverse functions, f(f~(x)) = x and f'(f(x)) = x, 
so the following inverse properties hold for all valid inputs x. 


GARITHM | 


The following inverse properties hold for the common logarithm, | 
log 10° = x» for any real number x and 


1ols* = y for any positive number x | 


Tn FIGURES 5.50 and 5.51 a graphing calculator has been used to illustrate these proper- 
ties. (If you have a calculator available, try some other examples.) 


log(1045) 104log(2) 
log(1041.6) ie 104log(3.7) 


log(104(-2.5)) 104log(0.12 
og(104( ae 0g(0.12) 


FIGURE 5.50 FIGURE 6.51 
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| EXAMPLE 2 


Base-2 Logarithm 


FIGURE 5.52 


Natural Logarithm 


FIGURE 6.53 


An Application of Common Logarithms Malaria deaths in Africa have gradu- 
ally decreased, largely due to vaccines. These deaths can be modeled by a function that 
involves the common logarithm. (Sources: WHO; Malaria Vaccine Initiative.) 


Modeling malaria deaths in Africa 


The number of malaria deaths in millions x years after the year 2000 can be modeled 
by D(x) = 0.9 log (10 = 2x). 

(a) Evaluate D(O) by hand and interpret the result. 

(b) Approximate D(15) and interpret the result. 


SOLUTION 

(a) D(0) = 0.91og (10 ~ 2(0)) = 0.9 oy 10 = 0.9(1) = 0.9, In 2000 there were about 
0.9 million deaths from malaria in Africa. 

(b) DUIS) = 0.9 log (10 - 2(15)) = 0.9log 4 ~ 0.54. (Usea calculator.) In 2015 there 
were about 0.54 million, or 540,000, deaths from malaria in Africa. 


r 
| Now Try Exercise 139(a): } 


Logarithms with Other Bases 


Base-2 Logarithm It is possible to develop base-a logarithms with any positive 
base a # 1. For example, in computer science base-2 logarithms are frequently used. 
The base-2 logarithmic function, denoted f(x) = log) x, is shown in TABLE 5.22. If x 
can be expressed in the form x = 2* for some k, then logy.x = k. Thus log.v is an 
exponent, A graph of y = log)x is shown in FIGURE 5.52. 


Base-2 Logarithm A base-2 logarithm 
970.5 0 | 05 | 2 Ml is an exponent of 2. 
0.5 0 | 0.5 2 3,1 


Natural Logarithm Ina similar manner, a table of values for the base-e logarithm 
is shown in TABLE 5.23, The base-e logarithm is referred to as the natural logarithm 
and denoted either log, x or Inx. Natural logarithms are used in mathematics, sci- 
ence, economics, and technology, A graph of y = Inv is shown in FIGURE 5.63. 


) 


TABLE 5.22 


Natural Logarithm 
e058 | 
0.5 0 


Base-a Logarithm We can define a logarithm for any positive base a, where a ¥ 1, 
As with other logarithms we have discussed, any base-a logarithm has domain (0, ~) 
and range (—%, ~), 


A natural logarithm 
1 is an exponent of e. 


eer | ke 


Inv 3.1 


TABLE 5.23 


The logarithm with base a of a positive number x, denoted by log,x, is defined by 
log,x =k ifandonlyif x = a‘, 
where a > 0,4 4 1, and k isa real number. The function, given by 
f(x) = logax, 


is called the logarithmic function with base a. 


EXAMPLE 3 
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Evaluating Base-a Logarithms A base-a logarithm is an exponent. For example, 
to evaluate log, 16 ask, “2 to what power equals 16?” The required exponent equals 
log, 16. That is, log, 16 = 4 because 2' = 16. 


Evaluating logarithms 
Evaluate each logarithm. 


(a) log,8 (b) logs 35 (©) log, 49d) Ine? 


SOLUTION 
(a) Ask, “2 to what power equals 8?” Because 2° = 8, it follows that log,8 = 3. 
That is, logy8 = log,2° = 3. 


(b) Ask, “5 to what power equals the fraction rile Because 5~? = a it follows 
that logs 35 = —2. That is, logs 35 = log,5~* = —2. 


(c) Ask, “7 to what power equals 492” Because 7’ = 49, it follows that log749 = 2. 
That is, log, 49 = log, 7? = 2. 
(d) Because Ine~? = log,e~’, ask “e to what power equals ¢?” The obvious answer 


is —7. That is, Ine~’ = log, e~7 = —7. 


Although the output from a base-a logarithm can be positive or negative, the 
input for a base-a logarithm must be positive. This fact can be used to determine the 
domain of logarithmic functions, as demonstrated in the next example, 


Finding the domain of a logarithmic function 


State the domain of f. 
(a) f(x) = logy(x — 4) (b) f(x) = In(10*) 


SOLUTION 

(a) The input for a logarithmic function must be positive. Any x in the domain of f 
must satisfy x — 4 > 0, or equivalently, x > 4. Thus D = (4, ). 

(b) The expression 10* is positive for all real numbers x. (See FIGURE 5.49, where the 
red graph of y = 10* is above the x-axis for all values of x.) Thus D = (~~, ©), 


or all real numbers. 
Now Try Exercises 13 and 17 
(CRITICAL THINKING | THINKING 


Make a table of values for the base-4 logarithm. Evaluate log, 16. 


Logarithms with base a also satisfy inverse properties. 


INVERSE PROPERTIES a = 
The following inverse properties hold for logarithms with base a. 


log,a* = x for any real number x and 


q'&* = x for any positive number x 


lod Widnoes Applying inverse properties 


Use inverse properties to evaluate each expression. 
(a) logs6*3 ——() S18) Login (3) 
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SOLUTION 

(a) log,a* = x, so log, 67!" = — 1.3, 

(b) a!%* = x, s0 SEO) = y + 8, provided x > —8. 

(c) log,a* = x, so log, »(4)* — 45, Note that the base of a logarithmic function can 


be a positive fraction less than |, 
Now Try Exercises 23, 25, and 27 


Graphs and Inverse Functions If f(x) = a’, then its inverse function is given 
by f~'(x) = log,.x and their graphs are reflections across the line y = x. These and 
other properties are illustrated for f(x) = 2* and g(x) = e” in the following See the 
Concept. 


See the Concept: Inverses and Logarithms 


® The graph of the inverse is a 
reflection across the line y = x. 


© Rapid exponential growth 
@ Slow logarithmic growth 


© log,x is negative (below the 
x-axis) for x between 0 and 1, 


For a > 1, the graph of y = a* typically grows rapidly and is called expo- 
nential growth, and the graph of log,,.x typically grows slowly and is called /ogarith- 
mic growth, 


MAKING CONNECTIONS 


Exponential and Logarithmic Punctions The inverse of an exponential function is 
a logarithmic function, and the inverse of a logarithmic function is an exponential 
function, For example, 


if f(x) = 10° then f(x) = logy, 
ifg(x)=Inx then g(x) = e* and, 
if h(x) = 2" then I(x) = logpy. 


Domains and Ranges of Inverses The domain of f(x) = log, x is (0, ) and its 
range is (—%, «), The domain of its inverse f~'(x) = a* is (—%, %) and its range 
is (0, ©). Notice how domains and ranges are interchanged because they are inverse 
functions. 


Transformations of Logarithmic Graphs 


Previously, we discussed how to shift, reflect, stretch, and shrink graphs of functions, 
For example, to graph y = (x — 2)? we can shift the graph of y = x? right 2 units, In 
a similar manner, we can graph y = log)(x — 2) by shifting the graph of y = logy. 
right 2 units. The graph of y = log». has a vertical asymptote at v = 0, so the graph 
of y = log)(x — 2) has a vertical asymptote at . = 2. See FIGURE 5.54, 
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Shifting a Logarithmic Graph 
y 


Shift right 2 units. | 


FIGURE 5.54 —= 


PI WiAMH Transformations of a logarithmic graph 


Explain how to obtain the graph of g(x) = log(—x) + 1 from the graph of 
f(x) = log x. Graph both functions in the same xy-plane. 


SOLUTION The graph of y = log(—x) + | is similar to the graph of f(x) = log x, 
except it is reflected about the y-axis and shifted upward | unit. Both graphs have a 
vertical asymptote at x = 0. See FIGURE 5.55. 


Transforming y = log x 


FIGURE 5.55 x=0| 
a Now Try Exorcixo 117 


Base-10 Exponential and Logarithmic Equations 


Base-10 Exponential Equations To solve the equation 10 + x = 100, we 
subtract 10 from each side because addition and subtraction are inverse operations. 


Adding 10 and 10+ x — 10 = 100 — 10 ubtract 10 
subtracting 10 are 
inverse operations. x = 90 


To solve the equation 10x = 100, we divide each side by 10 because multiplication 
and division are inverse operations. 


Multiplying by 10 and 10x = 100 
dividing by 10 are 10 10 
inverse operations. 
Now suppose that we want to solve the exponential equation 


10* = 100. 


What is new about this type of equation is that the variable x is an exponent. The 
inverse operation of 10% is log x. Rather than subtracting 10 from each side or divid- 
ing each side by 10, we take the base-10 logarithm of each side. Doing so results in 


log 10* = Jog 100. Take | O logarithm 
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Because log 10* = x for all real numbers x, the equation log 10° = log 100 becomes 
x = log 100, or equivalently, v=2, 


These concepts are applied in the next example. Note that if m1 = n (m and n positive), 
then logm = logn. 


(EY Taking the logarithm of both sides of 10° = 100 to obtain x = log 100 con- 
verts the exponential form 10* = 100 to the equivalent /ogarithmic form x = log 100. 


Solving equations of the form 10* k 


Solve each equation, if possible. 
(a) 10° = 0.001 (b) 10% = 55 (ce) 10° = ~-1 


SOLUTIO 
ne cake te common logarithm of each side of the equation 10* = 0,001. Then 
log10* = log0.001, or = x = log lO = —3, 
(b) Ina similar manner, 10° = 55 is equivalent to x = log 55 ~ 1.7404. 
(c) Taking the common logarithm of each side gives 
log 10% = log(-1). 


Because log (—1) is undefined, there are no solutions. Graphical support is given 
in FIGURE 5,56, where the graphs of y; = 10* and y. = —1 do not intersect. 


No Solution; 10* = —-1 
y 


10° is always positive. | 


10° # —1 forall x. 


x 


FIGURE 5.56 


Solving a base-10 exponential equation 


Solve 4(10**) = 244, 


SOLUTION Begin by dividing each side by 4. 


4(103") = 244 iven [ 
Changing exponential lo = 61 —s 
form to logarithmic log 10° = log 61 ke the common logarithm 
esl [me = jow61 inverse property: lag 10% =I 
log61 
a 


v= 0,595 pproximal 


EXAMPLE 9 


EXAMPLE 10 
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Converting 10** = 61 to 3x = log61 is referred to as changing exponential form 
to logarithmic form. We usually include the step of taking the common logarithm of 
each side to emphasize the fact that inverse properties are being used to solve these 
equations. However, after some practice you may prefer to skip this step and change 
directly between exponential and logarithmic forms. 


Common Logarithmic Equations A logarithmic equation contains logarithms. 
To solve logarithmic equations we exponentiate each side of the equation and then 
apply the inverse property 10!°8* = x, Note that if m =n, then 10” = 10". 


logx = 2.5 Given logarithmic equation 
Changing logarithmic form {Qloex = 4925 Exponertiat ch side: base 10 
to exponential form ponen n 
————S x = 1075 nverse property: 10'°4 | 


x = 316,23 


Converting the equation logy = 2.5 to the equivalent equation x = 107° is called 
changing /ogarithmic form to exponential form. In general, the exponential form 
x = a‘ and the logarithmic form log,.x = k are equivalent. 


Solving equations of the form log x = k 


Solve each equation. 


(a) logy = 3 (b) logy = -2 (c) logx = 2.7 
SOLUTION 
(a) logx = 3 Given equation 
iplosx — 103 Exponentiate each side; base 10. 
x = 103 Inverse property: 10 "9 
x = 1000 simplify 


(b) Similarly, logx = —2 is equivalent to x = 10°? = 0.01. 
(©) logx = 2.7 is equivalent to x = 1077 ~ 501.19. 


Solving a common logarithmic equation 


Solve 5 log 2x = 16. 


SOLUTION Begin by dividing each side by 5. 
Slog2x = 16 iven 


Changing logarithmic form 


log2x = 3.2 Divide each side'by 5 
log2x 143.2 xponentiate each side; b: 
to exponential form ” = : . 
xpon A ae 2x = 1032 Inver perty: 1 


10°? ; 
x = yr Divid ach side by 2 
x = 792.45 Approxit 


Now Try Exercise 95 


An Application of Logarithms Some types of data grow slowly and can be mod- 
eled by the function given by f(x) = a + blogx. For example, a larger area of land 
tends to have a wider variety of birds, However, if the land area doubles, the number 
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5 VIPLE 11 | 


of species of birds does not double; the land area has to more than double before the 
number of species doubles. 


Modeling data with logarithms 


The number of species of tropical birds on islands of different sizes v near New 

Guinea can be modeled by f(x) = 39 + 13logx, where x is in square miles, (Source: 

B. Freedman, Environmental Ecology.) 

(a) If the number of square miles x of an island increases tenfold, how many 
additional species of birds are there? 

(b) Determine both symbolically and graphically the size of an island that might 
have 50 different species of birds. 


SOLUTION 


(a) Start by evaluating f(1), f(10), and f(100). 


f(i) = 39 + 13logi = 39 + 13(0) = 39 
x increases tenfold. = f(i0) = 39 + 13log 10 = 39 + 13(1) = 52 = Output increases by 13. | 
f(00) = 39 + 13log 100 = 39 + 13(2) = 65 


[0, 15, 5] by [0, 70, 10] 


Intersection 
X=7.0170383 _Y=50 


FIGURE 5.57 


{ 
| 


Each time x increases tenfold, the number of bird species does not increase by a 
factor of 10; rather, it only increases by plus 13 species of birds. This slow growth 
is an example of /ogarithmic growth. 

(b) Symbolic Solution We must solve the equation 39 + 13 logx = SO. 


39 + I3log x = 50 


13log x = 11 
logx = i 
13 
10 osx a jy il/3 ' i 1 side: b: 10 
x = 10!/3 
be da | 


To have 50 species of birds, an island should be about 7 square miles. 


Graphical Solution The graphs of y, = 39 + 13log x and y2 = SO in FIGURE 5.57 
intersect near the point (7.02, 50). This result agrees with our symbolic solution. 


| Now Try Exercise 146 | 


General Exponential and Logarithmic Equations 


Base-a Exponential Equations The exponential function f(x) = a’ is one-to-one 
and therefore has an inverse function f~!(x) = log,x. Because f~'(f(x)) = x for all 
real numbers x, or equivalently log,a* = x, it follows that to solve an exponential 
equation we can take the base-a logarithm of each side. Note that if m = n (mand n 
positive), then log, = log,n. 


Solving exponential equations 


Solve each equation. 


val ve et 
@ *=57 @e=5 (c) 3(2*) — 7 = 20 


SOLUTION 
(a) log,3* = logs 
log33* = log,;3 * 
ele al 


5.4 Logarithmic Functions and Models 451 


(b) Take the natural logarithm of each side. Then 
Ine’ = In5 is equivalentto x = In5 ~ 1,609, 


Many calculators are able to compute natural logarithms. The evaluation of In 5 
is shown in FIGURE 5.68. Notice that ¢!:6°37!2 ~ 5, 
(c) 3(2*) — 7 = 20 Given equation 


FIGURE 6.58 3(2*) = 27 ] to each sid 
2°=9 Divid h side by 
Changing exponential oe est Nag Takerthe Vase? loaanbhay af 
form to logarithmic form log,2 log29 : 
et x = log,9 —_ Inverse property: log 
[-5, 5, 1 by[—10, 30, 10] Introduction to the Change of Base Formula FIGURE 5.59 gives a graphical solu- 


tion of about 3.17 for the equation in Example 12(c). The exact solution of log,9 can 
be approximated as 3.17 by using the following change of base formula. (Its derivation 
is given in Section 5,5.) 


log, « 
log,.« = Es I f for 
Intersection log), « 
X= 3.169925 ; : ; 
FIGURE 6.59 Because calculators typically have only log x and Inx keys, this formula is often 


written as 


Example of change i = BX oe x = 
of base formulas log, * = or log, x = 


39 
For example, log)? = me. =~ 3.17, which agrees with the graphical solution, 
Base-a Logarithmic Equations To solve the equation log, = k, we exponentiate 
each side of the equation by using base a, That is, we use the inverse property: 
q'&* = x for all positive x. This is illustrated in the next example. Note that if 
m =n, then a” = a", 


pF WidHoweY Solving logarithmic equations 


Solve each equation, 
(a) logax = 5 (b) logsx = -2 (c) Inx = 4.3 (d) 3log,5x = 9 


SOLUTION 
(a) logyx = 5 jiven equ 
qlog.x — 25 onentiat h side; b 
ee? 
x = 32 irnplif 
(b) Similarly, logsx = —2 is equivalent to x = 5-7 = #. 
(c) Inx = 4.3 is equivalent to x = e*? ~ 73.7. 
(a) 3 logy 5x = 9 


log, Sx = 3 Divi 
Changing logarithmic form | qiog:sx — 23 SB WEY 
to exponential form ; 
= Sy = 
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Ri Putting 1t all Together 


The following table summarizes some important concepts about base-a logarithms. 
Common and natural logarithms satisfy the same properties. 


CONCEPT 


Base-a logarithm The base-a logarithm of a positive number x is log 100 = log 10* = 2 


a>0,a 41 log,x =k ifandonlyif x =a‘, log.8 = log,2* = 3 


That is, a logarithm is an exponent k. logs W3 = log,3!? = 4 


In5 ~ 1,609 (using a calculator) 


Graph of y = log,x | The graph of the base-a logarithmic function 
always passes through the point (1, 0) because 
log, | = log,a? = 0. The y-axis is a vertical 
asymptote. The graph passes the horizontal line 
test, so f(x) = log,.x is one-to-one and has an 
inverse given by f(x) = a’. 


Inverse properties @ and log, x represent inverse operations, That is, 
log,a* = x 
and 


a = x forx > 0. 


Inverse functions The inverse function of f(x) = a* is f®) = 10 @— f(x) = logy 
f1Q) = logyx. a) =e ee g(x) = Inx 
h(x) = lopx — A(x) = 2" 
Exponential and log,x = k is equivalent to x = a’. logs25 = 2 is equivalent to 25 = 5’. 
logarithmic forms 4 = 64 is equivalent to logy64 = 3. 
Exponential To solve a‘ = k, take the base-a logarithm of 10* = 15 e* = 20 
equations each side. log 10* = log 15 Ine* = In 20 
x = log!5 x = In 20 


Logarithmic To solve log... = k, exponentiate each side; use 
equations base a. 


Exercises 


Common Logarithms 


Exercises 1 and 2: Complete the table. 


H/x] tot | ot | 10° | 10] 
4 


Exercises 3-8: Evaluate each expression by hand, if 
possible. 


3. (a) log(-3) (b) logi9p 

(c) log V0.1 (@) logs 
4, (a) log 1000 (b) log (—7) 

(c) log V0.001 (@) log8° 
5, (a) log 10 (b) log 10,000 

(c) 20 log 0.1 (a) log 10 + log0.001 
6. (a) log 100 (b) log 1,000,000 

(c) 5 log 0.01 (d) log0.1 — log 1000 
7, (a) 2log0.1 + 4 (b) log 10! 

(c) 3log 100 — log 1000 (a) log (—10) 
8. (a) log (—4) (b) log 1 

(c) log 0 (a) —6log 100 


Exercises 9 and 10; Critical Thinking Determine men- 
tally an integer n so that the logarithm is between n and 
n + 1. Check your result with a calculator. 


9. (a) log 79 (b) log 500 
(c) log 5 (d) log 0.5 

10. (a) log 63 (b) log 5000 
(c) log 9 (d) log 0,04 


Exercises 11 and 12: Find the exact value of each expression. 


11. (a) log V/1000 (b) log W/10 
(c) log 0.1 (@) log V0.01 

12, (a) log 100,000 (b) log W100 
(c) 2log V0.1 (@) 10log W10 

Domains of Logarithmic Functions 


Exercises 13-20: Find the domain of f and write it in set- 
builder or interval notation. 


13. f(x) = log(x + 3) 

14, f(x) = In(2x — 4) 

15. f(x) = log)(x? - 1) 

16. f(x) = logy (4 — x?) 

17. f(x) = log3(4") 

18. f(x) = logs(5* — 25) 

19, f(x) = In(V3 — x - 1) 
20. f(x) = log(4 — V2 =x) 
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General Logarithms 
Exercises 21-22: Complete the table. 


21. 
x} 20 24 8 | 71.26 
logy x 4 
22, 
ry Moai a UE [7 
log;.x 5 | 


Exercises 23-52: Simplify the expression. 


23. logg8->” 24. logy 4713 
25, 7loe2x 26, 6 loxlx+1) 
27. logis (1) 28. logo, @y? 
29. Ine4 30, 2!0ek 

31. logs5” 32. logs6? 
33, 3loaG-D 34, gloss!) 
35, log, 64 36. log, + 

37. logy2 38. log,9 

39, Ine 40. Ine 

41, logs64 42, InWe 
43. log2(4) 44. logi3(4) 
45. log) 636 46. logy 464 
47. log, 48. log, (a? + a’) 
49, logs 5° 50. InVe 
51. logy 7g 52. logs 8* 


Exercises 53 and 54: Critical Thinking Determine mentally 
an integer n so that the logarithm is between nandn + 1. 
53. (a) log,9 (b) log, 11 

(c) log; 35 (d)_ logs 130 
54. (a) logs 12 (b) log, 30 
(c) log, 50 (d) logs 70 


Exercises 55 and 56: Checking Symbolic Skills Complete 
the table by hand. 


55. f(x) = 2 log,(x — 5) 


56. f(x) = 2 log;(2x) 
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Exponential and Logarithmic Forms 


Exercises 57-58: Change each equation to its equivalent 
logarithmic form. 
57. (a) 7 = 4 


(b) e =7 (c) 10°=b 


58. (a) S¥=9 — (b) bY =a © @=b 


Exercises 59 and 60: Change each equation to its equivalent 
exponential form. 


59, (a) loggv=3 (b) logo(2+x)=5 (c) logeb=c 


60. (a) logx = 4 (b) In8x=7 (c) logyx =b 


Solving Exponential Equations 


Exercises 61-84: Checking Symbolic Skills So/ve each 
equation. Use the change of base formula to approximate 
exact answers to the nearest hundredth when appropriate. 


61. (a) 10°=0.01  (b) 10° =7 (c) 10% = -4 
62, (a) 10% = 1000 (b) 10% =5 (c) 10 = -2 
63, (a) 4° = + (b) eX = 2 (c) 5° = 125 


64, (a) 2° = (b) 10°=q255 © ek =8 
65, (a) 9° = 1 (b) 10°=Vi0 © 4° = V4 
66. (a) 2°= V8 b) P= 1 © e&= We 
61, o* = 3 68, o* = 4 

69, 10° — 5 = 95 70. 2+ 10° = 66 

71. 10** = 100 72, 4+10% + 1 = 21 

73, 5(10*) = 65 74, 3(10*-?) = 72 

75, 43°) — 3 = 13 76. 5(7*) +3 = 83 

Th +1 = 24 78. 1 — 2e* = —5 

79, 28 +1 = 15 80. 3+ 5* = 125 

81, Se + 2 = 20 82. 6 — 2e** = -10 


83, 8 — 3(2)°5¥ = -40 84, 203) 2* + 5 = 167 


Solving Logarithmic Equations 


Exercises 85-106: Checking Symbolic Skills So/ve each 
equation, Approximate answers to four decimal places 
when appropriate. 


85, (a) logx = 2 (b) logy = —3 (c) logx = 1.2 


86. (a) logx = | (b) logx = -4 (ec) logx = 0.3 


87. (a) logsx =6 (b) logyx = —2 (ce) Inx = 2 


88. (a) logyx = 2 (b) loggy = —-1 (©) Inx = —-2 


89, logyx = 1.2 90. logyx = 3.7 
91, Slog,2x = 10 92. 2logyx = 3.4 
93. 2logx = 6 94, log4x = 2 
95, 2log5x = 4 96. 6 — logy = 3 
97. 4Inx = 3 98, InSy = 8 

99, Sinx —-1=6 100, 2In3x = 8 
101. 4log, x = 16 102, logy5y = 10 


103. SInQx)+6=12 104, 16 — 4In3x = 2 
105. 9 — 3logy2x=3 106. Tlogg(4x) + 5 = -2 


Exercises 107 and 108; Modeling — Find values for a and b 
so that f(x) models the data exactly. 


107. f(x) =a+t blogy 108. f(x) = a + blogyx 


[| x[ 1 [tofioo) («fi [2 [a | 
fi | 517] 9 fix) [34] 6 [8.9 


Graphs of Logarithmic Functions 


Exercises 109-112; Use the graph of f to sketch a graph of 
f7'. Give a symbolic representation of f~'. 
109, 110, 


111, 112, 


man T 


Exercises 113 and 114: Graph y = f(x). Is f increasing or 
decreasing on its domain? 


113. f(x) = logipx 114, f(x) = logy3.+ 


Exercises 115 and 116; Complete the following, 
(a) Graph y = f(x), y = f(x), and y = x. 
(b) Determine the intervals where f and f7' are 
increasing or decreasing. 


115. f(x) = log3x 116. f(x) = logipx 


Transformations of Graphs 


Exercises 117-124: Use transformations to graph 
y = g(x). Give the equation of any asymptotes. 


117. g(x) = log(x — 2) —:118._ g(x) = log(x + 2) 
119, g(x) = 3logx 

121. g(x) = logo(—x) 
123. g(x)=24+In@v - 1) 124 g@)=In@w+1)-1 


120. g(x) = 2log)x 


122. g(x) = —logyx 


Exercises 125-128: Graph f and state its domain. 
125, f(x) = log(x + 1) 126. f(x) = log(x — 3) 


127. f(x) = In(—x) 128. f(x) = In(x? + 2 


Applications 


129, Bacteria Growth The concentration of a sample 
of bacteria (in millions per milliliter) after x days is 
given by C(x) = 4(2*). Determine both the initial 
concentration and the number of days before the 
concentration reaches 20 million per milliliter. 


130. Insert Population The density of an insect popula- 


tion (in thousands per acre) after x weeks is given by 
D(x) = 600 (3)*. Determine both initial density and 


the number of weeks before the density reaches 100 
thousand per acre. 


131, Decibels Sound levels in decibels (dB) can be calcu- 
lated by 


D(x) = 10log(10'%x), 


where x is the intensity of the sound in watts per 
square meter, The human ear begins to hurt when 
the intensity reaches x = 107‘. Find how many 
decibels this represents. 


132. Decibels (Refer to Exercise 131.) If the inten- 
sity increases by a factor of 10, find the increase in 


decibels. 


F: 4s 133, Runway Length There is a relation between an air- 
; plane’s weight x and the runway length L required 
for takeoff. For some airplanes the minimum 
runway length LZ in thousands of feet is given 
by L(x) = 3log.x, where x is measured in thou- 
sands of pounds, (Source: L. Haefner, Introduction to 
Transportation Systems.) 

(a) Evaluate L(100) and interpret the result. 


(b) If the weight of an airplane increases tenfold 
from 10,000 to 100,000 pounds, does the length 
of the required runway also increase by a factor 
of 10? Explain. 

(c) Generalize your answer from part (b). 
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134, Runway Length (Refer to Exercise 133.) Estimate 
the maximum weight of a plane that can take off 
from a runway that is 5 thousand feet long. 


135. Acid Rain Air pollutants frequently cause acid 
rain. A measure of the acidity is pH, which ranges 
between | and 14. Pure water is neutral and has a 
pH of 7. Acidic solutions have a pH less than 7, 
whereas alkaline solutions have a pH greater than 
7. A pH value can be computed by pH = —logx, 
where x represents the hydrogen ion concentration 
in moles per liter. In rural areas of Europe, rain- 
water typically has x = 1077. (Source: G. Howells, 
Acid Rain and Acid Water.) 

(a) Find its pH. 


(b) Seawater has a pH of 8.2, How many times 
greater is the hydrogen ion concentration in 
rainwater from rural Europe than in seawater? 


136. Acid Rain (Refer to Exercise 135.) Find the hydro- 
gen ion concentration for the following pH levels 
of acid rain. (Source: G, Howells.) 

(a) 4.92 (pH of rain at Amsterdam Islands) 


(b) 3.9 (pH of some rain in the eastern U.S.) 
137. 


Earthquakes The Richter scale is used to measure 

the intensity of earthquakes, where intensity cor- 

responds to the amount of energy released by an 
earthquake. If an earthquake has an intensity of 

x, then its magnitude, as computed by the Richter 

scale, is given by R(x) = logy, where Jp is the 

intensity of a small measurable earthquake. 

(a) On July 26, 1963, an earthquake in Yugoslavia 
had a magnitude of 6.0 on the Richter scale, 
and on August 19, 1977, an earthquake in 
Indonesia measured 8.0, Find the intensity 
for each of these earthquakes if Jy = 1. 


(b 


S 


How many times more intense was the 
Indonesian earthquake than the Yugoslavian 
earthquake? 


: ; 138, Earthquakes (Refer to Exercise 137.) If the inten- 


sity x of an earthquake increases by a factor of 10°, 
by how much does the Richter number R increase? 
Generalize your results. 


139, Hurricanes Hurricanes are some of the largest 
storms on Earth. They are very low pressure areas 
with diameters of over 500 miles. The barometric 
air pressure in inches of mercury at a distance of x 
miles from the eye of a severe hurricane is modeled 
by the formula f(x) = 0.48In(x + 1) + 27 (Source: 

+ A. Miller and R. Anthes, Meteorology.) 
~ (a) Find f(0) and f(100). Interpret the results. 


continued on next page 
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fg) Graph fin [0, 250, 50] by [ 25, 30, 1]. Describe 


140, 


how air pressure changes as one moves away 
from the eye of the hurricane. 


(c) At what distance from the eye of the hurricane is 
the air pressure 28 inches of mercury? 


Predicting Wind Speed Wind speed typically var- 
ies in the first 20 meters above the ground, For a 
particular day, let the formula f(x) = 1.2In.x + 2.3 
compute the wind speed in meters per second at a 
height x meters above the ground for x = 1. (Source: 
A, Miller.) 


(a) Find the wind speed at a height of 5 meters, 


£} (b) Graph f in the window [0, 20, 5] by [0, 7, 1]. 


141, 


142, 


143, 


Interpret the graph. 


(c) Estimate the height where the wind speed is 5 
meters per second, 


Cooling an Object A pot of boiling water with a 

temperature of 100°C is set in a room with a tem- 

perature of 20°C, The temperature T of the water 

after x hours is given by T(x) = 20 + 80e™, 

(a) Estimate the temperature of the water after 
| hour, 


(b) How long did it take the water to cool to 60°C? 


Warming an Object A can of soda with a tempera- 

ture of 5°C is set in a room with a temperature of 

20°C, The temperature T of the soda after x minutes 

is given by T(x) = 20 — 15(10)°*, 

(a) Estimate the temperature of the soda after 
5 minutes. 


(b) After how many minutes was the temperature 
of the soda 15°C? 


Traffic Flow (Refer to Example 11, Section 5.3.) Cars 
arrive randomly at an intersection with an average rate 
of 20 cars per hour. The likelihood, or probability, 
that no car enters the intersection within a period of x 
minutes can be estimated by f(x) = e*?, 


(a) What is the likelihood that no car enters the 
intersection during a 5-minute period? 


(b) Determine the value of x that gives a 30% 
chance that no car enters the intersection during 
an interval of x minutes. 


144, Population Growth The population of Nevada in 


millions is given by P(x) = 2.7e°'4*, where x = 0 


corresponds to 2010. (Source: U.S, Census Bureau.) 
(a) Determine symbolically the year when the pop- 
ulation of Nevada might be 3 million. 


=| (b) Solve part (a) graphically. 
145. Diversity of Birds (Refer to Example 11.) The 


table lists the number of species of birds on islands 
of various sizes. Find values for a and b so that 
f(x) = a + blogx models these data. Estimate the 
size of an island that might have 16 species of birds, 


(Hint: Let f(1) = 7 and find a. Then let f(10) = 11 


and find b.) 
Pi fis [i | 


1 
[Species of birds] 3 | 7 


146. Diversity of Insects The table lists the number of 


types of insects found in wooded regions having 
various acreages. Find values for a and b so that 
f(x) = a + blogx models these data. Use f to esti- 
mate an acreage that might have 1200 types of insects, 


Area (acres) 10 100 1000 | 10,000 
Insect Types} 500 800 1100 | 1400 


147, Growth of Bacteria The table lists the number of 


bacteria y in millions after an elapsed time of x days. 


y | 3 | 6 | 12 | 24 | 48 


(a) Find values for C and a so that f(x) = Ca* 
models the data. 


(b) Estimate when there were 16 million bacteria. 


148, Growth of an Investment The growth of an invest- 


ment is shown in the table. 


[x (years)| 0 LK 10 | 15 | 20 


| » @ollars) | 100 | 300 | 900 | 2700 | 8100 


(a) Find values for C and a so that f(x) = Ca* 
models the data. 


(b) Estimate when the account contained $2000, 


Writing about Mathematics 


149, Describe the relationship among exponential func- 


tions and logarithmic functions. Explain why loga- 
rithms are needed to solve exponential equations. 


150, Give verbal, numerical, graphical, and symbolic 


representations of a base-5 logarithmic function. 


Extended and Discovery Exercises 


1, 


2% 
Xf 2. 


Average Rate of Change of In x Find the average rate 
of change of f(x) = Inx from x to x + 0.001 for each 
value of x. Round your answers to two decimal places. 
(a) x= 1 (b) x = 2 

(c) x =3 @) x =4 

Critical Thinking (See Exercise 1.) Compare each 
average rate of change of Inx to x, Determine what 
the pattern is. Make a generalization. 


% 


we3 


ao 
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Climate Change According to one model, the future 
increases in average global temperatures (due to car- 
bon dioxide levels exceeding 280 parts per million) can 
be estimated using 7 = 6.5 In(C/280), where C is the 
concentration of atmospheric carbon dioxide in parts 
per million (ppm) and T is in degrees Fahrenheit. Let 
future amounts of carbon dioxide x years after 2000 be 
modeled by the formula C(x) = 364(1.005)*. (Source: 
W. Clime, The Economics of Global Warming.) 
(a) Use composition of functions to write T as a func- 
tion of x. Evaluate T when x = 100 and interpret 
the result. 


Graph C(x) in [0, 200, 50] by [0, 1000, 100] 
and T(x) in [0, 200, 50] by [0, 10, 1]. Describe 
each graph. 


(c) How does an exponential growth in carbon dioxide 
concentrations affect the increase in temperature? 


CHECKING BASIC CONCEPTS FOR SECTIONS 5.3 AND 5.4 


1, If the principal is $1200 and the interest rate is 9.5% 
compounded monthly, calculate the account balance 
after 4 years. Determine the balance if the interest is 
compounded continuously. 

2, Find values for C and a so that f(x) = Ca* models 
the data in the table. 

Pe] ei] 2s 
fy» [4 [2] fos 

3, Explain what logs15 represents. Is it equal to an inte- 
ger? (Do not use a calculator.) 

4, Evaluate each of the following logarithms by hand. 
(a) logs36 = (b) log V10 + log 0.01 =) In 

5. Solve each equation. 

(a) eS =5  (b) 10° = 25 (c) logx = 1.5 


nN 


Solve each equation. 


(a) 2e% + 1 = 25 (b) log 2x = 2.3 


(c) logx? = 1 


$ 
2 0) 


7. Population The population of California in millions 


x years after 2010 is modeled by P(x) = 37.3¢°°!*, 
(Source: Bureau of the Census.) 
(a) Evaluate P(2). Interpret this result. 


Find the y-intercept on the graph of y = P(x). 
Interpret this result. 


(c 


AS 


Estimate the annual percent increase in the 
population of California. 


(a) 


Predict when the population reached 40 million. 


. Growth in Salary Suppose that a person’s salary 


is initially $30,000 and is modeled by f(x), where x 
represents the number of years of experience. Use f(x) 
to approximate the years of experience when the salary 
first exceeds $60,000. 

(a) f(x) = 30,000(1.1)* 


(b) f(x) = 30,000 log (10 + x) 


Would most people prefer that their salaries increase 
exponentially or logarithmically? 
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« Apply basic properties 
of logarithms 


» Expand and combine 
logarithmic expressions 


« Use the change of base 
formula 


Introduction 

The discovery of logarithms by John Napier (1550-1617) played an important 
role in the history of science. Logarithms were instrumental in allowing Johannes 
Kepler (1571-1630) to calculate the positions of the planet Mars, which led to his 
discovery of the laws of planetary motion. Kepler’s laws were used by Isaac Newton 
(1643-1727) to discover the universal laws of gravitation. Although calculators 
and computers have made tables of logarithms obsolete, applications involving 
logarithms still play an important role in modern-day computation. One reason is 
that logarithms possess important properties. For example, the loudness of a sound 
can be measured in decibels by the formula f(x) = 10log(10!®x), where x is the 
intensity of the sound. In Example 4, we use properties of logarithms to simplify 
this formula. 


Basic Properties of Logarithms 
Logarithms possess several important properties, One property of logarithms states that 
the sum of the logarithms of two numbers equals the logarithm of their product. 
For example, we see in FIGURE 5.60 that 
logs + log2 = log |i) 
and in FIGURE 56.61 that 
log4 + log25 = log ivi. 


These calculations show the product rule of logarithms: log, + logan = log, (mn). 


Product Rule: log m + log n= log (m+ n) 
log(4) +log(25) 
log(100) 


log(5)+log(2) 
log(10) 


FIGURE 5.60 FIGURE 5.61 


Four properties, or rules, of logarithms are as follows. 


For positive numbers m, , and a # | and any real number r: 
1. log, =0 and log,a=1 Logarithms of 1 and a 
| 2. log,m + log,n = log, (mm) Product rul 


3. log,m — log,n = toz,() Quotient rul 


4. log,(m") = rlog,m Power rul 


Algebra Review 
To review properties of exponents, see 
Section 4.8 and Chapter R (page R-7). 
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The properties of logarithms are a direct result of the properties of exponents and 
the inverse property log, a* = k, as shown below. 


Logarithms of 1 and a: This property is a direct result of the inverse property: 
log,a* = x. 

log,! = log.«? =0 and log,a = log,«' = | 
Examples: log 1 = Oand Ine = 1 


Product Rule: If m and 1 are positive numbers, then we can write m = a° and 
n = af for some real numbers ¢ and d. 


logam + loga = logaa? + logaa! = eae a a Both expressions 
log, (mm) = log,(a’a") = log, (att?) = ¢ + « equal c + d. 
Thus log, m + log,” = log, (mn). 
Example: Let m = 100 and nv = 1000. 
log 100 + log 1000 = log 10? + log10®? = 2+3=5 
log (100 » 1000) = log 100,000 = log 10° = 5 


Quotient Rule: Let m = a° and n = a" for some real numbers ¢ and d. 


log, log,” = logya® — log,a" =e d 


a a Both expressions 
m ~ 
loze( ) = tozu(S) = log (a) = ¢ - d equal ¢ — d. 


a“ 
Thus log, m — log,n = log, (“), 
Example: Let m = 100 and n = 1000. 


log 100 — log 1000 = log 10? — log 10? = 2-3 = ~1 
100) _ Ly Resa 
log( am) = tos( 5) = log(10-') = —1 


Power Rule: Let m = a‘ and r be any real number, 


PP) i an 
log, (a ‘Misbons™ Both expressions 
equal cr. 


rlog,a® = re = cr 


log, m" = log,(a°)’ = 


vlog,m 
Thus log, (m") = rlog,m, 


Example: Let m = 100 and r 


3. 


log 100° = log 1,000,000 = log 10° = 6 
slog 100 = 3log 10? = 3+2 = 6 


(STD log, (m +n) # logym + logyn; log,(m — n) # logym — log,n 


Recognizing properties of logarithms 


Use a calculator to evaluate each pair of expressions. Then state which rule of loga- 
rithms this calculation illustrates. 
(a) In5 + In4, In20 (b) log 10 — log5, log2 (ce) logs’, 2log5 
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SOLUTION 

(a) From FIGURE 5.62, we see that the two expressions are equal. These calculations 
illustrate the product rule because In5 + In4 = In(5+ 4) = In20, 

(b) The two expressions are equal in FIGURE 5.63, and these calculations illustrate the 
quotient rule because log10 — logS = log? = log2. 

(c) The two expressions are equal in FIGURE 5.64, and these calculations illustrate the 
power rule because log 5’ = 2log5. 


Product Rule Quotient Rule Power Rule 


In(5)+1n(4) hae ale t13) log(52) 
2: 3010299957 1.397940009 


0g(5) 


995732274 
1.397940009 


20=5+4} 


FIGURE 5.62 FIGURE 5.63 FIGURE 5.64 
‘Now Try Exer 


Expanding and Combining Logarithmic Expressions 


We can use the properties of logarithms to expand and combine logarithmic expres- 
sions, as illustrated by the following See the Concept. 


See the Concept : Expanding Versus Combining 


® Transforming the left side of the 
equation into the right side is 
called EXPANDING. 


© Transforming the right side of 
log10a = log10 + loga the equation into the left side is 
log* = logx — log5 called COMBINING, 
logx? = 3logx 


Diya 


‘ 


COMBINING | 


The next two examples demonstrate how to expand logarithmic expressions. 


Expanding logarithmic expressions 


Use properties of logarithms to expand each expression. Write your answers without 


exponents, Ws 
5 x 
(a) logxy (b) In= (©) logy —= 
2 Vk 


SOLUTION 
(a) By the product rule, logxy = logx + logy. 
(b) By the quotient rule, Ind =1n5 — Inz. 


EXAMPLE 4 
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(c) Begin by using the quotient rule. 
3 vo 
ion = logy Wx = logy Vk 
Vk 
= logy x! — logy? Properties of exponent 
= tlogy x — logy k Power rule 
Expanding logarithmic expressions 
Expand each expression. Write your answers without exponents. 
(a) log,2x* (b) In2 (©) log 
k (x - 2) 

SOLUTION 
(a) logy. 2x* = log,2 + log).x4 Product rule 

=1+ 4logx Logarithm of a; power rule 
(b) ind = In7x3 - Ink? Quotient rul 

= In7 + Inx? — Ink? Product rule 

= In7 + 3Inx — 2Ink er rule 
(c) log tS = log Vx + 1 — log(x — 2) Quotient rul 

= log(x + 1)? — log(x — 2)) Property of exponent 

= Hlog(x + 1) — 3log(x — 2) Power rul 


An Application Involving Properties of Logarithms Sometimes properties of 
logarithms are used in applications to simplify a formula. This is illustrated in the 
next example. 


Analyzing sound with decibels 


Sound levels in decibels (AB) can be computed by D(x) = 10log(10'*x), 

(a) Use properties of logarithms to simplify the formula for D. 

(b) Ordinary conversation has an intensity of x = 107!° w/cm?. Find the decibel 
level that corresponds to this intensity. 


SOLUTION 
(a) To simplify the formula, use the product rule. 


D(x) = 10log(10!'%x) Given formula 

10(log 10'° + logx) | 

10(i6 + logx) Inver 

160 + 10logx 

(b) D(107!°) = 160 + 10log(10~"”) = 160 + 10(— 10) = 160 — 100 = 60 
Ordinary conversation occurs at about 60 decibels. 


ll 


property 


ll 


Distributive property 


Now Try Exorcise 95 


The next two examples demonstrate how properties of logarithms can be used to 
combine logarithmic expressions. 


462 CHAPTER 5 Exponential and Logarithmic Functions 


Algebra Review 


EXAMPLE 5 
J 


EXAMPLE 6 


To review rational exponents and 
radical notation, see Chapter R 


(page R-39), 


EXAMPLE 7 


Combining terms in logarithmic expressions 
Write each expression as the logarithm of a single expression. 


(a) In 2e + Ine (b) log,27 + log,x*? ~~ (e) log.x? — log.x” 


SOLUTION 

(a) By the product rule, In2e + Int =In (2e ' h) = In2, 
(b) By the product rule, log, 27 + logo.x* = logy (27x°). 
(c) By the quotient rule, logx? — log.x? = log xs = log x. 


Now Try Exercises 41, 43, and 49 


Combining terms in logarithmic expressions 

Write each expression as the logarithm of a single expression, 
(a) logS + log15 — log3 

(b) 2Inx — SIny — 3inz 

(c) Slog3x + log3;2x — logsy 


SOLUTION 
(a) log5 + log15 — log3 = log(5S+ 15) — log3 >roduct rule 


= lo es Quotient rule 
| 


= log25 simplify. 


(b) 2Inx — siny = 3Inz = Inx? — Iny!? = Inz3 Power rule 


2 
=In (33) = Inzs 


1 
yp 


Juotient rule 


=I 


Quotient rule 


x? 


= In Properties of exponent 
2Vy 
(©) Slog3x + log3;2x — log;y = log3.v° + log; 2x — logy Power rule 
= log;(x> + 2x) — logay 

2x6 


= log; — 


roduct rule 


Juotient rule 


Now Try Exercises 39, 47, and’51 


The next example illustrates how to use properties of logarithms to simplify func- 
tions and find their domains. 


Simplifying a function and finding its domain 


Simplify f(x) = log, V2?" and find the domain of f, Write your answer in interval 
notation, 


SOLUTION Start by simplifying V2?". 


V2 = (22x)1/2 = (4°)'P use = gl 2 3? 
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The following steps can be used to simplify f(x). 
f(x) = logy \/2”* 

= logy (4°)! 

= slogs4* 

il 

=> Inverse property: log, 
Thus f(x) = hy, For f(x) to be defined, V2* must be positive. The exponential 
expression 2?* is always positive and the square root of a positive number is always 


positive. Thus the domain of f is all real numbers, or (—~, ©). 


Change of Base Formula 


Calculators usually have keys to approximate both common and natural logarithms. 
Occasionally it is necessary to evaluate a logarithm with a base other than 10 or e. 
This computation can be accomplished by using a change of base formula. 


Let x, a # 1, and b # 1 be positive real numbers. Then 


log, x 
logy, a’ 


logyx = 


The change of base formula can be derived as follows. 


y = log, x 
a” = q'%* — Exponentiate each side; ba 
aw=x Inverse property 


log, a” = logyx — Take base-b logarithm of each sic 
ylogya = logyx — Power ruli 


a log, x 5) 
» Tog, a ee 
log, x 
log, x = ubstitute lo. ‘or y. (First equation 
Ba log, a pen me 


To calculate log, 5, evaluate aa =~ 2.322. The change of base formula was used 
with x = 5, a = 2, and b = 10. We could also have evaluated es =~ 2,322. 


ye Witnoe® Applying the change of base formula 


Use a calculator to approximate each expression to the nearest thousandth. 


(a) logs20 (b) log, 125 + log, 39 

SOLUTION et 

(a) Using the change of base formula, we have log, 20 = oy =~ 2.161. We could 
also evaluate 20 as shown in FIGURE 5.65 on the next page. 
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logi25 , log39 
log 2 log7 


(b) log, 125 + log;39 = = 8.848. See FIGURE 5.66. 


Finding log420 Finding log2125 + log739 


log(125)/log(2) + 
log(39)/log(7) 


3160964047 8.848482542 


FIGURE 5.65 FIGURE 5.66 


Now Try Exercises 75 and 83 


The change of base formula can be used to graph base-a logarithmic functions, 


i> PWiAoOL Using the change of base formula for graphing 
[=10, 10,1] by [-10, 10, 1] Solve the equation log)(x? + x — 1) = 5 graphically. 
SOLUTION 


Graph y, = log(x? + x — 1)/log 2 and y) = 5. See FIGURE 5.67. Their graphs inter- 
sect near the point (3.104, 5). The solution is given by x ~ 3.104, 


Intersection 
X= 3.1036499 
FIGURE 5.67 

az 5.5 | Putting It All Together It All Together 


CONCEPT EXPLANATION 
Properties of logarithms | 1, log,! = 0 and log,a = | 1, Inl = 0 and log,2 = | 
2, log,m + log,n = log, (mn) 2. log3 + log6 = log(3 + 6) = log 18 
3. log,m — logyn = log.) 3. log;8 — log32 = log; § = log; 4 
4, log,(m") = rloggm 4, log6” = 7log6 


Change of base formula | Let.x,a # 1, and b # 1 be positive real 
numbers, Then 


_ log6 _ In6 
log;6 = jog3 ind 1.631 


Graphing logarithmic Use the change of base formula to graph To graph y = log) x, let 
functions y = log, x whenever a # 10 ora # e. Y, = log(X)/log(2) or 


Y; = In(X)/In(2). 
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Note; When applying properties of logarithms, assume that all variables are positive. 


Properties of Logarithms 


Exercises 1-6: (Refer to Example 1.) Use a calculator 
to approximate each pair of expressions to the nearest 
thousandth. Then state which property of logarithms this 
calculation illustrates. 


1, log4 + log7, log28 2. Inl2 + In5, In 60 
3, In72 -—In8, In9 4, 3log4, log 4 
5. 10 log 2, log 1024 

6. log 100 — log20, log5 


Exercises 7-32: (Refer to Examples 2 and 3.) Expand the 
expression. If possible, write your answer without exponents. 


7. logyab 8. In3x 
3 
9. In7a’ 10, logy 
11, log® 12. n=» 
x? 
13, log 14, log3x® 
Ixt kx} 
15, ne 16. n= 
2 
17, log, 4k2x3 18, log 
25x3 32 
19, logs—- 20. log,a—> 
y xy 
4 AV/y2 
a. In = 22, n> 
yVe a 
23. logy(0.25(x + 2)3) 24, log (0.001(a — b)) 
x (Gx — 2)? 
25, logsz-—— 26. logg—5——— 
PBS = ay" EP FI 


: foe 
27, lon. 28. log ./*—- 


29, In} aa * 30 re as 
VG + DS ii Vx 1 


31. lo Noe = 
‘ al 


[x +y 
as. 1b ’ Qe+ I 


Exercises 33-56: (Refer to Examples 5 and 6.) Combine 
the expressions by writing them as a logarithm of a single 


expression. 

33. log2 + log3 34, log V2 + log W2 
35, InV5 — In25 36. In33 — In1l 
37. log20 + log; 38. log,24 + logy gg 
39, log4 + log3 — log2 
40. log35 — log;10 — logs4 
41. log,5 + log,k? 42. log¢45 + logsb? 
43, Inx® — Inx? 

44. log 10x> — log 5x 

45. log Vx + logx? — logx 

46. log Wx + logx — logx? 

47, 3lnx - 3iny + 4Inz 


48. Fin y — 4Inx - dinz 


49, n> + In2e 50. Inde? — In2e? 
e€ 


51. 2Inx — 4Iny + Sinz 

52. Slogs(x +1)+ jlogs(x =i) 

53. log4 — logx + Tlog Vx 

54, In3e — ing 

55. 2log(x? — 1) + 4log(x — 2) - hogy 
56. logx + log;Vx + 3 — jlogs(x - 4) 


Exercises 57-60: Sketch a graph of f. 
57. f(x) = log)x 58. f(x) = logyx? 


59. f(x) = log3|x| 60. f(x) = logy2x 
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Checking Symbolic Skills 


Exercises 61-66: If possible, simplify f(x). Find the 
domain of f. 


61. f(x) = logs V23* 
63. f(x) = In(l — 2%) 
65. f(x) = In(x — 1) + In@v + 1D) 


62. f(x) = log W/10* 
64. f(x) = In(i — x) 


66. f(x) = log(2 — x) + log(2 + x) 


Exercises 67-70; Find the domain of (f° g)(x) and 
(g ° f)Q). 
67. f(x) = logx, g(x) = Vx 


68. f(x) = Inx, g(x) = Vx - 1 
69. f(x) = Inx, g(x) = 1 - e* 
70. f(x) = 2x, g(x) = log(—x) 


Exercises 71-74; The equations are identities because they 
are true for all real numbers. Use properties of logarithms 
to simplify the expression on the left side of the equation 
so that it equals the expression on the right side, where x is 
any real number. 


71. In|x + Vx? + 3] + Injy — Vx? + 3] = In3 
72. Infx? — Vx4 + 1] + Infx? + 


1, (x? + ‘) 1 (= + *) 3fx? +1 
73. 3 in( 3 3 In 5 In ra 
1 3 1 (= + =) {1 
74, sin( 7 ) ain 7 In saa] 


Change of Base Formula 


41] =0 


Exercises 75-88; Use the change of base formula to approxi- 
mate the logarithm to the nearest thousandth. 


75. log,25 76. log367 

77. logs 130 78. loge0.77 

79. Slogs25 80. 3log,105 

81. —2log, 0.65 82. —Slog70.05 

83. log,5 + log;7 84. logy85 + log, 17 

85. Vilog446 86. 2logs15 + Wiog,67 
87. = S 88. 2 = 


| Exercises 89-92: Solve the equation graphically. Express 
any solutions to the nearest thousandth. 


89. logit + x7 + 1) =7 
90. log3(1 + x? + 2x4) = 4 


91. logy(x? + 1) = 5 — log;(x4 + 1) 
92. In(x? + 2) = log,(10 — x?) 


Applications 


93. Runway Length (Refer to Exercise 133, Section 
5.4.) Use a natural logarithm (instead of a com- 
mon logarithm) to write the formula L(y) = 3logx. 
Evaluate L(50) for each formula. Do your answers 
agree? 


94, 


Biology Theequation »y = bx“ is used in applications 
involving biology. Another form of this equation is 
log y = logb + alog.x. Use properties of logarithms 
to obtain this second equation from the first. (Source: 
H. Lancaster, Quantitative Methods in Biological and Medical 
Sciences.) 


95. Decibels (Refer to Example 4.) If the intensity x of a 
sound increases by a factor of 10, by how much does 
the decibel level increase? 


96. 


Decibels (Refer to Example 4.) Use a natural logarithm 
to write the formula D(x) = 160 + 10logx. Evaluate 
D(5 Xx 1078) for each formula. Do your answers 
agree? 


97, Light Absorption When sunlight passes through 
lake water, its initial intensity J) decreases to a 
weaker intensity J at a depth of x feet according to 
the formula 


InJ — Inl) = -kx, 


where k is a positive constant and Jp is the sun’s intensity 
at the surface. Solve this equation for J. 


98. Dissolving Salt If C grams of salt are added to a 
sample of water, the amount A of undissolved salt 
is modeled by A = Ca*, where x is time. Solve the 
equation for x. 


99, Population Growth The population P (in millions) 
of California x years after 2010 can be modeled by 
the equation P = 37.3¢0°!%, 

(a) Use properties of logarithms to solve this equa- 


tion for x. 


; (by Use your new equation to find x when P = 40, 
Interpret your answer. 
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100, Population Growth The population P (in millions) 
of Georgia x years after 2010 can be modeled by the 
equation P = 9,7¢%!7%, 

(a) Use properties of logarithms to solve this equa- 
tion for x, 


& (b) Use your new equation to find x when P = 12, 
: Interpret your answer. 


Checking Symbolic Skills 


Exercises 101-106; Solve the equation for the indicated 
variable, 
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108, Show that 
logy (x + Vx? = 4) + logy (x - Vx? = 4) 


equals 2. What is the domain of the given expression? 


Writing about Mathematics 


109, A student insists that log(x + y) andlogx + logy 
are equal. How could you convince the student 
otherwise? 


fad : logx 
110, A student insists that log (3) and a are equal. 


How could you convince the student otherwise? 
101, r=p-—kIn4¢, fort 


j Extended and Discovery Exercises 
at — for x 


102, p= Ina’ q Exercises 1 and 2: Try to decide if the expression is pre- 
, ? cisely an integer. (Hint: Use computer software capable of 
103, A = (1 ne ry" fort calculating a large number of decimal places.) 
nj}? | ,) 
ie (An (640,320° + 744)) 
104, D = 160 + 10log., for x e ; 
(Source: I. J. Good, “What is the most amazing approxi- 
105, A = Pe" for ¢. mate integer in the universe?”) 
106, P = Poe") + 5 fort, 2, etViGi 
. (Source: W. Cheneyand D, Kincaid, Numerical Mathematics 
107, Write the sum and Computing.) 


log | + 2log2 + 3log3 + 4log4 + Slog5 
as a logarithm of a single expression. 


hmic Equations and Inequalities 


lows 4 =; 
Exponentia 


« Solve exponential Introduction 


arlayons The population of the world has grown rapidly during the past century, Near the end 
. pM algae of 2011, world population was estimated to be 7 billion, Exponential functions and 


equations are often used to model this type of rapid growth, whereas logarithms are 


* Solve exponential and used to model slower growth, 


logarithmic inequalities 


Exponential Equations 


The population P of the world was 7 billion in 2011 and can be modeled by the 
function P(x) = 7(1.01)* *°'', where x is the year. We can use P to predict the year 
when world population might reach 8 billion by solving the exponential equation 


7101 = 8) 1 ) 


An equation in which the variable occurs in the exponent of an expression is called 
an exponential equation. In the next example, we use the power rule of logarithms, 
log, (m") = rlog,m, to solve this equation. 


( (ERITICAL THINKING) _ 
What is the growth factor for P(x) = 7(1.01)*~°!!? By what percentage is it predicted 
that world population will grow, on average, each year after 2011? 
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EXAMPLE 1 | 


World Population 


2 


2 


a 


World population (billions) 
x 


° 


2010 2020 2030 2040 
Year 
FIGURE 6.68 
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Modeling world population 


World population in billions during year x can be modeled by P(x) = 7(1.01)*~2!!, 
shown in FIGURE 6.68. Solve the equation 7(1.01)*~?°!! = 8 symbolically to predict 
the year when world population might reach 8 billion. 


SOLUTION First divide each side by 7, and then take the common logarithm of 
each side, (The natural logarithm could also be used.) 
7(1.01)*— 20"! =8 


Given equation 
1 r 


8 
x 2011 = ivide by 
(1.01) = 7 
Apply the | +-2011 \ Hl 
ae log (1.01)*~ 20"! = logy ke the common logarithrn 
(vy * 2011) log(1.01) = logs og (m') = rlog m 
log(8/7) 
x= 1 = — Yivide | (1.0 
x — 201 Tog(1.01) Di log (1.01) 
7 log(8/7) 
ere BOE La) ld 2011 
~ 2024 prenatal 


This model predicts that world population might reach 8 billion during 2024, 


TAL EQUATIONS SYME BOLICA! (LLY 


The a ome ateps'c can be used to 7 several types of exponential equations, 
STEP 1: Isolate the exponential expression on one side of the equation. 

STEP 2: Take a logarithm of each side of the equation. 

STEP 3: Apply either the inverse property or the power rule. 

STEP 4; Solve for the variable. 


The steps above are applied in Example 2 to solve the equation symbolically. 


Calculating the thickness of a runway 


Heavier aircraft require runways with thicker pavement for landings and takeoffs. 
The relation between the thickness of the pavement / in inches and gross weight W in 
thousands of pounds can be approximated by 


W(t) = 18.29¢46", 


(a) Determine the required thickness of the runway for a 130,000-pound plane. 
(b) Solve part (a) graphically and numerically, 


SOLUTION 
(a) Symbolic Solution Because the unit for W is thousands of pounds, we can solve 
the equation W(s) = 130 for ¢. 


18,29¢246 = 130 W(t) 30 
omer = TEP 1: Divide by 1 
In e046 = ame STEP 2: Take the natural logarithm of each sid 


"18.29 


[0, 10, 1] by [0, 200, 50] 


V1 = 18,29¢%-246¢ 


Intersection 
X=7,9722764 Y= 130 


FIGURE 5,70 


The common logarithm By 
| F 
could also be used: in 0.881° 
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130 
0.2461 = In73 99 f 


_ In(130/18.29) 
0,246 
t~ 7.97 spront 


The runway should be about 8 inches thick. 


Graphical Solution Let Y, = 18.29e4(.246X) and Y> = 130. In FIGURE 5.69, their 
graphs intersect near (7.97, 130). 


(b 


~ 


Numerical Solution Numerical support of this result is shown in FIGURE 5.70, 
where y; ~ 2 when x = 8. 


To solve an exponential equation with a base other than 10 or e, the power rule 
of logarithms can be used. This technique is used in Examples | and 3. 


Modeling the decline of bluefin tuna 


Bluefin tuna are large fish that can weigh 1500 pounds and swim at speeds of 55 miles 
per hour. Because they are used for sushi, a prime fish can be worth over $50,000. From 
1974 to 1991, the numbers of western Atlantic bluefin tuna declined exponentially. 
Their numbers in thousands can be modeled by the formula f(x) = 230(0.881)*, 
where x is years after 1974, (Source: B. Freedman, Environmental Ecology.) 

(a) Estimate the number of bluefin tuna in 1974 and 1991, 

(b) Determine symbolically the year when they numbered 50 thousand. 


SOLUTION 
(a) To determine their numbers in 1974 and 1991, evaluate f(0) and f(17). 
1991-1974 = WES = 230(0.881)" = 230(1) = 230 
fC7) = 230(0.881)'’ = 26.7 


Bluefin tuna decreased from 230 thousand in 1974 to about 27 thousand in 1991. 
(b) Solve the equation f(x) = 50 for x. 


230(0.881)* = 50 
0.881* 


=ha he natural logarithm of each 


Apply the power rule. — yn 0.881 = n= 


in (5/23) . 
aise) és) 
** 1n0.881 
x © 12.04 


They numbered about 50 thousand in 1974 + 12.04 ~ 1986. 


iN 


wrctao 107] 


Moore’s law states that the processing speed and memory capacity of computers 
doubles every 2 years. Researchers have recently found an even more profound law 
relating energy efficiency and computing power. This law says that the number of 
computations that a computer can perform on a fixed amount of electricity (such as 
a kilowatt-hour) has doubled every 1.6 years since the mid-1940s, when vacuum tubes 
were used in computers. In the next example we use an exponential function to model 
this new law and make a prediction. (Source: The Economist.) 
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EX AMPLE 4 | Modeling the electrical efficiency of computers 


In 1945 computers could perform about 1000 computations with | kilowatt-hour of 

electricity. This number has doubled every 1.6 years. 

(a) Find an exponential function E(x) = Ca* that gives the number of computa- 
tions a computer can perform on 1 kilowatt-hour, where x is years after 1945, 

(b) Evaluate £(65) and interpret your result. 

(c) In what year did computers first perform 1,000,000 calculations per kilowatt- 
hour? 


SOLUTION 

(a) The initial value is 1000 when x = 0, so C = 1000 and E(x) = 1000a*, When 
x = 1,6 the number of computations doubles to 2000 per kilowatt-hour, so let 
E(1.6) = 2000 and solve for a. 


E(1.6) = 2000 


This is not an exponential equation, It is 


a power equation because the variable 1000a'6 = 2000 ubstit 
is the base, not the exponent. a6 =2 : bile Vid WAS 


@=9 
(ab5y® = 25/8 
a= 78 f operti ponen 


Thus £(x) = 10000 


(b) E(65) = 1000(2%8)" ~ 1.7 x 10'S, In 1945 + 65 = 2010, computers could 
perform about 1,7 quadrillion computations on | kilowatt-hour, 
(c) We must determine a value for x, so that E(x) = 1,000,000. 


1000(2°8)* = 1,000,000 ( \ 
(258)* = 1000 TEP | by 1 
log (258)* = log 1000 > 2 T mmor rithm 


x log25® = 3 Power rul 
i. 3 | 
ad log 28 
x= 16 


Thus in 1945 + 16 = 1961 computers first performed | million computations 
on | kilowatt-hour, 


I Now Try 1 


EXAMPLE 5| Solving exponential equations symbolically 


Solve each equation. 


(a) 10°*? = 10° (b) 5(1.2)% + 1 = 26 ©) (4) =3 (@) 53 = 
SOLUTION 
(a) Start by taking the common logarithm of each side, 
10*+2 a 10°* shen) Bauation 
log 10**? = log 103% ke the common logarithm 
¥+2=3x Inverse property: log 10" = k 
2 = 2x 


x=1 Divid ). rewrit 
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(b) Start by isolating the exponential term on one side of the equation. 
5(1.2)* = 25 ubtract 1 
(1.2)* = 5 divide by 5 
log(1.2)* = log 5 Take the common logarithm 

Apply the power ule. J-——a'log 1.2 = logs log 
logS 
log 1.2 
8.827 Approximat 


ii 


R 


x 


(c) Begin by taking the common logarithm of each side. 


ie" i 

ays San amiss 
(4) reas 1 a 
og 4 = 29 ve common logarithm 


Apply the power rule. f-—— ( — Ilog (4) = logy log m' = r log m 


= eel) Sasi ct 

x = iog(i/4) ivide by log 3 
c= log (1/9) ~ Add | i 
x Le log (1/4) 2.585 {a | and approximat 


This equation could also be solved by taking the natural logarithm of each side. 
(d) Begin by taking the natural (or common) logarithm of each side. 


5x73 = ex Given equation 
In5*~* = Ine* Take the natural logarithm 
Apply the power rule. -———__ (y — 3)In5 = 2x In m lnm 


xIn5 — 3In5 = 2x distributive propert 
xIn5 — 2x = 31n5 subtract 2x add 3In5 
x(In5 — 2) = 3In5 Factor out 


ges 3In5 
“Ind — 2 ial 
x = —12.36 \pproxirnat 


Now Try Exercisos 17, 21, 27 and 20 


Solving Equations Involving Like Bases If a function is one-to-one, then 
f(a) = f(b) implies that a = b. In Example 5(a) we were given the equation 
10° *? = 10°. Because f(x) = 10° is one-to-one, it follows that » + 2 = 3x, or 
x = 1, We can use this technique to solve some exponential equations if we can 
write the expressions on each side of the equation in terms of the same base a, Then 
«* = @° implies that » = ». 


ime WigAMi Solving an exponential equation using like bases 


Solve the equation 4**! = g?-*, 
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SOLUTION 
Because 4 = 2? and 8 = 23, we can write 4° +! = 8?-* using only base 2. 


4xtl — g2-x 
(2?)#! = (2 2 amid 
2 =2 
,=6 +N 
Sy = 4 
x= = | 
5 


| Now Try Exercise 41 } 


(QE) The technique used in Example 6 does not work for some exponential equa- 
tions, For example, 5‘ = e** cannot easily be written in terms of equal bases. 


However, this equation can be solved by taking a logarithm of each side as in 
Example 5(d). 


An Application about Cooling Ifa hot object is put in a room with temperature 
Tp, then according to Newton’s law of cooling, the temperature 7 of the object after 
time ¢ is modeled by 


I(t) Ty Da 0 a I. 


where D is the initial temperature difference between the object and the room, 


| EXAMPLE 7| Modeling coffee cooling 


A pot of coffee with a temperature of 100°C is set down in a room with a temperature 

of 20°C. The coffee cools to 60°C after | hour. 

(a) Find values for 7, D, and a so that 7(/) = Ty + Da! models the data. 

(b) Find the temperature of the coffee after half an hour. 

(c) How long did it take for the coffee to reach 50°C? Support your result 
graphically, 


SOLUTION 

(a) The room has temperature 7) = 20°C, and the initial temperature dif- 
ference between the coffee and the room is D = 100 — 20 = 80°C, Thus 
T(t) = 20 + 80a‘. To find a, use the fact that the temperature of the coffee after 
! hour was 60°C, 


Let ¢ = | and T = 60 in T(#) = 20 + 80a! and solve for a. 


T(1) = 60 nperatur r1 hour 
20 + 80a' = 60 
80a = 40 
i 
a 


2 


Thus 7(#) = 20 + 8o(5)'. 
(b) After half an hour, the temperature is 


7( ‘) =20+ s0(4) ~ 76.6°C, 
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(c) Symbolic Solution To determine when the coffee reached 50°C, solve T() = 50. 


1 t 
20 + w(4) = 50 


1 t 
w(5) = 30 ! fe) 
3 
g) 8 
f 
ins($) = log— the common logarithm 
‘lo (3) = lo = f i 
Graphical Solution B 2 88 win 
[0, 3,1] by [0, 100,10] x log(3/8) | 7 
y, = 20+ 80(4)° log (1/2) 
t~ 1.415 } mat 
The temperature reaches 50°C after about 1.415 hours, or | hour and 25 minutes. 
Intersection aks Graphical Solution The graphs of y,; = 20 + 8o(t)" and y. = 50 intersect near 
GURERT (1.415, 50), as shown in FIGURE 5.71. This result agrees with the symbolic solution. 


(KGB Newton’s law of cooling can also model the temperature of a cold object that 
is brought into a warm room. In this case, the temperature difference D is negative. 


An Application about Radioactive Decay In Section 5.3, Example 13, the age of 


a fossil is determined by solving an exponential equation graphically. This equation 
can also be solved symbolically by using logarithms, as is done in the next example. 


prG Wi hoe Finding the age of a fossil 


A fossil contains 5% of the amount A of radioactive carbon- 14 that the organism con- 
tained when it was alive. If the half-life k of carbon-14 is 5700 years, use the formula 


1 t/k 
AM =Cl= 
w= 3) 
to determine its age ¢, where C is the initial amount, or percentage, of carbon-14. 


SOLUTION Let A = 0.05(or 5%), k = 5700, and C = 1(or 100%). Then solve for ¢. 


1 \#/5700 1 
0.05 = i(4) - } 


1 t/5700 
In0,05 = in($) natural logarithm of each sid 


In 0.05 = (¢/5700)In (3) . for logarithrr 
57001n0.05 __ 
In} 
t ~ 24.635. 


This result agrees with the graphical result from Section 5.3, Example 13. 
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Some exponential equations cannot be solved symbolically but can be solved 
graphically. This is demonstrated in the next example. 


MisAc) Solving an exponential equation graphically 
J J I y 


Solve e* + 2x = 3 graphically. Approximate all solutions to the nearest hundredth. 


SOLUTION The graphs of y; = ¢* + 2x and y, = 3 intersect near the points 
(-1.92, 3) and (1.37, 3), as shown in FIGURES 6.72 and 5.73. Thus the solutions are 
approximately —1.92 and 1.37. 


Graphical Solution 
[-6, 6, 1] by[-4,4, 1] [-6, 6,1] by[-4,4, 1] 


Intersection 
X= 1.3733745 lY=3 


Intersection 
X=7 1,923939 


FIGURE 5.72 FIGURE 5.73 


| Now 1 ry Exercise 86 


Sometimes exponential equations can be solved by applying the same techniques 
that are used to solve quadratic equations. The next example show how factoring can 
help to solve an exponential equation. 


MIPLE 10) Solving an equation quadratic in form 


Solve e?* — 3e + 2 = 0 for x. 


SOLUTION Because ¢?* = (e*)?, we can write and solve the given equation as 
follows. 
e* — 3e°+2=0 
(@F = 30) +2=0 
7-3, +2=0 
(u — Iu — 2) =0 f ised vaca 
u=1 or u=2 
c=] or e=2 i 
x=Inl or xy =In2 | 
x=0 or x=In2 log,,1 
Both values check, and the solutions are 0 and In 2. 


| Now Try Exercise 77 


Logarithmic Equations 


Logarithmic equations contain logarithms. To solve a logarithmic equation, we use 
the inverse property @!°&* = x. This technique is illustrated in the next example. 
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b> W)) 4968 Solving a logarithmic equation 


Solve 3log3x = 12. 


SOLUTION Begin by dividing each side by 3. 


logyx = 4 Divide by 3 
3!Bs* = 34 Exponentiate each side; b 
x= 81 Inver 


Now Try Exercise 61 


SOLVING LOGARITHMIC EQUATIONS SYMBOLICALLY =a 
The following steps can be used to solve several types of logarithmic equations. 


STEP 1: Isolate the logarithmic expression on one side of the equation. (You may 
need to apply properties of logarithms.) 


STEP 2: Exponentiate each side of the equation with the same base as the 
logarithm, 


STEP 3; Apply the inverse property a!8* = k, 
STEP 4: Solve for the variable. Check your answer, 


lod Wi AoweAL Solving a logarithmic equation symbolically 


Land and Calories 


o 1 2 3 4 ~=°5 
Land owned (acres) 
FIGURE 6.74 


In developing countries, there is a relationship between the amount of land a person 

owns and the average daily calories consumed. This relationship is modeled by the 

formula C(x) = 280 In (x + 1) + 1925, where x is the amount of land owned in 

acres and 0 = x S 4, (Source: D, Grigg, The World Food Problem.) 

(a) Find the average caloric intake for a person who owns no land. 

(b) A graph of Cis shown in FIGURE 5.74, Interpret the graph. 

(c) Determine symbolically the number of acres owned by someone whose average 
intake is 2000 calories per day. 


SOLUTION 

(a) Since C(O) = 280In(0 + 1) + 1925 = 1925, a person without land consumes an 
average of 1925 calories per day. 

(b) The y-intercept of (0, 1925) represents the caloric intake of 1925 calories for a 
person who owns no land, As the amount of land x increases, the caloric intake 
y also increases, However, the rate of increase slows. This would be expected 
because there is a limit to the number of calories an average person would eat, 
regardless of his or her economic status. 

(c) Solve the equation C(x) = 2000 for x, 


280In(x + 1) + 1925 = 2000 (x) Tejeye) 
280In(x + 1) = 75 P 1: Subtract 


15 
Inv + 1 = 280 T 


el(xt1) — 75/280 
x + 1 = 075/280 
x = @75/280 _ | 

x =~ 0,307 sroxirnate 
A person who owns about 0.3 acre has an average intake of 2000 calories per day. 


Now Try Exercise 115 
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Like exponential equations, logarithmic equations can occur in many forms. The 
next example illustrates three equations that can be solved symbolically. 


EXAMPLE 


Solving logarithmic equations symbolically 


Solve each equation. 
(a) log(2x + 1) = 2 (b) logo4x = 2 — logyx 
(c) 2In(v + 1) = In(@1 — 2x) 


SOLUTION 
(a) To solve the equation, exponentiate each side of the equation using base 10, 
log(2x + 1) = 2 Given (Step 1 not need 
jp los @x+) = 10? TEP Ff ' ct 
2x + 1 = 100 TEP 3: In property: 10 k 
x = 49.5 TE 

(b) To solve this equation, apply properties of logarithms. 

logs4x = 2 — logox 

log.4x + logyx = 2 


logo4x? = 2 TEP 1 1+ log,n = log,,(mn) 
9 log 4x? =? f i ‘ent | \ 
MAKING CONNECTIONS 4x? = 4 STEP 3: Inverse propert 
Solving I xponential and y= tl rEF | 
Logarithmic Equations At 
some point in the process However, —1 is not a solution since logy in the given equation is undefined for 
of solving an exponential negative values of x. Thus the only solution is |. 
equation, we often take a (c) For this equation we isolate a logarithmic expression on each side of the equation 
logarithm of each side of and then exponentiate. 
the equation. Similarly, when yIn(x + 1) = In(1 — 2x) 
solving a logarithmic equa- 
tion, we often exponentiate In(@x + 1)’ = In(I — 2x) 
each side of the equation, go n@+l? = ,In(1-2x) EF nentiate; | 


(x + 1)? = 1 -— 2x EP 3: hh oper 
w+av+1=1- 2x TEP 4: Expand th 
w+ 4x = 0 
x(x + 4) = 0 
x=0 or x=-4 


I 


Substituting x = 0 and x = —4 in the given equation shows that 0 is a solution 
but —4 is not a solution. 


: , . 
/Now Try Exercixes G6, 69, 73) 


Exponential and Logarithmic Inequalities 


If the equality sign in an exponential or logarithmic equation is replaced with <, 
>, <, or = an exponential inequality or logarithmic inequality results. Many times 
it helps to use our understanding of exponential and logarithmic functions and 
their graphs to solve these types of inequalities. The fact that equality is often the 
boundary between greater than and less than is helpful in determining the solution 
set. Some of these basic techniques are used in the next example, 
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| EXAMPLE 14| Solving exponential inequalities 


( Solve each inequality. Write the solution set in interval notation. 
(a) 2e°-1=1 (b) log(x + 5) < 1 
SOLUTION 
(a) Begin by solving the inequality for e*. 
2e°-—121 Given inequality 


2e* = 2 Add 1 to each side 
ae Divide each side by 2 


Note that e* = 1 when x = 0 and that the graph of y = e* is always increasing. 
See FIGURE 5.75. Thus e* = | when x = 0 and the solution set is [0, »). 
(b) Begin by solving the equation log(x + 5) = | for x. 


log(x + 5) = 1 Solving equality 
joet5) = 19! Exponentiate each side; base 10 
x+5=10 Inverse properties 
x=5 Add 5 to each side 


The graph of y = log(x + 5) is always increasing with domain (—5, %). See 
FIGURE 5.76. When —5 < x S 5, it follows that log(x + 5) S 1. In interval 
notation the solution is (—5, 5]. 


eX = 1whenx2=0 log (x + 6) S1 when -5<xs5 


=f 
| 
al 


= » = log (x + 5)- 
Wei 


FIGURE 5.75 FIGURE 5.76 


Now Try Exercises 89 and 93 


ie! 5.6 } Putting It All Together | It All Together 


CONCEPT EXPLANATION 
Exponential equations | Typical form: Ca* = 4e* = 24 


Solve for a*. Then take a base-a logarithm of each side. e =6 


Use the inverse property: ihe® ='lae 


log,a* = x. x =In6 = 1,79 


( continued on next page 
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Logarithmic equations | Equation 1; Clog,x = k 1, 4logxy = 


Solve for log,.x. Then exponentiate each side with base a. logy = 2.5 
Use the inverse property: 1o!ex = 1025 


BX = x, x = 1025 = 316 


Equation 2; loggbx + logyex = k 2, logx + log4x = 2 

When more than one logarithm with the same base occurs, ion? = 9 

use properties of logarithms to combine logarithms. OB 
Be sure to check any solutions. x? = 10? 
= 25 

x= 5 


The only solution is 5, 


Solving Exponential Equations 


Exercises 1-4; The graphical and symbolic representations 13, 2.5e1)* = | 14, 9,5¢905* = 19 
of f and g are shown, 
(a) Use the graph to solve f(x) = g(x). 15, 1,2(0.9)* = 0.6 16, 0,05(1.15)* = 5 


(b) Solve f(x) = g(x) symbolically. 


17. 4(1.1)"! = 16 18, 3(2)*-? = 99 
19, 5(1.2)°°"? +94 = 100 20. 1.4(2)'? = 2.8 
21, 5° = sin RF ai 
23, 10") = 10%? 24, PX = eS 
25, (L)" = -s 26, 2° = -4 
O\N=2' _ 2 a\vtl 
a7. (3)? =$ 28, (3)"" =4 
29, l= 32 30. gi-v = eX 
31. vo = 23x 33, 6Xt! = gant 
33, 3(1.4)* — 4 = 60 34, 2(1.05)* + 3 = 10 


35. 5(1.015)" 18 = 8 36, 30 — 3(0.75)*"! = 29 
Exercises 5-36: Solve the exponential equation. 


5. 4e% = 5 6388 Exercises 37-46; (Refer to Example 6,) Use the fact that 
a* = a? implies x = y, to solve each equation, 
7, 2(10°) = 200 8. 100 — 10° = —900 37, 2% = 5x3 38, 77. = Pet 
9, 2°*3 = 128 10. 32% = 81 39. o*X = om 40, ral = atl 
‘ dt, 2 ms gt? A, PH = BF 
11, 2(10)* + 5 = 45 12, 100 — 5(10)* =7 43, 252% = 1252-" 44, 16° = 42-* 


45, 323% = 1653*3 46, 1@ 5 = 64!-2x 


Solving Logarithmic Equations 


Exercises 47-76: Solve the logarithmic equation. 


47, 
49, 
51. 
53, 
55, 
57. 
§9. 
61, 
63. 
65, 
67, 
68. 
69. 
70. 
71, 
72. 
73. 
74, 


3logx = 2 

In2x = 5 

log2x? = 2 

log,(3x — 2) =4 
logs(8 — 3x) = 3 
160 + 10logx = 50 
Inx + Inx? = 3 
2logsx = 4.2 

logx + log2x = 2 
log(2 — 3x) = 3 


5.6 Expone 


87, 
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. x? — xInx = 2 88. xIn|x| = —2 


48. SInx = 10 Solving Inequalities 

Exercises 89-96: (Refer to Example 14.) Solve the 
50. In4dx = 1.5 inequality and write the solution set in interval notation. 
52. log (2 = x) = 0.5 89, —2e° + 12-1 90. |-—e* s0 
54, log3(1 — x) = 1 91. 1 — 2°* > -63 92. 4°t! — 6 < -5 
56. logs(2x + 4) = 2 93. logx = 3 94, Inx <3 
58. 160 + 10logx = 120 95. 5 — In2x > 6 96. log x? <2 
60. logy’ = 4 + 3logx Applications 
62. 3log)3x = 1 97. Population Growth World population P in talicas 

during year x can be modeled by P(x) = 7(1.01)*7-70!!, 

64, In2x + In3x = In6 Predict the year when world population might reach 


Inx + In@x — 1) = In10 


. log(x? + 1) = 2 


logx + log(2x + 5) = log7 


2Inx = In(2x + 1) 


log(x? + 3) = 2log(x + 1) 


log(x + 1) + log(x — 1) = log3 


In(x* — 4) — In(x + 2) = In@ - x) 


log,2x = 4 — logo(x + 2) 


log3x + log3(x + 2) = log324 


75. logs(x + 1) + logs(x — 1) = logs15 


76. log74x — log;(x + 3) = logy x 


Checking Symbolic Skills 


Exercises 77-84: (Refer to Example 10.) The given equations 
are in quadratic form. Solve and give the exact solutions, 


98. 


99. 


71. & — 6e°+8=0 


78. & — Be + 15 =0 


79. 


81. 


83. 


2e* + e = 6 80. 3e?% + 2e% = | 


(logax)? + loggxy = 2 82. (logx)? — 6logx = 7 


(nx? + 16 = 10Inx 84, 2(Inx)? + 9Inx = 5 


iF] Solving Equations Graphically 


Exercises 85-88: The following equations cannot be solved 


100. 


symbolically. Solve these equations graphically and round 
your answers to the nearest hundredth. 


85. 


wxw+e=2 86. xe’ - 1=0 


101. 


7.5 billion. 


Population of Arizona The population P of Arizona 

has been increasing at an annual rate of 2.3%, In 

2010 the population of Arizona was 6.4 million. 

(a) Write a formula for P(x), where x is the years 
after 2010 and P is in millions. 


(b) Estimate the population of Arizona in 2014. 


Half-Life of Facebook Links (Refer to Example 12, 
Section 5.3.) For a typical Facebook link the per- 
centage of hits F, or engagements, yet to occur after 
t hours is given by 


F() = 100(3)" 


Determine the length of time ¢ when 10% of the 
engagements are remaining. 


Half-Life of Facebook Links (Refer to Exercise 99.) 
Determine / when 85% of the hits, or engagements, 
are remaining. 


Light Absorption When light passes through water, 
its intensity J decreases according to the formula 
I(x) = Ie **, where Jy is the initial intensity of the 
light and x is the depth in feet. If J) = 1000 lumens 


continued on next page 
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per square meter and k = 0.12, determine the depth 
at which the intensity is 25% of Ip. 


102, Light Absorption (Refer to Exercise 101.) Let 
I(x) = 500e~°?* and determine the depth x at which 
the intensity Jis 1% of Jy = 500. 


103, Moore's Law According to Moore’s law the number 
of transistors that can be placed on an integrated 
circuit has doubled every 2 years. In 1971 there were 
only 2300 transistors on an integrated circuit. 

(a) Find an exponential function T(x) = Ca* that 
gives the number of transistors on an integrated 
circuit x years after 1971, 


* (b) Evaluate 7(40) and interpret your result. 


(c) Determine the year when integrated circuits 
first had 10 million transistors, 


104, Electrical Efficiency (Refer to Example 4.) Use 
the formula E(x) = 1000(25)* to determine when 
1 billion computations could first be performed with 
1 kilowatt-hour. 


105. Corruption and Human Development There is 
a relationship between perceived corruption and 
human development in a country that can be mod- 
eled by H(x) = 0.3 + 0.28In.x, In this formula x 
represents the Corruption Perception Index, where 
1 is very corrupt and 10 is least corrupt. The out- 
put gives the Human Development Index, which is 
between 0,1 and | with | being the best for human 
development. (Sources: Transparency International; UN 
Human Development Report.) 

(a) For Britain, x = 8. Evaluate H(8) and inter- 

pret the result. 


Peted 


(b) The Human Development Index is 0.68 for 
China, Find the Corruption Perception Index 
for China. 

106, Urbanization of Brazil The percentage of Brazil’s 
population that lives in urban areas can be modeled 
by U(x) = 72 + 4.33Inx, where x = | is the num- 

_,_ ber of years after 1990. 
ie (a) Evaluate U(24) and interpret the result. 


(b) Predict when urbanization will first reach 88%. 


107. Bluefin Tuna The number of Atlantic bluefin tuna 
in thousands x years after 1974 can be modeled by 
f(x) = 230(0.881)*. Estimate the year when the 
number of bluefin tuna reached 95 thousand, 


108. Modeling Bacteria (Refer to Section 5.3, Example 9.) 
The number N of E. coli bacteria in millions per millili- 
ter after / minutes can be modeled by N(f) = 0,5¢°°!", 

Determine symbolically the elapsed time required for 

the concentration of bacteria to reach 25 million per 


milliliter. 


109. Population Growth In 2000 the population of India 
reached | billion, and in 2025 it is projected to be 1.4 
billion. (Source: U.S, Census Bureau.) 

(a) Find values for Cand aso that P(x) = Ca*~?00° 
models the population of India in year x. 


(b) Estimate India’s population in 2010. 


(c) Use P to determine the year when India’s popu- 
lation might reach 1.5 billion. 


110, Population of Pakistan In 2007 the population of 
Pakistan was 164 million, and it is expected to be 
250 million in 2025, (Source: United Nations.) 
(a) Approximate C and a so that P(x) = Ca 
models these data, where P is in millions and x 
is the year. 


x—2007 


(b) Estimate the population of Pakistan in 2015, and 
compare your estimate to the predicted value of 
204 million. 


(c) Estimate when this population could reach 212 
million. 


111, Newton's Law of Cooling A pan of boiling water with 
a temperature of 212°F is set in a bin of ice with a tem- 
perature of 32°F. The pan cools to 70°F in 30 minutes. 
(a) Find 7, D, and a so that T() = Tp + Da 

models the data, where / is in hours. 


(b) Find the temperature of the pan after 
10 minutes. 

(c) How long did it take the pan to reach 40°F? 
Support your result graphically. 


112. Warming an Object A pan of cold water with a 
temperature of 35°F is brought into a room with a 
temperature of 75°F. After | hour, the temperature 
of the pan of water is 45°F, 

(a) Find 7, D, and a so that T()) = Ty + Da‘ 
models the data, where ¢ is in hours. 


(b) Find the temperature of the water after 3 hours, 


(c) How long would it take the water to reach 60°F? 
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113, Warming a Soda Can Suppose that a can of soda, (a) Find y when x = 40. Interpret your answer. 
initially at 5°C, warms to 18°C after 2 hours in a ; 
room that has a temperature of 20°C. (b) Find x when y = 1.5, Interpret your answer, 
(a) a afb SermpeRntee ae Meant aeay BAST ip 119. Bacteria Growth The concentration of bacteria in 
tours: a sample can be modeled by B() = Boe, where ( 
(b) How long did it take for the soda to warm to is in hours and B is the concentration in billions of 
15°C? bacteria per liter. 
(a) If the concentration increases by 15% in 6 
114, Cooling a Soda Can A soda can at 80°F is put into hours, find k. 
a cooler containing ice at 32°F, Its temperature after 
t minutes is T(t) = 32 + 48(0.9)!, (b) If Bo = 1.2, find B after 8.2 hours. 


‘ 
tt alug { pr oy 
ee (a) Evaluate T (30) and interpret your results. (c) By what percentage does the concentration 


(b) How long did it take for the soda to cool increase each hour? 
°F? 
To aE 120. Voltage The voltage in a circuit can be modeled by 
115, Caloric Intake (Refer to Example 12.) The formula aes fat ness is in sped rk 5 milli 
Vics . a the voltage decreases by © in 5 millisec- 
C(x) = 280In(v + y + 1925 Sadie tind 
models the number of calories consumed daily by a 
person owning x acres of land in a developing coun- (b) If Vo = 4.5 volts, find V after 2.3 milliseconds. 
try. Estimate the number of acres owned for which 
average intake is 2300 calories per day. (c) By what percentage does the voltage decrease 


each millisecond? 
116. Salinity The salinity of the oceans changes with 


latitude and with depth, In the tropics, the salinity Exercises 121 and 122: For the given annual interest rate r, 
increases on the surface of the ocean due to rapid estimate the time for P dollars to double. 
evaporation. In the higher latitudes, there is less evap- 121. P = $1000, r = 8.5% compounded quarterly 
oration and rainfall causes the salinity to be less on the . 
surface than at lower depths. The function given by 122, P = $750, r = 2% compounded continuously 
S(x) = 31.5 + Ilog(x + 1) Exercises 123 and 124: Continuous Compounding 
models salinity to depths of 1000 meters at a lati- Suppose that P dollars is deposited in a savings account 
tude of 57.5°N. The input x is the depth in meters paying 3% interest compounded continuously. After ¢ 
and the output S(x) is in grams of salt per kilogram years, the account will contain A(t) = Pe®* dollars. 
of seawater. (Source: D. Hartman, Global Physical - (a) Solve A(t) = b for the given values of P and b. 
ro” Climatology.) Pg (b) Interpret your results. 
GF (a) Evaluate S500). Interpret your result. 


123, P = 500 and b = 750 


f (b) Graph S. Discuss any trends, 124, P = 1000 and 6 = 2000 


Find the depth where the salinit Is 33. 
eee sie! ita 125. Radioactive Carbon-14 The percentage P of radio- 


117, Life Span In one study, the life spans of 129 robins active carbon-14 remaining in a fossil after ¢ years is 
were monitored over a 4-year period. The equation given by P = 100(3)"°"™. Suppose a fossil contains 
ys 2 oot can be used to calculate the 35% of the carbon-14 that the organism contained 
number of years y required for x percent of the robin when it was alive. Estimate the age of the fossil. 
population to die, For example, to find the time when 126. Radioactive Radium-226 The amount A of radium 


40% of the robins had died, substitute x = 40 into 


: in milligrams remaining in a sample after ¢ years is 
the equation, The result is y ~ 0.53, or about halfa . P ” 


A = 1 1/1600 : i 
year. Find the percentage of the robins that had died given by A() = 0.02(5) . How many years will 
after 2 years. (Source: D, Lack, The Life of a Robin.) it take for the radium to decay to 0.004 milligram? 

ty 118. Life Span of Sparrows (Refer to Exercise 117.) 127. Traffic Flow (Refer to Section 5.3, Example 11.) The 
ie The life span of a sample of sparrows was studied. probability that a car will enter an intersection within 
= = “ pnt ‘6 wi a 

The equation y = ee ee) calculates the a period of x minutes is given by P(x) = | — &°°*. 


Determine symbolically the elapsed time x when there 
is a 50-50 chance that a car has entered the intersection. 
(Hint: Solve P(x) = 0.5.) 


number of years y required for x percent of the spar- 
rows to die, where 0 = x = 95. 
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128. Modeling Traffic Flow Cars arrive randomly at 
an intersection with an average traffic volume 
of one car per minute. The likelihood, or prob- 
ability, that at least one car enters the intersection 
during a period of x minutes can be estimated by 
fQ)=1-e%. 

(a) What is the probability that at least one car enters 
the intersection during a 5-minute period? 


(b) Determine the value of x that gives a 40% 
chance that at least one car enters the intersec- 
tion during an interval of x minutes, 


129. Modeling Bacteria Growth Suppose that the con- 
centration of a bacteria sample is 100,000 bacteria 
per milliliter. If the concentration doubles every 2 
hours, how long will it take for the concentration to 
reach 350,000 bacteria per milliliter? 


130. Modeling Bacteria Growth Suppose that the con- 
centration of a bacteria sample is 50,000 bacteria 
per milliliter. If the concentration triples in 4 days, 
how long will it take for the concentration to reach 


85,000 bacteria per milliliter? 


131. Continuous Compounding Suppose that $2000 is 
deposited in an account and the balance increases 
to $2300 after 4 years, How long will it take for the 
account to grow to $3200? Assume continuous com- 


pounding. 


132. Modeling Radioactive Decay Suppose that a 0.05- 
gram sample of a radioactive substance decays to 
0.04 gram in 20 days, How long will it take for the 


sample to decay to 0.025 gram? 


133. Drug Concentrations The concentration of a drug 
in a patient’s bloodstream after ¢ hours is mod- 
eled by the formula C(/) = 11(0.72)', where C is 
measured in milligrams per liter. 


(a) What is the initial concentration of the drug? 


(b) How long does it take for the concentration to 
decrease to 50% of its initial level? 


* 
A 134, Reducing Carbon Emissions When fossil fuels are 


burned, carbon is released into the atmosphere. 
Governments could reduce carbon emissions by plac- 
ing a tax on fossil fuels. The cost-benefit equation 

In(1 — P) = —0.0034 — 0,0053x 


estimates the relationship between a tax of x dollars per 
ton of carbon and the percent P reduction in emissions 
of carbon, where P is in decimal form. Determine P 
when x = 60. Interpret the result. (Source: W. Clime, 
The Economics of Global Warming.) 


135. Investments The formula A = P(1 + iy" can be 
used to calculate the future value of an investment. 
Solve the equation for f. 


136. Decibels The formula D = 160 + 10logx can be 
used to calculate loudness of a sound in decibels. 
Solve the equation for x. 


Writing about Mathematics 


137, Explain how to solve the equation Ca* =k 
symbolically for x. Demonstrate your method. 


138. Explain how to solve the equation blog,x = k 
symbolically for x. Demonstrate your method. 


Extended and Discovery Exercise 


1. Checking Symbolic Skills Show that any exponen- 
tial function in the form f(x) = Ca* can be written 
as f(x) = Ce**, That is, write k in terms of a. Use 
your method to write g(x) = 2* in the form e* for 
some k, 


CHECKING BASIC CONCEPTS FOR SECTIONS 5.5 AND 5.6 


23 
1, Use properties of logarithms to expand log ae Write 
your answer without exponents. Ve 


2. Combine the expression dinx — 3iIny + Inz as a 
logarithm of a single expression. 


3. Solve each equation. 
(a) 5(1.4)* — 4 = 25 


(b) vox = art 


4, Solve each equation. 
(a) Slog,2x = 25 


(b) In(@v + 1) + n(x — 1) = In3 


5. The temperature T of a cooling object in degrees 
Fahrenheit after x. minutes is given by 


T = 80 + 120(0.9)*. 
(a) What happens to 7 after a long time? 


(b) After how long is the object’s temperature 100°F? 


« 


« Find an exponential model 
« Find a logarithmic model 
= Find a logistic model 


= Select a model 
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Introduction 


If data change at a constant rate, then they can be modeled with a linear function. 
However, real-life data often change at a nonconstant rate. For example, a tree grows 
rapidly when it is small and then its rate of growth slows as it becomes larger, Finally, 
when the tree is mature, its height levels off. This type of growth is nonlinear. 

Three types of nonlinear data are shown in FIGURES 6.77-5.79 below, where ¢ 
represents time. In FIGURE 5.77 the data increase rapidly, and an exponential function 
might be an appropriate modeling function. In FIGURE 5.78 the data are growing, but 
at a slower rate than in FIGURE 5.77. These data could be modeled by a logarithmic 
Junction, Finally, the somewhat S-shaped curve shown in FIGURE 5.79 is slightly more 
complicated than the other curves. Initially, data grow exponentially, Then the rate 
of growth slows, after which the data level off. For example, bacteria with limited 
resources follow this type of growth. At first the bacteria grow rapidly, or unrestrict- 
ed, after which their numbers level off when there is no more food or space. To model 
these data, we need a new type of function called a logistic function, 


Exponential Data Logarithmic Data Logistic Data 


Slow growth | Levels off | 


| 


t 
FIGURE 6.77 FIGURE 5.78 FIGURE 6.79 


Exponential Model 


As long as resources are not limited, both world population and bacteria growth can 
sometimes be modeled by an exponential function that increases, (When resources are 
limited, a logistics model often works better.) Exponential functions can also be used 
to model data that decrease, In the next example, an exponential function is used to 
model atmospheric pressure. 


Modeling atmospheric pressure 


As altitude increases, air pressure decreases. The atmospheric pressure P in millibars 
(mb) at a given altitude x in meters is listed in TABLE 6.24, 


Altitude and Air Pressure 


x(m) 0 5000 | 10,000 | 15,000 | 20,000 | 25,000 | 30,000 
P(mb) | 1013 541 265 121 55 26 12 


Source: A, Miller and J. Thompson, Elements of Meteorology. 
TABLE 5.24 


(a) Makea scatterplot of the data, What type of function might model the data? 

(b) Use regression to find an exponential function given by f(x) = ab‘. Graph the 
data and f in the same viewing rectangle. 

(c) Use f to estimate the air pressure at an altitude of 23,000 feet. 
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Plot the Data 
[-5000, 35000, 5000] by 
[-100, 1200, 100] 


FIGURE 6.80 


(= 1 
EXAMPLE 2 | 
J 


SOLUTION 
(a) The data are shown in FIGURE 5.80. A decreasing exponential function might 
model the data. 


(QUA) It is possible for a different function, such as a portion of a polynomial 
graph, to model the data. Answers may vary. 


(b) FIGURES 5.81 and 5.82 show that values of a ~ 1104.9 and b = 0.99985 are 
obtained from exponential regression, where f(x) = ab*. FIGURE 5.83 illustrates 
that f models the data quite accurately. 

(ce) $023,000) = 1104.9(0.99985)""" = 35.1 millibars 


Select Exponential Regression Exponential Function Graph Function with Data 
[-5000, 35000, 5000] by 
[-100, 1200, 100] 


DIT TESTS ExpReg 
= ark bAx 
a=1104.920403 
b=.9998503659 


y 1104,9(0,99985)* 


Exponential | 


| 
| 
model | 


FIGURE 6.81 FIGURE 5.82 FIGURE 5.83 


r » 
| Now Try Exercise 19 | 


Logarithmic Model 


An investor buying a certificate of deposit (CD) usually gets a higher interest rate if 
the money is deposited for a longer period of time. However, the interest rate for a 
9-month CD is not usually triple the rate for a 3-month CD, Instead, the rate of inter- 
est slowly increases with a longer-term CD. In the next example, we model interest 
rates with a logarithmic function. 


Modeling interest rates 


TABLE 6.26 lists the interest rates for certificates of deposit. Use the data to complete 


the following. 
36 | 60 
1.40 | 1.50 


(a) Make a scatterplot of the data. What type of function might model these data? 

(b) Use least-squares regression to find a formula f(x) = a + bInx that models 
the data. 

(c) Graph f and the data in the same viewing rectangle. 


Yield on Certificates of Deposit 
Time (months) | 1 i} 6 9 24 


Yield (%) 0.25 | 0.39 0.74 | 0.80 | 1.25 


Source: USA Today. 
TABLE 5.25 


SOLUTION 

(a) Enter the data in TABLE 5.25 into your calculator. A scatterplot of the data is 
shown in FIGURE 5.84. The data increase but gradually level off. A logarithmic 
modeling function may be appropriate. 

(b)_ In FIGURES 5.85 and 5.86 least-squares regression has been used to find a logarithmic 
function f given (approximately) by f(x) = 0.143 + 0.334Inx. 

(c) A graph of f and the data are shown in FIGURE 5.87. 
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Plot the Data Select Logarithm Regression Regression Function Graph Function with Data 
(0, 70, 10] by [0, 2, 0.5] (0, 70, 10] by [0, 2, 0.5] 


DIT TESTS 
:fQuart 


Re eg Logarithmic model | 
sTinREg(a bx) 


0,143 + 0,334 Inw 


FIGURE 5.84 FIGURE 5.85 FIGURE 5.86 FIGURE 5.87 


| Now Try Exercini 17 | 


Logistic Model 


In real life, populations of bacteria, insects, and animals do not continue to grow 
indefinitely. Initially, population growth may be unrestricted, and modeled by expo- 
nential growth. Then as resources become more scarce, their rate of growth begins 
to slow. After a region has become heavily populated or saturated, the population 
usually levels off because of limited resources. 

This type of growth may be modeled by a logistic function that is represented by 


Sigmoidal Curve 


(x) = —“,, where a, b, and c are positive constants. A typical graph of a logistic 
1 + ae P 


function f is shown in FIGURE 5.88. The graph of f is referred to as a sigmoidal curve. 
, The next example demonstrates how a logistic function can be used to describe the 
FIGURE 5.88 growth of a yeast culture. 


EXAMPLE 3 Modeling logistic growth 


One of the earliest studies about population growth was done in 1913 using yeast 
plants. A small amount of yeast was placed in a container with a fixed amount of 
nourishment. The units of yeast were recorded every 2 hours. The data are listed in 
TABLE 5.26. 


Growth of Yeast Plants 


Time 10 12 14 16 18 
: 1 | 174.6 ae 51 59 64 65 661.8 


Source: T. Carlson, Biochem.; D. Brown, Models in Biology. 
TABLE 5.26 


(a) Make a scatterplot of the data in TABLE 5.26. Describe the growth. 

(b) Use least-squares regression to find a logistic function f that models the data. 
(c) Graph f and the data in the same viewing rectangle. 

(@) Approximate graphically the time when the amount of yeast was 200 units. 


SOLUTION 

(a) A scatterplot of the data is shown in FIGURE 5.89. When the units of yeast are 
small, the growth is rapid, or exponential. Then the rate of growth slows. The 
limited amount of nourishment causes this leveling off. 


Plot the Data 
[-2, 20, 1] by [—100, 800, 100] 


ea Levels off | ()) In FIGURE 5.90 and 5.91 on the next page we see least-squares regression being used 
a2 2 | to find a logistic function f given (approximately) by 
Growth rate slows | 
B on Ss 661.8 


Exponential growth | SQ) = 1 + 74.46¢-0552"" 


(c) In FIGURE 5.92 on the next page the data and f are graphed in the same viewing 
FIGURE 5.89 rectangle. The fit for the real data is remarkably good. 


486 


Select Logistic Regression 


FIGURE 5.90 


(CRITICAL THINKING | ; 
In Example 3, suppose that after 
18 hours the experiment had been 
extended and more nourishment 
had been provided for the yeast 
plants, Sketch a possible graph 
of the amount of yeast. 


‘XAMPLE 4 


Regression Function 


FIGURE 5.91 
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Graph Function with Data 
[-2, 20, 1] by [-100, 800, 100] 


Graphical Solution 
[-2, 20, 1] by [-100, 800, 100] 


Logistic model | 


Intersection 
X=6.2932648 Y=200 


FIGURE 6.93 


FIGURE 5.92 


(d) The graphs of Y, = f(x) and Y, = 200 intersect near (6,29, 200), as shown in 
FIGURE 5,93, The amount of yeast reached 200 units after about 6.29 hours. 


Now T 


MAKING CONNECTIONS = 


Logistic re and Horizontal Asymptotes If a logistic function is given by 
f(x) = ar ea where a, b, and ¢ are positive constants, then the graph of f has 


a horizontal asymptote of y = ¢, (Try to explain why this is true.) In Example 3, 
the value of ¢ was 661.8. This means that the amount of yeast leveled off at about 
661.8 units, The value of c is sometimes called the carrying capacity, 


Selecting a Model 


In real-data applications, a modeling function is seldom given, Many times we must 
choose the type of modeling function and then find it using least-squares regression, 
Thus far in this section, we have used exponential, logarithmic, and logistic functions 
to model data. In the next three examples, we select a modeling function, 


Modeling highway design 


To allow enough distance for cars to pass on two-lane highways, engineers often cal- 
culate minimum sight distances between curves and hills. See the figure. TABLE 6,27 
shows the minimum sight distance y in feet for a car traveling at x miles per hour, 


Passing Distance 


x (mph) m 50 | 60 | 65 | 70 | 


0 
y (ft) | 810 1480 | 1840 | 2140 | 2310 | 2490 | 


Source: L, Haefner, Introduction to Transportation Systems, 
TABLE 56.27 


(a) Find a modeling function for the data. 
(b) Graph the data and your modeling function, 
(c) Estimate the minimum sight distance for a car traveling at 43 miles per hour, 


SOLUTION 

Getting Started One strategy is to plot the data and then decide if the data are linear 
or nonlinear, If the data are approximately linear, use linear regression to find the 
modeling function. If the data are nonlinear, think about how the data increase or 
decrease. You may want to try several types of modeling functions, such as quadratic, 
cubic, power, exponential, or logarithmic, before making a final decision. » 


(a) A scatterplot is shown in FIGURE 5.94. The data appear to be (nearly) linear, so 
linear regression has been used to obtain f(x) = 33.93x + 113.4, See FIGURE 5.95. 
(b) The data and f are graphed in FIGURE 6.96, Function f gives a good fit. 


EXAMPLE 5 
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Plot the Data Linear Regression Function Graph Function with Data 
(0, 80, 10] by [0, 3000, 1000] (0, 80, 10] by [0, 3000, 1000] 


Linear model | 


FIGURE 5.94 FIGURE 5.95 FIGURE 5.96 


(©) f(43) = 33.93(43) + 113.4 = 1572 feet 


| Now Try Exercise 13 | 


You may have seen or heard of asbestos being removed from buildings. Before 
1960 people were generally unaware of its health hazards. As a result, insulation 
workers who worked with asbestos experienced higher rates of lung cancer, The 
following example models data from this era. 


Modeling asbestos and cancer 


TABLE 5.28 lists the number N of lung cancer cases occurring within a group of asbes- 
tos insulation workers with a cumulative total of 100,000 years of work experience, 
with their first date of employment x years ago. 


Lung Cancer and Asbestos 


x(years)| 10 | 15 [| 20 | 25 | 30 Years since employment began | 
6.9 | 25.4 | 63.6 | 130 | 233 Cases in a group with 100,000 years 


of work experience 
Source: A, Walker, Observation and Inference. P 


TABLE 5.28 


(a) Find a modeling function for the data. 
(b) Graph the data and your modeling function. 
(c) Estimate the number of lung cancer cases for x = 23 years. Interpret your answer. 


SOLUTION 
Getting Started The data are nonlinear and increasing, so there are a number of 
functions you can try. Three possibilities are quadratic, power, and exponential. » 


(a) A scatterplot is shown in FIGURE 5.97. To model the data we have used a power 
function given by f(x) = 0.004334x3, See FIGURE 5.98. (Answers may vary.) 
(b) The data and f are graphed in FIGURE 5.99. Function f gives a good fit. 


Plot the Data Power Regression Function Graph Function with Data 
(0, 40, 10] by [—50, 250, 50] [0, 40, 10] by [—50, 250, 50] 


a=,0043344374 
b=3,202643413 


FIGURE 5.97 FIGURE 5.98 FIGURE 5.99 


(ec) f(23) = 0.004334(23)3? ~ 99 cases. If a group of asbestos workers began their 
employment 23 years earlier and had a cumulative work experience of 100,000 
years, then the group experienced 99 cases of lung cancer. 


| Now Try Exercise 25 | 
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oe WiQhe} Modeling H1N1 flu cases 


TABLE 5.29 lists number of confirmed H1NI flu cases reported in Mexico x days after 
March |, 2009. 


Number of Confirmed Flu Cases 


Elapsed days| 1 10 | 20 | 30 | 40 | so | 60 | 
Flu Cases} 100 | 300 | 700 | 2000 | 6000 | 11,000[ 12,000 | 


Source: areppim. 
TABLE 6.29 


(a) Plot the data. What type of function might model this data? 

(b) Find a function C(x) that models the data. Plot this function and the data together. 
(c) Predict the number of flu cases on March 26, 2009. 

(a) What were the maximum number of confirmed flu cases according to this model? 


SOLUTION 

(a) The data are plotted in FIGURE 5.100. It appears that a logistic function might 
model these data. 

(b) A logistic function C is found by using regression and given by 

12,622 


(eq x) = ——————.. 
) 1 + 924,2¢70.1702x 
See FIGURES 6.101 and 6.102. 


Plot the Data Logistic Regression Function Graph Function with Data 
(0, 70, 10] by [0, 13000, 1000 } [0, 70, 10] by [0, 13000, 1000 } 


Loot e. F ; 
=¢ ‘ 
x= 524 Logistic model | 


FIGURE 5.100 FIGURE 56.101 FIGURE 5.102 


(c) Because March 26 is 25 days after March 1, evaluate C(25). 


Po 12,622 
C(25) = T 4 924 26-0005 = 895 cases 


(d) The graph levels off at 12,622 confirmed HINI flu cases. (See the Making 


Connections after Example 3.) 
Now Try Exercise 11 


ra 5.7 } Putting It All Together It All Together 


CONCEPT EXAMPLES 


Exponential model SX) = Ca*, f(x) = ab’, or A() = Age Exponential functions can be used to model 
data that increase or decrease rapidly over time. 


Logarithmic model | f(x) = a + blogx or f(x) = a+ bInx Logarithmic functions can be used to model 
data that increase gradually over time. 


Logistic model Logistic functions can be used to model data 
that at first increase exponentially, then their 
rate of growth slows, and finally level off. 
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Note: Because different functions can be used to model the 10. 
same data, your answers may vary from the given answers. 
You can check the validity of your answer by graphing 


x 1 2 3 4 5 
y}| 20 | 16 | 1.3 ] 1.0 | 0.82 
the data and your modeling function in the same viewing 


rectangle, Applications 


fj IL. U.S, AlDs Cases The following table lists the number 
of new AIDS cases C x years after 1980. 


Exercises 1-4; Select an appropriate type of modeling Years after 1980] 3 6) Sat he 
Junction for the data shown in the graph. Choose from the Cases (thousands)|_2 | 11 | 32 | 42 | 46 
following. 


Source: Centers for Disease Control and Prevention, 


Selecting a Model 


i, Exponential ii. Logarithmic iii. Logistic 
& (a) Find a function C(x) that models the data. 
(b) Graph C and the data. 
(c) Estimate the number of new cases in 1989, 


12. Bacteria Growth The following table lists the con- 
centration of a bacteria B (in millions per milliliter) 
in a sample of water after x days. 


eli [2[3[4]s|«[7] 
fa] 35 65 [103] 39] 163] 176| 183 


A (a) Find a function B(x) that models the data. 


(b) Graph B and the data. 


(c) Estimate the concentration after 3.5 days. 


q Exercises 5-10: Critical Thinking Make a scatterplot of g's. nha yiaee Revenue fama: fablor Unt pete 
the data. Then find an exponential, logarithmic, or logistic Eee oe R in $ millions for Instagram x years 
function f that best models the data. after 2015. 


‘GTi [2[3]4 rTo[1[2[3]4]5 
3.47 | 5.90 | 10.02 R | 112 | 300 | 910 | 1807 | 2781 | 3862 


Source: Merrill Lynch. 


omy 1 if 213 [4 )s 2(@) Find a function R(x) that models the data. 
y| 1.98 | 2.35 | 2.55 | 2.69 | 2.80 


(b) Graph R and the data. 


(c) Predict the revenue in 2022, or 7 years after 2015. 


14, Virtual Reality The following table lists projected 
global virtual reality head-mounted display ship- 
ments H in millions of units x years after 2015. 

x| 0 1 


2 3 5 
H| IQ | 35 | 35 12 26 


Source: BI Intelligent Estimates. 
& (a) Find a function H(x) that models the data. 


4 
17 
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(b) Graph H and the data. 
(c) Predict the number of units shipped in 2021. 


15. SlideShare Growth The following table shows the 
number of visitors in millions who visited the website 
SlideShare. 


| Year | 2007 | 2008 | 2009 | 2010 | 2011 | 
Visitors| 1.5 | 6.3 | 17.0 | 33.2 | 60.1 


Source: SlideShare. 


(a) Choose a linear, quadratic, or logarithmic function 
V(x) that best models the data, where x is years 
after 2007, 


(b) Estimate the number of visitors in 2012. 


fa 16, Heart Disease Death Rates The following table con- 
tains heart disease death rates per 100,000 people for 
selected ages. 


Age| 30 | 40 | so | 60 | 70 
Death rate] 30.5 | 108.2] 315 | 776 | 2010 


Source: United States Department of Health & Human Services. 


(a) Make a scatterplot of the data in the viewing rec- 
tangle [25, 75, 5] by [—100, 2100, 200]. 


/ ty (b) Find a function / that models the data. 


(c) Estimate the heart disease death rate for people 
who are 80 years old. 


fg 17. Telecommuting In the past some workers used 
technology such as e-mail, computers, and multiple 
phone lines to work at home, rather than in the 
office. However, because of the need for teamwork 
and collaboration in the workplace, fewer employees 
telecommuted than expected. The table lists telecom- 
muters 7 in millions during year x. 

1999 | 2000 } 2001 


x} 1997 | 1998 
T| 9.2 | 9.6 | 10.0 | 10.4 | 10.6 
x 


2002 | 2003 | 2004 | 2005 | 2006 
T} 11.0} 1.1 | 11.2 | 11.3 | 114 


Source: USA Today. 


Find a function f that models the data, where x = I 
corresponds to 1997, x = 2 to 1998, and so on, 


fa 18. Hurricanes The table shows the air pressure y in 
inches of mercury x miles from the eye of a hurricane. 
x 


2 4 8 15 30 
y| 27,3 | 27.7 | 28.04] 28.3 | 28.7 


Source: A, Miller and R. Anthes, Meteorology. 


100 
29.3 


(a) Make a scatterplot of the data. 


Po) (b) Find a function f that models the data. 
(c) Estimate the air pressure at 50 miles. 


19, Atmospheric Density The table lists the atmospheric 
density y in kilograms per cubic meter (kg/m*) at an 
x (m) 0 


altitude of x meters. 
5000 | 10,000 | 15,000 
y (kg/m?) | 1.2250 | 0.7364 | 0.4140 | 0.1948 
x (m) | 20,000 | 25,000 | 30,000 


y (kg/m?) | 0.0889 | 0.0401 | 0.0184 
Source: A, Miller. 


(a) Find a function f that models the data. 


(b) Predict the density at 7000 meters, (The actual 
value is 0.59 kg/m?.) 


fa 20. Modeling Data Use the table to complete the following. 


x 1 5 10 
ip (a) Find a function f that models the data. 
(b) Solve the equation f(x) = 1.8. 


fa 21. Insect Population The table shows the density y of a 
species of insect measured in thousands per acre after 
x days, 
fx] 2 | 4 [6 | 8 | 1 | 12 | 4 
| 0.38 | 1.24 | 2.86 | 4.22 | 4.78 | 4.94 | 4.98 


ia (a) Find a function f that models the data. 


(b) Use f to estimate the density after a long time. 


fg 22. Heart Disease As age increases, so does the likeli- 
hood of coronary heart disease (CHD). The percent- 
age P of people x years old with signs of CHD is 
shown in the table. 


x} 15 | 25 | 35 | 45 | 55 | 65 | 75 
P(%)| 2 7 | 19 | 43 | 68 | 82 | 87 


Source: D. Hosmer and S. Lemeshow, Applied Logistics Regression. 


ea) Evaluate P(25) and interpret the answer. 
it (b) Find a function that models the data. 
(c) Graph P and the data. 


(d) At what age does a person have a 50% chance of 
having signs of CHD? 


fg 23. Mobile Phones in India The following table shows 
the number of cell phone subscriptions in India in 
billions for selected years. 


Year | 2005 | 2006 | 2007 | 2008 
Cell Phones | 0.05 | 0.12 | 0.21 | 0,40 
[ Year | 2009 | 2010 | 2011 
Cell Phones | 0,60 | 0.75 | 0.85 | 


Source: Chetan Sharma Consulting. 


& (a) Finda function C(x) that models the data, where 
is years after 2005. 


(b) Predict the number of cell phone subscriptions in 
2014, 


fa 24, U.S, Radio Stations The numbers N of radio stations 
on the air for selected years x are listed in the table. 


x{ 1970 } 1980 | 1990 | 2000 | 2010 
N(x) | 6760 | 8566 | 10,788 | 12,808 | 14,420 


Source: M, Street Corporation, 


& (a) Find a function that models the data. 
(b) Graph N and the data. 


(c) Predict when the number of radio stations on the 
air might reach 16,000. 


25, Wing Size Heavier birds tend to have larger wings 
than smaller birds, For one species of bird, the table 
lists the area A of the bird’s wing in square inches if 
the bird weighs w pounds, 

4 | 18 | 


w(ib)| 2 | 6 | 10 
Aw) (in?) | 160 | 330 | 465 685 


Source: C, Pennycuick, Newton Rules Biology, 


Pa (a) Find a function that models the data, 
(b) Graph A and the data. 


(c) What weight corresponds to a wing area of 500 
square inches? 


Wing Span Heavier birds tend to have a longer wing 
span than smaller birds. For one species of bird, the 
table lists the length ZL of the bird’s wing span in feet 
if the bird weighs w pounds. 


w (Ib) | 0.22 | 0.88 2.42 
Low) (tt) | 1.38 | 2.19 3.07 


Source; C, Pennycuick, Newton Rules Biology. 


fa 26. 


& (a) Find a function that models the data. 
(b) Graph Z and the data. 


(c) What weight corresponds to a wing span of 2 feet? 
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927. Tree Growth The height 7 of a tree in feet after x 
years is listed in the table. 


x(q] 1 | 5 | 10 | 20 | 30 | 40 
A(x) (tt)] 1.3 | 3 | 8 | 32 | 47 | 50 
& (a) 


a0) 


(c) Graph H and the data, 


Evaluate H(5) and interpret the answer, 


Find a function that models the data. 


(@) What is the tree’s age when its height is 25 feet? 


(e) Did your answer involve interpolation or extra- 
polation? 


28, Bird Populations Near New Guinea there is a rela- 
tionship between the number of bird species found on 
an island and the size of the island. The table lists the 
number of species of birds y found on an island with 
an area of x square kilometers, 


x(kmry] 0.1 | 1 | 10 | 100 | 1000 
y (species) | 10 15 20 25 30 
Source: B, Freedman, Environmental Ecology. 


BS (a) Find a function f that models the data. 


(b) Predict the number of bird species on an island of 
5000 square kilometers. 


(c) Did your answer involve interpolation or extrap- 
olation? 


29, Fertilizer Usage Between 1950 and 1980 the use of 
chemical fertilizers increased. The table lists worldwide 
average usage y in kilograms per hectare of cropland 
x years after 1950, (Note: | hectare ~ 2.47 acres.) 

x} 0 13 


22 29 
y | 12.4 | 27.9 | 54.3 | 77.1 


Source: D. Grigg, The World Food Problem. 


(a) Graph the data. Are the data linear? 


continued on next page 
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Ms (b) Find a function f that models the data. 


(c) Predict fertilizer usage in 1989. The actual value 
was 98,7 kilograms per hectare. What does this 
indicate about usage of fertilizer during the 
1980s? 


fg 30. Social Security If major reform had occurred in 
the Social Security system, individuals would have 
invested some of their contributions into individual 
accounts. These accounts would be managed by 
financial firms, which often charge fees. The table 
lists the amount in billions of dollars that would be 
collected if fees were 0.93% of the assets each year. 


Year | 2005 | 2010 | 2015 | 2020 
Fees ($ billions) | 20 | 41 | 80 | 136 


Source: Social Security Advisory Council. 


(a) Use exponential regression to find a and b so that 
/(x) = ab* models the data x years after 2000. 


(b) Graph f and the data. 


(c) Estimate the possible fees in 2018. Round to the 
nearest ten billion dollars. 


(d) Did your answer involve interpolation or extrap- 
olation? 


Writing about Mathematics 


31, Critical Thinking How can you distinguish data that 
illustrate exponential growth from data that illustrate 
logarithmic growth? 


32, Give an example of data that could be modeled by a 
logistic function and explain why, 


Extended and Discovery Exercises 


fd 1, Modeling Data with Power Functions There is a 
procedure to determine whether data can be modeled 
by y = ax’, where a and b are constants. Start by 
taking the natural logarithm of each side of this 
equation, 


In y = In(ax?) 
Iny = Ina + Inx? 
Iny = Ina + biInx 


If we let z = Iny,d = Ina, and w = Inx, then the 
equation Iny = Ina + bInx becomes z = d+ bw. 
Thus the data points (w, z) = (In.x, Iny) lie on the line 
having a slope of b and y-intercept d = Ina. The fol- 
lowing steps provide a procedure for finding the con- 
stants a and b. 


Modeling Data with the Equation y = ax” If a 
data set (x, y), can be modeled by the (power) equa- 
tion y = ax’, then the following procedure can be 
applied to determine the constants a and b. 


STEP 1: Let w = Inx and z= Iny for each data 
point. Graph the points (iy, z). If these data 
are not linear, then do or use this procedure. 

STEP 2: Find an equation of a line in the form 
z=bw+td that models the data points 
(wv, z). (Linear regression may be used.) 

STEP 3: The slope of the line equals the constant b. 


The value of a is given by a = e@, 


Apply this procedure to the table of data for the 
orbital distances and periods of the moons of Jupiter. 
Let the distance be x and the period be y. 


Moons of Distance Period 


Jupiter (103 km) (days) 


Metis 128 0.29 
Almathea 181 0.50 
Thebe 


Europa 


Ganymede 
Callisto 


For medical reasons, dyes may be injected into the 
bloodstream to determine the health of internal 
organs, In one study involving animals, the dye BSP 
was injected to assess the blood flow in the liver. 
The results are listed in the table, where .v represents 
the elapsed time in minutes and y is the concentra- 
tion of the dye in the bloodstream in milligrams per 
milliliter, 


ef ul 2 3 mie 1 
y | 0.102 | 0.077 | 0.057 | 0.045 | 0.036 | 0.023 
x| 9 13, | 16 | 19 | 22 

y | 0.015 } 0.008 | 0.005 | 0.004 | 0.003 


Source: F, Harrison. “The measurement of liver blood flow in 
conscious calves.” 


(a) Find a function that models the data, 


(b) Estimate the elapsed time when the concentra- 
tion of the dye reaches 30% of its initial concen- 
tration of 0.133 mg/mL. 


(c) Let g(x) =0.133.8780.73*) +0.122(0.92*)), This 
formula was used by the researchers to model the 
data. Compare the accuracy of your formula to 
that of g(x). 
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3. Greenhouse Gases Greenhouse gases such as carbon : 

dioxide trap heat from the sun. Presently, the net =e of se | a 

( incoming solar radiation reaching Earth’s surface is R(x) (w/m’)| 0.2 | 0.4 | 0.6 | 12 | 24 
approximately 240 watts per square meter (W/m?). Source: A. Nilsson, Greenhouse Earth. 
Any portion of this amount that is due to greenhouse 
gases is called radiative forcing. The table lists the esti- 
mated increase in radiative forcing R above the levels 


in 1750. (b) Estimate the year when the additional radiative 
forcing could reach 3 W/m?. 


(a) Estimate constants Cand k so that R(x) = Cek* 
models the data. Let x = 0 correspond to 1800, 


CHECKING BASIC CONCEPTS FOR SECTION 5.7 


f@ Exercises 1-4: Find a function that models the data. 
Choose from exponential, logarithmic, or logistic functions. 


‘Te] 2, 3f4][s fe [7 
[| 0.72 | 0.86 | 1.04 | 1.24 | 1.49 | 1.79 


4, World Population The table lists the actual or projected 
world population y (in billions) for selected years x. 


2050 
3.0 | 61 | 89 | 9.2 | 


Source: United Nations Department of Economic and Social Affairs. 


GS sunny 


( CONCEPT EXPLANATION AND EXAMPLES 


Section 5.1 Combining Functions 


Arithmetic Operations —_ Addition: (f + g)(x) = f(x) + g@) 
SEN Subtraction: (f — g)(x) = f(x) - g(x) 
Multiplication: (fg)(x) = f(x) + g(x) 


Division: (f/g)(x) = a (x) 4 0 


Examples: Let f(x) = x? — 5, g(x) = x? - 4. 
(f + g(x) = (? - 5) + @? - 4) = 2x? - 9 
(f — g(x) = @? - 5) - @? - 4) = -1 
(fg\(x) = (x? — 5)(x? -— 4) = x4 — 9x? + 20 


2 
(f/a)(x) = a x#2x#-2 


? 
Composition of Composition: (g° f(x) = g(f(x)) ; 
Functions (fe g(x) = f(g(s)) 


Examples: Let f(x) = 3x + 2, g(x) = 2x? — 4x + 1. 
g(f(x)) = g(3x + 2) 
= 23x + 2)? — 4x +2) +1 
f(g (x) = f(2x? — 4x + 1) 
= 32x? — 4x + 1) +2 
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Section 5.2 Inverse Functions and Their Representations 


Inverse Function 


One-to-One Function 


Horizontal Line Test 


Graphs of Functions 
and Their Inverses 


The inverse function of f is f~! if 


f"UQ)) = x for every x in the domain of f and 
S(f7'()) = x for every x in the domain of f7!. 


Note: If f(a) = b, then f(b) = a. 


Example; — Find the inverse function of f(x) = 4x — 5, 
y = 4x — 5S is equivalent to Ree =, (Solve for x.) 
ABS, ES 
Thus f7'(x) = “4. 
If different inputs always result in different outputs, then f is one-to-one, That is, 


a # bimplies f(a) # f(b) (A function is also one-to-one if f(a) = f(b) implies 
a=b,) 


Note: If f is one-to-one, then f has an inverse denoted f~!, 


Example: f(x) = x? + | is not one-to-one because f(2) = f(—2) = 5. 


If every horizontal line intersects the graph of a function f at most once, then f is 
a one-to-one function. 


The graph of f~' isa reflection of the graph of f across the line y = x. 


Example: 


Section 5.3 Exponential Functions and Models 


Exponential Function 


Exponential Data 


f(x) = Ca*,a > 0,a # |,and C>0 
Exponential growth: a > 1; exponential decay: 0 < a < 1 


Examples: f(x) = 3(2)* (growth); f(x) = 1.2(0.5)* (decay) 


For each unit increase in x, the p-values increase (or decrease) by a constant 
factor a, 


Example: The data in the table are modeled by y = 5(2)*, 


Listes] 
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CONCEPT KPLANATIO! } A] 
Section 5.3 Exponential Functions and Models (CONTINUED) 


\at eee r . ‘ 
Compound Interest A= P(1 + i) , where P is the principal, r is the interest expressed as a decimal, n 
is the number of times interest is paid each year, and ¢ is the number of years. 


0.10 \!2) 
Example: A = 2000( + on) =~ $2978.71 
calculates the future value of $2000 invested at 10% compounded 
monthly for 4 years. 


Natural Exponential f(x) = e* where e ~ 2.718282 

Function 

Continuously = Pe", where P is the principal, is the interest expressed as a decimal, and / is 
Compounded Interest the number of years 


Example: A = 2000e°!% ~ $2983.65 


calculates the future value of $2000 invested at 10% compounded 
continuously for 4 years. 


Section 5.4 Logarithmic Functions and Models 


Common Logarithm logx =k if andonlyif x = 10* 
Natural Logarithm Inx=k if andonlyif x =e* 
General Logarithm log,x =k if and only if x = a* 
Examples: log 100 = 2 because 100 = 10. 
InVe = : because Ve = e' 
logox = —3 because 4 =2 
Inverse Properties logl0k=k, 108 =k, k>0 
Ine* = k, emk=k, k>O0 


log,a* = k, qhek =k, k>0 
Examples: 10!°8!99 = 100; e!?3 = 23; logy64 = logy4? = 3 
Inverse Functions The inverse function of f(x) = a*is f~'(x) = logax. 
Examples: If f(x) = 10°, then f'(x) = logy. 
If f(x) = Inx, then f(x) = e*. 
If f(x) = logsx, then f(x) = 5*. 


Exponential and log,x = k is equivalent to x = a‘. 
Logarithmic Forms 
Examples; log, 16 = 4 is equivalent to 16 = 24. 


81 = 34 is equivalent to log381 = 4. 
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Section 5.5 Properties of Logarithms 


Properties of 1, log,1 =0 and log,a = 1 

Logarithms 2. logym + log,n = log, (mn) 
3. log,m — logyn = log, (“) 
4. log, (m') = rlog,m 


Examples; 1. logy! =0 and logy4 = 1 
2. log2 + logS = log(2 + 5) = log!0 = 1 
3. log 500 — log5 = log(500/5) = log 100 = 2 
4, log, 2? = 3log,2 = 3(1) =3 
Change of Base _ _ logyx 
Formula log, = logpa 
log 23 
Example: —log;23 = fay 2.854 


Section 5.6 Exponential and Logarithmic Equations and Inequalities 


Solving Exponential To solve an exponential equation we typically take the logarithm of each side. 
Equations 
Example: 4e* = 48 
e* = 12 
Ine* = In12 
x = Inl2 
xX = 2,485 
Solving Logarithmic To solve a logarithmic equation we typically need to exponentiate each side. 
Equations 
Example: Slog3.x = 10 
loggx = 2 
glogsx = 32 
x=9 
Section 5.7 Constructing Nonlinear Models 
Exponential Model f(x) = Ca*, f(x) = ab’, or A() = Age 


Models data that increase or decrease rapidly 


Logarithmic Model f(x) = a + binx or f(x) = a + blogy. 
Models data that increase slowly 


Logistic Model f@ = =z» Where a, b, and ¢ are positive constants, 


aes en 
1 + ae 
Models data that increase exponentially at first, then have a decreasing rate of 
growth, and finally level off near the value of c, where c is called the carrying 
capacity. Its graph is a sigmoidal curve, See FIGURE 5.88. 
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A Review Exercises 


1, Use the tables to evaluate, if possible. 7. Let f(x) = Vand g(x) = x? + x and evaluate, 
fee F =I i]3 (a) (f°g)(2) ) SO) 
fo | 3s [7 [9 | fates itis 8. Use f(x) = x7 + 1 and g(x) = x3 — x? +2N41 
+ g)(1 b) (fF — 2)(3 to find each expression. 
(a) Y g(l) wf 16) @) (fone) @) @ #969 
©) aD) @ (4/80) Exercises 9-12: Find (f ° g)(x) and identify its domain. 
2. Use the graph to evaluate each expression, 9. f@) =x - x2 4+3x-2 g(x) =x! 
(a) (f — g)(2) (b) (fg)(0) 
10. f(x) = Vx +3 g(x) =1- x? 
11. f(x) = W2x - 1 g(x) = bx + 5 
2 1 
12. f(x) = =r g(x) = sa 


Exercises 13 and 14: Find f and g so that h(x) = (g° f)(x). 


13. h(x) = Vx? +3 14, h(x) = : 


(2x + 1) 


3. Let f(x) = x? and g(x) = | — x and evaluate. 


(a) (f + 8)(3) (b) (f ~ g)(-2) Exercises 15 and 16: Describe the inverse operations of the 
given statement. Then express both the statement and its 
( © (fa) @ (4/90) inverse symbolically, 


4, Use f(x) = x? + 3x and g(x) = x? — | to find each 15, Divide x by 10 and add 6. 
expression, Identify its domain. 


(a) (f + g)(x) (b) (f — @) 16. Subtract 5 from x and take the cube root. 
() (fa)) @) (f/g)Q) Exercises 17 and 18: Determine if f is one-to-one. 
17. f(x) =3x-1 18, f(x) = 3x? — 2x + 1 


5, Tables for f and gare given, Evaluate each expression. 


Exercises 19 and 20; Determine if f is one-to-one. 
y 20. y 


© 


|_«|-2[ 0 | 2 7a He 1 
[no ita [3 m@tals | 0 | 


(a) (ge f)(-2) (by = 8)(3) © £'@) 


Use the graph to evaluate each expression. 


(a) (feg)2) =) (geNO © fh 


Ss 


21. The table is a complete representation of f. Use the 
table of f to determine a table for f~'. Identify the 
domains and ranges of f and f~!, 


x|-1] 0] 4 | 6 
[roy | 6 | 4 | 3 [1 | 
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22. Use the graph of f to sketch a graph of ia 


Exercises 23 and 24: Find f~\(x). 
23. f(x) = 3x - § 24, fix) = BG 


a a -y.) — xt) 
25, Verify that f(x) =2v-1 and fy) =*5 


are inverses, 


26. Restrict the domain of f(x) = 2(x — 4)? + 3 so that 
f is one-to-one. Then find f~'(x). 


Exercises 27 and 28: Use the tables to evaluate the given 
expression. 


x{o]1|2]3 xfo[1]2|3 
rol4a[s{2]1| [elo] 2]3[4 
21. (fg )4) 28. (gto f')() 


29. Find f~!(x) if f(x) = Vx + 1,x = —1. Identify the 
domain and range of f and of f7!. 


30. Simplify e*e?’, 


Exercises 31 and 32: Find C and a so that f(x) = Ca‘ 
satisfies the given conditions. 


31. f(0) = 3 and f(3) = 24 
32. f(-1) = Band f(1) = 2 


Exercises 33-36: Sketch a graph of y = f(x). Identify the 
domain of f. 


33, f(x) = 4(2)* 
35. f(x) = log(—x) 


Exercises 37 and 38: Use the graph of f(x) = Ca¥ to deter- 
mine values for C and a. 


37. 


34. fx) = 37! 
36. f(x) = log (x + 1) 


39. Determine the final value of $1200 invested at 9% 
compounded semiannually for 3 years. 


40. Determine the final value of $500 invested at 6.5% 
compounded continuously for 8 years. 


41. Solve e* = 19 symbolically. 


fg 42. 


Solve 2° — x? = x graphically. Round each solution 
to the nearest thousandth. 


Exercises 43-46: Evaluate the expression without a calculator. 
43. log 1000 44, log 0.001 


45. 10log0.01 + loge; 46. log 100 + log V/10 


Exercises 47-50; Evaluate the logarithm without a 
calculator. 


47. log,9 48, logs3s 


49. Ine 50. log,32 


Exercises 51 and 52: Approximate to the nearest thousandth. 


51. log; 18 52. log, 173 
Exercises 53-60: Solve the equation. 

53. 10* = 125 54. 1.5* = 55 
55, ol = 5.2 56. 4c — 5 = 3 


57, 5* = 10 58. 3(10)* = 6 


59, 50 — 3(0.78)*"!9 = 21 60, 5(1.3)* + 4 = 104 


Exercises 61 and 62: Find either a linear or an exponential 
Junction that models the data in the table. 


6.7. Jolr1],2] [x ]o|t 
y 115] 3 | 6 y | 3 [45 


Exercises 63-66: Solve the equation. 
63. logy = 1.5 64. logsx = 4 


2 | 
6 | 


65. Inx = 3.4 66. 4-In(S—- x) = 3 


Exercises 67 and 68: Use properties of logarithms to com- 


bine the expression as a logarithm of a single expression. 
67. log6 + logSx 68. log V3 re log W3 
4x3 

rife 
Exercises 71-76: Solve the logarithmic equation. 

71. 8logx = 2 72, In2x = 2 


69, Expand in, 70. Expand log 
x 


73. 2log3x + 5 = 15 74, Slogyx = 25 


75, 
16. 
71, 


78, 


2logs(x + 2) = logs(x + 8) 
In(S — x) — In(S + x) = —In9 


Critical Thinking Suppose that (0, b) is the y-inter- 
cept on the graph of a one-to-one function f, What 
is the x-intercept on the graph of f7!? Explain your 
reasoning, 


Critical Thinking Let f(x) = ax + b witha # 0. 
(a) Show that f~! is also linear by finding f~'(x). 


(b) How is the slope of the graph of f related to the 
slope of the graph of f'? 


Applications 


79. 


80 


Bacteria Growth There are initially 4000 bacteria 
per milliliter in a sample, and after 1 hour their con- 
centration increases to 6000 bacteria per milliliter. 
Assume exponential growth, 

(a) How many bacteria are there after 2.5 hours? 


(b) After how long are there 8500 bacteria per mil- 
liliter? 


Newton's Law of Cooling A pan of boiling water 

with a temperature of 100°C is set in a room with 

a temperature of 20°C, The water cools to 50°C in 

40 minutes, 

(a) Find values for 7), D, and a so that the formula 
T(O= T) + Da‘ models the data, where ¢ is in 
hours, 


(b) Find the temperature of the water after 90 minutes. 
(c) How long does it take the water to reach 30°C? 


Combining Functions The total number of gallons 
of water passing through a pipe after x seconds is 
computed by f(x) = 10x. Another pipe delivers 
g(x) = 5x gallons after x seconds, Find a function /; 
that gives the volume of water passing through both 
pipes in x seconds, 


Test Scores Let scores on a standardized test be 
modeled by f(x) = 36e-2%"4, The function f 
computes the number in thousands of people that 
received score x, Solve the equation Sf) = 30. 
Interpret your result. 


84 


85, 


86 
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Modeling Growth The function given by 
W(x) = 175.6(1 — 0.66¢74)3 


models the weight in milligrams of a small fish 
called the Lebistes reticulatus after x weeks, where 
O0sx=< 14, Solve the equation W(x) = 50, 
Interpret the result. (Source: D, Brown and P. Rothery, 
Models in Biology.) 


Radioactive Decay After 23 days, a 10-milligram 
sample of a radioactive material decays to 5 milli- 
grams. After how many days will there be | milligram 
of the material? 


Tire Pressure A car tire has a small leak, and the 
tire pressure in pounds per square inch after ¢ min- 
utes is given by P(/) = 32e, After how many 
minutes is the pressure 15 pounds per square inch? 


Converting Units The figures show graphs of a 
function f that converts fluid ounces to pints and 
a function g that converts pints to quarts, Evaluate 
each expression, Interpret the results. 


(a) (g° /)(32) 
(b) #0) 
(©) (f-'eg (1) 


0 10 20 30 40 50 60 
Fluid ounces. 


500 


fa 87 


88 
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Modeling Epidemics In 1666 the village of Eyam, 
located in England, experienced an outbreak of the 
Great Plague. Out of 261 people in the community, 
only 83 people survived. The tables show a function 
f that computes the number of people who were 
infected after x days. 


x] 0 15 30 | 45 
fix) | 7 21 57 | iil 
x [ 60 75 90 | 125 
ray | 136 | 158 | 164 | 178 


Source; G. Raggett. “Modeling the Eyam plague.” 


Find a function f that models the given data. 
(Answers may vary.) 


Greenhouse Gases Methane is a greenhouse gas 
that is produced when fossil fuels are burned. In 1600 
methane had an atmospheric concentration of 700 
parts per billion (ppb), whereas in 2000 its concentra- 
tion was about 1700 ppb. (Source: D. Wuebbles and J. 
Edmonds, Primer on Greenhouse Gases.) 


(a) Find values for Cand aso that f(x) = Ca* mod- 
els the data, where x is the year. 


p (b) Solve f(x) = 1000 and interpret the answer. 


89. 


9°. 


Exponential Regression The data in the table can 
be modeled by f(x) = ab* Use regression to estimate 
the constants a and b, Graph f and the data. 


eae 


1.42 | 1.05 


Logarithmic Regression The data in the table can 
be modeled by f(x) = a+ biInx Use regression 
to estimate the constants a and b. Graph f and the 
data. 


x 2 3 4 5 
y | 2.93 | 3.42 | 3.76 | 4.03 


(a) Find the spring constant. 
(b) How far will a 25-pound weight stretch this spring? 


78. Hooke’s Law If an 80-pound force compresses a 
spring 3 inches, how much force must be applied to 
compress the spring 7 inches? 


79, Force of Friction The table lists the force F needed to 
push a cargo box weighing x pounds on a wood floor. 


x (Ib) } 150 210 | 320 
F(lb)| 26 36 54 


ty Lk re 
iP (a) Compute the ratio a for each data pair in the 
; table. Interpret these ratios. 


180 84, 


31 


(b) Approximate a constant of proportionality k sat- 
isfying F = kx. (k is the coefficient of friction.) 


Bo Graph the data and the equation together. 


(a) Estimate the force needed to push a 275-pound 
cargo box on the floor. 


# 80, Electrical Resistance The electrical resistance of a 
wire varies directly with its length. If a 255-foot wire 
has a resistance of 1.2 ohms, find the resistance of 
135 feet of the same type of wire. Interpret the con- 
stant of proportionality in this situation. 


85. 


Linear Regression 


81. Ring Size The table lists ring size S for a finger with 
circumference x in centimeters. 


x(cem)} 4.65 5.40 5.66 6.41 
S (size) 4 7 8 11 
Source: Overstock. 


(a) Find a linear function S that models the data. 


86. 


87. 


(b) Find the circumference of a finger with a ring size 
of 6, 


88. 


82. Hat Size The table lists hat size H for a head with 


circumference x in inches. 


1994 | 1998 | 2004 
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Year 2008 2016 
Cost] 1.2 | 1.6 | 2.3 | 2.7 5.0 

Source: MSNBC. 


(a) Find a linear function f that models the data. 


2012 
o 


(b) Estimate the cost in 2009 and compare the esti- 
mate to the actual value of $3.0 million. Did your 
estimate involve interpolation or extrapolation? 


Women in Politics The table lists the percentage P of 
women in state legislatures during year x. 


x | 1993 | 1997 | 2001 | 2005 | 2007 | 
P| 20.5 | 21.6 | 22.4 | 22.7 | 23.5 | 


Source: National Women’s Political Caucus. 


Find a linear function P that models the data. 


(a) 
(b) 


Estimate this percentage in 2003 and compare the 
estimate to the actual value of 22.4%. Did your 


estimate involve interpolation or extrapolation? 


(c) 


Use P to estimate the year when this percentage 
reached 25%, 


Writing about Mathematics 


Critical Thinking Explain what a piecewise-defined 
function is and why it is used. Sketch a graph of a 
continuous piecewise-linear function f that increases, 
decreases, and is constant. Let the domain of f be 
-4sxs4. 


Find a real data set on the Internet that can be modeled 
by a linear function. Find the linear modeling function. 
Is your model exact or approximate? Explain, 


How can you recognize a symbolic representation 
(formula) of a linear function? How can you recog- 
nize a graph or table of values of a linear function? 


Explain how you determine whether a linear func- 
tion is increasing, decreasing, or constant. Give an 
example of each. 


Extended and Discovery Exercises 


x(in)| 21t | 21% | 228 | 25 
S (size) 63 7 1 8 


(a) Find a linear function S that models the data, 


et Exercises 1 and 2: Estimating Populations Biologists 
” sometimes use direct variation to estimate the number of 
fish in small lakes. They start by tagging a small nunber 
of fish and then releasing them. They assume that over a 
period of time, the tagged fish distribute themselves evenly 


throughout the lake. Later, they collect a second sample. 


(b) Find the circumference of a head with a hat size 

of ce 
83. Super Bowl Ads The table at the top of the next 
column lists the cost in millions of dollars for a 
30-second Super Bowl commercial for selected years. 


The total number of fish and the number of tagged fish 
in the second sample are counted. To determine the total 


population of fish in the lake, biologists assume that the 
proportion of tagged fish in the second sample is equal 


to the proportion of tagged fish in the entire lake. This 


152 
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technique can also be used to count other types of animals, 
such as birds, when they are not migrating. 


1, 


» 


4, 


Eighty-five fish are tagged and released into a pond. 
A later sample of 94 fish from the pond contains 13 
tagged fish. Estimate the number of fish in the pond, 


Sixty-three blackbirds are tagged and released. Later 
it is estimated that out of a sample of 32 blackbirds, 
only 8 are tagged. Estimate the population of black- 
birds in the area. 


Height and Shoe Size In this exercise you will deter- 
mine if there is a relationship between height and 
shoe size, 

(a) Have classmates write their shoe size and height in 
inches on a slip of paper, When you have enough 
information, complete the following table—one for 
adult males and one for adult females. 


Height (inches) 
Shoe size 


(b) Make a scatterplot of each table, with height on 
the y-axis and shoe size on the y-axis, Is there any 
relationship between height and shoe size? Explain. 


(c) Try to find a linear function that models each 
data set, 


Archeology It is possible for archeologists to estimate 
the height of an adult based only on the length of the 
humerus, a bone located between the elbow and the 


shoulder, The approximate relationship between 
the height y of an individual and the length x of the 
humerus is shown in the table for both males and 
females. All measurements are in inches. Although 
individual values may vary, tables like this are the 
result of measuring bones from many skeletons. 


-——“< 


y (females) 


y (males) 


x 
y (females) 
y (males) 


71.0 


(a) Find the estimated height of a female with a 
12-inch humerus, 


fq (>) Plot the ordered pairs (x,y) for both sexes, What 


type of relation exists between the data? 


(c) For each |-inch increase in the length of the 
humerus, what are the corresponding increases 
in the heights of females and of males? 


@ 


7 


Determine linear functions f and g that model 
these data for females and males, respectively. 


(e) Suppose a humerus from a person of unknown 
sex is estimated to be between 9.7 and 10.1 inches 
long. Use f and g to approximate the range for 
the height of a female and a male, 


CHECKING BASIC CONCEPTS FOR SECTIONS 2.3 AND 2.4 


1, 


2, 


3, 


Solve the inequality 2(~ — 4) > 1 — x. Express the 
solution set in set-builder notation. 


Solve the compound inequality —2 s | — 2x = 3. 
Use set-builder or interval notation, 


Use the graph to solve each equation and inequality. 
Then solve each part symbolically. Use set-builder or 
interval notation when possible. 


(a) -3(2- x) -4y-3= 
(b) -3(2 - x) -4y- 


3 
2 
() -3(2-x) -4y-3< 


4, The death rate from heart disease for people ages 15 


through 24 is 2.7 per 100,000 people. 


(a) Write a function f that models the number of 
deaths in a population of x million people 15 to 
24 years old. 


(b) There are about 39 million people in the United 
States who are 15 to 24 years old. Estimate the 
number of deaths from heart disease in this age 
group. 


5. A driver of a car is initially 50 miles south of home, 


driving 60 miles per hour south. Write a function 
f that models the distance between the driver and 
home. 


2.5 Absolute Value Equations and Inequalities 153 


2.5 | Absolute Value Equations and Inequalities 


\ 


« Evaluate and graph the 


absolute value function Introduction 
« Solve absolute value A margin of error can be very important in many aspects of life, including being 
equations fired out of a cannon. The most dangerous part of the feat, first done by a human 
« Solve absolute value in 1875, is to land squarely on a net. For a human cannonball who wants to fly 180 
inequalities feet in the air and then land in the center of a net with a 60-foot-long safe zone, there 


is a margin of error of +30 feet. That is, the horizontal distance D traveled by the 
human cannonball can vary between 180) — 30 = 150 feet and 180 + 30 = 210 feet. 
(Source: Ontario Science Center.) 

This margin of error can be expressed mathematically by using the following 
absolute value inequality 


|D — 180] = 30. 
The absolute value is necessary because D can be either less than or greater than 180, 
but by not more than 30 feet. 
The Absolute Value Function 


The absolute value function is defined by f(x) = |x|. The following See the Concept 
describes many of the properties of this function. 


( See the Concept: The Absolute Value Function 


Domain: All real numbers 


k Range: y = 0 
= 6 y= Ix | Increasing: x > 0 
SS : | Yes Mieni= oi Decreasing: x < 0 
a al g: 


The graph of the absolute value function suggests that the absolute value func- 
tion can be defined symbolically using the following piecewise-linear function. 


Formula for f(x) = |x| Fis = [-* a habs Piecewise-linear function 
vibe: S \ x ifx20 
There is another formula for |x|. Consider the following examples. 
VP =V9=3 and V(-3)?=V9=3 
VP =V49=7 and V(-7)2 = V49=7 
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That is, regardless of whether a real number x is positive or negative, the expression 
x? equals the absolute value of x. This statement is summarized by 


A different formula for f(x) = |x| ——|..| x? for all real numbers x, 


For example, |y| = Vy?, [x 1] = V(x — 1)%, and [2x] = V(2x)?, 


Analyzing a graph involving an absolute value 


The graph of f(x) = |x + 1| — 2 is shown in FIGURE 2.54. Complete the following 
and use interval notation when appropriate. 

(a) Identify all x-intercepts and y-intercepts. 

(b) For what x-values is f(x) > 0, f(x) < 0, or f(x) = 0? 

(c) Where is f increasing and where is f decreasing? 

(d) Give the domain and range of f. 


SOLUTION 

(a) The graph intersects the x-axis at (—3,0) and (1,0), which are the two x-intercepts. 
The graph intersects the y-axis at (0,—1), which is the only y-intercept. 

(b) f(x) > 0 whenever the graph of f is above the x-axis, or (—%, -3) U (1, oo), 
Similarly, f(.) < 0 on the interval (—3, 1). Also, f(x) = 0 for x = —3, 1. 

FIGURE 2.54 (c) The graph is increasing to the right of x = —1, or on the interval (—1, %), and 
the graph is decreasing to the left of x = —1, or on the interval (—%, —1). 

(d) The formula f(x) = |x + 1| — 2 is defined for all real numbers x. Thus, the 
domain is (—%, 2%). The graph of f includes points whose y-values are greater 
than or equal to —2. Thus, the range is [—2, ~), 


Analyzing the graph of y = |ax + b| 


Graph y = f(x) and y = | f(x)| separately. Discuss how the absolute value affects 
the graph of f. 
(a) f(x) =x+2 (b) f(x) = -2n +4 


SOLUTION 

(a) The line y = x + 2 is shown in FIGURE 2.55. The graph of y = |x + 2| in 
FIGURE 2.56 is V-shaped and never dips below the x-axis because an absolute 
value is never negative. 


Absolute Value of a 
Linear Function Linear Function 


To graph y= |x +2|, reflect } 
the red portion below the 
x-axis across the x-axis. 


FIGURE 2.55 FIGURE 2.56 
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(b) The graphs of y; = —2x + 4 and y, = |-2x + 4] are shown in FIGURES 2.57 
and 2.68, respectively. 


Absolute Value of a 
Linear Function Linear Function 


To graph y = |-2x +4|, 
reflect the red portion below 
the x-axis across the x-axis. 


FIGURE 2,57 FIGURE 2.58 


Now Try Exercises 13 and 17 


(TY Example 2 illustrates the fact that the graph of y = lax + b| with a # 0 is 
V-shaped and is never located below the x-axis, The vertex (or point) of the V-shaped 
graph corresponds to the x-intercept, which can be found by solving the linear equa- 
tion ax + b = 0, 


MAKING CONNECTIONS 


Graphs and the Absolute Value In general, the graph of y = | f(x) | is a reflection 
of the graph of y = f(x) across the x-axis whenever f(x) < 0, Otherwise (whenever 
f(x) > 0), their graphs are identical. The following graphs illustrate this connection, 


The Effect of the Absolute Value on a Graph 


y 


y 


y= [fo] 


Absolute Value Equations 


Equations in the Form |x| = k The equation |x| = 5 has two solutions; +5. 
This fact is shown visually in FIGURE 2.59 on the next page. where the graph of 
y = |x| intersects the horizontal line y = 5 at the points (£5, 5). In general, the 
solutions to |x| = & with k > 0 are given by x = + /’, See also FIGURE 2,60 on the 
next page. 
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Solving |x| = 5 Graphically Solving |x| = k Graphically 


Two solutions: — fc, fc 


FIGURE 2.59 FIGURE 2.60 


Equations in the Form |ax + b| = k The absolute value equation |ax + b| =k 
can be solved graphically. In the following See the Concept, the V-shaped graph of 
y = |ax + b| intersects the horizontal line (yy = k) two, one, or zero times, depending 
on the value of k. 


See the Concept: Solving | ax + b| = k Graphically 


: = | : iz = 7 @® The V-shaped graph 
ale, Called 1] ee ae eee Pel Gk Se intersects the red line 
y | wy twice when k > 0, 


o- y= lax + d| y = lax + d| @ The V-shaped graph 
intersects the red line 
once when k = 0, 


x @ The V-shaped graph 
does not intersect the 
red line when k < 0, 


Two solutions | | One solution 
oad 


No solutions | 


Because the solutions to |x| = k are given by x = +4, it follows that the solu- 
tions to |ax + b| = k are given by ax + b = +k. This concept is used to solve 
absolute value equations symbolically. 


Jax + b| =k is equivalent to ax + b= +k. 


(XGA) To solve jax + b| = k, solve both of the linear equations ax + b = k and 
ax +b = —k, 


EXAMPLE «i Solving absolute value equations 


Solve each equation. 
(a) [3x - 6| = 15 (b) [1 — 2x] = -3 (Q [3x -2| -5=-2 
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SOLUTION 
(a) The equation Rx — 6| = 15 is satisfied when sx -6= +1 


mn 


ay —-6=15 or 3 -6= -15 
3x = 21 or dy = -9 te-eacly 
x = 28 or x= -12 


No Solutions: |1 — 2x| = —3 


The solutions are —12 and 28. 

(b) Because an absolute value is never negative, |1 — 2x| # —3 for all x. There are 
no solutions. This is illustrated graphically in FIGURE 2.61. 

(c) Because the right side of |3x — 2| — 5 = —2 is a negative number, it might 
appear at first glance that there are no solutions. However, if we add 5 to each 
side of the equation, 


[3x — 2| -5=~-2 becomes |3x — 2| = 3. 


This equation is equivalent to 3x — 2 = +3 and has two solutions, 
a= 2S 3 or 3x1 —- ZS 3 Equations to sol 
HIQURE:2.61 3x=S5S or 3x = -1 Add h sid 
gue or x= a divide | 
3 3 


The solutions are -4 and 3, 


loaiignoard Solving an absolute value equation 


Solve the equation |2x + 5] = 2 graphically, numerically, and symbolically. 


SOLUTION 
Graphical Solution Graph y, = |2x + 5| and y, = 2, The V-shaped graph of 
intersects the horizontal line at the points (—3.5,2) and (~— 1.5, 2), as shown in 


FIGURES 2.62 and 2.63. The solutions are — 3.5 and ~ 1.5. 
Numerical Solution Table y, and y2, as shown in FIGURE 2.64, The solutions to the 
equation y; = y, are —3.5 and ~ 1.5. 

First Graphical Solution Second Graphical Solution Numerical Solutions 
[-9,9, 1] by [-6, 6, 1] [-9,9, 1] by [-6, 6, 1] 


intersection 


FIGURE 2.62 FIGURE 2.63 FIGURE 2.64 


Symbolic Solution The equation |2x + 5| = 2 is satisfied when 2x + 5 = +2. 


2x+5=2 or 2x +5= -2 juations t | 
24: = —-3 or 2x = —-7 ubtract 5 from each sid 
All three methods give yes oe 3 Ben? 7 
the same solutions. aaa -_ es 


158 


CHAPTER 2 Linear Functions and Equations 


lod WII Describing speed limits with absolute values 


EXAMPLE 6 


The maximum and minimum lawful speeds S on an interstate highway satisfy the 
equation |S — $5] = 15, Interpret this absolute value equation, Find the maximum 
and minimum speed limits. 


SOLUTION Getting Started The equation |S — 55| = 15 indicates that the max- 
imum and minimum speed limits are either 15 miles per hour greater than 55 miles per 
hour or 15 miles per hour /ess than 55 miles per hour, > 

The equation |S’ — 55| = 15 is equivalent to S — 55 = +15, 


S- 55 = 15 or S— 55 = -15 Equations to solve 
S=70 or S = 40 Add 55 to each side 


The maximum speed limit is 70 miles per hour and the minimum is 40 miles per hour, 


Now Try Exercise 111 


An Equation with Two Absolute Values Sometimes more than one absolute 
value sign occurs in an equation. For example, an equation might be in the form 


Jax + b| = lex + d|, 
In this case there are two possibilities: Solve both equations. | 
either ax+bh=te+d or ax +b = —(ex + d), 


This symbolic technique is demonstrated in the next example, 
Solving an equation involving two absolute values 


Solve the equation |x — 2| = |1 — 2x}. 


SOLUTION We must solve both of the following equations. 
x¥-2=1-2y or xy-2=-(1 - 2x) 
3x = 3 oe #-Q=—1. + Wx 
x=1 or -l=y 
There are two solutions: —1 and 1, 
Absolute Value Inequalities 


Understanding Through Visualization The solution set to an absolute value 
inequality can be understood visually, as shown in the following See the Concept. 


See the Concept: Solving |ax + b| <k and |ax + b| > k Visually 


y 


y= |e +5) The solutions to | y=k 
lax + b|= kare : 
|——__ s,ands). 
! ee = 5 


I 
4 a” “4 
| ——-»—}—-« ~< 
| 5 
‘ lax + bl <k 


@® The V-shaped graph is below 

the red line between s, and sp, 
; The solutions to Jax + b|<k 
y= lax + d| satisfy 5) <x <s), 


@® The V-shaped graph is above 
| the red line to the left of s; and 
Me to the right of s). The solutions 
to |ax + b| > k satisfy 
x <syor x> 5, 


y 


FIGURE 2.65 


EXAMPLE 7 


Solution set: (0, 4) | 


FIGURE 2.66 


2.5 Absolute Value Equations and Inequalities 159 


In both of the preceding See the Concept figures, equality (determined by s; 
and 5) is the boundary between greater than and less than. For this reason, s; and 52 
are called boundary numbers. 


jabba A eS _— 
Let the solutions to |ax + b| = k be s; and s2, where s; < sy and k > 0. 
1, |ax + b| < k is equivalent to 5, < x < 5. 

2. lax + b| > k is equivalent to x < 5, or x > 8. 


Similar statements can be made for inequalities involving = or =. 


For example, the graphs of y = |x + 1| and y = 2 are shown in FIGURE 2.65. 
These graphs intersect at the points (—3, 2) and (1, 2). It follows that the two solu- 
tions to 


|x + 1] =2 
are sj = —3 and s) = 1. The solutions to |x + 1| <2 lie between 5; = —3 
and 5) = 1, which can be written as —3 < x < |. Furthermore, the solutions to 
|x + 1| > 2 lie “outside” s; = —3 and s) = 1. This can be written using the com- 


pound inequality x << —S3orx > 1. 
In the next example we solve absolute value inequalities both numerically and 
graphically. 


Solving an inequality numerically and graphically 


Solve each absolute value inequality numerically and graphically. 
(a) |4-2x| <4 (b) |4-2x| >4 


SOLUTION 


(a) Numerical Solution TABLE 2.7 shows xy-values for y; = |4 — 2x]. Note that 
the equation |4 — 2x| = 4 when x = Oand x = 4. From this table, |4 — 2x| <4 
when 0 < x < 4, or (0, 4) in interval notation. 


fe |4- 2x] >4 


— |4-2x| =4 
<— |4-2x| <4 


<— |4-2x| =4 


= |4—2x| >4 


TABLE 2.7 


Graphical Solution Yn FIGURE 2.66 the V-shaped graph of », = |4 — 2x| lies below 
the red horizontal line », = 4 between x = 0 and x = 4, or when 0 < x < 4. Thus, 
the solution set to |4 — 2x| < 4 is (0, 4) in interval notation. The graphical and 
numerical solutions agree. 
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CRITICAL THINKING } 


Solve |ax + b| = 0. 
Solve |ax + b| < -1. 


fee |4- 2x] >4 


<— |4-2x| =4 


<— |4-2x| <4 


a \4 py 2x| =4 Solution set: 
rigure 2.67 (74) 
Je |4-2x| >4 


TABLE 2.7 (Repeated) 


Numerical Solution TABLE 2.7 repeated above shows that |4 — 2x| > 4 when x < 0 
or when v > 4. Thus, in interval notation, the solution set is (—%, 0) U (4, ~). 


Graphical Solution \n FIGURE 2.67 the V-shaped graph of », = |4 — 2.| lies 
above the red horizontal line », = 4 to the left of x = 0 and to the right of x = 4, 
Thus, the solution set to |2. — || > 4is (-~,0)U(4, ©), and the graphical and 
numerical solutions agree. 


Solving inequalities involving absolute values symbolically 


Solve each inequality symbolically. Write the solution set in interval notation. 


(a) |2x — 5] = 6 (b) |5— x| > 3 
SOLUTION 
(a) Solve the equality first by solving |2x — 5| = 6, or equivalently, 2v — 5 = +0, 
2. 5= 6 or 2x -5= -6 
2x=11 or 2x = -1 
= ae | 
Y= B a 


The solutions to |2x — 5| = 6 are me and a The solution set for the inequality 
|2x — 5| < 6 includes all real numbers x satisfying -5 =xs an In interval 


notation this is written as [ -4 al * 
(b) Tosolve|5 — x| > 3, begin by solving|5 — x| = 3,orequivalently,5 — » = +3, 
5-x=3 or 5 t= 3 
—x = -2 or —x = -8 
x=2 or xv=8 


The solutions to |5 — x| = 3 are 2 and 8, Thus |5 — x| > 3 is equivalent to 
X < 2 or x > 8. In interval notation this is written as (—%, 2) U (8, @). 


Error Tolerances The iPhone 6 is 5.44 inches in height. However, it would be impos- 
sible to make every iPhone 6 exactly 5.44 inches high. Instead there is typically an 
error tolerance, where the height of an actual iPhone must be within a certain range. 

Suppose that the aeua/ height of a particular phone is A inches, but it is specified 
that this phone should be S inches high. If the maximum error tolerance is E, then 
FIGURE 2.68 illustrates this situation, 
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Distance Between A and S$ Must Be Less Than E 


E E 
—t + + —e—_} > 
0 S-E yf A S+E 
Specified height | Actual height | 


FIGURE 2.68 


The value of A must be located between S — E and S + E on the number line. 
That is, the distance between A and S must be less than the error tolerance £, and this 
statement can be written as |A — S| < E. 


Finding error tolerances on the iPhone 6 


The iPhone 6 is 5.44 inches high. Suppose that the actual height A of any particular 
iPhone has a maximum error tolerance that is less than 0.005 inch. 

(a) Write an absolute value statement that describes this situation. 

(b) Solve this inequality for A and interpret your result. 


SOLUTION 

(a) The distance between A and 5.44 on the number line must be less than 0,005. This 
statement can be written as |4 — 5.44] < 0.005. 

(b) To solve this inequality, we first solve equality: |4 — 5.44| = 0.005. 


A — 5,44 = —0.005 or A — 5.44 = 0.005 First solve equality 
A = 5.435 or A = 5,445 Id 5.44 to each sid 


Thus 5,435 < A < 5.445. The actual height must be greater than 5.435 inches and 
less than 5,445 inches. 


[Now Try Exercise 171} 


An Alternative Symbolic Method There is a second symbolic method that can 
be used to solve absolute value inequalities. This method is often used in advanced 
mathematics courses, such as calculus. 

The absolute value of a number gives its distance from the origin on a number 
line. For example, the solutions to |x| = 3 are 3 and —3 because both 3 and —3 are 
located 3 units from the origin, as shown in FIGURE 2.69. 


Absolute Values of —3 and 3 


FIGURE 2.69 


Now suppose we want to find the solution set to |x| <3. An x-value that satis- 
fies this inequality has a distance that is /ess than 3 from the origin. Thus the solutions 
to |x| <3 satisfy —-3 < x < 3, as shown in FIGURE 2.70. 


Distance from Origin Is Less Than 3: |x| < 3 
-3<x<3 
+e 
432-1012 3 4 5 

FIGURE 2.70 
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Finally, suppose we want to find the solution set to |x| > 3. An.x-value that sat- 
isfies this inequality has a distance that is greater than 3 from the origin. For example, 
both x = 4 and x = —4 are solutions to |x| > 3 because |4| > 3 and |—4| > 3. 
In general, solution to |x| > 3 satisfy x < —3 or x > 3, as shown in FIGURE 2.71 


Distance from Origin Is Greater Than 3:|x| > 3 
x< -30rx>3 
——_1_1_+_++— ++ 
4-3 2-1 0 f 2S 4 Ss 
FIGURE 2.71 


From the preceding discussion it follows that if |ax + b| <3, then 
—3 < ax + b < 3, Similarly, if |av + b| > 3, then ax + b < -3 or ax +b > 3. 
This method for solving absolute value inequalities is summarized by the following, 


Let k be a positive number. 


| 1. [ax + b| < k is equivalent to —k < ax +b <k. 
| 2. Jax + b| > k is equivalent to ax + b < —k orax +b>k. 


| . 7 . tae . . 
| Similar statements can be made for inequalities involving S or =. 


a CAIVIPLE 10 | Solving absolute value inequalities 


Solve each absolute value inequality. Write your answer in interval notation. 
(a) |4-—S5x]} <3 (b) |-4x - 6| > 2 


SOLUTION 
(a) |4 — Sx| < 3 is equivalent to the following three-part inequality. 


3S d= Sysi3 Equivalent inequ 

“as See Hl 

7 1 

5 5 : 

(CRITICAL THINKING) —__ In interval notation the solution is [4,2]. 
Sketch graphs of y = ax +b, () |-4x — 6| > 2 is equivalent to the foliowing compound inequality. 
y= lax +d,» =—k, and y =k -4y-6<-2 or —dv-6>2 Equivalent compound inequal 
on one xy-plane. Now use these 
graphs to explain why the alter- 4x <4 or —4x > 8 ¢ 1 ste 
native method for solving abso- x>-l or gc i [ ; 


lute value inequalities is correct. , the inec 


In interval notation the solution set is (—%, —2)U(-1, #). 


| Now Try Exercises 75 and 93 | 


| EXAMPLE 11 Solving absolute value equations and inequalities 


Solve each equation and inequality. 
(a) |S -—4xf=4 (b) [5-53] <4 (©) |s-4x)>4 
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SOLUTION 
(a) The given equation is equivalent to the following two equations. 
sehen d we Bd Eepiatiens tolbe soled 
-hy = or -}x =-9 — Subtract 5 from each side 
x=2 or x= 18 Multiply each side by — 


The solution are 2 and 18. 


(b) The solution set to |5 = 5x < 4 is found by solving the following three-part 
inequality. 
-4<5- hy <4 Three-part inequality 
-9< -hyx <=! Subtract 5 from each part 
i>x>2 Multiply by —2; reverse each inequality 
Thus, 2 < x < 18, and the solution set is (2, 18) in interval notation. 
(c) The solution set to |s - 5x > 4 is found by solving the following compound 
inequality. 
a bx <-4 oF = hx >4 Compound inequality 
-ty<-9 9 or —by > -1 Subtract 5 from each inequality 
x > 18 or x <2 Multiply by —2; reverse each inequality. 


Thus, x < 2 or x > 18, and the solution set is (—%, 2) U (18, @) in interval 
notation. 


Now Try Exercise 59 


Mas Putting It All Together 


CONCEPT 


Absolute value 
function 


EXAMPLES 
j(-2) = |-2] = 2 
y 


f(x) = |x|: The output from the absolute 
value function is never negative, 


|x| is equivalent to Vx". 
i= ifx <0 


£ if S20 


Absolute value 
equations 


1.1f k>0, then jax +5| =k has 
solutions, given by ax + b = Ek, 


1, Solve |3x — 5| = 4. 
3x -5=-4 or ie 3 = 
3x = 1 or 3x = 9 


two 


x=t or x=3 
2, Solve |x — 1| = 0, 


x-1=0 implies x= 1. 


2, If k=0, then lax + 6] =k has one 
solution, given by ax + b = 0. 


3.1f k<0, then jax +b| =k has no 
solutions, 


3, |4x — 9| = —2 has no solutions. 


continued on next page 
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Absolute value | To solve Jax + b| <k or jax +b] > k with | To solve |x — 5] <4 or |x — 5] > 4, first 
inequalities k > 0, first solve Jax + b| = k. Let these solve |. — 5| = 4 to obtain the solutions 
solutions be s; and 5), where St <5. 5; = land 5s) = 9, 


1. Jax + b| < k is equivalent to s, <x < $2. 1. |x — 5| < 4 is equivalent to 1 < x <9, 
2. lax + b| > k is equivalent to x < 5, 2. |x — 5| > 4 is equivalent to x < | 
or x > gy. orx > 9, 
Alternative 1, Jax + b| < k with k > 0 is equivalent to 1. |x — 1| < 5 is solved as follows, 
raattiod —k<axt+b<k. “S$ S7= I <8 
-4<x<6 
2. lax + b| > k with k > 0 is equivalent to 2, |x — | > 5 is solved as follows, 
ax +b <—-k or ax+b>k, x¥-1<-5 or »-1>5 
<4 or x>6 


ry “ty ‘oe ‘ 
Exercises 


Basic Concepts 
= oy = de, 
Exercises 1-8; Let a # 0, 13. y = 2x 14, y = 9x 
1, Solve |x| = 3. 2. Solve |x| = 3. 15. y = 3x —3 16. y=2x-4 
3. Solve |x| > 3. 4. Solve ax + b| = -2. 17. y=6—2x 18, py =2- 4y 
5. Describe the graph of y = |ax + b|. » Exercises 19-24; Critical Thinking (Refer to Example 1.) 
. . 3 The graph of y = f(x) is shown. Complete the following 
6. Solve Jax + b| = 0, and use interval notation when appropriate. 
7. Rewrite V36a? by using an absolute value. (a) Identify any x-intercepts or y-intercepts, 
(b) Determine the x-values that satisfy f(x) > 0, 
8. Rewrite V (ax + b)? by using an absolute value, f(x) <0, or f(x) =0. 
(c) How do the x-intercepts relate to the solution to the 
Absolute Value Graphs equation f(x) = 0 in part (b)? 
Exercises 9-12: Graph by hand. (d) Where is f increasing and where is f decreasing? 


(a) Find th int ” (e) Is function f ever Positive and decreasing on the same 
a) Find the x-intercept. ait ara 
‘ ‘ 5 interval? Explain. 
(b) eho mine where the graph is increasing and where it is (f) Give the domain and range o, ff. 
decreasing. 


% y= |x + 1] 10, y= |1- 4 


IL, y = [2x - 3] 


12, y= hx + 1| 


Exercises 13-18: (Refer to Example 2.) Do the following. 

(a) Graph y = f(x). 

(b) Use the graph of y = f (x) to sketch a graph of the 
equation y = | f(x)|. 

(c) Determine the x-intercept for the graph of y = | f(x)]. 


aa 


+. 
£. 


Absolute Value Equations and Inequalities 


Exercises 25-52; Solve the absolute value equation. 


25. 
21, 
29, 
31. 
33, 
35, 
37. 
39, 
41, 
43. 
44, 
45. 
46. 
41. 
48. 
49, 
50. 
51. 


52, 


-2x| = 4 
|-5x| = -2 
2x — 7) = 15 

-9 - 4x| = 1 

5x - 7| =2 

3 - 4x| =5 
—6x — 2| =0 

7 — 16x| =0 

l1x - 6| = -3 
Lax - 1) -5=-1 
3- 3x) -2=2 
ax — 3) +3 =2 
|4.5 — 2x] +9.7 = 11 


26. 


|2x — 9| = |8 — 3x| 

|x ~ 3| = [8 — >| 

Rx - t= = ds 

bx + 3] = Bx - al 
[15x — 5| = [35 — 5x| 
|20x — 40| = |80x — 20| 


3x| = 6 
|-10x| = —100 
4x +3] =27 
-7 - 3x| = 22 
3x - 2| = 5 
2-3x| =1 
6x - 9| =0 
-x-4|=0 

. |-8x - 1] = -7 
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Exercises 53 and 54. The graphs of f and g are shown. 
Solve each equation and inequality. 


53. (a) f(x) = g(x) 
(b) f(x) < g(x) 
© f(x) > g(x) 


54, (a) f(x) = g(x) 
(b) f(x) S g(x) 
(©) f(x) = g(x) 


In Exercises 55-58: Use the graph, along with the indicated 
points, to give the solutions to each of the following. 

(a) f(x) = g(x) 

(b) f(x) < g(x) 

(c) f(x) > g(x) 

55. ’ 


Exercises 59-62: Solve each equation or inequality. 
59, (a) |2x — 3| = 1 60. (a) |S — x] =2 


(b) |5— | =2 
© |5-x| =2 


(by [2x - 3] <1 
(©) |2x- 3] >1 
61. (a) |4—2x] =6 62. (@) [9 - 3x] =3 
(b) |4-2x| <6 (b) |9 — 3x] <3 


(©) |4- 2x| =6 (©) |9 - 3x] >3 
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Exercises 63-66; Solve the equation 
(a) graphically, 

(b) numerically, and 

(c) symbolically. 

Then solve the related inequality. 

63, |2x — 5| = 10, |2x — 5] < 10 


64, |4x-—4| = 8, |4v-4| <8 
65, |6 — 3x| = 3, [6 - 3x] > 3 
66, |4x—7/=5, |4v-7/ 25 


Exercises 67-72; Solve the equation symbolically, Then 
solve the related inequality. 


67, |2.1x — 0.7| = 2.4, |2.1x - 0.7] = 2.4 
6 \v-§=3 0 y-]s] 

69, |3x| + 5 = 6, 3x| + 5 > 6 

70, |x| — 10 = 25, x| — 10 < 25 
m.e-H=-h  e-H=-4 


72, |Sx - 0.3) = —4, [5x 


Checking Symbolic Skills 


Exercises 73-98: Solve the inequality, Write the solution in 
interval notation. 


73, [3x — 1] <8 74, [15 —x| <7 


75, |7 = 4x| < 11 76, |-3x + 1] <5 
71, |-tx| <3 78. |-tx| <1 
79, |tx| = 9 80. [tx] = 8 


81, [3x — 5] <7 82, [9x + 1] < 10 


83, |-5 - 2x| > 1 84, |-3 — 6x] > 9 
85, |8 — 2x| = 10 86. |5 — 10x] = 20 
87, |4x + 1] <-1 88, |—5x — 2] < -2 


89, |x + I|-1 = -2 90. |-2x| + 1 


WV 
| 


91, |0.5x- 0.75] <2 92, [21x - 5] <8 


93. 2x - 3| > 1 
94, |Sx — 7] > 2 
95, |-3x + 8| =3 
96, |-7x — 3| = 5 
97, |0.25x — 1| > 3 


98, |-0.5y + 5| = 4 


Thinking Critically about Domain and Range 
99, If f(k) = —6, what is the value of | f(k)|? 
100. If f(&) = 17, what is the value of | f(4)|? 


101. If the domain of f(.) is given by [—2, 4], what is 
the domain of | f(x) |? 


102. If the domain of f(x) is given by (—%, 0], what is 
the domain of | f(x) |? 


103. If the range of f(x) is given by (—%, 0], what is 
the range of | f(x) |? 


104, If the range of f(x) is given by (—4, 5), what is the 
range of | f(x) |? 


105. If the domain of » = f(x) is [-2, 3] and the range 
is (—5, 8], find the domain and range of each of the 
following, 


(a) y = -|f(x)| +2 
(b) y = -[f(x)| - 3 
© y= |f(x-1)[ +1 


106. If a and b are fixed real numbers with a % 0, then 
give the domain and range of each function, 


(a) f(x) = lax + b| 
(b) g(x) = lax + b| +1 


(c) h(x) = -lax + b| - 1 


Exercises 107 and 108; A graph of y = f(x) is given. Find 
the domain and range of y = f(x) and of y = \f(x)|. 
Use interval notation, 


Applications 


109, Freezer Temperature The temperature Jina freezer 
is always within 5° F of —10° F, Write an absolute 
value inequality that describes possible temperatures 
in the freezer, Give the temperature range of 7. 


110, Salary Range The salary S for a mechanic must be 
within $8000 of $60,000. Write an absolute value 
inequality that describes possible salaries for the 
mechanic, Give the salary range of S. 


111. 


112. 


113, 


114, 


Speed Limits The maximum and minimum lawful 
speeds S$ on an interstate highway satisfy the equa- 
tion |S — 57.5| = 17.5. Find the maximum and 
minimum speed limits. 


Human Cannonball A human cannonball plans to 

travel 180 feet and land squarely on a net with a 

70-foot-long safe zone. 

(a) What distances D can this performer travel and 
still land safely on the net? 


(b) Use an absolute value inequality to describe the 
restrictions on D, 


Air Temperature and Altitude The air temperature 
decreases as altitude increases. If the ground tem- 
perature is 80°F, then the air temperature x miles 
high is T = 80 — 19x. 
(a) Determine the altitudes x where the air temperature 
T is between 0°F and 32°F, inclusive. 


(b) Use an absolute value inequality to describe these 
altitudes, 


Dew Point and Altitude The dew point decreases 

as altitude increases. If the dew point on the 

ground is 80°F, then the dew point x miles high is 

D = 80 - By. 

(a) Determine the altitudes x where the dew point D 
is between 50°F and 60°F, inclusive, 


(b) Use an absolute value inequality to describe 
these altitudes. 


Exercises 115-120; Average Temperatures The inequal- 
ity describes the range of monthly average temperatures T 
in degrees Fahrenheit at a certain location. 


(a) 
(b) 


115. 
116. 
117. 
118. 
119, 
120. 
121. 


Solve the inequality. 
If the high and low monthly average temperatures sat- 
isfy equality, interpret the inequality. 


|T — 43| < 24, Marquette, Michigan 

|T — 62| < 19, Memphis, Tennessee 

|7 — 50| < 22, Boston, Massachusetts 

|T — 10| < 36, Chesterfield, Canada 

|T — 61.5| < 12.5, Buenos Aires, Argentina 
|T — 43.5| = 8.5, Punta Arenas, Chile 


Classic iPod Dimensions The classic iPod is 10.5 
millimeters thick. Suppose that the actual thickness 
T of any particular iPod has a maximum error toler- 
ance that is less than 0.05 millimeter. 
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(a) Write an absolute value statement that describes 
this situation. 


bc (b) Solve this inequality for T and interpret your 


122. 


126. 


result. 


Error In Measurements An aluminum can should 

have a diameter D of 3 inches with a maximum error 

tolerance that is less than 0.004 inch. 

(a) Write an absolute value statement that describes 
this situation. 


(b) Solve this inequality for D and interpret your 
result, 


Machine Parts A part for a machine must fit into 

a hole and must have a diameter D that is less than 

or equal to 2.125 inches. The diameter D cannot be 

less than this maximum diameter of 2.125 inches by 

more than 0.014 inch. 

(a) Write an absolute value statement that describes 
this situation. 


(b) Solve this inequality for D and interpret your 
result. 


Error in Measurements Suppose that a 12-inch ruler 

must have the correct length L to within 0.0002 inch. 

(a) Write an absolute value inequality for L that 
describes this requirement. 


» (b) Solve this inequality and interpret the results. 


. Relative Error If a quantity is measured to be Q and 


its exact value is A, then the relative error in Q is 


ize 
A 


If the exact value is A = 35 and you want the relative 
error in Q to be less than or equal to 0.02 (or 2%), 
what values for Q are possible? 


Relative Error (Refer to Exercise 125.) The exact 
perimeter P of a square is 50 feet. What measured 
lengths are possible for the side S of the square to 
have relative error in the perimeter that is less than 
or equal to 0.04 (or 4%)? 


Writing about Mathematics 


127. 


128. 


Explain how to solve jax + b| =k with k>0 
symbolically. Give an example. 


Explain how to use the solutions to |ax + b| =k 
with k > 0 to solve the inequalities |ax + b| <k 
and |ax + b| > k. Give an example. 
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Extended and Discovery Exercises 


1. Let 5 be a positive number and let x and c be real 
numbers, Write an absolute value inequality that 
expresses that the distance between x and ¢ on the 
number line is less than 6, 


2, Let « be a positive number, L be a real number, and 
f be a function, Write an absolute value inequality 
that expresses that the distance between f(x) and L 
on the number line is less than e, 


CHECKING BASIC CONCEPTS FOR SECTION 2.5 


1, Rewrite V4x? by using an absolute value. 
2. Graph y = |3x — 2| by hand, 
3, (a) Solve the equation |2x — 1] = 5, 


(b) Use part (a) to solve the absolute value inequalities 
|2x — 1| = 5 and |2x - 1] > 5. Use interval 
notation, 


CONCEPT KPLANATION AW 
Section 2.1 Equations of Lines 


Point-Slope Form 


y=m(x- x) +) 


4. Solve each equation or inequality. For each inequal- 
ity, write the solution set in interval notation, 
(a) |2 -— 5x] -4 =-1 


(b) [3x — 5] s 4 
(©) |x - 3] > 5 


5. Solve |x + 1| = 2x]. 


AIVIPTLE: 
IVIP LE} 


If a line with slope m passes through (x;, );), then 


or y— yy = m(x — x1). 


Example; y = (x + 4) + Shas slope -} and passes through (—4, 5). 


Slope-Intercept Form 


If a line has slope m and y-intercept (0, b), then y = mx + b. 


Example: y = 3x — 4 has slope 3 and y-intercept (0, —4). 


Standard Form 


Any line can be written as Ax + By = C, where A, B, and C are constants 


and A and B are not both zero. 


Example: 4x — 3y = 


Determining Intercepts 


12 has slope 4 and y-intercept (0, -4). 


To find the x-intercept(s), let y = 0 in the equation and solve for x, 


To find the y-intercept(s), let x = 0 in the equation and solve for y. 


Examples; The x-intercept on the graph of 3x — 4y = 12 is (4, 0) because 


3x — 4(0) = 
The y-intercept on the graph of 3x — 4y = 


3(0) -— 4y = 


Horizontal and 
Vertical Lines 


Examples; The horizontal line y 


12 implies that x = 4. 


12 is (0,-3) because 
12 implies that y = —3, 


A horizontal line passing through the point (a, b) is given by y = b, anda 
vertical line passing through (a, b) is given by x = a. 


—3 passes through (6, —3). 


The vertical line x = 4 passes through (4, —2). 
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NCEP E! LANATION 


Section 2.1 Equations of Lines (CONTINUED) 


Parallel and Parallel lines have equal slopes satisfying mz = m2, and perpendicular lines 
Perpendicular Lines have slopes satisfying mm. = —1, provided neither line is vertical. 


Examples: The lines y, = 3x — 1 and y, = 3x + 4 are parallel. 


The lines y; = 3x — 1 and y. = —hy + 4 are perpendicular. 


Interpolation and Interpolation occurs when estimates are made between data points. 


Extrapolation Extrapolation occurs when estimates are made outside of data points. 


Example: The linear function passing through the data points (3, 5) and 
(6, 11) is f(x) = 2x — 1. The estimate f(4) = 7 involves interpo- 
lation because the x-value of 4 is between 3 and 6, whereas and the 
estimate f(10) = 19 involves extrapolation because the x-value of 
\0 is not between 3 and 6. 


Linear Regression One way to determine a linear function or a line that models data is to use the 
method of least squares. This method determines a unique line that can be 
found with a calculator, The correlation coefficient r, where —1 = 7 = 1 
measures how well a line fits the data, provided the data do not exactly lie ona 
vertical or horizontal line. 


Example: The line of least squares modeling the data (1, 1), (3,4), and 
(4, 6) is given by y ~ 1.643x — 0.714, with r ~ 0.997. 


Section 2.2 Linear Equations 
Linear Equation Can be written as ax + b = 0 with a # 0 and has one solution 


Example: The solution to 2x — 4 = 0 is 2 because 2(2) — 4 = 0. 


Properties of Equality Addition: a = b is equivalent toa +c =b +c. 
Multiplication: a = b is equivalent to ac = be, provided c 4 0. 


1 
Example: ay 7 4=3 


1 
oud =7 
x= 14 
Contradiction, Identity, A contradiction has no solutions, an identity is true for all (meaningful) values 
and Conditional of the variable, and a conditional equation is true for some, but not all, values 


Equation of the variable. 
Examples: 3(1 — 2x) = 3 — 6x 
x+5=x 
x-l=4 
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Section 2.2 Linear Equations (conTiNuED) 


Intersection-of-Graphs 
and x-Intercept Methods 


Percentages 


Problem-Solving 
Strategies 


Intersection-of-graphs method: Set y, equal to the left side of the equation and set 
2 equal to the right side. The x-coordinate of a point of intersection is a solution, 


Example: The graphs of y; = 2x and y, = x + | intersect at (1, 2), so the 
solution to the linear equation 2x = x + | is 1, See the figure below 
on the left. 


x-intercept method: Move all terms to the left side of the equation. Set J equal to 
the left side of the equation. The solutions are the x-coordinates of the X-intercepts. 


Example: Write 2v = x + 1 as 2x — (x + 1) = 0. Graph y, = 2x — (x + 1). 
The only x-intercept is (1, 0), as shown in the figure on the right. 
Point of Intersection (1, 2) x-intercept: (1, 0) 


Solution: 1 


x 


Solution: 1 


A Percentage can either be written in percent form or decimal form. 
Example: 25% is 0.25 in decimal form and 0.042 is 4.2% in percent form. 


To calculate R% of x use f(x) = ibe that is, multiply x by the decimal form, 


Example: 25% of $40 is (40) = 75,(40) = 0.25(40) = $10 


STEP 1: Read the problem and make sure you understand it. Assign a variable to 
what you are being asked to find. If necessary, write other quantities in 
terms of this variable. 


STEP 2: Write an equation that relates the quantities described in the problem. 
You may need to sketch a diagram and refer to known formulas, 


STEP 3: Solve the equation and determine the solution. 


STEP 4: Look back and check your solution. Does it seem reasonable? 


Section 2.3 Linear Inequalities 


Linear Inequality 


Can be written as ax + b > 0 with a ¥ 0, where > can be replaced by 
<, S, or =. If the solution to ax + b = 0 is k, then the solution to the linear 
inequality ax + b > 0 is either the interval (—2, k) or the interval (k, oo), 


Example: 3x — | < 2s linear since it can be written as 3x — 3 < 0. The 
solution set is {x] < 1}, or (—%, 1). 


INCE 


Section 2.3 Linear Inequalities (coNTINUED) 


Properties of 
Inequalities 


Compound Inequality 
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Addition: a < b isequivalent tog +e <b te. 
Multiplication: a < b is equivalent to ac < be when ¢ > 0. 
a < b is equivalent to ac > be when ¢ < 0. 
Example: —3x — 4 < 14 
—3x < 18 


x>-6 


Example: x = —2 and v = 4 is equivalent to -2 = x = 4. This is called a 
three-part inequality. 


Section 2.4 More Modeling with Functions 


Linear Model 


Piecewise-Defined 
Function 


Greatest Integer 
Function 


Direct Variation 


If a quantity increases or decreases by a constant amount for each unit 
increase in x, then it can be modeled by a linear function given by 


f(x) = (constant rate of change).x + (initial amount). 
Example: If water is pumped from a full 100-gallon tank at 7 gallons per min- 


ute, then A(1) = 100 — 7¢ gives the gallons of water in the tank 
after ¢ minutes. 


A function defined by more than one formula on its domain 


Examples: Step function, greatest integer function, absolute value function, and 


4-x if-4sx<l 
Hay i if 1sx<5 
It follows that f(2) = 6 because if 1 = x = 5 then f(x) = 3x. Note that f is 
continuous on its domain of [—4, 5]. 


[x] is the greatest integer less than or equal to x. 


Example; [—1.8] = —2 because —2 is the first integer to the left of -1.8 on 
the number line. 


A quantity y is directly proportional to a quantity x, or y varies directly with 
x, if y = kx, where k # 0, If data vary directly, the ratios % are equal to the 
constant of variation k. 


Example: If a person works for $8 per hour, then that person’s pay P is directly 
proportional to, or varies directly with, the number of hours H that 
the person works by the equation P = 8H, where the constant of 
variation is k = 8, 
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Section 2.5 Absolute Value Equations and Inequalities 


Absolute Value An absolute value function is defined by f(x) = |x|. Its graph is V-shaped. 
2 


Function 


An equivalent formula is f(x) = Vx. 


Examples: f(—9) = |-9| =9; V(2x + 1)? = Jax + 1] 


Absolute Value Jax + b| = k with k > 0 is equivalent to ax + b = +k. 


Equations 


Example: | 2x — 3| = 4 is equivalent to 2x — 3 = 4 or 2x — 3 = —4, 


The solutions are i and -4, 


Absolute Value Let the solutions to Jax + b| = k be 5; and 52, where s; < sy and k > 0, 


Inequalities 


1. |ax + b| < k is equivalent to 5, < x < 2. 


2. |ax + b| > k is equivalent to x < S$, OFX > 9, 


Similar statements can be made for inequalities involving < or =. 


Example: The solutions to [2x + I| = 5 are given by x = —3 and x = 2, 
The solutions to |2x + 1| < 5 are given by —3 < x < 2, 
The solutions to |2x + 1| > S$ are given by x < —3 or x > 2, 


Alternative Symbolic Let k be a positive number, 


Method 


1. |ax + b| < k is equivalent to —k < ax +b < k. 


2, |ax + b| > k is equivalent to ax + b < -k or ax +b >k. 


Similar statements can be made for inequalities involving S or =, 


Example: |2x — 1| < 5 is equivalent to —5 < 2. — 1 < 5, 


|2x — 1| > 5 is equivalent to 2x — 1 <-Sor2x—1>5, 


Exercises 1 and 2: Find the point-slope form of the line pass- 
ing through the given points, Use the first point as (¥1,31). 

1, (~3,4), (2,5) 2. (1, -6), (-7,5) 
Exercises 3-6: Find the point-slope form of the line passing 
through the given points, Use the Jirst point as (x1, 94). 
Then convert the equation to slope-intercept form and write 
a formula for a function f whose graph is the line. 

3. Slope -1 passing through (—S5, 6) 


4, Passing through (—4, —7) and (—2,3) 


5. x-intercept (5,0), y-intercept (0, -2) 


6. y-intercept (0, 6), passing through (8, -2) 


7. Write a formula for a linear function f whose graph has 
slope —2 and passes through (—2, 3). 


8. Find the average rate of change of f(x) = -3x + 8 
from —2 to 3. 


Exercises 9-14: Find the slope-intercept form of the equa- 
tion of a line satisfying the conditions. 


9. Slope 7, passing through (—3, 9) 
10. Passing through (2, —4) and (7, -3) 


11, Passing through (1, —1), parallel to y = —3x + 1 


12. Passing through the point (—2, 1), perpendicular to 
the line y = 2(x + 5) — 22 


13. Parallel to the line segment connecting (0, 3) and 
(6, 0), passing through (1, -7) 


14, Perpendicular to y = 3x, passing through (3, 0) 


Exercises 15-20: Find an equation of the specified line. 
15. Parallel to the y-axis, passing through (6, —7) 


16. Parallel to the x-axis, passing through (—3, 4) 
17. Horizontal, passing through (1, 3) 

18, Vertical, passing through (1.5, 1.9) 

19, Vertical with x-intercept (2.7, 0) 

20, Horizontal with y-intercept (0, —8) 


Exercises 21 and 22; Determine the x- and y-intercepts for 
the graph of the equation, Graph the equation. 


21. Sx — 4y = 20 


x y 
2, 2-55 
ST te to 


Exercises 23-28: Solve the linear equation either symboli- 
cally or graphically, 
23, 5x — 25 = 10 24, 5(4— 2x) = 30 
25, -2(3x-7) +x = 2x-1 


26, sx — 4(4 - 3x) =} - (2x + 3) 


27, mx +1=6 
mg, 254-54 


fg Exercises 29 and 30: Use a table to solve each linear equa- 
tion numerically to the nearest tenth. 


29, 3.1x — 0.2 — 2(x — 1.7) =0 
30, V7 — 3x - 2.1(1 + x) =0 


Exercises 31-34; Complete the following. 


(a) Solve the equation symbolically. 
(b) Classify the equation as a contradiction, an identity, or 
a conditional equation. 


31. 4(6 — x) = —4x + 24 
32, $(4x — 3) + 2 = 3x - (1 + x) 
33. 5 — 2(4 — 3x) + x = 4(x - 3) 


x-3 3 43 
; + =x x) = 36x — 
4, 4 en 82 Tx) = ie | 


CHAPTER 2 Review Exercises 173 


Exercises 35-38: Express the inequality in interval notation. 
35; x > 43 36. x =4 


3 


37. -2 S854 38. x S—2Zorx > 3 


Exercises 39-44: Solve the linear inequality. Write the 
solution set in set-builder or interval notation. 


39. 3x -452+%x 40. —2x +65 -3x 


De 5 5x 
Bee 


41. ) 5 


42, -5(1 — x) > 3(x — 3) + 4x 


a ye S24 


43, -2=5-2x<7 
Exercises 45 and 46: Solve the inequality graphically. 
45, 2x >x-1 46. -l1sl+xs2 


47. The graphs of two linear functions f and g are shown 
in the figure. Solve each equation or inequality. 


(a) f(x) = g(x) , 
(b) f(x) < g(x) a= 
(©) f(x) > g(x) 


48. The graphs of three linear functions f, g, and / with 
domains D = {x|0 = x < 7}are shown in the fig- 
ure, Solve each equation or inequality. 


(a) f(x) = g(x) y 
(b) g(x) = A(x) 
(©) f(x) < g(x) < h(x) 
(d) g(x) > h(x) 


49. Use f(x) to complete the following. 


eee ff 3G=7 2-1 
f(x) =45-—x if -l<x 32 
x+1 if 2<xy s5 


(a) Evaluate f at x = —2, —1, 2, and 3. 
(b) Sketch a graph of f. Is f continuous on its domain? 


(c) Determine the x-value(s) where f(x) = 3. 


50. If f(x) = [2x — 1], evaluate f(—3.1) and f( 2.5). 
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Exercises 51-54: Solve the equation. 
51, |2n —5|-1=8 52, |3 — 7x] = 10 


53, |6 — 4x| = -2 54, |9 + x| = |3 — 2x| 
Exercises 55-58: Solve the equation, Use the solutions to 


help solve the related inequality. 


55, |x| = 3, |x| >3 

56, |-3x + 1] = 2,|-3x + I] <2 
57, |3x — 7| = 10, [3x — 7| > 10 
58, |4-x]=6, |4-x| <6 


Exercises 59-62: Solve the inequality. 
59, |3 — 2x| <9 60. |-2x - 3| > 3 


61, |4x — 4] = -1 62. [ix] -3. <5 


Applications 


63. U.S. Median Income In 1980 the median family 
income was $17,700 and in 2010 it was $49,500. 
(Source: U.S, Census Bureau.) 

(a) Find a linear function f that models these data. 
Let x represent the number of years after 1980. 


ie (b) Interpret the slope and y-intercept for the graph 


of f. 


(c) Estimate the median income in 1992 and com- 
pare your answer with the true value of $30,600. 


(d) Predict the year when median income might 
reach $60,000. Did your answer involve inter- 
polation or extrapolation? 


64, Course Grades In order to receive a B grade in a col- 
lege course, it is necessary to have an overall average 
of 80% correct on two |-hour exams of 75 points each 
and one final exam of 150 points, If a person scores 
55 and 72 on the |-hour exams, what is the minimum 
score that the person can receive on the final exam 
and still earn a B? 


65. Medicare Spending In 2010 Medicare spending was 
$524 billion and in 2020 it is projected to be $949 bil- 
lion. (Source; Congressional Budget Office.) 

(a) Find a linear function f that models these data. 
Let x represent the number of years after 2010. 


F: ty (b) Interpret the slope and y-intercept for the graph 
“ of f. 


(c) Estimate Medicare spending in 2016. Did your 
answer involve interpolation or extrapolation? 


(d) Predict the years when Medicare spending could 
be between $694 billion and $864 billion. 


66. Temperature Scales The table shows equivalent tem- 
peratures in degrees Celsius and degrees Fahrenheit. 
95 


°F —40 | 32 59 
‘: —40 0 15 35 


fA@ Plot the data with Fahrenheit temperature on 
the y-axis and Celsius temperature on the y-axis, 
What type of relation exists between the data? 


212 | 
100 | 


eet (b) Find a function C that receives the Fahrenheit 
temperature x as input and outputs the corre- 
sponding Celsius temperature, Interpret the slope. 


(c) If the temperature is 83°F, what is it in degrees 
Celsius? 


(' 67. Distance from Home The graph depicts the distance » 
that a person driving a car on a straight road is from 
home after v hours. Interpret the graph, What speeds 


did the car travel? 


Distance (miles) 


Time (hours) 


68. Piecewise-Linear Function Let a function f be the 

line graph connecting the data points (1,2), (4,9), 

and (6,3), 

(a) Write the formula for a piecewise-linear function 
f that passes through these data points whose 
domain is 1 Ss y Ss 6, 


(b) Evaluate f(5). 
(c) Is f continuous on its domain? 


69. Population Estimates In 2012 the population of 
a city was 143,247, and in 2016 it was 167,933. 


Estimate the population in 2014, 


70. Distance A driver of a car is initially 455 miles from 

home, traveling toward home on a straight freeway 

at 70 miles per hour, 

(a) Write a formula for a linear function f that 
models the distance between the driver and home 


after x hours, 
(b) 


. 
ry’ © 


Graph f. What is an appropriate domain? 


Identify the x- and y-intercepts. Interpret each, 


71. Working Together Suppose that one worker can 


72, 


73 


f 74. 


7. 


76. 


shovel snow from a storefront sidewalk in 50 minutes 


and another worker can shovel it in 30 minutes. How 


long will it take if they work together? 


Antifreeze Initially, a tank con- 
tains 20 gallons of a 30% anti- 
freeze solution. How many gallons 
of an 80% antifreeze solution 
should be added to the tank in 
order to increase the concentra- 
tion of the antifreeze in the tank 
to 50%? 
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minutes have elapsed. Use the concept of slope to 
interpret each piece of this graph. 


y 


Water (gallons) 


© 


012345678910 
Time (minutes) 


Running An athlete traveled 13.5 miles in | hour and BS 78. Flow Rates (Refer to Exercise 77.) Suppose the tank 


48 minutes, jogging at 7 miles per hour and then at 8 
miles per hour. How long did the runner jog at each 
speed? 


Least-Squares Fit The table lists the actual annual 
cost y to drive a midsize car 15,000 miles per year for 
selected years x. 


x 1970 | 1980 | 1990 | 2000 | 2010 
y | $1763 | $3176 | $5136 | $6880 | $8595 
Source: Runzheimer International. 


(a) 


Predict whether the correlation coefficient is 
positive, negative, or zero, 


(b) 


Find a least-squares regression line that models 
these data. What is the correlation coefficient? 


(c) Estimate the cost of driving a midsize car in 2005. 


(a) 


Estimate the year when the cost to drive a car 
could reach $10,000. 


Modeling The table lists data that are exactly linear. 
qin 
y | 66 | 5.4] 4.2 | 18 | 0.6 


x 
(a) Determine the slope-intercept form of the line that 
passes through these data points. 


(b) Predict y when x = —1.5 and 3.5, State whether 
these two calculations involve interpolation or 
extrapolation. 


(c) Predict x when y = 1.3. 


Geometry A rectangle is twice as long as it is wide 
and has a perimeter of 78 inches. Find the width and 
length of this rectangle. 


Flow Rates A water tank has an inlet pipe with a 
flow rate of 5 gallons per minute and an outlet pipe 
with a flow rate of 3 gallons per minute. A pipe can 
be either closed or completely open. The graph shows 
the number of gallons of water in the tank after x 


79. 


80. 


81. 


is modified so that it has a second inlet pipe, which 
flows at a rate of 2 gallons per minute. Interpret the 
graph by determining when each inlet and outlet pipe 
is open or closed. 


y 


4S PAL [e869 
(2, 69/24, 69). 
41 45)- | cin |- 
Ro | tt 
8, 33) 

| 


w 
Ss 


Volume (gallons) 
2 BY 
8 $3 


Ss 


0 4 8 12 16 20 24 28 


Time (minutes) 


Air Temperature For altitudes up to 4 kilometers, 
moist air will cool at a rate of about 6°C per kilo- 
meter, If the ground temperature is 25°C, at what 
altitudes would the air temperature be from S°C to 
15°C? (Source: A. Miller and R. Anthes, Meteorology.) 


Water Pollution At one time the Thames River in 
England supported an abundant community of fish. 
Pollution then destroyed all the fish in a 40-mile 
stretch near its mouth for a 45-year period beginning 
in 1915, Since then, improvement of sewage treatment 
facilities and other ecological steps have resulted in a 
dramatic increase in the number of different fish 
present. The number of species present from 1967 
to 1978 can be modeled by f(x) = 6.15x — 12,059, 
where x is the year. 

(a) Estimate the year when the number of species 

first exceeded 70. 


(b) Estimate the years when the number of species 
was between 50 and 100. 


Relative Error The actual length of a side of a build- 
ing is 52.3 feet. How accurately must an apprentice 
carpenter measure this side to have the relative error 
in the measurement be less than 0.003 (0.3%)? (Hint: 
Use |e 4 A |, where C is the carpenter’s measurement 
and A is the actual length.) 
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82, Brown Trout Due to acid rain, the percentage of (a) Determine the percentage of lakes that lost 
lakes in Scandinavia that lost their population of brown trout by 1947 and by 1972. 
brown trout increased dramatically between 1940 
and 1975, Based on a sample of 2850 lakes, this (b) Sketch a graph of f. 


percentage can be approximated by the following 
piecewise-linear function, (Source: C, Mason, Biology of 
Freshwater Pollution.) 


(c) Is f a continuous function on its domain? 


sh(x — 1940) +7 if 1940 = x < 1960 


x)= 
a Bw — 1960) + 18 if 1960 < x < 1975 
1, Write 123,000 and 0,0051 in scientific notation. 10. Graph f by hand. 
' (a) f(x) = 3 — 2x 
2, Write 6.7 x 10° and 1.45 x 104 in standard form, 


(b) f(x) = |x +1] 
4+ V2 


S 


Evaluate - Round your answer to the nearest 


Exercises 11 and 12: Complete the following. 


4-V2 
hundredth, (a) Evaluate f(2) and f(a — 1). 
(b) Determine the domain of f. Use interval notation, 
4, The table represents a relation S, 
1. f(x) = 5x - 3 


at) O 1 2 3 


y[o [4 0 [0 12. f(x) = V2x = 1 


(a) Does S represent a function? 13, Determine if the graph represents a function, Explain 
your answer, 


(b) Determine the domain and range of S, 


wn 


Find the standard equation of a circle with center 
(-2, 3)and radius 7, 


Evaluate —5? — 2 — pose ? by hand. 


a 


eI 


Find the exact distance between (—3,5) and (2, —3). 


8. Find the midpoint of the line segment with endpoints 
(5, -2) and (-3, 1). 

9, Find the domain and range of the function shown in 14, Write a formula for a function f that computes the 
the graph, Evaluate f(—1). cost of taking x credits if credits cost $80 each and 


fees are fixed at $89. 


15, Find the average rate of change of the function 
f(x) = x? — 2x + 1 from x = | to x = 2, 


16, Find the difference quotient for f(x) = 2x? — x. 


( 


Exercises 17 and 18; The graph of a linear function f is shown. 
(a) Identify the slope, y-intercept, and x-intercept. 

(b) Write a formula for f. 

(c) Find any zeros of f. 


Exercises 19-24: Write an equation of a line satisfying 
the given conditions, Use slope-intercept form whenever 
possible, 


19, Passing through (1, -5) and (-3, 4) 


20. Passing through the point (—3, 2) and perpendicular 
to the line y = 3x — 7 


21, Parallel to the y-axis and passing through (—1, 3) 
22, Slope 30, passing through (2002, 50) 


23, Passing through (—3, 5) and parallel to the line seg- 
ment connecting (2.4, 5.6) and (3.9, 8.6) 


24, Perpendicular to the y-axis and passing through the 
origin 


Exercises 25 and 26; Determine the x- and y-intercepts on 
the graph of the equation. Graph the equation. 


25, —2x + 3y = 6 26. x = 2p -3 


Exercises 27-30: Solve the equation. 
ax — 4 _ 3x 
2 7 


27, 4n —5 = 1 - 2x 28. ll 


29, 3(x- 2) -v= tx 
30, -0.3(1 — x) — 0.1(2x - 3) = 0.4 
31, Solve x + 1 = 2x — 2 graphically and numerically. 


32, Solve 2x — (5 — x) = 1548 + 5(x - 2). Is this 
equation either an identity or a contradiction? 


Exercises 33-36; Express each inequality in interval 
notation. 


33, x <5 34) 2.3% = 5 


35. x < -20rx >2 36. x = -3 
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Exercises 37 and 38: Solve the inequality. Write the solu- 
tion set in set-builder or interval notation. 


37. -3(1 — 2x) +x S4- (x +2) 
{ 23% 4 
38.3 = 3 <3 


39, The graphs of two linear functions f and g are shown. 
Solve each equation or inequality. 


(a) f(x) = g(x) ; 
(b) f(x) > g(x) 
© f(x) = g(x) 


40. Graph f. Is f continuous on the interval [—4, 4]? 
2= my. i -4 Ss ws? 
f(x) =f$4x45 if -2sx<2 
aw+1 if 2ex2=a4 
Exercises 41-44; Solve the equation. 
4, |d + 1] =5 42, [3 - 2x] =7 


43, |2r| - 4 = 10 44, [11 — 2x| = |3x 4 1| 


Exercises 45 and 46: Solve the inequality. 
45, |2¢- 5| <5 46. |5— St] >7 


Applications 


47, Cost A company’s cost C in dollars for making x 
computers is C(x) = 500x + 20,000. 
(a) Evaluate C( 1500). Interpret the result. 


(b) Find the slope of the graph of C. Interpret the 
slope and y-intercept. 


48. Distance At midnight car A is traveling north at 
60 miles per hour and is located 40 miles south 
of car B. Car B is traveling west at 70 miles per 
hour. Approximate the distance between the cars at 
1:15 A.M. to the nearest tenth of a mile. 


49. Average Rate of Change On a warm summer day 
the Fahrenheit temperature x hours past noon is 
given by the formula T(x) = 70 + 3x?. 

(a) Find the average rate of change of T from 
2:00 P.M. to 4:00 P.M. 


¢ ‘ 
& (b) Interpret this average rate of change. 


178 CHAPTER 2 Linear Functions and Equations 


50. Distance from Home A driver is initially 270 miles 53. Chicken Consumption In 2001 Americans ate, on 
from home, traveling toward home on a straight average, 56 pounds of chicken per person annually. 
interstate at 72 miles per hour. This amount increased to 84 pounds per person in 
(a) Write a formula for a function D that models 2010. (Source: U.S. Department of Agriculture.) 

the distance between the driver and home after x (a) Determine a formula 
ee, f(x) = m(x =m) +94 
(b) Give an appropriate domain for D. Graph D. that models these data. Let x be the year, 

&' (©) Identify the x- and y-intercepts. Interpret each. (b) Estimate the annual per person chicken consump- 

51. Working Together Suppose one person can mow a Hon:in:2019. 
large lawn in 5 hours with a riding mower and it takes 54. Income The table lists U.S. per capita income. 
another person 12 hours to mow the lawn with a push 
mower. How long will it take to mow the lawn if the Year 1980 1990 2000 | 2010 
two people work together? Income | $10,183 | $19,572 | $29,760 | $40,584 


52, Running An athlete traveled 15 miles in | hour and Source: U.S. Bureau of Economic Analysis. 
45 minutes, running at 8 miles per hour and then 

10 miles per hour. How long did the athlete run at 
each speed? (b) Estimate the per capita income in 1995. Did this 
calculation involve interpolation or extrapolation? 


f@ @) Find the least-squares regression line for the data. 
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al i he “Internet of Things” (IoT) refers to devices with Wi-Fi capabilities and sensors 
built into them, Examples of these types of devices include smartphones, wearable 
devices, coffee makers, washing machines, lamps, and cars, It is estimated that by 
2020 there will be over 26 billion devices in this network of connected things that 
include people-to-people, people-to-things, and things-to-things relationships. The 
reality is that IoT has endless possibilities for the future, The following graph shows 
current and projected spending on manufacturing IoT devices globally. 


Global IoT Investment ($ billions) 


T 


Projected Global IoT Investment 


I(x) = 0.6x? +5.2x +29 
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» Learn basic concepts 
about quadratic functions 
and their graphs 


= Use vertex form and the 
vertex formula 

» Complete the square to 
find vertex form 

» Graph a quadratic 
function by hand 

« Solve applications and 
model data 

» Use quadratic regression 
to model data 


This growth in investment, J, has not been at a constant rate and, there- 
fore, cannot be accurately modeled by a linear function. However, we can use 
a nonlinear function I, called a quadratic function, to model this growth. In this 
chapter we learn about these types of functions. See Exercises 113-114 in the 
first section of this chapter. (Source: Forbes.) 


Introduction 


Sometimes when data lie on or nearly on a line, they can be modeled with a linear 
function (f(x) = mx + 6) and are called /inear data. Data that are not linear are 
called nonlinear data and must be modeled with a nonlinear function, One of the 
simplest types of nonlinear functions is a quadratic function, which can be used to 
model the flight of a baseball, an athlete’s heart rate, or MySpace advertising rev- 
enue. FIGURES 3,1-3.3 illustrate three sets of nonlinear data that can be modeled by a 
quadratic function. The complete graph of a quadratic function is either U -shaped 
or ()-shaped and called a parabola. However, we often use only one side or portion 
of a parabola to model real-world data. 


Data Modeled with a Parabola 


Y , Right side of a parabola 7 Both sides of a parabola 


opening downward opening upward 


/ Rightside of | 
i a parabola 
ow opening upward 


Knvaeuarno 


7 
6 
5 
4 
3 
2 
1 


012345678  of234567  £4O12345678 
FIGURE 3.1 FIGURE 3.2 FIGURE 3.3 


Basic Concepts 


The formula for a quadratic function is different from that of a linear function because 
it contains an \’-(crm. Examples of quadratic functions include the following. 


Quadratic Functions 


f(x) = 2x? - 4x - 1, g(x) = 4 — x’, ad h(x) = os + a +1 


The following box defines a general form for a quadratic function. 


| Let a, b, and c be constants with a # 0. A function represented by 
f(x) = ax? + bx +e 


is a quadratic function. 
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* The domain is a// real numbers. 
* The leading coefficient is u: f(x) = ux? + bx + e. 


; 1 2 
Basic concepts about Examples: f(x) = 2x? - 4x — 1, g@) = 4 - ix’, AQ) =—x? + 4x41 
quadratic functions A 3 

=2 | a=-1 | a= } 


* The graph is a parabola, or U-shaped, that opens upward if u is positive, and 
opens downward if « is negative. 


The following See the Concept discusses graphs of quadratic functions. 


See the Concept: Graphs of Quadratic Functions 


a > 0: Opens Upward a < 0: Opens Downward 

| @ The highest point on a parabola 
that opens downward or the 
lowest point on a parabola that 
opens upward is called the 
vertex. 


© The vertical line passing through 
the vertex is called the axis of 
symmetry. 


| A 
@ Vertex =2x°-4x-1 


| g increases for x < 0 and 


f decreases for x < 1 and | 


decreases for x > 0. 
increases for x > 1. | 


The leading coefficient a of a quadratic function not only determines whether its 
graph opens upward or downward but also controls the width of the parabola. This 
concept is illustrated in FIGURES 3.4 and 3.5. 
What does the graph of a quadratic 
function resemble if its leading The Effect of a on the Graph of y = ax” 
coefficient a is nearly 0? y 


Smaller | a| makes 
graph wider. 


Larger |a| makes 
graph narrower. 


FIGURE 3.4 FIGURE 3.5 


io eiaaowe Identifying quadratic functions 


Identify the function as linear, quadratic, or neither. If it is quadratic, identify the 
leading coefficient and evaluate the function at x = 2. 


(a) f(x) =3 - 2x (b) g(x) = 5 +x - 3x? (©) hQ) = 


vt 


182 


CHAPTER 3 Quadratic Functions and Equations 


' 
L 


i 


] 


ox 


CAIMPL 


SOLUTION 

Getting Started The formula for a quadratic function always has an x?-term and 
may have an x-term and a constant. It does not have a variable raised to any other 
power or a variable in a denominator, } 


(a) Because f(x) = 3 — 22x can be written as S(x) = —4x + 3, f is linear. 


(b) Because g(x) = 5+ x —3x? can be written as g(x) = —3x2 +x + 5, gisa 
quadratic function with @ = —3,b = 1, and ec = 5, The leading coefficient is 
a= —3 and 


g(2)=5+2- 32) = -S, 


(ce) h(x) = = 7 cannot be written as h(x) = ax + b or as h(x) = ax? + bx + ¢, 
so / is neither a linear nor a quadratic function, 


i, 3, and 5 | 


Analyzing graphs of quadratic functions 


Use the graph of each quadratic function to determine the sign of the leading coeffi- 
cient a, the vertex, and the equation of the axis of symmetry. Give the intervals where 
the function is increasing and where it is decreasing, Give the domain and range in 
interval notation. 


FIGURE 3.6 FIGURE 3,7 


SOLUTION 

(a) The graph of f in FIGURE 3.6 opens upward, so a is positive, The vertex is the 
lowest point on the graph and is (1, — 2). The axis of symmetry is a vertical line 
passing through the vertex with equation x = 1, Function f increases to the right 
of the vertex and decreases to the left of the vertex, Thus f is increasing for x > | 
and decreasing for x < 1. The domain inchides all real numbers, or (—%, %), 
and the range is R= {y|y = —2}, or [—2, &), 

(b) The graph of g in FIGURE 3.7 opens downward, so @ is negative. The vertex is 
(—2, 5), and the axis of symmetry is given by y = —2, Function g is increasing 
for x < —2 and decreasing for x > —2. The domain includes all real numbers, 
or (—, %), and the range is R = {y|y < 5}, or (—~, 5], 


| Now Try Exercise! | 7 and 9) 


Vertex Form and the Vertex Formula 


Vertex Form When a quadratic function f is expressed as f(x) = ax? + bx + ¢, 
the coordinates of the vertex are not apparent. However, if f is written as 
f(x) = a(x — hy + k, then the vertex is located at (A, k), as illustrated in FIGURE 3.8, 
For example, in FIGURE 3.9 the graph of f(x) = —2(y — 1)? + 2 opens downward 
with vertex (1, 2). 


FIGURE 3.10 
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A Parabola with Vertex (h, k) A Parabola with Vertex (1, 2) 
y y 
f 
0 
> x 
Vertex 
FIGURE 3.8 FIGURE 3.9 


To justify that the vertex is indeed (/, k), consider the following. If a > 0 in the 
form f(x) = a(x — h)? + &, then the term a(x — 4)? is never negative and the mini- 
mum yalue of f(x) is k. This value occurs when x = h because 


fi) =a -hP +k=O0+k=k, 


Thus the lowest point on the graph of f(x) = a(x — A) + k with a > 0 is (h, 4), 
and because this graph is a parabola that opens upward, the vertex must be (A, k). 
A similar discussion can be used to justify that (/, k) is the vertex when a < 0. 

The formula f(x) = a(x — h)? + k is sometimes called the standard form for a 
parabola with a yertical axis. Because the vertex is apparent in this formula, we will 
simply call it the vertex form. 


| VERTEX FORM | 
The parabolic graph of f(x) = a(x — hy? + k with a 4 0 has vertex (h, k). Its | 
graph opens upward when a > 0 and opens downward when a < 0. | 


The next example illustrates how to determine the vertex form given the graph 
of a parabola. 


Writing the equation of a parabola 


Find the vertex form for the graph shown in FIGURE 3.10. 


SOLUTION 
Getting Started We must determine a, h, and k in f(x) = a(x - hy + k. The coor- 
dinates of the vertex correspond to the values of h and k. To find a, substitute the 
coordinates of a point on the graph in the equation and solve for a. » 

From FIGURE 3.10, the vertex is (2, 3). Thus h=2 and k=3 and 
f(x) = a(x — 2)? + 3. The point (0, 1) lies on the graph, so f(() = 1. (Any point on 
the graph of f other than the vertex could be used to determine the value of a.) 


f(x) = a(x - 2? +3 , 
(=a(0 —2P +3 ' Gand lve far 


1=4a+3 Simpl 
—2 = 4a btr 1 each 
1 


i id rewrite equat 


Thus f(x) = —4(x — 2)? + 3. 
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| EXAMPLE 4 | Converting to £(x) ax? + bx +c 


Algebra Review 
To review squaring a binomial, 
see Chapter R (page R-17). 


Write f(x) = 2(v — 1)? + 4 in the form f(x) = ax? + bx +c. 


SOLUTION Begin by expanding the expression (x — 1). 


Ax — IP +4 = Ax? — By + DN4+4 | 
= 2x? -4y +244 istributi 
= 2x? — dv + 6 


Thus f(x) = 2x? — 4x + 6, 


| Now Try Exercise 15 | 


A Graphical Approach to the Vertex Formula Given a quadratic function 
S(x) = ax? + bx + ¢, it is often necessary to find the coordinates of the vertex for 
its parabolic graph. To derive a formula for the x-coordinate of the vertex, we can 
use FIGURE 3.11. The graph of y = ax? + bx + ¢ is symmetric about the axis of sym- 
metry and has y-intercept (0, c). 


The x-Coordinate of the Vertex: 2. 


y 


y-intercept: y-coordinate | 


equal toc, 
q : f Midpoint M has the same | 
Mi x-coordinate as vertex, | 
+$<F Chee) 
NL 
/ Second point with 
p 
’ / y-coordinate equal to c. 
' 
\ 


Vertex: x-coordinate 
is the midpoint of 0 


D b Axis of symmetry: x = uf | 
and —@, or —33. 


Kl 
e 

1 

1 


FIGURE 3.11 


Because the parabola is symmetric about the axis of symmetry, there must be 
a second point on the parabola where the y-coordinate is c, We can find this second 
point by solving the following equation. (These types of equations are discussed more 


in the next section.) 
avr+byt+e=e 
ax? + by = 0 


Ifa product equals zero, then at least x(ax + b) = 0 
one of its factors must equal zero. 


x=0 or axt+tb=0 O, ther 
bh 


The two points on the parabola with a y-coordinate of ¢ are (0), c) and ( ‘¢). 


The x-coordinate of the vertex is the same as the x-coordinate of the midpoint M 


of the line connecting these two points. We can find this y-coordinate by applying 
the midpoint formula, 


LS a re 


= 


2 "2a 


‘ . b ‘ 
Thus, the x-coordinate of the vertex fory = ax? + bx + cisx = ~3q" This formula 
is called the yertex formula. oe 
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The vertex of the graph of f(x) = ax? + bx + ewith a # 0is the point (-4, (-4)). 


(GY The y-coordinate of the vertex on the graph of y = f(x) can be found by 
substituting ot for x in the formula for f(x). 


If a parabola has two x-intercepts, then the x-coordinate of the vertex is 
equal to the midpoint of the x-coordinates of these two x-intercepts. For example, 


the x-intercepts in FIGURE 3.9 are (0, 0) and (2, 0). Their midpoint is on = 4, 
which is the x-coordinate of the vertex. 
aaa) Converting to f(x) = a(x — h)* + k 
Use the vertex formula to write f(x) = 3x2 + 12x + 7 in vertex form. 
SOLUTION Begin by finding the vertex, Let a = 3 and b = 12. 
ob 12, ___ Use the vertex formula to find 
x= a 20) See the x-coordinate of the vertex. 


Next, evaluate f(—2) = 3(—2)* + 12(—2) + 7 = ~—S. Therefore, the vertex 
is (—2, —5). Because a = 3, f(x) can be written as f(x) = 3x — (— 2))? — 5, or 
f(x) = 3x + 2% - 5. 


Now Try Exercise 43 
Algebra Review Completing the Square to Find the Vertex We can also convert the general 
To review squaring a binomial, form f(x) = ax? + bx + ¢ to vertex form by completing the square. If a quadratic 


see Chapter R (page R-17). expression can be written as y+ kx + (Ey, then it is a perfect square trinomial and 


can be factored as 


\2 


tkx+{ =} (x+—] 


Note that the k used to complete the square is different from the k found in the vertex 
form. (A variable can have different meaning in different situations.) 

This technique of converting to vertex form by completing the square is illus- 
trated in the next example. 


ime Wiiaaoi Converting to vertex form 


Write each formula in vertex form by completing the square. Identify the vertex. 
(a) f(x) = x? + 6x — 3 (b) fQ@) = pr - x +2 
SOLUTION 
(a) Start by letting y = f(a). 
y =x + 6x —3 n forme 
yt3= x? + 6x Add 3 to each sic 
yt+3t+9=x? + 6x49 Let k= 6; add (5) = (3) =9 


y+12=(¢ +3) Factor perfect square trinomial 
Algebra Review y=(v+3P-12 


To review perfect square trinomials, see . 
Chapter R (page R-24). The required form is f(x) = (x + 3)? — 12. The vertex is (—3, —12). 
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(b) Start by letting y = f(x), where f(x) = 44? =—x+ 2, 


1 2 
P= Ser Sa RD Given 
Multiply each side by 3, | 3 
. 7 3y = x? — 3x + 6 \ak nt on x?-term 
3y —6 =x? - 3x ' from each sid 


The required form is f(x) = Ux _ 3p + 3. The vertex is 3, 5), 


| Now 


Derivation of the Vertex Formula The procedure above of completing the square 
can be done in general to derive the vertex formula. 


y=arr+bxt+e General equation for a parabol 


y b c b 
Fyre Py yf 
a a Hict 1 tr 
yp ¢ 
Fife yy ' 1 
aoa 
28 us x? + =x 4 = 
aoa 4@ 4a? 


a 4a? 2a Si 
an 
ra(x+h)-! = “J 
a 2a 4a 


= as = ( b \y 4 dac — I}? r 
, . du da . ; ~ 


h k 


Because the coordinates of the vertex are (/), /), the x-coordinate is +, Note 
that it is nof necessary to memorize the expression for k, because the y-coordinate can 
be found by evaluating y = f(x) for x = -2. This derivation of the vertex formula 


gives the same formula as we derived graphically earlier. 


Graphing Quadratic Functions 


When sketching a parabola, it is important to determine the vertex, the axis of sym- 
metry, and whether the parabola opens upward or downward. In the next example 
we sketch the graphs of two quadratic functions by hand. 
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Graphing quadratic functions by hand 


Graph each quadratic function. Find the intervals where the function is increasing 
and where it is decreasing. 


(@) g(x) = x - 1-3 (b) hs) = -pt = 2 


SOLUTION 

(a) The vertex is (i, —3) and the axis of symmetry is x = |, The parabola opens 
upward because a = 2 is positive. In TABLE 3.1 we list the vertex and a few other 
points located on either side of the vertex. Note the symmetry of the y-values on 
each side of the vertex. These points and a smooth U -shaped curve are plotted 
in FIGURE 3.12, When x = 0, »y = —1, and so the y-intercept is (0, —1), Function 
g is decreasing when x < | and increasing when x > 1. 


y = &x—- 1)? -3 


Symmetric about 
__ the vertex 


TABLE 3,1 


FIGURE 3,12 


(b) The formula A(x) = hy? — x + 2 is not in vertex form, but we can find the vertex. 


b -1 Use the vertex formula 
x = ad | to find the x-coordinate 


2a 2(- 4) of the vertex, 


The y-coordinate of the vertex is h(—1) = -}(— i? -(-1) +2= 3. Thus 
the vertex is (- l, 5), the axis of symmetry is y = —1, and the parabola opens 
downward because a = —5 is negative. In TABLE 3.2 we list the vertex and a 
few other points located on either side of the vertex. These points and a smooth 
/-shaped curve are plotted in FIGURE 3.13, When x = 0, y = 2, and so the y-intercept 
is (0, 2). Function / is increasing when x < —1 and decreasing when x > —1. 


if > 
Vertex -— 


Symmetric about } 
the vertex 


TABLE 3.2 
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FIGURE 3.16 


Applications and Models 


Min-Max Values Sometimes when a quadratic function f is used in applications, 
the vertex provides important information. The reason is that the y-coordinate of 
the vertex is the minimum value of f(x) when its graph opens upward and is the 
maximum value of f(x) when its graph opens downward. See FIGURES 3.14 and 3.15. 


Minimum or Maximum y-Value of a Parabola 


oy bx 
The maximum 
\ y-value is k, 
sth 
\ The minimum . 
(h, ee y-value is k, 
FIGURE 3.14 FIGURE 3,15 


The process for finding a maximum for a quadratic function is applied in the 
next example, 


Maximizing area 


A rancher is fencing a rectangular area for cattle using the straight portion of a river 
as one side of the rectangle, as illustrated in FIGURE 3.16, If the rancher has 2400 feet 
of fence, find the dimensions of the rectangle that give the maximum area for the 
cattle, 


SOLUTION 

Getting Started Because the goal is to maximize the area, first write a formula for 
the area. If the formula is quadratic with a < 0 (parabola opening downward), then 
the maximum area will be the y-coordinate of the vertex. ) 


Let W be the width and Z be the length of the rectangle. Because the 2400-foot 
fence does not go along the river, it follows that 


W+L+W= 2400, or L= 2400 2W. 
Area A of a rectangle equals length times width. 
A=LW rea of rectan 


= (2400 — 217 \w ubstitute for J 
= 2400W — 2Ww? Distributive property 


Thus the graph of A = —2W? + 2400W isa parabola opening downward, and by 
the vertex formula, maximum area occurs when 

b 2400 
—— = -— TS = 600 feet. formul 

oe ey 
The corresponding length is L = 2400 — 2W = 2400 — 2(000) = 1200 feet. The 
dimensions that maximize area are 600 feet by 1200 feet. The maximum area is 
720,000 square feet. 


| Now ‘Try Exorcise 127) 
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Modeling Another application of quadratic functions occurs in projectile motion, 
such as when a baseball is hit up in the air. If air resistance is ignored, then the formula 


s() = -161? + vot + ho 
calculates the height s of the object above the ground in feet after ¢ seconds. In this 
formula /ig represents the initial height of the object in feet and vp represents its initial 
vertical velocity in feet per second. If the initial velocity is upward, then vp > 0, and 
if the initial velocity is downward, then vo < 0. 


| EXAMPLE 9 | Modeling the flight of a baseball 


[RS RER ANDES 


A baseball is hit straight up with an initial velocity of vo = 80 feet per second (or 
about 55 miles per hour) and leaves the bat with an initial height of ho = 3 feet, as 
shown in FIGURE 3.17. 

(a) Write a formula s(d) that models the height of the baseball after ¢ seconds. 

(b) How high is the baseball after 2 seconds? 

(©) Find the maximum height of the baseball. Support your answer graphically. 

(d) Estimate the domain and range of s(¢). 


FIGURE 3.17 
SOLUTION 
(a) Because vp = 80 and the initial height is ty = 3, 
s(t) = -160? + vot + iy = —160? + 800 + 3. 


(b) (2) = —16(2)? + 80(2) + 3 = 99, so the baseball is 99 feet high after 2 seconds. 
(c) Because a = —16 is negative, the graph of s is a parabola opening downward. The 
vertex is the highest point on the graph, with a ¢-coordinate of 


b 80 


t= 


“tg ey 
The corresponding y-coordinate of the vertex is 


Height of a Baseball 9(2.5) = —16(2.5)? + 80(2.5) + 3 = 103 feet. 
[0, 5, 1] by [—20, 120, 20] 


Thus the vertex is (2.5, 103) and the maximum height of the baseball is 103 feet 
after 2.5 seconds. Graphical support is shown in FIGURE 3.18, where the vertex is 
(2.5, 103). 

(a) The domain of s includes times when the baseball is in the air. From FIGURE 3.18 the 
ball is in the air from ¢ = 0 to about ¢ = 5. Thus the domain of s is approximately 
0 <1 <5, or in interval notation [0, 5]. (The ball hits the ground slightly after 
5 seconds.) The range of s includes all possible heights of the baseball. The baseball 

FIGURE 3.18 strikes the ground (s = 0) after reaching a maximum height of 103 feet (s = 103). 

Thus, the range of sis 0 < s = 103, or in interval notation [0, 103]. 


| Now ‘Try exerci: (0 1255] 
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A well-conditioned athlete’s heart rate can reach 200 beats per minute (bpm) 
during strenuous physical activity. Upon stopping an activity, a typical heart rate 


| Heart rate is modeled by | decreases rapidly at first and then gradually levels off, as shown in TABLE 3.3, 
left half of a parabola. 
. = Athlete's Heart Rate After Exercise 
Time (min)}| 0 2 4 6 | 8 | 
Heart rate (bpm) | 200 | 150 | 110 | 90 | 80 | 
Source: Adapted from; V. Thomas, Science and Sport. 
TABLE 3.3 
¥ The data are not linear because for each 2-minute interval the heart rate does not 


Ol234 5 6 7 8 
‘Time (minutes) 
FIGURE 3.19 


decrease by a fixed amount. In FIGURE 3,19 the data are modeled with a nonlinear 
function. Note that the graph resembles the left half of a parabola that opens upward. 


Modeling an athlete's heart rate 


Find a quadratic function f expressed in vertex form that models the data in TABLE 3.3, 
Support your result by graphing f and the data in the same xy-plane. What is the 
domain of your function? 


SOLUTION To model the data we use the left half of a parabola. Since the minimum 
heart rate of 80 beats per minute occurs when x = 8, let (8, 80) be the vertex and 
write 

f(x) = a(x — 8) + 80, 


Next we must determine a value for the leading coefficient @ by substituting one data 
point (other than the vertex) into the equation for f(x). One possibility is to have the 
graph of f pass through the first data point (0), 200), or equivalently, let f(0) = 200. 


£0) = 200 Have the graph pass through(O, 200) 
a(0 — 8? + 80 = 200 t O in f(x). Solve { 
a(0 — 8)? = 120 ubtract 8O 
a= ss 3)? 
64 
a= 1.875 /rit decimal 
Thus f(x) = 1.875(y — 8)? + 80 can be used to model the athlete’s heart rate. A 


graph of f and the data are shown in FIGURE 3.20, which is similar to FIGURE 3.19, 
FIGURE 3.21 shows a table of f(x). Although the table in FIGURE 3,21 does not match 
TABLE 3.3 exactly, it gives reasonable approximations. (Note that formulas for f(x) 
may vary. For example, if we had selected the point (2, 150) rather than (0, 200), then 
a ~ 1.94, You may wish to verify this result.) 

The domain D of f(x) = 1.875(x — 8)? + 80 needs to be restricted to0 < x < 8 
because this interval corresponds to the domain of the data in TABLE 3.3. 


Modeling an Athlete's Heart Rate 
[-0.5, 8.5, 2] by [0, 220, 20] 


These y; values 
are not exact, 


FIGURE 3.20 FIGURE 3.21 


{-2,7, 1] by [0, 1000, 100] 


FIGURE 3.22 
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Quadratic Regression 


In Chapter 2 we discussed how a regression line could be found by the method of 
least squares. This method can also be applied to quadratic data; the process is 
illustrated next. 

MySpace is a social media website that was quite popular during the mid 
2000s, when it attracted about 80 million monthly users—small compared to 
the over | billion monthly users now on Facebook. Its advertising revenues ini- 
tially grew and then fell off as Facebook became increasingly popular. In the next 
example, we model this rise and fall of MySpace by using a quadratic function. 
(Source: theguardian.) 


Finding a quadratic regression model 


TABLE 3.4 lists MySpace U.S. advertising revenue in millions of dollars for 2006 
through 2011, where x corresponds to years after 2006. 

(a) Plot the data. Discuss reasons why a quadratic function might model the data. 
(b) Find a least-squares function f(x) = ax? + bx + c that models the data. 

(c) Graph f and the data in [—2, 7, 1] by [0, 1000, 100]. Discuss the fit. 


MySpace Ad Revenue ($ millions) 


Year| 0 1 2 3 4 | 
Revenue | 225 | 450 | 590 | 435 | 285 | 190 
TABLE 3.4 


SOLUTION 

(a) A plot of the data is shown in FIGURE 3.22. The y-values (ad revenue) first increase 
and then decrease as the year x increases. The data suggest a parabolic shape 
opening downward. 

(b) Enter the data into your calculator, and then select quadratic regression from 
the menu, as shown in FIGURE 3.23 and FIGURE 3.24. In FIGURE 3.25 the modeling 
function f is given (approximately) by f(x) ~ —49.29x? + 222.9x + 257. 


EDIT TESTS. 
Vs vars iat Ss 
2:2-Var Stats 


FIGURE 3.23 FIGURE 3.24 


[-2, 7, 1] by [0, 1000, 100] 


y=a 


x2+bx+ 
=749, 28571429 
b=222.8571429 


c=257.1428571 
R2=.8413862245 


FIGURE 3.25 FIGURE 3.26 


(©) The graph of y, = —49.29x? + 222.9x + 257 with the data is shown in FIGURE 3.26. 
Although the model is not exact, the parabola describes the general trend in the 
data. The parabola opens downward because a = —49.29 is negative 
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General Form, Vertex Vorm, and Modeling When modeling quadratic data by 
hand, it is often easier to use the vertex form, f(x) = a(x — h)? + k, rather than 
the general form, f(x) = ax? + bx + ¢. Because (/, k) corresponds to the vertex of 
a parabola, it may be appropriate to let (h, &) correspond to either the highest data 
point or the lowest data point in the scatterplot. Then a value for a can be found by 
substituting a data point into the formula for f(x). 


<we Putting It All Together 


CONCEPT SYMBOLIC REPRESENTATION COMMENTS AND EXAMPLES 


Quadratic function | f(x) = ax? + bx + ¢, where a, b, and ¢ It models data that are not linear, Its graph is a 
are constants with a # 0 (general form) | parabola (U-shaped) that opens either upward 
(a > 0) or downward (a < 0), 


Parabola The graph of y = ax? + bx + c,a # 0, ; 
is a parabola. ‘Maximum: k | 


i 
a<0 Domain: (—%, ~) 
Range: (—~, k] 


Vertex: (, k); axis of symmetry: v = h 
Maximum (or minimum) y-value: k 
ee - To complete the square for x? + kx, add yor? -2yv +3 
square to fin 2 fe s tinonil ae ae 
vertex fori to make a perfect square trinomial. y-3=x 2x. 
yr3ti=x?-2x+1 
y-2=(x- 1? 
y=(- 1 +2 


Vertex formula The vertex for f(x) = ax? + bx + cis If f(x) = x? — 2x + 3, then 


the point — 2 
(2) at 
20 y-value of vertex: f(1) = 1? — 2(1I) +3 =2 


Vertex: (1, 2); axis of symmetry: x = | 


Vertex form The vertex form for a quadratic function | Let f(x) = 2(x + 3)? — 5. 
is f(x) = a(x — h)?? + k, with vertex Parabola opens upward: a > 0 
(h, k). Vertex: (—3, —5) 
Axis of symmetry: x = —3 
Minimum y-value on graph: —5 


Exercises 
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Basics of Quadratic Functions 


Exercises 1-6: Identify f as being linear, quadratic, or 
neither. If f is quadratic, identify the leading coefficient a 
and evaluate f(—2). 


1, f(x) = 1 - 2x + 3x? 2. f(x) = —5x + I 


4, f(x) = (x? + 1? 


5. fx) =4- x 6. f(x) = 3x? 


Exercises 7-10; Use the graph to find the following. 

(a) Sign of the leading coefficient 

(b) Vertex 

(c) Axis of symmetry 

(d) Intervals where f is increasing and where f is 
decreasing 

(e) Domain and range in interval notation 


Exercises 11-14: Critical Thinking The formulas for f(x) 
and g(x) are identical except for their leading coefficients a. 
Compare the graphs of f and g. You may want to support 
your answers by graphing f and g together. 

11. f(x) = x, g(x) = 2x? 


12, f(x) = Ay? g(x) = hy? 


13 
14, 


. f(x) = 2x? + 1, g(x) = -hy? +1 


. f(x) = x? + x, g(x) = i? +x 


Vertex Formula 


Exercises 15-20: Identify the vertex and leading coeffi- 
cient. Then write the expression as f(x) = ax? + bx + ¢. 


15. 
16. 
17 


. f(x) = -3@ — 1 +2 
. f(x) = S(x + 2)? — 5 

. f(x) = 5 — Ax - 4)? 
. fx) = 4 + 3-5 
. f) = 3 + 5-5 
. f(x) = —5(x — 4)? 


Exercises 21-34; Use the graph of the quadratic function f 


to 


write its formula as f(x) = a(x — hy? + k. 
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27. 


29. 


31. 


33, 


Exercises 35-42: Write the given expression in the form 
f(x) = a(x — h)? + k. Identify the vertex. 

35. f(x) = x? - 3x 36. f(x) = x? — Ix +5 
37. f(x) = 2x? — Sy +3 38. f(x) = 3x? + 6x + 2 
39, f(x) = 2x7 - 8¥ — 1 40. f(x) = 0 = 

41. f(x) = 2 - 6x — 3x? 

42. f(x) = 6 + 5x — 10x? 

Exercises 43-46: Complete the square to write the given 


expression as f(x) = a(x — h)* + k and find the vertex. 
43. f(y) =x? +4x—-5 44. f(x) =x? + 10K +7 


45. f(x) =F txt 
46. f(x) = -}y? - 3x +1 


Exercises 47-58: Complete the following. 


(a) Use the vertex formula to find the vertex. 
(b) Find the intervals where f is increasing and where f is 


decreasing. 
47. f(x) =6- x 48. f(x) = 2x? — 2x + 1 
49, f(x) = x? — 6x 50. f(x) = -2x? + 4x + 5 


51. f(x) = 2x? -4y + 1 52. f(x) = -3x2 + -2 


53. f(x) = 4y? + 10 54, f(x) = x? - 12 


55. f(x) = -3? + by -3 56. f(x) = -4 7 ax +] 
57. f(x) =1.5-12x—6x? 58, f(x) = —4x? + 16x 


Min-Max 


Exercises 59-64: Find the minimum y-value on the graph 
of y = f(x). 


59. fx) =x? +4x-2 60. f(x) = 2x? - 6x 


61. f(x) = 3x? — 4x +2 62. f(x) = 2x? + Ox 
63. f(x) =x? +3x4+5 64 f(x) = 2x? - 3 +1 


Exercises 65-70: Find the maximum y-value on the graph 
of y = fi). 

65. f(x) = -x? +3x-2 66. f(x) = —x? + 4x + 5 
67. f(x) = 5x — x? 68. f(x) = -2x? — 2x — 5 
69. f(x) = 2x — 3x? 70. f(x) = —4x? + 6x -— 9 


Graphing Quadratic Functions 
Exercises 71-98: Sketch a graph of f. 


11. f(x) = x? 72. f(x) = -2x? 
73. f(x) = 4x? 74, f(x) = —x? 

75. f(x) = 1- x? 76. f(x)=x?-1 
71. f(x) =4x? - 2 78, f(x) = —4x? + 4 
79. f(x) = 4x? 80. f(x) = 4— x? 
81. f(x) =x? - 3 82. f(x) =x? + 2 


83. f(xy) =(x-2P +1 84. f(xy) = (4 + 1) - 2 
85. f(x) = -3(v + 1)? + 3 
86. f(x) = -2x — 1)? + 1 


87, f(x) = 9x -— x? 
89, f(x) = x? - 2x - 2 
91, fy) = -x? + 4x — 2 


88, f(x) = 4x — x? 

90. f(x) = x? - 4x 

92, f(x) = x? + 2x +1 
93, f(x) = 2x - 4x - 1 
95, fQX) = -3x? - 6x + 1 


97. f(x) = 4)? +xt+1 


94, f(x) = 3x? + 6x 
96, f(x) = -2x? + 4x - 1 
98, f(x) = 4x? — 2x +2 


Exercises 99-100; Checking Symbolic Skills Find the 
average vate of change of f from 1 to 3. 


99, f(x) = —3x? + Sx 100, f(x) = 4x? — 3x + 1 


Exercises 101-104; Checking Symbolic Skills Find the 
difference quotient of f. 


101, f(x) = 3x? — 2x 
102, f(x) = 5 — 4x? 
103, f(x) = 1 + 2x — x? 
104, f(x) = 3 + 4x — x? 


Exercises 105-108; Checking Symbolic Skills Find the 
formula for a quadratic function that satisfies the given 
conditions, 


105, Vertex (3, 1) passing through the point (1, 9) 
106, Vertex (—3, 4), passing through (—2, 1) 

107, Vertex (—1, —5), passing through (0, —7) 
108, Vertex (2, 1), passing through (0, 13) 


Graphs and Models 


Exercises 109-112; Critical Thinking Match the situation with 
the graph of the quadratic function (a-d) that models it best. 


109, The height y of a stone thrown from ground level 
after x seconds 


110, The number of people attending a popular movie x 
weeks after its opening 


111, The temperature after x hours in a house where the 
furnace quits and a repair person fixes it 


112, The cumulative number of reported AIDS cases in 
year x, where 1982 = x = 1994 


ay by 


3.1 Quadratic Functions and Models 195 


Applications and Models 


113, Internet of Things (IoT) (Refer to the chapter 
introduction.) Global investments in $ billions in 
IoT can be modeled by /(x) = 0.6x? + 5.2x + 29, 
where x represents years after 2015. 
(a) Use /(x) to determine global investments in 2015, 
2018, and 2020, 


(b) How do your values compare with the graph 
shown in the chapter opener? 


oh 114, Internet of Things (IoT) (Refer to the preceding 


exercise.) 

(a) Calculate the average rates of change in 
I(x) = 0,6x? + 5.2x + 29 from 2015 to 2018 
and from 2018 to 2020. 


(b) Interpret the average rate of change from 2015 
to 2018. 


(c) Use your average rate of change from 2018 to 
2020 to predict the global investment in 2022, 
Explain your answer, 


(a) Use /(x) to predict global investment in 2022. 


115, Maximizing Height The height / in feet of a golf 
ball after ¢ seconds is given by h() = 96¢ — 167”. 
(a) Find the height of the ball after 4 seconds. Is 
the golf ball moving upward or downward after 
4 seconds? 


(b) Find the maximum height of the golf ball. 


th. . : : : 
£2 (©) Determine the domain and range of h in this 
application, 


116, Maximizing Area A homeowner has 200 feet of 
fence to enclose an area for a pet. 
(a) If the area is given by A(x) = x(100 — x), what 
dimension maximize the area inside the fence? 


(b) What is the maximum area? 


(c) Determine the domain and range of A in this 
application, 


117, Maximizing Area A farmer has 1000 feet of fence 
to enclose a rectangular area, What dimensions for 
the rectangle result in the maximum area enclosed 
by the fence? 
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118. Maximizing Area A homeowner has 80 feet of 


fence to enclose a rectangular garden. What dimen- 
sions for the garden result in the maximum area 
enclose by the fence? 


119, Maximizing Revenue Suppose the revenue R in 


thousands of dollars that a company receives from 
producing x thousand DVD players is given by the 


_ formula R(x) = x(40 — 2x). 


(a) Evaluate R(2) and interpret the result. 


(b) How many DVD players should the company 
produce to maximize its revenue? 


(c) What is the maximum revenue? 


120, Maximizing Revenue A large hotel is considering 


121, 


122, 


123. 


giving the following group discount on room rates: 

the regular price of $120 decreases by $2 for each 

room rented. For example, one room costs $118, 

two rooms cost $116 X 2 = $232, three rooms cost 

$114 X 3 = $342, and so on, 

(a) Write a formula for a function R that gives the 
revenue for renting x. rooms, 


(b) Sketch a graph of R. What is a reasonable 
domain? 


(c) Determine the maximum revenue and the cor- 
responding number of rooms rented. 


Minimizing Cost A business that produces color 
copies is trying to minimize its average cost per copy 
(total cost divided by the number of copies). This 
average cost in cents is given by 


f(x) = 0.00000093x? — 0.0145. + 60, 


where x represents the total number of copies. 
(a) Describe the graph of f. 


(b) Find the minimum average cost per copy and the 
corresponding number of copies made. 


Minimizing Cost A publisher is trying to minimize 
its average cost per book printed (total cost divided 
by the number of books printed). This average cost 
in dollars is given by 


f(x) = 0,000000015x? — 0,0007+ + 26, 
where x represents the total number of books printed. 
(a) Describe the graph of f. 


(b) Find the minimum average cost per book and 
the corresponding number of books printed, 


Hitting a Baseball A baseball is hit so that its height 
in feet after ¢ seconds is s(f) = —1617 + 441 + 4, 
(a) How high is the baseball after 1 second? 


(b) Find the maximum height of the baseball. 
Support your answer graphically. 


£2 Graphically estimate the domain and range of s in 


this application. 


124. Flight of a Baseball (Refer to Example 9.) A baseball 


125 


126 


127. 


128. 


is hit straight up with an initial velocity of vy = 96 

feet per second (about 65 miles per hour) and leaves 

the bat with an initial height of 4g = 2.5 feet. 

(a) Write a formula s(/ that models the height 
after ¢ seconds, 


(b) 
(©) 


How high is the baseball after 4 seconds? 


Find the maximum height of the baseball. 
Support your answer graphically. 


(d) 


Graphically estimate the domain and range of s in 
this application. 


Throwing a Stone (Refer to Example 9.) A stone is 
thrown downward with a velocity of 66 feet per sec- 
ond (45 miles per hour) from a bridge that is 120 feet 
above a river, as illustrated in the figure. 


(a) Write a formula s( that models the height of 
the stone after / seconds. 


(b) Does the stone hit the water within the first 
2 seconds? Explain. 


ts i ft 


7 


Hitting a Golf Ball A golf ball is hit so that its height 
hin feet after ¢ seconds is h(t) = —16/? + 644. 
(a) What is the initial height of the golf ball? 


(b) How high is the golf ball after 1.5 seconds? 
(c) Find the maximum height of the golf ball. 


(d) What is the domain and range of / in the con- 
text of this application? 


Maximizing Area (Refer to Example 8.) A farmer 
wants to fence a rectangular area by using the wall 
of a barn as one side of the rectangle and then 
enclosing the other three sides with 160 feet of fence. 
Find the dimensions of the rectangle that give the 
maximum area inside. 


Maximizing Area A rancher plans to fence a rect- 
angular area for cattle using the straight portion of 
a river as one side of the rectangle. If the farmer has 
P feet of fence, find the dimensions of the rectangle 
that give the maximum area for the cattle. 


Exercises 129-132: Maximizing Altitude [fair resistance 

is ignored, the height h of a projectile above the ground 

after x seconds is given by h(x) = —zEx* + vox + ho, 

where g is the acceleration due to gravity. This formula 

is also yalid for other celestial bodies. Suppose a ball is 

thrown straight up at vo = 88 feet per second from a 

height of lho = 25 feet. 

fa (a) For the given g, graphically estimate both the maxi- 
mum height and the time when it occurs. 

(b) Solve part (a) symbolically, 


129, g = 32 (Earth) 


130. g = 5.1 (Moon) 
131. g = 13 (Mars) 
132. g = 88 (Jupiter) 


133, Suspension Bridge If the weight of the deck and the 
cars is significantly greater than weight of the cables 
supporting a suspension bridge, such as the Golden 
Gate Bridge, then the shape of these cables can be 
modeled by parabolas. (If a cable without any addi- 
tional weight is suspended between two towers, then 
this cable assumes a different shape called a catenary.) 
Suppose that a 300-foot-long suspension bridge has 
at each end a tower that is 120 feet tall, as shown 
in the figure. If the cable comes within 20 feet of 
the road at the center of the bridge, find a function 
that models the height of the cable above the road 
a distance of x feet from the center of the bridge. 


134, Suspension Bridge Repeat Exercise 133 for a sus- 
pension bridge that has 100-foot towers, a length of 
200 feet, and a cable that comes within 15 feet of the 
road at the center of the bridge. 


Exercises 135 and 136: Find f(x) = a(x — h? + k so 
that f models the data exactly. 


135.(° 7-1] of 1] 273 


re 
0 
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137. Heart Rate The table shows the heart rate of an 
athlete upon stopping a moderate activity. 
Time (min) | 0 1 2)3 14 
Heart rate (bpm) | 122 | 108] 98 | 92 | 90 


(a) Model the data with H() = a(t — h)? + k. 
What is the domain of H? 


(b) Approximate the athlete’s heart rate for ¢ = 1.5 
minutes. 


138. Heart Rate The heart rate of an athlete while weight 
training is recorded for 4 minutes. The table lists the 
heart rate after x minutes. 


Time (min) 2/3] 4 
Heart rate (bpm) yee fa fan roa 
(a) Explain why the data are not linear, 


(b) Find a quadratic function f that models the data, 


(c) What is the domain of your function? 


y 139, Global PC Sales The following table shows approx- 


imate global sales of personal computers in millions 
of units for selected years. 


Year | 2007 | 2009 | 2011 | 2013 | 2015 


Sales (millions) | 280 365 | 340 | 285 


Source: Business Insider, 


(a) Discuss the general trend in sales during this time 
period. 


Would a linear function model this data well? 
What other type of function might work? Explain. 


(b) 


Ifa parabola is used to model this data, will it open 
upward or downward? Explain. 


Model these sales with S(x) = a(x — hh’ +k. 


What data point did you use for the vertex? 
Explain. 


® 


Estimate sales in 2014. Did your answer involve 
interpolation or extrapolation? 


140. iPhone Sales The table lists the number of iPhones 
sold in millions in the first 5 years on the market. 
Find a quadratic function f that models the data. 


ver] 1 [2 [3] 4 
Units sold} 1 | 20 | 50 | 100} 180 


Source: Business Insider. 
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Quadratic Regression 


Exercises 141 and 142; Quadratic Models Use least-squares 
regression to find a quadratic function f that models the data 
given in the table. Estimate f(3.5) to the nearest hundredth. 


41.7 x7 0 [2 [4] 6 | 


f(x) | —1 | 16 | 57 | 124 


142, x}| 10 | 20 | 30 | 40 
F(x) | 4.2 | 24.3 | 84.1} 184 


143, Instagram Revenue Projections for Instagram’s rev- 
enue in billions of dollars are shown in the following 
table from 2015 to 2020, 


| Year] 2015 | 2016 | 2017 | 2018 | 2019 | 2020 
| Revenue | 0.112 | 0.300 | 0.910 | 1.807 | 2.781 | 3.862 
(a) Find a quadratic function f that models this data. 


Source: Business Insider, 
Support your result by graphing the data and 
your function in the same viewing rectangle. 


(b) Use f to estimate Instagram’s revenue in 2022, 


ee 144, Mobile First Company The following table shows 
Facebook’s monthly active users in millions who use 
a mobile only platform. 

Year| 2012 | 2013 | 2014 | 2015 
Users (millions) | 100 260 450 725 


Source: Business Insider. 


(a) Discuss the general trend in users during this 
time period. 


(b) Would a linear function model this data well? 
Explain. 


=> 
SO 
LY 


What other type of function might work? 


(d) If a parabola is used to model this data, will it 
open upward or downward? Explain. 


(e) Find a quadratic function U that models the 
data, 


(f) Estimate the number of mobile users in 2016, Did 
your estimate use interpolation or extrapolation? 


0 145, Self-Driving Car Shipments The table at the top 
4 of the next column shows approximate global sales 
in millions of cars with self-driving features, such 
as remote valet assistant and autopilot with lane- 
changing. 


[ __ Year| 2016 | 2017 | 2018 | 2019 | 2020 
Sales (millions)| 0.2 | 06 | 141 | 25 | 5.6 


Source: BI Intelligence Estimates, 


(a) Discuss the general trend in sales during this time 
period. 


(b) Would a linear function model this data well? 
Explain, 
(c) What other type of function might work? 


(d) If a parabola is used to model this data, will it 
open upward or downward? Explain. 


(e) Find a quadratic function S that models the data. 


(f) Estimate the number of cars sold in 2015 and 
compare it with the actual value of 0,14 million, 
Did your estimate use interpolation or extrapola- 
tion? Explain why this estimate is inaccurate. 


fg 146. Photosynthesis In one study the efficiency of 


photosynthesis in an Antarctic species of grass was 
investigated, The table lists results for various tem- 
peratures, The temperature x is in degrees Celsius 
and the efficiency y is given as a percent, (Source: D, 
Brown and P, Rothery, Models in Biology: Mathematies, 
Statistics and Computing.) 


xec)| -1.5] 0 [as] s 
y(%)| 33 | 46 | 55 80 | 87 


xC)] 15 | 17 20 | 22 | 2s | 27 | 30 
| 91 | 89 | 77 | 72 | 54 | 46 | 34 


t%. 
OP (@) Plot the data, Discuss reasons why a quadratic 
function might model the data, 


(b) Find a least-squares quadratic function f given 
by f(x) = ax? + bx + ¢ that models the data, 


(c) Graph f and the data in the window [—5, 35, 5] 
by [20, 110, 10], Discuss the fit. 
& (d) Interpret the data and what it is saying about 
j photosynthesis and this species of grass. 
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Writing about Mathematics (b) Calculate the average rate of change of f between con- 
secutive data points in the table. 
sai pele ae) is er SS able hereiarece (c) Find the difference quotient for f(x). Then let h = 1 in 
the difference quotient. 
= 3h ee he di quoti 
148. Explain why the vertex is important when you are (d) Evaluate this difference quotient for x = 1, 2,3, and 4. 
trying to find either the maximum p-value or the mini- Compare these results to your results in part (b) and 
mum y-value on the graph of a quadratic function. Bisciss: 
149, Explain the effect that the constant @ has on the graph 1. f(x) = x2 = 3 
of y = ax?, Be sure to consider a < 0 and a > 0. 
AN cakes xl? 
150. Explain how to find the coordinates of the vertex on 2. f(x) = 2x — w 
the graph of a parabola. Then give an example. 3. f(x) = -2x? + 3x - 1 
Extended and Discovery Exercises 4. fx) = 3x2 +x 42 
ha Exercises 1-4: Checking Symbolic Skills Complete the 
following. 
(a) Evaluate f(x) for each x-value in the table. 


= Understand basic concepts : 
about quadratic equations Introduction 


« Use factoring, the square In Example 10 of the preceding section we modeled an athlete’s heart rate + minutes 
root property, completing after exercise stopped by using f(x) = 1.875(x — 8)? + 80. This vertex form can be 


the square, and the 


changed to general form for a quadratic function. 
quadratic formula to solve B 8 fe q t 


quadratic equations f(x) = 1.875(x — 8)? + 80 
« Understand the = 1,875(” 16x + 64) + 80 i 
discriminant ee 
= 1.875, 30x + 200 General form 
« Solve applications 
involving quadratic To determine the length of time needed for the athlete’s heart rate to slow from 200) 
equations beats per minute to {10 beats per minute, we can solve the quadratic equation 
Quadratic copii}. 1.87 : 30x + 200 = 110, or tratic equatior 
1.875x? — 30x + 90 = 0 110 from each sid 


(See Example 7.) A quadratic equation results when the formula for a quadratic func- 
tion is set equal to a constant. 


Quadratic Equations 


A quadratic equation can be defined as follows. 


A quadratic equation in one variable is an equation that can be written in the form | 
| 

ax? + bx +c =0, | 

| 

| 


where a, b, and c are constants with a # 0. 
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Examples of quadratic equations include 
dx? — 3x -4=0, x27 =3, -Sx?+x=0, and 3v +1 = 7, 


The following See the Concept explains that quadratic equations can have zero, 
one, or two real solutions by showing that a parabola can intersect the x-axis zero, 
one, or two times. (Complex solutions are discussed in the next section.) 


See the Concept: Quadratic Equations with Zero, One, or Two Solutions 


Zero Solutions One Solution Two Solutions 
@ %+1=0) @ -* + 4x-4=0 @ @-x-2=0] 
y 


@ y=-8 + 4-4 | 
1 
Xx 


-2 2 
@ No x-intercepts | ' 
3 r @ x-intercept: 37 @ x-intercepts: 
(2,0) (-1, 0), (2, 0) 
@ x? + 1 = Ohas no real @ —x? + 4x — 4 = Ohas one real @ — x — 2 = Ohas two real 
solutions because ... solution: 2, because ... solutions: —1 and 2, because... 
@ the graph of y = x? + 1... @ the graph of y = -x2 + 4x -—4.. @the graph of y = x? — x - 2... 
@ has no x-intercepts. @ has one x-intercept: (2, 0). @ has two x-intercepts: (—1, 0), 


(2, 0). 


Quadratic equations can be solved symbolically by a variety of methods: factor- 
ing, the square root property, completing the square, and the quadratic formula. 
They can also be solved graphically and numerically; however, the exact solution can 
always be obtained symbolically. 


Factoring 


Factoring to solve an equation is based on the zero-product property, which states 
that if ab = 0, then a = 0 or b = 0 or both, That is, if the product of two numbers 
equals 0, then at least one of the two numbers must be 0. It is important to remember 
that the zero-product property works only for 0, For example, if ab = 1, then this 


equation does not imply that either aq = | or b = 1, For example, a = 4 and b = 2 
also satisfies ab = | and neither a nor b is 1. 


Solving quadratic equations with factoring 


Solve each quadratic equation. Check your results. 
(a) x27 - 2x +1=0 (b) 2x7+2x-1=1 © LP=r4+1 


SOLUTION 
(a) Begin by factoring and applying the zero-product property. 


v-avt1=0 aven equation 
If the product of two expressions ae -)@w~-l)=0 Factor 


equals 0, then at least one of the 


expressions must equal 0, x-1=0 or x-1=0 ro-product property 


x+=1 or x=1 


Angles and Their 
Measures 

Right Triangle 
Trigonometry 

The Sine and Cosine 
Functions and Their 
Graphs 

Other Trigonometric 
Functions and Their 
Graphs 


Graphing Trigonometric 
Functions 


Inverse Trigonometric 
Functions 


Trigonometric Functions 


I ndustrial robots comprise a multi-billion-dollar industry in the United States. 
Robots paint our automobiles, recognize voices, and perform surgery that is 
more precise and less invasive than traditional techniques. Robots are even able 
to learn tasks, In the future, robots will affect our quality of life by being able to 
assist the elderly, handle hazardous material, and help repair over 2 million miles 
of underground piping in our deteriorating infrastructure. Spectacular advances 
in microelectronic mechanical systems (MEMS) may make it possible for tiny 
robots to repair human tissue at the cellular level. See Example 8 in Section 6 of 
this chapter. 

The trigonometry that has played a key role in the design of robots goes back 
to the 19th century. Some of the most important results in robotics have come 
from mathematicians and their interactions with engineers. Trigonometry is also 
used in applications involving monthly average temperatures, tidal currents, the 
Global Positioning System, electricity, highways, orbits of satellites, phases of 
the moon, and even music. In this chapter, we discuss the six basic trigonomet- 
ric functions and many of their applications. 


Source: National Science Foundation, The Interplay between Mathematics and Robotics: 
Summary of a Workshop. 
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CHAPTER 6 Trigonometric Functions 


Learn basic concepts 
about angles 


Apply degree measure to 
problems 


Apply radian measure to 
problems 


Calculate are length 


Calculate the area of a 
sector 


Introduction 


In 2014 at the Standford Classic, Sabine Lisicki hit the fastest serve recorded in a 
women’s tour main-draw match, reaching 131 miles per hour, Much of the speed 
gained in a serve comes from flexing the wrist and rotating the shoulder joint. 
These rotations create angular speed, which transfers linear speed to the tennis ball. 
Trigonometry can be used to understand how fast it is possible to hit a tennis ball, See 
the discussion about rotation and angular speed before Example 8, (Source: J. Cooper 
and R, Glassow, Kinesiology.) 


Angles 


An angle is formed by rotating a ray about its endpoint. The starting position of 
the ray is called the initial side, and the final position of the ray is the terminal side, 
If the rotation of the ray is counterclockwise, the angle has positive measure; if the 
rotation is clockwise, the angle has negative measure, For simplicity we will refer to 
an angle as being positive or negative. The endpoint of the ray is called the vertex of 
the angle, See FIGURES 6.1 and 6.2, where the Greek letter @ (theta) has been used to 
denote an angle. 


A Positive Angle 0 A Negative Angle 0 Standard Position 
Y’ 
Ver Initial Side 
\ Terminal Side HER Ta 
Vertex at Terminal side 
Counterclockwise N\ Clockwise | origin 
ie rotation rotation | 
Y = 
Newton Initial Side A Vertex | Initial side 
Terminal Side 
FIGURE 6.1 FIGURE 6.2 FIGURE 6.3 


If the vertex is positioned so that it corresponds to the origin in the xy-plane and 
the initial side coincides with the positive x-axis, then the angle is in standard position, 
as shown in FIGURE 6.3. 

There are two common systems for measuring the size of an angle: degree mea- 
sure and radian measure. 


Degree Measure 
In degree measure, one complete rotation of a ray about its endpoint contains 360 degrees. 


One degree, denoted 1°, represents 0 of a complete rotation, FIGURE 6.4 shows some 
examples of angles with their degree measure. 


Degree Measure 
One complete 


rotation i Fi 
_ 360° Ax ee 


OF 


FIGURE 6.4 


L 130° 
\ 
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A right angle has measure 90°, and a straight angle has measure 180°. The mea- 
sure of an acute angle is greater than 0° but less than 90°, whereas the measure of an 
obtuse angle is greater than 90° but less than 180°. Examples are shown in FIGURE 6.5. 


Right Angle Straight Angle Acute Angle Obtuse Angle 
(0 = 90°) (0 = 180°) (0° < @ < 90°) (90° < @ < 180°) 

rn d 

| / 

| / 


| 180 A "Sse ads 
pe ee 8 YAS 


FIGURE 6.5 Types of Angles 


We will use the Greek letters a (alpha), B (beta), y (gamma), and @ (theta) to 
denote angles. For simplicity, we sometimes refer to an angle @ having measure 45° 
as a 45° angle, or an angle of 45°. This may be expressed as 6 = 45°. Two angles with 
the same initial and terminal sides are coterminal angles, Examples of coterminal 
angles are shown in FIGURE 6.6. 


Coterminal Angles 


285° and —75 
have the same initial 
and terminal sides. 


FIGURE 6.6 


oe WivAowe Finding coterminal angles 


Find three angles coterminal with @ = 45°, where @ is in standard position. Sketch 
these angles in standard position. 


SOLUTION We can find coterminal angles by either adding multiples of 360° to 6 or 
subtracting multiples of 360° from 6. 
i, 45° + 360° = 405° ii, 45° + 260°) = 765° iii. 45° — 360° = —315° 


The angles 405°, 765°, and — 315° are all coterminal with a 45° angle. These three 
angles and @ are sketched in FIGURE 6.7. Note that other angles are also possible. 


Angles Coterminal with 45° 


Coterminal angles have 765° 
the same initial and 
terminal sides. 


FIGURE 6.7 
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Two positive angles are complementary angles if their sum is 90° and supplementar 
3 PP Y 


angles if their sum is 180°. For example, a = 35° and B = 55° arecomplementary angles, 
whereas a = 60° and B = 120° are supplementary angles. See FIGURES 6.8 and 6.9. 
Complementary Angles Supplementary Angles 


A 


= 55 Sum to 90° f Sum to 180° | 
: Bé B= mar 
> 

ie 35 (fas 60 

\ Lh 


FIGURE 6.8 FIGURE 6.9 


Fractions of a degree may be measured using minutes and seconds. One minute, 
written 1’, equals Ai of a degree, and one second, written 1”, equals 4 of a minute 
or xan of a degree. The measurement 25°45’30” represents 25 degrees, 45 minutes, 
30 seconds. Expressed in decimal degrees, this measurement is as follows. 


Converting to Decimal Degrees 


ogerani on (45) 30.\° _ 0 
25°45'30 25°F (2) + (sa) 25,7583 
vera 


te 
=o 


We can convert decimal degrees to degrees, minutes, and seconds as illustrated 
in the next example. 


| EXAMPLE 2 Converting to degrees, minutes, and seconds 
Convert 32.41° to degrees, minutes, and seconds. 


SOLUTION Change decimal part to minutes. | 


32.41° 


32° + 0.41° 

32° + 0.41(60') 

= 32° + 24.6’ 

= 32° + 24' + 0.6' ite the exp 1 
= 32° + 24’ + 0.6(60") 

= 32° + 24' + 36” 

= 32°24'36" 


ll 


Change decimal part to seconds. 


. Now Try Exercise 27 } 


In the next example, we find complementary and supplementary angles using 
degree measure. 


EXAMPL! 


Finding complementary and supplementary angles 
Find angles that are complementary and supplementary to a = 34°19'42", 


SOLUTION If angle B iscomplementary to a, then B = 90° — a. 
B = 90° — 34°19'42” 
= 89°59'60" — 34°19'42" 
= 55°40'18” 
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The angle supplementary to a = 34°19'42” is given by y = 180° — a. 
180° — 34°19'42” 

179°59'60"” — 34°19'42”" 

= 145°40'18” 


Y 


ll 


| Now Try Exercise 31 


(QTV Some calculators are capable of performing arithmetic using degrees, minutes, 
and seconds, as shown in FIGURES 6.10 and 6.11. (See the ANGLE menu.) 


Converting to Degrees, Minutes, and Seconds 


32.41>DMS 90°-—34°19'42"»DM 
32°24'36" Ss 
Results from 180°—34° ratae A a 
Bampls a3 | MS ‘ 
145°40'18" 
FIGURE 6.10 Degree Mode FIGURE 6.11 Degree Mode 
One Radian Radian Measure 


A second system of angle measure is based on radians. Radians are a common unit 
of measurement that often make formulas simpler and easier to use. Two examples 
are the formulas for arc length and area of a sector, which are introduced later in this 
section. 

x Angle 6 in FIGURE 6.12 has a measure of one radian. The vertex of 6 is located at 
the center of the circle, and its initial and terminal sides intercept an are whose length 
is equal to the radius r of the circle. 


FIGURE 6.12 


| RADIAN a _ 
An angle that has its vertex at the center of a circle and intercepts an arc on the 
circle equal in length to the radius of the circle has a measure of one radian. | 
One Revolution Contains The circumference of a circle is C = 2ar. If we mark off distances of r along the 
an ~ 6.28 Radians circumference of a circle, it will appear as in FIGURE 6.13, where 277 ~ 6.28 distances 


of r are shown. Therefore one rotation contains 27 ~ 6.28 radians, and so 360° is 
equivalent to 27 radians. Radian measure can be compared to degree measure using 
proportions. Since 180° is equivalent to 7 radians, it follows that 


About | Radian measure 7 
Degree measure 180° 


Solving for radian measure results in 


FIGURE 6,13 Radian measure = Degree measure X aa ; 


and solving for degree measure results in 


180 
Degree measure = Radian measure " 
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The following statements summarize the preceding discussion. 


| To convert degrees to radians, multiply a degree measure by Tao 


To convert radians to degrees, multiply a radian measure by 180 


ee F ; 180° 
(XE One radian is equivalent to approximately 57.3°, because | X as S7:3%, 
| EXAMPLE 4 | Converting degrees to radians 
Convert each degree measure to radian measure. 
(a) 90° (b) 225° 
SOLUTION 
(a) To convert degrees to radians, multiply by 7gp5- 
1 T. «. 
90° x = —radians 
180 2 
Thus 90° is equivalent to F radians. 
7 Sr. 
(b) 225° x |, = radians 
| Now Try Exercise 39 


TABLE 6.1 shows some equivalent measures in degrees and radians, 


Degree and Radian Measure 


Degrees 


Radians 
TABLE 6.1 


1 . : 
EXAMPLE 5 | Converting radians to degrees 


Convert each radian measure to degree measure. 


4a Sar 
@> O% 
Converting to Radians a SOLUTION 
° ey (a) To convert radians to degrees, multiply by 180" 
1.570796327 4 a 
5° aT x 180 = 240° 
3.926990817 3 
im” Thus te radians is equivalent to 240°. 
Sa 180 e 
FIGURE 6.14 Radian Mode ® “| xX = 10 


| Now Try Exercise 43 | 
Converting to Degrees 7 F : 
(XY Sometimes a conversion can be done mentally. In Example 5, if you know 


that 5 = 60°, then it follows that re = 4+ 60° = 240°. Similarly, if you know that 
4 = 30°, then it follows that oa = §+ 30° = 150°. 


Some calculators can convert degrees to radians and radians to degrees, as shown 
in FIGURES 6.14 and 6.15, respectively. When converting from degrees to radians, 
many calculators give only decimal approximations rather than exact values. For 


example, a may be expressed as 1.570796327. 


FIGURE 6.15 Degree Mode 


Arc Length s = r0 


oe) 


AY 
conta angle f° as) 


FIGURE 6,16 


Calculating Arc Length 


FIGURE 6,17 


Distance between Cities 


FIGURE 6,18 (not to scale) 
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Arc Length 


From geometry we know that the arc length s on a circle is proportional to the mea- 

sure of the central angle 0. See FIGURE 6.16. A central angle of 27 radians corresponds 

to an arc length that equals the circumference C = 27r. Using proportions yields 
Qar 


s. 
0 Qn’ 


which simplifies to s = rd. 


(EY Angle 6 must be in radian measure to use the arc length formula s = 10. 


Finding arc length 


A circle has a radius of 25 inches. Find the length of an arc intercepted by a central 
angle of 45°. 


SOLUTION First convert 45° to radian measure. 


7 7 
45° X ——- = 
180° 4 
The arc length s is given by Must be radian measure | 


s=r0= 23() = 6,252 inches. 


The are length s shown in FIGURE 6,17 is 6.2577 ~ 19.6 inches, 


Now Try Exercise 47 | 


Finding distance between cities 


Albuquerque, New Mexico, and Glasgow, Montana, have the same longitude of 
106°37' W. The latitude of Albuquerque is 35°03’ N, and the latitude of Glasgow 
is 48°13’ N. If the average radius of Earth is approximately 3955 miles, estimate the 
distance between Albuquerque and Glasgow. See FIGURE 6,18. (Source: J, Williams, The 
Weather Almanac.) 


SOLUTION This distance can be estimated using the arc length formula. Start by 
converting 8 = 48°13' — 35°03’ = 13°10’ to radian measure. 


10 \° 
iw = — = 0.2298 radie 
[13 + (2) | x 180° ().2298 radian 


The distance between Albuquerque and Glasgow is approximated by 
s =r ~ 3955(0.2298) ~ 909 miles. 
Sse ee 


Must be radian measure | 
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Flexing the Wrist in Tennis 


FIGURE 6.19 


GPS Satellite Coverage 


FIGURE 6,20 


Rotation and Angular Speed The human joint that can be flexed the fastest is 
the wrist, which can rotate through 90°, or t radians, in 0.045 second while holding 


a tennis racket. See FIGURE 6.19. Angular speed w (omega) measures the speed of 
rotation and is defined by 


«w =—, — Angular speed 


where @ is the angle of rotation and / is time. The angular speed w of a human wrist 
holding a tennis racket is 
0. 1/2 
=—=—— = 34.9 rad/sec, 
oT 0.045 elie 
or about 35 radians per second. The linear speed y at which the tip of the racket travels 
as a result of flexing the wrist is given by 


iy ro, Line 


where r is the radius (distance) from the tip of the racket to the wrist joint and @ is in 
radians per unit of time. If r = 2 feet, then the speed at the tip of the racket is 


v = ro ~ (2)(35) = 70 ft/sec, 


or about 48 miles per hour, In a tennis serve the arm flexes at the elbow and rotates at 
the shoulder, so the final speed of the racket is considerably faster. (Source: J. Cooper 
and R, Glassow, Kinesiology.) 


Finding the speed of a GPS satellite 


Each of the 24 satellites used in the Global Positioning System is located 16,526 miles 
from the center of Earth and has a nearly circular orbit with a period of 12 hours. See 
FIGURE 6.20, (Source: Y, Zhao, Vehicle Location and Navigation Systems.) 

(a) Find the angular speed of a satellite. 

(b) Estimate the linear speed of a satellite. 


SOLUTION 
(a) A GPS satellite circles Earth once (27 radians) every 12 hours, Its angular speed is 


0 at ., 


rian tek: 0.5236 rad/hr. 


See the Concept: Angular and Linear Speed 


@ If the Ferris wheel rotates half a 
turn every 10 seconds, then its 


angular speed is w = o or 


re a rad 
10 sec 


= 0,314 rad/sec. 


© A person riding on the Ferris 
wheel has a linear speed of 


v= lo 
= 50(0.314) 
= 15.7 feet/sec. 


Sector of a Circle 


FIGURE 6.21 


Calculating Area 


FIGURE 6.22 
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(CRITICAL THINKING } THINKING 


A shoulder can rotate at about 25 radians per second. Estimate how much this rotation 
increases the speed of a racket if the total length of the (straight) arm and racket is 4 feet. 


Area of a Sector 


The sector of a circle is the portion of the interior of a circle intercepted by a central 
angle. The shaded region in FIGURE 6.21 shows a sector of a circle with radius r and 
central angle 0. The area of a sector is proportional to the measure of the central 
angle. If the central angle is 27 radians, then the area of the sector is the entire 
interior of the circle, which has an area of zr”. Using proportions yields 


area of asector _ a 
0 21° 
Solving the equation for the area of the sector results in 


area of a sector = =7°0. 


2 


(XE Angle 6 must be in radian measure to use the area formula A = $1°0. 


Finding the area of a sector 


A circle has a radius of 6 inches. Find the area of the sector if its central angle is 60°. 
SOLUTION Since 60° is equivalent to 4 radians, the area of the sector is given by 


= A= 376 <2 ) = 67 square inches. 
Must be radian | measure | 


This region of 67 ~ 18.8 square inches is illustrated in FIGURE 6.22. 


An Application Involving Robotics Consider the robotic arm shown in FIGURE 6.23, 
The work space of the robotic arm is the shaded region and corresponds to the places 
that the hand can reach either by rotating or by changing the length of the arm. 
(Source: W. Stadler, Analytical Robotics and Mechatronics.) 


Work Space of a Robotic Arm 
¥ 


FIGURE 6.23 
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PTW How) Finding the area of the work space for a robotic arm 


Suppose that a robotic arm similar to the one in FIGURE 6.23 can rotate between 
6 = 10° and 6 = 130°. If the length of the robotic arm can vary between 5 inches and 
20 inches, find the area of its work space. 


SOLUTION The work space can be thought of as a large sector having radius 7, = 20 

inches with a small sector of radius r. = 5 inches removed, The arm can rotate through 
Area of Work Space 130° — 10° = 120°, or 1B radians, See FIGURE 6.24. The area A of the work space is 
computed as follows. 


Area of large sector minus 


2 area of srnall sector 


(ri? ae 1°) Factor out 40 


BS 
I 


NI— NI— NI 


Il 
nv 
vn 
yx 


FIGURE 6.24 
Simplify. 


The work space is 125a ~ 392.7 square inches. 


Now Try Exercise 73 


= ee 6.1 | Putting It All Together It All Together 


EXPLANATION OR FORMULA 


Degree measure One complete rotation contains 360°, A right angle contains 90°, 
A straight angle contains 180°, 
An acute angle @ satisfies 0° < a < 90°. 
An obtuse angle £ satisfies 90° < B < 180°, 


Radian measure One complete rotation contains 27 radians. | 22 radians is equivalent to 360°, 
a vadians is equivalent to 180°, 


5 radians is equivalent to 90°, 
§ radians is equivalent to 60°. 
F tadian is equivalent to 45°, 
& radian is equivalent to 30°, 


Arc length s = 10, where @ is in radians If r = 12 feet and @ = 90°, then 
8 = (12)F = 6m ~ 18.8 feet. 


Area of a sector AS 4 170, where 0 is in radians If r = 6 inches and 0 = 45°, then 
A= 36? (3) = 45a ~ 14,1 square inches. 


Angular speed co = 4, where 0 is the angle of rotation and | If @ = 5 radians and ¢ = 0.1 second, then 
tis time ‘7 = 50 radians per second, 


Linear speed of v = rw, where r is the radius and @ is the If r = 3 feet and w = 5 radians per second, 
a rotating object angular speed in radians per unit of time then y = (3)(5) = 15 feet per second, 
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Angles 


Exercises 1 and 2: Sketch the following angles in standard 
position. 


1, (a) 45° (b) —150° 
© F @ -# 

2. (a) —90° (b) 225° 
© -7% @ % 


Exercises 3-10; Sketch an angle 0 in standard position 
that satisfies the conditions. Assume a is in standard 
position. 


3. Acute 4, Obtuse 

5. A positive straight angle 6, Complementary to 60° 
7. Positive and the terminal side lies in quadrant III 
8. Negative and the terminal side lies in quadrant IV 
9, Negative and coterminal with a = 90° 


10. Positive and coterminal with a = —135° 


11. What fraction of a complete revolution is each of the 
following angles? 
(a) 90° (b) 30° © F @ F 


12. What angle is its own complement? What angle is its 
own supplement? 


Degree Measure 


Exercises 13-20: Find a positive angle and a negative angle 
that are coterminal with the given angle. Answers may vary. 


13. 150° 14, 65° 
15, —72° 16. —330° 
17. 3 18, 5 

19, -= 20, — 22 


Exercises 21-24; Express the angle in decimal degrees. 
21.. 125715" 22. 15°30’ 


23, 108°45'36” 24, 256°06'12" 


Exercises 25-28: Convert the given angle to degrees, min- 
utes, and seconds. 


25, 125.3° 26. 15.25° 


27, 51.36° 28. 22.46° 


Exercises 29-34: Find the complementary angle a and the 
supplementary angle B to 0. 


29, 0 = 55.9° 30. 6 = 71.5° 


31. 6 = 85°23'45" 32. 6 = S°45'30" 


33. @ = 23°40'35" 34, 8 = 67°25'10" 


Radian Measure 


Exercises 35-38: Use the figure to determine the radian 
measure of angle 0, Then approximate the degree measure 
of @ to the nearest tenth of a degree. 


35. ——M 36. 


Exercises 39-42: Convert each angle from degree measure 
to radian measure. Round to the nearest hundredth of a 
radian when appropriate. 


39, (a) 45° (b) 135° (c) —120° (d) —210° 
40. (a) 105° (b) 245° (c) —255° (d) —80° 
41. (a) 37° (b) 123.4° = (e) —92°25' (d) 230°17' 
42. (a) 56° (b) 88.7° (ec) 122°15' (d) —7°48' 

Exercises 43-46: Convert each angle from radian measure 


to degree measure. Round to the nearest hundredth of a 
degree when appropriate. 


3.) %F 0) % ©-F @-% 
4@-50-F OF @F 

45. (a) F  @) F oe a (ae 
46. (a) Fb) © -41 @ -3 
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Axc Length 


Exercises 47-52: Use the formula s = r@ to determine the 
missing value in the figure. 


Exercises 53-58; Find the length of the are intercepted by 
a central angle 0 in a circle of radius r. 


53.°=3m,0=5 54, r = 7.3mm, 0 = in 
55, r= 12 ft, 0 = 15° 56. r = Sem, 0 = 240° 


57, r= 2mi,0 = 1°45’ 58, r = 3 mi, @ = 4°15'09" 
Exercises 59-62: Clocks A minute hand on a clock is 
4 inches long. Determine how far the tip of the minute hand 
travels between the given times. Find the linear speed of the tip. 


59, 10:15 A.M., 10:30 A.M. 60, 1:00 P.M., 1:40 P.M. 


61, 3:00 p.M., 4:15 P.M. 62, 11:00 A.M., 1:25 P.M. 


Critical Thinking 


63, Clock Hands The time on the clock shown is 10:10. 
Find the smallest angle @ formed between the hour 
and minute hands, 


vith 


12 4” 


64, Clock Hands The time on the clock shown is 12:00. 
At this time the hour and minute hands are in the 
same position. Find the next time then these two 
hands are in the same position, Round your answer 
to the nearest second, 


Area of a Sector 


Exercises 65-68: Find the area of the shaded sector, 


Ce 


Exercises 69-72: Find the area of the sector of a circle hay- 
ing radius r and central angle 0. 


6.7 = 13.1em,0= fe 70.7 


. (4 


5 
7.3m, 0 = =F 


71. r = 1.5 ft, 0 = 30° 72. r = 5,5in,, 0 = 225° 
Exercises 73-76; Robotics (Refer to Example 10.) Find 
the area of the work space for a robotic arm that can rotate 
between angles 0, and 0, and can change its length from ry 
to rn. See the figure. 


73, 
74, 
75. 
716, 


0, = —45°, 0, = 90°, ry = Gin., r. = 26 in. 
0, = —60°, 0, = 60°, 7, = 0,5 ft, rm = 2.5 ft 


0, = 15°, 0, 


195°, r, = 21 em, r, = 95cm 


6, = 43°, = 178°, ) = 0.4m, 1 = 1.8m 


Applications 


71. 


78. 


79, 


80. 


81. 


82, 


Bicycle Tire A bicycle has a tire 26 inches in diameter 
that is rotating at 15 radians per second. Approximate 
the speed of the bicycle in feet per second, 


Skateboard Wheel The wheels on a skateboard have 
a diameter of 2.25 inches. If a skateboarder is trav- 
eling downhill at 15 miles per hour, determine the 
angular velocity of the wheels in radians per second. 


Ferris Wheel A large Ferris wheel has a diameter of 
140 feet. It completes | revolution every 420 seconds. 
(a) Find the angular velocity in radians per second, 


(b) What is the linear speed of a person who is riding 
this Ferris wheel? 


Location of the North Star Presently the North Star, 
Polaris, is located near the true North Pole. However, 
because Earth is inclined 23,5°, Earth precesses like a 
spinning top and the direction of the celestial North 
Pole traces out a circular path once every 26,000 
years, as shown in the figure. Calculate the angle 
in seconds that the celestial North Pole moves each 
year, as viewed from the center C of this circular 
path, (Source: M. Zeilik et al., Introductory Astronomy and 
Astrophysics.) 


Fan Speed The blades of a fan have a 30-inch diam- 
eter and rotate at 500 revolutions per minute. 
(a) Find the angular velocity of a fan blade. 


(b) Estimate the linear speed at the tip of a fan blade. 


Earth's Rotation Earth rotates | complete revolu- 

tion every 24 hours and has an equatorial radius of 

about 3963 miles. 

(a) Find the angular velocity of a person standing at 
the equator in radians per hour. 


(b) Estimate the linear speed in miles per hour at the 
equator due to Earth’s rotation. 


83. 


84 


85. 


86. 


87. 


88. 
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Sprinkler Coverage A sprinkler head is set so that 
is sprays water over an angle 165° as shown in the 
photo. If the spray reaches 10 feet, find the area of 
the lawn that is being watered. Round your answer 
to the nearest tenth of a square foot. 


Sprinkler Coverage (Refer to Exercise 83.) A sprin- 
kler head is set so that is sprays water over an angle 
of 205° and the spray reaches 15 feet. Find the area 
of the lawn that is being watered. Round your answer 
to the nearest tenth of a square foot. 


Distance between Cities (Refer to Example 7.) 
Daytona Beach, Florida, and Akron, Ohio, have 
nearly the same longitude of 81° W. The latitude of 
Daytona Beach is 29°11’, and the latitude of Akron is 
40°55’. Approximate the distance between these two 
cities if the average radius of Earth is 3955 miles, 


Nautical Miles Nautical miles are used by ships 
and airplanes. They are different from statute miles, 
which equal 5280 feet. A nautical mile is defined to 
be the arc length along the equator intercepted by a 
central angle AOB of | minute, as illustrated in the 
figure. If the equatorial radius of Earth is 3963 statute 
miles, use the arc length formula to approximate the 
number of statute miles in 1 nautical mile. Round 
your answer to two decimal places. 


Nautical 


(Not to scale) 
mile 


Tennis (See the discussion before Example 8.) Suppose 
that a tennis player rotates her wrist 85° in 0.05 second. 
Tf the tennis racket is 28 inches in length, estimate the 
speed of the tip of the racket in feet per second. 


Club Speed in Golf The shoulder joint can rotate at 
about 25 radians per second. Assuming that a golfer’s 
arm is straight and the distance from the shoulder to 
the club head is 5 feet, estimate the linear speed of the 
club head from shoulder rotation. (Source: J. Cooper 
and R. Glassow, Kinesiology.) 


514 


89, 


90. 


91. 


92. 


93, 
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Pulleys Approximate how many inches the weight in 
the figure will rise if r = 11 inches and the pulley is 
rotated through an angle of 75.3°. 


LY) 
Pulleys Use the figure in Exercise 89 to estimate the 


angle @ through which the pulley should be rotated 
to raise the weight 5 inches. 


Bicycle Chain Drive The figure shows the chain 

drive of a bicycle, The radius of the sprocket wheel 

that the pedals are attached to is 3.75 inches, and the 

radius of the other sprocket wheel is 1.5 inches. 

(a) Determine the number of revolutions that the 
bicycle tire rotates when the pedals are rotated 
one revolution. 


(b) If the bicycle has a tire with a 26-inch diameter, 
determine how fast the bicycle travels in feet per 
second when the pedals turn through two revolu- 
tions per second. 


Wind Speed One of the most common 
ways to measure wind speed is with a 
three-cup anemometer, as shown in the 
figure. The cups catch the wind and 
cause the vertical shaft to rotate. At 
lower wind speeds the cups move at 
approximately the same speed as the 
wind. If the cups are rotating 5 times 
per second with a radius of 6 inches, 
estimate the wind speed in miles per 
hour. (Source: J. Navarra, Atmosphere, 
Weather and Climate.) 


Velocity of Planets The average distance D in mil- 
lions of miles from the sun and the orbital period P in 
years are given for various planets. Assuming that the 
orbits are circular, approximate the average orbital 
velocity in miles per hour for each planet. Discuss 
the effect that average distance from the sun has on 


94, 


+ 95, 


ty 


re 4 96, 


97. 


orbital velocity. (Source: C. Ronan, The Natural History 
of the Universe.) 
(a) Venus: 


D= 067.2, P=0.615 


(b) Earth: D=92.9, P=1 


(c) Jupiter: D = 483.6, P = 11.86 


(d) Neptune: D = 2794, P= 164.8 


Speed of a Propeller When a 90-horsepower out- 
board motor is at full throttle, its propeller makes 
5000 revolutions per minute. Find the angular veloc- 
ity of the propeller in radians per second, What is the 
linear speed in inches per second of a point at the tip 
of the propeller if its diameter is 10 inches? 


Surveying The subtense bar method is a technique 
used in surveying to measure distances. A green 
subtense bar is shown in the figure connecting points 
P and Q. If the distance d from the surveyor to the 
bar is large, then there is little difference between the 
length of the subtense bar, which is usually 2 meters, 
and that of the red are connecting P and Q, Similarly, 
there is little difference between d and the radius r 
of the are intercepted by the subtense bar. If 6 is 
measured to be 0,835°, approximate d using the arc 
length formula. (Source: I, Mueller and K. Ramsayer, 
Introduction to Surveying.) 


sv 


Coe 


Diameter of the Moon (Refer to Exercise 95.) The 
distance to the moon is approximately 238,900 miles. 
Use the are length formula to estimate the diameter 
of the moon if angle @ in the figure is measured to be 
0.517% 


(Not to scale) 


Solar Power Plant A 150-megawatt solar power 
plant requires approximately 475,000 square meters 
of land to collect the required amount of energy from 
sunlight. (Source: C. Winter, Solar Power Plants.) 

(a) If this land area is circular, approximate its radius. 


(b) If this land area is a sector of a circle with 6 = 70°, 
approximate its radius. 
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98. Measuring the Circumference of Earth The first Writing about Mathematics 

/ accurate estimate of the distance around Earth 
( was made by the Greek astronomer Eratosthenes 
(276-195 B.c.), who noted that the noontime position 

of the sun at the summer solstice differed by 7°12' 

from the city of Syene to the city of Alexandria, See 

the figure. The distance between these two cities is 

496 miles. Use the arc length formula to estimate the 

radius of Earth, Then find the circumference of Earth, 

(Source: M, Zeilik et. al., Introductory Astronomy and 


99, Give definitions for | degree and | radian. Compare 
these two units of angle measure. Which unit of 
measure do you prefer? Explain why, 


100, Suppose a central angle @ of a circle remains fixed, 
Describe what happens to the arc length intercepted 
by @ and the area of the corresponding sector as the 
radius r doubles and triples. 


Astrophysics.) Extended and Discovery Exercises 
. ' 
Suns yeas noon So 1, Arc Length Formula Modify the are length formula 
s = r0 so that angle @ can be given in degrees rather 
496 mi 7°12" than radians, Which of the two formulas is simpler? 


| 
Ls 
a— Shadow 
I 


s ty. ; 
| ' gy? 2, Area of a Sector Formula Modify the area formula 
i| Alexandria A = 4/76 so that angle 0 can be given in degrees rather 
7°19! than radians, Which of the two formulas is simpler? 


— 


« Learn basic concepts ; : 
about trigonometric Introduction 


functions 


A right triangle is a basic geometric shape that occurs in many applications such 
as astronomy, surveying, construction, highway design, GPS, weather, and aerial 
photography. Trigonometric functions are used to solve triangles. Solving a triangle 
* Understand complementary —_ involves finding the measure of each side and angle in the triangle, Like other func- 

angles and cofunctions tions that we have encountered previously, the six trigonometric functions can be 
used to model data and describe a variety of physical phenomena. 


« Apply right triangle 
trigonometry 


Basic Concepts of Trigonometric Functions 


Standard Labeling The standard labeling used to designate vertices, angles, and 
sides of a triangle ABC is shown in FIGURE 6.25. 


Standard Labeling of a Right Triangle 
B 


/ Vertices: A, B, and C 
Angles: a, B, and y = 90° 
c Legs: aandb 
ae 2 Hypotenuse: c 
| 


ff ais opposite a. 
fe 3h pagodas, 
A b ¢c 
FIGURE 6,25 


Geometry Review , . ats . _ , 
( To review similar triangles, see Chapter R Many important ideas in trigonometry depend on the properties of similar tri- 
(page R-5), angles. Similar triangles have congruent corresponding angles, but similar triangles 
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are not necessarily the same size. Similar triangles are shown in FIGURES 6.26 and 6.27. 
Corresponding sides of similar triangles are proportional. 


Similar Triangles 
B! 
Corresponding sides / 4 | 
are proportional: | Jf By | 
ee ee ee / \4 / 
a4 gm BH | if 3} N /| 
8, h \ | 
y, lo | a ; 
Corresponding angles | / ; (0 qd f 
are equal, i x I r Cc c! 
FIGURE 6.26 FIGURE 6.27 


some acute angle 0? Explain your 
reasoning, 


EXAMPLE 1 


The Sine Function The right triangles ABC and AB'C’ shown in FIGURE 6.27 are 
similar triangles. By the properties of similar triangles, the following ratios are equal. 
BC _ BIC! 

AB AB' 

That is, the ratio of the length of the side opposite angle @ to the length of the hypot- 
enuse is constant for a given angle @ and does not depend on the size of the right 
triangle. If the measure of @ changes, then the ratio of the length of the side opposite 0 
to the length of the hypotenuse also changes. This concept can be used to define a 
new function called the sine function, That is, if @ is an acute angle in a right triangle, 

as shown in FIGURE 6.28, then we define the sine of 0 as 
Length of the | ite angle 0 | 
posite _— Length of the leg opposite angle | 


side op 


Sinelfunctlon — hypot : Length of the hypotenuse | 


tenuse 


where sin @ denotes the sine function with input 0. The three letters “sin” are used to denote 
the sine function, much like “log” is used to denote the common logarithmic function. 


Sides of a Right Triangle 


Hypotenuse / 


Side 
/ opposite 
(9 
Side adjacent 
FIGURE 6.28 


Evaluating the sine function 
Find sin 30°. Support your answer by using a calculator. 


SOLUTION Since the sine function depends only on the measure of 0, we can 
choose any size right triangle to evaluate sin 0, For convenience, let the length of 
the hypotenuse equal 2, as shown in FIGURE 6.29. From geometry we know that the 
length of the shortest leg in a 30°-60° right triangle is half the hypotenuse. Thus the 
side opposite equals | and 

side opposite 


sin 30° = —————— = -, 
hypotenuse 


This result is supported in FIGURE 6.30, where the sine function has been evaluated for 
30° using a calculator set in degree mode. 
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30°-60° Right Triangle Evaluating sin 30° 
sin(30) 
The shortest leg is 
A half the hypotenuse. 
FIGURE 6.29 FIGURE 6.30 Degree Mode 


The Cosine Function Using FIGURE 6.27 and 6.28, we can define other trigonomet- 
ric functions. Since 


the ratio of the side adjacent (next) to @ to the hypotenuse is constant for a fixed angle 0 
and does not depend on the size of the right triangle. We define the cosine function to be 


side adjacent — Length of the leg next to angle 0 | 


Cosine function }——cos 9 = ~~~, ee = 
paen emo hypotenuse — Length of the hypotenuse | 


See the Concept: Evaluating Sine and Cosine 


5, side opposite 
® sing = ———_ 


hypotenuse 


side adjacent 


4 © cos@ = 


hypotenuse 


| @ Side opposite @ | | @ Side opposite and side 
3 3 | adjacent depend on 
oS @ Side adjacent 6 how angles are labeled. 
@ sing =3 ® sind == 
@ cos = + © cos@ = +4 


The Six Trigonometric Functions The six trigonometric functions of angle 0 are 
called sine, cosine, tangent, cosecant, secant, and cotangent. The customary abbrevia- 
tion for each trigonometric function is shown below. 


RIGHT TRIANGLE-BASED DEFINITIONS OF TRIGONOMETRIC FUNCTIONS 


Let @ be an acute angle in a right triangle. Then the six trigonometric functions of 0 
may be evaluated as follows. 


"| side opposite side adjacent side opposite 
sin @ = ——————__ cos@ = ——_——__ tan@ = —~——___ 
hypotenuse hypotenuse side adjacent 

a hypotenuse as hypotenuse __ side adjacent 
side opposite side adjacent side opposite 


The next example illustrates how to evaluate the trigonometric functions. 


518 CHAPTER 6 Trigonometric Functions 


EXAMPLE 2 


B 


che in| 
A b Cc 
FIGURE 6.31 


Algebra Review 
To review the Pythagorean theorem, see 
Chapter R (page R-2), 


Evaluating trigonometric functions 


Consider the right triangle shown in FIGURE 6.31. Find the six trigonometric functions of @. 


SOLUTION In triangle ABC, the side opposite angle 0 is a = 8 and the hypotenuse 
is c = 17, To find the adjacent side b, we apply the Pythagorean theorem. 
CHR+Pr y ‘ n theorem 
b=e-@ 
be = 17 — 8? | 
b? = 225 
15 


Thus the six trigonometric functions of @ are as follows, 


side opposite hypotenuse 17 


sin 0 = ; ; 
hypotenuse 17 side opposite 

side adjacent 15 hypotenuse (7 
cos 0 = sec? = — ; == 
hypotenuse 17 side adjacent = 15 
side opposite 8 side adjacent — 15 
tan 0 ; ul =— cotd=—— ; : 
side adjacent = 15 side opposite 8 


| aay, 1 
| Now Try Exercise 19. 
| 


If an object is located above the horizontal, then the acute angle between 
the horizontal and the line of sight YY is called the angle of elevation, See 
FIGURE 6.32. If an object is located below the horizontal, then the acute angle 
between the horizontal and the line of sight XY is called the angle of depression. 
See FIGURE 6.33. 


Angle of Elevation Angle of Depression 
Y XxX iy 
y . Horizontal 
| Angle of 
a 
‘ depre ssion 
angle of 
« é \ elevation 
4 Horizontal ; ¥ 
FIGURE 6.32 FIGURE 6,33 


An Application from Meteorology Trigonometry allows people to determine dis- 
tances without measuring them directly, For example, the altitude of the cloud base 
is important at airports, Although it is not practical to measure this altitude directly, 
trigonometry can indirectly determine this height at nighttime. In FIGURE 6.34 a bright 
spotlight is directed vertically upward, It creates a bright spot on the cloud base, 
From a known horizontal distance d from the spotlight, the angle of elevation @ is 
measured, The side adjacent to @ is d, and the side opposite 0 is i, where / represents 
the height of the cloud base. It follows that 
1 his the only unknown, | 


6 can be measured, SS r ‘ 
side opposite 


tan 0 = ——— = =. 
side adjacent  d 


dan be measured, | 


| EXAMPLE 3 | 


Approximating tan 55° 


tan(55) 
1.428148007 


FIGURE 6.35 Degree Mode 


FIGURE 6.36 
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Finding the Height of the Cloud Base 


6 is the angle f 
of elevation. 6 


SSR 
FIGURE 6.34 


Determining the height of the cloud base 


Suppose that @ = 55° and d = 1150 feet in FIGURE 6.34. Estimate the height of the 
cloud base. (Neglect the height of the telescope and spotlight in FIGURE 6.34.) 


SOLUTION Solve the equation tan@ = A for and then substitute values for 6 and d. 


h 
tand = > 

d 
We often need a calculator h = dtan Multiply by 4; rewrit 
to evaluate trigonometric = 1150 tan 55° bstitute for d and @ 
functions. 
SS = 1150 (1.4281) pproximate tan ! 

= 1642 feet ultipl 


Thus the cloud base is about 1642 feet high, See FIGURE 6.35. 


Solving a Triangle We can use trigonometric functions to find unknown sides of a 
right triangle. This process is sometimes referred to as solving a triangle. 


Solving a triangle 


Find the lengths of the unknown sides a and ¢ for the right triangle shown in FIGURE 6.36. 
Round each value to the nearest hundredth. 


SOLUTION We are given angle @ = 40° and side b = 35, which is adjacent to 
angle 0. Side a is opposite angle 6. Because the tangent function involves the opposite 
and adjacent sides, we use it to find side a. 


ve 
tan 40 35 
35 tan 40° = a lultiply by 35, 
a ~ 29,37 Rewrite; approximat 


To find the length of hypotenuse c, we could use the Pythagorean theorem. 
However, we use cos@ instead, which involves the adjacent side and the hypotenuse. 


cos 40° = aA ; 
c hyy 
ccos 40° = 35 tiply | 
= 35 | 
cos 40° 
c =~ 45.69 
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| EXAMPLE 


A 45°— 465° Right Triangle 


> 
45° 


FIGURE 6.37 


Reciprocal Identities: 
csc 46°, sec 45°, and cot 45° 


1/sin(45) 
1.414213562}. 


peat >\2 


-414213562) 


1/tan(45) 


FIGURE 6.38 Degree Mode 


Finding Exact Values In most applications, calculators are used to approximate 
values of the trigonometric functions. However, with the aid of geometry we can 
determine exact values for the trigonometric functions of some special angles such as 
30°, 45°, and 60°. 


Evaluating trigonometric functions by hand 
Evaluate the six trigonometric functions of 6 = 45°, 


SOLUTION Begin by drawing a right triangle with a 45° angle, as shown in FIGURE 6.37. 
The lengths of the legs in this triangle are equal. Since the size of the right triangle 
does not affect the values of the trigonometric functions, let the lengths of both legs 
equal 1, Using the Pythagorean theorem, we can find the length of the hypotenuse 
as follows. 


C=CP+P 
e?=P +P 


c= 


The hypotenuse has length V2. Evaluating the six trigonometric functions gives 
the following. 


ide opposite 1 hy 


VYPOCOnuse V2 
ese 45 V2 


sin 45° = — =— - 
hypotenuse V2 ide opposite l 
: side adjacent 1 hypotenuse V2 
cos 45° = i — sec 45 = ; V2 
¢ \/2 side adjacent 1 
side opposite 1 side adjacent 1 
tan 45° = =-=1 cot 45° = ———_- = —= | 


side adjacent 1 ide opposite I 


| Now Try Exercise 23 | 
Reciprocal Trigonometric Functions In Example 5, we saw that sin 45° = Js 
and ese 45° = a, Because 


side opposite hypotenuse 
——————— and ~—s csc = 


sind = . 7? 
hypotenuse side opposite 
sin @ and csc @ are reciprocals. | 


it follows that csc@ = aa in general. In a similar manner, 


cos @ and sec @ | __! 3h tan @ and cot 0 
are reciprocals. secd cos 0 and cotd = tang" are reciprocals. | 


A 2 3 
For example, if tan@ = re then cot @ = > 


Calculators Most calculators have keys to evaluate the sine, cosine, and tangent 
functions but do not have keys to evaluate the cosecant, secant, and cotangent func- 
tions. These three functions may be evaluated by using the reciprocal identities. 


Reciprocal Identities 
1 I : 1 
ang cos @ a tan 0 


Results from Example 5 are supported in FIGURE 6.38, where these reciprocal 
identities have been applied to evaluate csc 45°, sec 45°, and cot 45°. 


A 30°-60° Right Triangle 


FIGURE 6.39 


Algebra Review 


To review rationalizing the 
denominator, see Chapter R 
(page R-49), 


| EXAMPLE 6 
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Do not use the sin“, cos”!, and tan“! calculator keys to evaluate reciprocals. 
They represent inverse functions, which will be discussed in Section 6 of this chapter. 
You may want to use the x! key to evaluate reciprocals instead. 


Using the right triangles shown in FIGURES 6.37 and 6.39, we can evaluate the six trig- 
onometric functions at 30°, 45°, and 60° without the aid of a calculator. See TABLE 6.2. 


Some Exact Values of Trigonometric Functions 


If you can sketch 

Figures 6.37 and 6.39 you 
will be able to find the 
values in Table 6.2 without 
memorizing them. 


TABLE 6.2 


(SEV If we rationalize the denominators in TABLE 6.2, then 


fo ee 
2 2 V2 2° 
Similarly, Jz = YB and & = 


Applications of Right Triangle Trigonometry 


Applications from Surveying Water is often an obstacle to surveyors in the field 
when measuring distances between two points. For example, to measure the distance 
between points P and Q in FIGURE 6.40 a baseline PR, perpendicular to PQ, is deter- 
mined, Angle PRQ is then measured. Right triangle trigonometry can be used to 
determine the length of PQ. (Source; P. Kissam, Surveying Practice.) 


FIGURE 6.40 


Finding distance 


Suppose in FIGURE 6.40 the length of PR is 94.75 feet and angle PRQ has measure 
41.6°. Estimate the distance between points P and Q. 


SOLUTION Let angle PRQ be @. Since tan@ = a it follows that 
PQ = PRtand = 94.75 tan 41.6° ~ 84.12 feet. 


Now Try Exercise 69 
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fe 


Parallax of a Star 
Star 


V4 
Sol 
| 


LE 7 


Finding the height of a tree 


From a point A on level ground, the angle of elevation to the top of a tree is 38°, 
Furthermore, from a point B that is 46 feet farther from the tree, the angle of eleva- 
tion is 22°. See FIGURE 6.41. Find the height / of the tree to the nearest tenth of a foot. 


een aq 
Bo 46f A d c 


FIGURE 6.41 


SOLUTION From triangles ACD and BCD, 


tan 38° = 4 or h = dtan 38°, and 
tan 22° = F; ! 46° or h = ( 16) tan 22 


We can set the two expressions for / equal to each other and solve for d. 


R 


dtan 38° = (d 46) tan 22 pressions for h 
d tan 38° = dtan 22° + 46 tan 22° Distributive propert 
d tan 38° — dtan 22° = 46 tan 22° 
d (tan 38° — tan 22°) = 46 tan 22° 


46 tan 22° 
d= ' 
tan 38° tan 22° 


if ( ee wan 22" Ym 18° © 38.5 feet. 


tan 38° tan 22° 


Expression for d | | Now ‘Try Exercise 71 | 


An Application from Astronomy For centuries astronomers wanted to know 
how far it is to the stars. Not until 1838 did the astronomer Friedrich Bessel deter- 
mine the distance to a star called 61 Cygni. He used a parallax method that relied on 
the measurement of very small angles. See FIGURE 6.42. As Earth revolves around 
the sun, the observed parallax of 61 Cygni is 0 ~ 0.0000811°. Because stars are so 
distant, parallax angles are very small. (Sources: H. Freebury, A History of Mathematics; 
M. Zeilik et al., Introductory Astronomy and Astrophysics.) 


Calculating the distance to a star 


One of the nearest stars to Earth is Alpha Centauri, which has a measured parallax 

of 8 =~ 0,000212°. (Source: M. Zeilik et al.) 

(a) Find the distance to Alpha Centauri if the Earth—Sun distance is 93,000,000 miles. 

(b) A light-year, defined to be the distance that light travels in | year, equals about 
5.9 trillion miles. Find the distance to Alpha Centauri in light-years. 


SOLUTION 
(a) Let d represent the distance between Earth and Alpha Centauri. From FIGURE 6.42 
it can be seen that ; 
Side opposite | 


° 93,000,000 
sin@ = ———__., 


d 
Hypotenuse : 


__ 93,000,000 


or ; 
: sind 
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Substituting for @ gives the following result. 


_ 93,000,000. _ (Sse 
d= Jin 0.000212" ~ 2.51 X 10° miles 


13 
(b) This distance equals oo =~ 4.3 light-years, 


Onelight year | — 


An Application from Highway Design Next we derive a formula that is used 
in the design of highways. If you drive a car, mostly likely you have driven over this 
type of curve many times. 


| EXAMPLE 9 | Deriving a formula for the design of highway curves 


One common type of highway curve is a simple horizontal curve, It consists of 
two straight segments of highway connected by a portion of a circular are with 
radius 7, as shown in FIGURE 6.43, The distance d is called the external distance. 
(Source: F, Mannering and W, Kilareski, Principles of Highway Engineering and Traffic 
Analysis.) 

(a) Derive a formula for d that involves r and 0, 

(b) Find d for a curve with a 750-foot radius r and 6 = 36°, 


A Simple Horizontal Curve 


FIGURE 6.43 


SOLUTION 
(a) cos @ = <5 Use triangle OSP. 
(r+ )oos 6 =r Multiply by r + 
reds ror Divide by cos 8 
d= or i Subtract r. 


Sasd ba 1) Factor out r. 


1 
Ss 
1 
(b) d = 750 (se - 1) ~ 177 feet 


Now Try Exercise 83 
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Complementary Angles and Cofunctions 


Complomentary Angles In FIGURE 6.44, w and B are complementary angles since their measures sum to 90°. 
a + B= 90° The six trigonometric functions for a and can be expressed as follows. 
Cofunction Values (@ + B = 90°) 
‘ a b_. 

sina = — = cos B cosa = — = sinB 
c c 
a b 

tana = 5 = cotp cota =~ = tanB 


c c 
seca = 7 = csc B esca = 7 = sec B 


A b Cc 


FIGURE 6,44 Notice that the value of a trigonometric function for a equals the value of the 


trigonometric cofunction for B. For example, sin a@ = cos B and sin B = cos a, This 
is how cofunctions were named. In 1620 Edmund Gunter combined the words “com- 
plement” and “sine” to obtain cosine. Similarly, the cosecant and cotangent functions 
are the “complementary functions” of the secant and tangent functions, respectively, 
and their names were shortened to cosecant and cotangent. 


COFUNCTION FORMULAS 
sin@ = cos (90° — @) cos@ = sin (90° — 6) 
tan@ = cot (90° — @) cot@ = tan (90° — 6) 
sec@ = csc (90° — 6) csc@ = sec (90° — 0) 


OT WIi IAM Kvaluating functions using complementary angles 


Write an equivalent expression using a cofunction. Then evaluate the expression 
using a calculator. 
(a) cot 23° (b) sec 70° (c) cos 12° 


SOLUTION 
(a) The complementary angle of 23° is 90° — 23° = 67°. Thus 


cot 23° = tan 67° ~ 2.3559, 
(b) sec 70° = csc (90° — 70)°) = csc 20° = = ~ 2.9238 
(c) cos [2° = sin (90° — 12°) = sin 78° ~ 0.9781 


Now Try Exercise 65 


Pat 6.2 | Putting It All Together It All Together 


FORMULAS AND FIGURES 
Trigonometric functions Let 6 be an acute angle in a right triangle ABC. 


. side opposite hypotenuse 
ie == <  paaale ERENT TOG 
hypotenuse side opposite 


i j Hypot i 
side adjacent hypotenuse Ma Side 
= eee sec? = ——_.—_ opposite 


1c 5 
hypotenuse side adjacent 


side opposite __ side adjacent Z\ CI 


tané = ——— coté A Side adjacent C 


side adjacent "side opposite 
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FORMULAS AND FIGURES 
Let a and B be complementary angles. 


sin a = cos (90° — a) = cosB 
tan a = cot (90° — a) = cot B 


Cofunction formulas 


seca = csc (90° — a) = cscB 


6.2 | Exercises 


Sketching Triangles 


Exercises 1-6; Sketch a right triangle with the following 
properties. Label the measure of each angle and side. 


1, Acute angles of 30° and 60° and a hypotenuse with 
length 2 


2. Acute angle of 45° and a leg with length 1 

3. Acute angle of 45° and a hypotenuse with length | 
4, Acute angle of 60° and a hypotenuse with length 1 
5, Isosceles and a hypotenuse with length 4 

6. Acute angle of 60° and the shorter leg with length 3 


Evaluating Trigonometric Functions 


Exercises 7-12: (Refer to Example 1.) Use a 30°-60° right 
triangle to find the exact value of the trigonometric expression. 


7. sin 60° 8, tan 30° 
9, cos 30° 10. cot 30° 
11, sec 60° 12. csc 60° 


Exercises 13-18: Use a 45°-45° right triangle to find the 
exact value of the trigonometric expression. 


13, tan 45° 14, sec 45° 

15, cot 45° 16, csc 45° 

17, sin 45° 18. cos 45° 

Exercises 19-22: Find the six trigonometric functions of 0. 
19, 20. 

4 
17 
Z\ a 
3 


21, 4 22. 


7 


Exercises 23-32; Find the six trigonometric functions of 
the given angle. Approximate to three decimal places when 
appropriate 


23. 60° 24, 45° 

25. 25° 26. 30° 

27. 5°35’ 28. 85°35'33” 
29. 13°45'30" 30. 45°44’ 
31. 1.05° 32. 0.161° 


Exercises 33-38: Reciprocal Functions Let 6 be an acute 
angle. Find the unknown trigonometric value, using the given 
information. 


33. secd if cosé = 5 
34. coté iftan@d = 5 
35. cscé ifsind = 3% 
36. sin@ifcsc@ = 3 
37. tané if cot@ = a 


2 
38. cosé if sec = z 
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Solving Triangles 


Exercises 39-46: Find the lengths of the unknown sides in 
the right triangle. Round values to the nearest hundredth. 


39. { 40. B 
/ Z 
£ /| 
f° Z 
A FA 
16 if a Y la 
/ | 
/ | a | 
/ d Lx ia 
Z 5 
Ab Cc a ¢ 
41, B 42. B 
A / 
J / 
| ha 
Ta 6 / 
F e/ a 
J | / 
A 50° / 
a ] 
A b c / 
/ 
L [ 
Ar do G 
4, 2B 44, 2B 
I re 4 
| ar 75° 
Oo 
| 8 c b A 
a 
| \ 
o ate 
c b A 
45, | 46. B 
» J | 
1\ Pal 
—_ 50°04" | 
| cys | 
a NG A a 
| 
| \ 
a 46°15. e 
ec Tal . A 25.2 GC 


Exercises 47-50; Checking Symbolic Skills Find the 
exact length of each side labeled with a variable in the figure. 


41, A. 48, \ 
/ \45°\ 97 
24 / ‘ ie 
1 |b WY 730° 60°) 
kL Se a d 
. 
De \ 
a d 
49, d 50. ar , 
Ben 
Jase / Ps 
™~ a 7 1S b fr 
e / fd 
Nooo 1 45</ 


Exercises 51-54: Complete the following for right triangle 
ABC having the standard labeling shown in FIGURE 6.25. 
Approximate the answer to the nearest hundredth, 


51. Find aif b = 12 and a@ = 60°, 
52, Find b if ¢ = 23 and B = 45°. 
53, Find ¢ if a 


100 and B = 53°43", 


ll 


54, Find a if b = 64 and a = 78°15’, 


Cofunctions 


Exercises 5S—S8: ( Refer to Example 10.) Writean equivalent 
expression using a cofunction. Approximate the expression 
to four decimal places using a calculator, 


55. (a) sin 70° 
56. (a) cot 23° 
57. (a) csc 49° 
58. (a) cot 87° 


(b) cos 40° 
(b) tan 48° 
(b) sec 63° 
(b) sec 72° 


Applications 


59, Height of the Cloud Base (Refer to Example 3.) 
From a distance of 1500 feet from the spotlight, the 
angle of elevation @ equals 37°30’, Find the height of 
the cloud base. 


60. Height of a Tree One hundred feet from the trunk of 
a tree on level ground, the angle of elevation of the 
top of the tree is 35°. Find the height of the tree to the 


nearest foot. 


61, Length of a Shadow The angle of elevation of the 
sun is 34°, Find the length of a shadow cast by a per- 
son who is 5 feet 3 inches tall. Round your answer to 
the nearest tenth of a foot. 


62. Height of a Tower The shadow of a vertical tower is 
40,6 meters long when the angle of elevation of the 


sun is 34.6°. Find the height of the tower. 


63. Angle of Depression of a Floodlight A company 
safety committee recommended that a floodlight be 
mounted in a parking lot as shown in the figure, so as 
to illuminate the employee exit. Find / to the nearest 


tenth of a foot. 


52 ft 


64, 


65, 


66 


67 


68. 


69, 


70. 


Aerial Photography An aerial photograph is taken 
directly above a building. The length of the building’s 
shadow is 48 feet when the angle of elevation of the sun 
is 35,3°, Estimate the height of the building. 


Angle of Depression An airplane is flying near a 
football stadium at 12,000 feet above level ground. 
The angle of depression from the airplane to the sta- 
dium is 13°, How far horizontally must the airplane 
fly to be directly over the football stadium? Round 
your answer to the nearest thousand feet. 


Angle of Depression An airplane is flying 10,500 
feet above the level ground. The angle of depression 
from the plane to the base of a tree is 13°50’. How 
far horizontally must the plane fly to be directly over 
the tree? 


Height of a Building From a window 30 feet above 
the street, the angle of elevation to the top of the 
building across the street is 50° and the angle of 
depression to the base of this building is 20°. See 
the figure. Find the height of the building across the 
street. 


Height of a Building The angle of elevation from the 
top of a small building to the top of a nearby taller 
building is 46°40’, while the angle of depression to the 
bottom is 14°10’. If the smaller building is 28.0 meters 
high, find the height x of the taller building. 


Surveying (Refer to Example 6.) Find the distance 
from P to Q if PR is 85.62 feet and angle POR is 
23,76". 


Weather Tower A 410-foot weather tower used to 
measure wind speed has a guy wire attached to it 
175 feet above the ground. The angle between the wire 
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and the vertical tower is 57°, as shown in the figure. 
Approximate the length of the guy wire. 


71, Height of a Mountain (Refer to Example 7.) From a 


72 


73. 


74. 


point A the angle of elevation of Mount Kilimanjaro 
in Africa is 13.7°, and from a point B, directly behind 
A, the angle of elevation is 10.4°. See the figure. If the 
distance between A and B is 5 miles, approximate the 
height of Mount Kilimanjaro to the nearest hundred 
feet. 


an 
— a “Tae 
ati, ATS - ee 
= ee a par 
mi = eras 


Height of Mt. Whitney The angle of elevation from 
Lone Pine to the top of Mt. Whitney is 10°50’. Exactly 
9.3 kilometers from Lone Pine along a straight, level 
road toward Mt. Whitney, the angle of elevation is 
22°40'. Find the height of the top of Mt. Whitney 
above the level of the road to the nearest hundredth of 
a kilometer. 


Height of a Pyramid The angle of elevation from a 
point on the ground to the top of a pyramid is 35°30’. 
The angle of elevation from a point 135 feet farther 
back to the top of the pyramid is 21°10’. Find the 
height of the pyramid to the nearest foot. 


>. 
x 
7 
fi 
t 
/ 
/ 
/ 
/ 


]k— 135 ft —| 


Height of an Antenna An antenna is on top of the 
center of a house. The angle of elevation from a 
point on the ground 28.0 meters from the center of 
the house to the top of the antenna is 27°10’, and 
the angle of elevation to the bottom of the antenna is 
18°10’. Find the height of the antenna. 
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Ss. 


716 


77 


78. 


79. 


CHAPTER 6 Trigonometric Functions 


Distance to Nearby Stars (Refer to Example 8 and 
FIGURE 6,42.) The table lists the parallax @ in degrees 
for some nearby stars, Approximate the distance 
from Earth to each star in miles and in light-years. 


[Siar [a ears) 


Procyon 7.91 x 1075 


Source; M. Zeilik et al., Introductory 
Astronomy and Astrophysics. 


Parallax and Distance (Refer to Exercise 75.) 
When the parallax @ is equal in measure to 
1 second, a star is said to have a distance from Earth 
of | parsec. If the distance between Earth and the 
sun is 93,000,000 miles, approximate the number 
of miles in | parsec. How many light-years is this? 
(Source: M, Zeilik et al.) 


Observing Mercury The planet Mercury is closer 
to the sun than Earth. For this reason it can only be 
observed low in the horizon around sunset or sunrise. 
See the figure, where angle @ is called the elongation. 
Because Mercury’s orbit is not circular, the elonga- 
tion varies between 18° and 28°. Approximate the 
minimum and maximum distances between Mercury 
and the sun, (Source: M. Zeilik et al.) 


Mercury 
A/S 


Sun 


Observing Venus (Refer to Exercise 77.) The orbit 
of Venus is nearly circular with an elongation of 48°, 
Estimate the distance between Venus and the sun. 


Orbital Height of a GPS Satellite The figure illustrates 
a satellite in the Global Positioning System (GPS) 
orbiting over the equator, where » = 3963 miles and 
0 = 76.1%. Use d= leks — 1) from Example 9 
to determine the altitude of the GPS satellite above 
Earth’s surface to the nearest mile. (Source: Y. Zhao, 
Vehicle Location and Navigation Systems.) 


Ss 
fm 
r] SP age 
Ko dy 
‘\ a 
n go 
\ as 


80. Heights of Lunar Mountains The lunar mountain 


81 


82. 


peak Huygens has a height of 21,000 feet. The shadow 
of Huygens on a photograph was 2.8 mm, and the 
nearby mountain Bradley had a shadow of 1.8 mm 
on the same photograph. Use similar triangles to 
calculate the height of Bradley to the nearest hun- 
dred feet. (Source: T. Webb, Celestial Objects for Common 
Telescopes.) 


Highway Curve Design Highway curves are some- 
times banked so that the outside of the curve is 
slightly elevated or inclined above the inside of the 
curve, as shown in the figure, This inclination is 
called the superelevation. Both the curve’s radius 
and the super-elevation must be correct for a given 
speed limit. The relationship among a car’s velocity 
v in feet per second, the safe radius r of the curve 
in feet, and the superelevation @ in degrees is given 


eH 
by r= Sa 32nd (Source: F, Mannering and W. 


Kilareski Principles of Highway Engineering and Traffic 
Analysis.) 


(a) A curve has a speed limit of 66 feet per second 
(45 mi/hr) and a superelevation of @ = 3°. 
Approximate the safe radius r. 


(b) Find r if 0 = 5° and vy = 66. 


(c) Make a conjecture about how increasing @ 
affects the safe radius r. Verify your conjecture by 
making a table for r, starting at @ = 0 and incre- 


menting by 1. Let vy = 66. 


Highway Design (Refer to Exercise 81.) A highway 
curve has a radius of r = 1150 feet and a supereleva- 
tion of @ = 2.1°. What should be the speed limit (in 
miles per hour) for this curve? 


83. 


84, 


85, 


Highway Design (Refer to Example 9.) Find the 
external distance d for a highway curve with r = 625 
feet and @ = 54°, 


Highway Design (Refer to Example 9.) A simple 
horizontal curve is shown in the figure. The points P 
and S mark the beginning and end of the curve. Let 
Q be the point of intersection where the two straight 
sections of highway leading into the curve would 
meet if extended. The radius of the curve is r, and the 
angle @ denotes how many degrees the curve turns. If 
r = 765 feet and @ = 83°, find the distance between 
P and Q. (Source: F, Mannering and W. Kilareski.) 


Area of an Equilateral Triangle Find the area of the 
equilateral triangle shown in the figure in terms of s. 


86. 
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Area of a Hexagon Write the area of the hexagon 
shown in the figure in terms of x, Assume that the six 
triangles that comprise the hexagon are equilateral 
and congruent. 


Writing about Mathematics 


87, 


88. 


Most calculators have built-in keys to compute the 
sine, cosine, and tangent functions but not the secant, 
cosecant, and cotangent functions. Is it possible to 
evaluate all of the trigonometric functions with this 
type of calculator? Explain and include examples. 


Critical Thinking The sine function is defined 
side opposite 
hypotenuse * 
Suppose that a fixed angle @ occurs in two right tri- 


angles. If the hypotenuse in the first triangle has twice 
the length of the hypotenuse in the second triangle, 
what can be said about the sides opposite in each 


triangle? How does the value sin@ compare in each 
triangle? Explain. 


in terms of right triangles as sin@ = 


CHECKING BASIC CONCEPTS FOR SECTIONS 6.1 AND 6.2 


1, 


2. 


3. 


4, 


Find the radian measure of each angle. 
(a) 45° (b) 75° 


Find the degree measure of each angle. 
(a) § (b) °F 


Find the are length intercepted by a central angle 
of 6 = 30° in a circle with radius r = 12 inches. 
Calculate the area of the sector determined by rand 0. 


Evaluate the six trigonometric functions of @ = 60° 
by hand. Support your results by using a calculator. 


5 


6. 


Use the right triangle in the figure to find the six 
trigonometric functions of 6. 


Pe 
em 

or ° 
An a6 


A 12 Cc 


If a = 63° and a = 9 in right triangle ABC, approxi- 
mate the length of the hypotenuse to the nearest tenth. 
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« Define the sine and cosine ; ‘ 
functions for any angle Introduction 


« Define the sine and cosine The sine and cosine functions are used not only in applications involving right triangles 


functions for any real 
number by using the unit 
circle and the wrapping 
function 


» Represent the sine and 
cosine functions . = eee 
» Use the sine and cosine Evaluating Sine and Cosine for Any Angle 


functions in applications 


but also to model phenomena involving rotation and periodic motion, Extending the 
domains of the trigonometric functions from acute angles to angles of any measure 
will allow us to model a wide variety of phenomena such as biorhythms, weather, tides, 
electricity, robotic arms, and the design of highways. 


Robotics is a rapidly growing field that requires extensive mathematics. One basic 
» Model with the sine problem in designing a robotic arm is determining the location of the robot’s hand. 

function Suppose we have a robotic arm that rotates at the shoulder and is controlled by 
changing the angle @ and the length of the arm r, as illustrated in FIGURE 6.45. We 
would like to find a relation between the xy-coordinates of the hand and the values 
for r and 0, (Source: W. Stadler, Analytical Robotics and Mechatronics.) 


Robotic Arm at Angle 0 


FIGURE 6,45 


Notice that for a fixed angle 0, if the length of the arm is changed from ;, to 1", 
triangle ABC in FIGURE 6.46 and triangle DEF in FIGURE 6.47 are similar triangles. Thus 
the following ratios are equal and depend only on the measure of 0, 


v; v2 Yi _ I Because the triangles are 
a= «sth SOS similar, these ratios are 
equal. 


Defining sin 0 and cos 0 


FIGURE 6.46 FIGURE 6.47 FIGURE 6.48 


FIGURE 6.49 


EXAMPLE 1 
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In FIGURE 6.48 the Pythagorean theorem gives :? = x? + »?, Since r > 0, it follows 
that r = Vx? + y?. The ratios + and + depend only on 6 and can be used to define 
the sine and cosine functions of any angle 0. 


THE SINE AND COSINE FUNCTIONS OF ANY ANGLE 0 [a ; 
Let angle @ be in standard position with the point (x, y) lying on the angle’s terminal 


side, If r = Vx? + y’, then 


sind = 2 and cos) = (r # 0). 


Although the terminal side of 6 in FIGURE 6.48 is shown in the second quadrant, these 
definitions are valid for any angle @ having a terminal side in any of the four quadrants. 


MAKING CONNECTIONS 


Right Triangle Trigonometry If 0° < 6 < 90°, then x corresponds to the length of 
the adjacent side, y corresponds to the length of the opposite side, and + corresponds 
to the length of the hypotenuse. See FIGURE 6.49, These new definitions for sine and 
cosine are consistent with the definitions presented in the preceding section, when 0 
is an acute angle. 


Evaluating the sine and cosine functions 


Suppose angle @ is in standard position with the point (20, —21) lying on its terminal 
side, as shown in FIGURE 6.60, Find the values of sin @ and cos @. 


y 


(20, -21) 
FIGURE 6.50 


SOLUTION To evaluate sin @ and cos @ we need to know x, y, and 1. Because the 
terminal side passes through the point (20, —21), let x = 20 and y = —21, To 
determine r use the following equation. 


r= Vx + = VQ0P + (217 = V84l = 29 


If follows that 


20 
29" 


Sine and Cosine of Coterminal Angles In the next example, we evaluate sine 
and cosine for coterminal angles and generalize the results. 


; : 
Ss, ad cos8 = — = 
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| EXAMPLE 2.| Evaluating sine and cosine for coterminal angles 
Suppose a robotic hand is located at the point (15, —8), where all units are in inches. 
(a) Find the length of the arm. 
(b) Let @ satisfy 0° = a < 360° and represent the angle between the positive v-axis 
and the robotic arm. Find sin a and cos a. 
(c) Let B satisfy —360° < B < 0° and represent the angle between the positive 
x-axis and the robotic arm. Find sin B and cos 8. How do the values for sin B 
and cos B compare with the values for sin w and cos a? 
SOLUTION 
(a) Let x = 15, y = —8,and r = Vx? + y?. Thus r = VIS? + (-8)? = 17 and 
the length of the arm is 17 inches, See FIGURE 6.51. 
(b) Let x = 15,y = —8,andr = 17. Then 
y 8 x 15 
sina => = —— and cosa =—=—, 
r 17 y 
(c) In FIGURE 6.52, B satisfies -360° = B < 0°. Since the values of x, y, and r do not 
change, the trigonometric values for B are the same as those for @ in part (b). 
Coterminal Angles Have Equal Sine and Cosine Values 
y 4 
7 
1s 
1 
The terminal sides of « and B 
both pass through (15, —8), x 
so they are coterminal angles. 
(15, -8) 
FIGURE 6.51 FIGURE 6.52 
| Now Try Exercise 5 | 
Coterminal Angles Have The results of Example 2 can be generalized. If a and B are coferminal angles, then 


Equal Trigonometric Values 


sina = sin B and cos a = cos B. 


The angles @ and @ + 360° are coterminal for any 6. Their terminal sides pass 
through the same point (x, y), as shown in FIGURE 6.53. Therefore for all 0, 
sin@ = sin (@ + 360°) and cos@ = cos (6 + 360°). In general, if is any integer, then 


Me d sind = sin@ + n+ 360°) and —cos@ = cos(0 + n+ 360°), 
¥ ys As a result, we say that the sine and cosine functions are periodic with period 36()° (or 
’ A F 2a radians). For example, 
. sin 90° = sin (90° + 360°) = sin (90° — 2+ 360°). 
FIGURE'6.69 See FIGURE 6.54. 
Sine Has Period 360° 
sin (90) 


sin (90+360) 
sin (90—2%360) 


Angles that differ by multiples of | 


360° have equal values for sine. | 


FIGURE 6.54 Degree Mode 


EXAMPLE 3) 
Finding Exact Values for 
sin 120° and cos 120° 


FIGURE 6.55 


sin(120) .~ 
-8660254038 
cos(120) 


FIGURE 6.56 Degree Mode 


sin (1/2) 
cos(m/2) 


FIGURE 6.57 Radian Mode 


exam 4] 
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Evaluating Sine and Cosine by Hand If an angle is a multiple of 30° or 45°, 
exact evaluation of the sine function or cosine function is possible by hand. The next 
example illustrates an angle for which the sine and cosine functions can be evaluated 
exactly by hand. 


Finding values of sin 0 and cos 0 


Find sin 120° and cos 120°. Support your answer using a calculator. 


SOLUTION When evaluating the sine or cosine function by hand, we can select any 
positive value for r and it does not change the resulting values for sin@ and cos@. For 
convenience, we let r = 2, as shown in FIGURE 6.55. Regardless of the value of r, a 
30°--60° right triangle results, The length of the shortest leg in a 30°-60° right triangle 
is half the hypotenuse. Since the terminal side of @ is in the second quadrant, x < 0 
and so x = — |. Next we find y. 


ety =? 
yoP-x3 
y=P-ClP ta ! 


y= tV3 1 root propert 
Since the terminal side of 6 is in the second quadrant, y > 0 and so y = \/3. Thus 


sin 120° = » =~ ~ 0.8660 and 


cos 120° = : = -0.5, 


These results are supported in FIGURE 6.56. 


| Now Try Exercise 13 | 


(STB When evaluating trigonometric functions by hand as in Example 3, ahvays 
draw the perpendicular line segment from a point on the terminal side to the x-axis, 
not the y-axis. 


The values of the sine and cosine functions for the quadrantal angles 0°, 90°, 180°, 
and 270° are shown in TABLE 6.3. Try to verify these values. 


Quadrantal Angles 


he Terminal sides of these 
angles lie on the x- or y-axis. 


TABLE 6.3 


(QGIT} If the terminal side of an angle 0 in standard position lies on the y-axis, then 
sind = +1 andcosé = 0; if it lies on the x-axis, sind = 0 and cos@ = +1. 


Evaluation in Radian Mode Trigonometric functions can also be evaluated using 
radian mode. See FIGURE 6.57. Since 90° is equivalent to 5 radians, it follows that 


i T 
sin 1 and cos 0. 


Finding values of sin tand cos t 


Find the exact values of sin (-4z) and cos (-42), 
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Finding Exact Values for 
sin(—22) and cos (—3#) 


FIGURE 6.58 


A Grade of — 6% 


| 100 


(100, -6) 
FIGURE 6.60 (Not to scale) 


SOLUTION 
Getting Started Because there is no degree symbol, it is assumed that —t is measured 
in radians, Its terminal side lies in quadrant ITI, as shown in FIGURE 6.58. » 

From a point on the terminal side, draw a perpendicular line segment to the 
x-axis, forming a 45°-45° right triangle. Label the resulting triangle conveniently so 
that the length of each leg equals 1. (Each side is labeled —1, because the terminal 
side lies in quadrant III.) By the Pythagorean theorem, the hypotenuse is V2. Thus 


x=-l,y=-l, andr = V2. Tt follows that 


sin (-2#) = 2 = and cos (22) = 2 =~ 
ak ae le a) Pe 
If we rationalize the denominator, each result becomes — v2 


| Now Try Exercise 46 | 


An Application from Highway Design Grade, or slope, is a measure of steep- 
ness and indicates whether a highway is uphill or downhill. A 5% grade indicates 
that a road is increasing 5 vertical feet for each 100-foot increase in horizontal 
distance. Grade resistance R is the gravitational force acting on a vehicle and is 
given by 


R W sin@ 


where W is the weight of the vehicle and @ is the angle associated with the grade. 
See FIGURE 6.59. For an uphill grade @ > 0, and for a downhill grade 0 < 0. (Source: 
F, Mannering and W, Kilareski, Principles of Highway Engineering and Traffic Analysis.) 


Uphill and Downhill Grade 


FIGURE 6.59 


Calculating the grade resistance 


A downhill highway grade is modeled by the line » = —0,06x in the fourth quadrant. 
(a) Find the grade of the road. 
(b) Determine the grade resistance for a 3000-pound car. Interpret the result. 


SOLUTION 

(a) The slope of the line is —0.06, so when x increases by 100 feet, y decreases by 
6 feet. See FIGURE 6.59. Thus this road has a grade of —6%, 

(b) Because R = Wsin@, we must find sin@, From FIGURE 6.60 we see that the point 
(100, —6) lies on the terminal side of @. Since 


r= V 100? + (—6? = V'10,036, 


it follows that 
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For a 3000-pound car, the grade resistance is 


R= Wsino 3000 ( 4 ) = 179.7 Ib. 
V'10,036 


On this stretch of highway, gravity pulls a 3000-pound vehicle downhill with a force 
of about 180 pounds. Note that a downhill grade results in a negative grade resistance. 


The Unit Circle 


Unit Circle (r = 1) Trigonometric Functions of Real Numbers Trigonometric functions were first 
. sins = sin <A defined for angles. As applications became more diverse, real numbers were included 
cos § = COS 


in the domains of the six trigonometric functions. Real numbers were needed to rep- 
resent quantities such as time and distance. To extend the domains of the sine and 
cosine functions to include all real numbers, we will introduce the unit circle. 

The unit circle has radius 1 and equation x? + y? = 1. Let (x, y) be a point on 
the unit circle, and let s be the are length along the unit circle from the point (1, 0) 
to the point (x, y) determined by a counterclockwise rotation. See FIGURE 6.61. Since 
r = 1, the are length formula s = 16 reduces to s = 0. That is, the real number s 
representing arc length is numerically equal to the radian measure of 0. Thus if s is a 
real number and @ is an angle measured in radians, as shown in FIGURE 6.61, we define 


is an angle in radians. | 
FIGURE 6.61 f | 1 
sins = sin@ and cos s = cosé. 


sisa real number: s = 0. | 


If s < 0, then the red arc in FIGURE 6.61 is wrapped around the unit circle in a clockwise 
direction and @ has negative measure. This discussion suggests how trigonometric 
functions of a real number are evaluated. 


| TR j IO) REAL NUMBERS | 
1 
The value of a trigonometric function for the real number s is equal to its value | 


for s radians. 


(QTY To evaluate a trigonometric function of a real number s with a calculator, 
use radian mode. 


idaNwignail Approximating the sine and cosine of a real number 


Use a calculator to approximate sin 1.78 and cos 1.78. 


SOLUTION To approximate the sine and cosine of the real number 1.78, use radian 
mode, As shown in FIGURE 6.62, sin 1.78 ~ 0.978 and cos 1.78 ~ —0.208. 


Sine and Cosine of a Real Number 


sin (1.78) 
.9781966068 
cos(1.78) 


~.2076810016 


FIGURE 6.62 Radian Mode 
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The Circular Functions The following See the Concept illustrates that if the terminal 
side of an angle @ intersects the wnif circle at (x, )’), then this point can also be written as 
(cos 0, sin @) since on the unit circle » = cos ? and ) = sin @. Because trigonometric 
functions can be defined using the unit circle, they are also referred to as circular functions. 


See the Concept: Circular Functions 


@ s = @ because s = rO andr = 1, 
(sis arc length; @ is in radians) 


© The terminal side of @ intersects 
the unit circle at (x, y). 


@ cosd = *andr = 1,s0% = cos, 


[D) sino =» and r=1,soy=sin@, 


joe NW Ay) Evaluating circular functions 


Use the unit circle in FIGURE 6.63 to find sin @ and cos 0. 


FIGURE 6.63 


SOLUTION The terminal side of angle @ intersects the unit circle at the point 
(- 4 2), Because this point is in the form (cos, sin @) it follows that 


4 ; 3 
cos 9 = -= and sin 0 = 2, 
s 5 

| Now Try Exercise 55. 


An Important Trigonometric Identity The unit circle is given by x? + y? = 1. 
Because x = cos @ and y = sin 6, we have 


(cos 6)? + (sin 0)? = 1, 


or equivalently, Trigonometric identity | 
| 


Lae (True for all values of 6) 
i. i Bal 


sin’? + cos’@ = 


This equation is an example of a trigonometric identity. An identity is true for all 
meaningful values of the variable. In FIGURE 6.64 and 6.65 this identity is evaluated for 
different values of 0. In every case the result is 1, regardless of whether @ is measured 
in degrees or radians. 
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Examples of sin?@ + cos?@ = 1 


Ssteoreco oo (sin (80))2+ (cos( sin (1/7))2+(cos 
80)) ; a/7))2 
(sin(-12))2+(cos sin(1.5))2+(cos 
sin? (=12) + cos?(=12) =1 (-12))2 {s .5))2 sin?1,5 + cos?1.5 = 1 


1 


FIGURE 6.64 Degree Mode FIGURE 6.65 Radian Mode 


The Wrapping Function 


Evaluating the Wrapping Function Trigonometric functions of real numbers 
can be defined without angles by using a wrapping function, To define the wrapping 
function W on the unit circle, let the input s be any real number, The following 
See the Concept shows that given any positive real number input s, the wrapping 
function outputs a point (x,y) on the unit circle. That is, W(s) = (x,y). See 
FIGURE 6.66. 


See the Concept: Evaluating the Wrapping Function 


, “ctrine® having lengths. 
| y Terminal Point y WO=@%y | @ Cuta *string” having length s 


Terminal Point © Place one end of the “string” at the 
initial point (1, 0). 


| @ Wrap the “string” counterclockwise 
around the unit circle if s > 0. 


a © If the “string” stops at the terminal 


ravi Bia point (x, y), then W(s) = (x,y). 


| If s is negative, the string has length 
|s| and is wrapped clockwise, Note 


that the initial point is always (1, 0). 
(a) (b) 


| FIGURE 6.66 


(XG The wrapping function is different from other functions that we have 
encountered because for every real number s, its output is a point on the unit circle. 


Doe Winhory Evaluating the wrapping function 


For each real number s, evaluate W(s). 
T 


7 
(a) 27 br € “a qd =“ 


SOLUTION 

(a) Because the radius of the unit circle is 1, the circumference C of the unit circle 
is C = 2nr = 25. If a string of length s = 2+ is wrapped counterclockwise 
around the unit circle, it will make one complete revolution and the termi- 
nal point will coincide with the initial point (1, 0). Thus (27) = (1, 0). See 
FIGURE 6.67 on the next page. 

(b) Half the circumference of the unit circle is 7. The string wraps halfway around 
the unit circle, and the terminal point is (—1,0). Thus W(m) = (-1, 0). See 
FIGURE 6.68 on the next page. 
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Evaluating W(27) 


Evaluating W (7) 


y y 
Wm) = (1, 0) 


Wear) = (-1, 0) 


(1, 0) (-1, 0) (1, 0) 
x > x 

Initial and Terminal Initial 

Terminal Point Point 

Point 

FIGURE 6.67 FIGURE 6.68 
©) Because s = —% and s is negative, the string wraps clockwise around the unit 
2 &' 


circle, as shown in FIGURE 6.69. A length of 5 represents a fourth of the circum- 
ference of the unit circle, so the terminal point is (0, —1) and w(-%) = (0, -1). 
(d) Let s = -f. A distance of ri represents an eighth of the circumference of the 
unit circle. Thus the terminal point lies on the line y = —x, as shown in FIGURE 


6.70. The 45°-45° right triangle formed has a hypotenuse with length | and legs 
both with length a, 


e+e=t rean r 
2a? = 1 | 
1 
ms 
a 2 
1 
“a= 


-tT 


Because the terminal point is located in quadrant IV, the x-coordinate is Vi and the 
TT 


y-coordinate is Vi Thus W(-%) = (Je ca). 


Evaluating the Wrapping Function 


w(- 3) =(0,-1) 


Terminal Point ~ |(0, -1) 
FIGURE 6.69 FIGURE 6.70 


| Now Try Exercises 69, 71, 73, and 77} 


(XD The concept of a string is used only to help you visualize the wrapping func- 
tion. Instead, you could visualize moving a distance s around the unit circle. 


Evaluating the Sine and Cosine Using the Wrapping Function The wrap- 
ping function on the unit circle can be used to define the sine and cosine functions for 
any real number s by letting 


sins = » and cos s = x, 


where W(s) = («, »). The next example illustrates how to apply this definition. 
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id@: WA Evaluating the sine and cosine functions 


Find sin s and cos s for each real number s. 


7 7 
@ aw Wr O-7 OW-7 


SOLUTION 

Getting Started First note that the values for s are the same as those used in Example 8. 
Thus if W(s) = (x, y), we need only apply the fact that sins = y and cos s = x. » 
(a) W(2m) = (1, 0) by Example 8(a), so sin 27 = 0 and cos 27 = |. 

(b) War) = (~ 1, 0) by Example 8(b), so sin 7 = 0 and cosa = ~1. 


© w(-%) = (0, —1) by Example 8(0), so sin (-) = —1 and cos (-3) = 0, 
(a) w(-%) = (. ea - J) by Example 8(d), so sin (-3) = “HR and cos (-%) = 7: 


Now Try Exercises 85, 87, 89, and 93° 


(TD The results obtained by using the wrapping function to evaluate trigonomet- 
ric functions are equivalent to those arrived at by the other methods presented earlier, 


Representations of the Sine and Cosine Functions 


The sine and cosine functions also have symbolic, numerical, and graphical represen- 
tations, Their domains include all real numbers. Both functions are nonlinear, 


The Sine Function A symbolic representation of the sine function is f() = sin ¢, 
There is no simple formula that can be used to evaluate the sine function, 

A numerical representation of f(t) = sin t is shown in TABLE 6.4, Since outputs 
from the sine function correspond to a y-coordinate on the unit circle, the range of 
the sine function is -1 = y S 1, 


Evaluating the Sine Function 


Increases: Decreases: Increases: | 
ci a 3m 3m 
0,5) 22. (2m | 


A graphical representation of f(Q) = sint is shown in the following See the 
Concept. The points from TABLE 6.4 have been plotted on the graph. 


See the Concept: The Graph of y = sint 


| @ Domain: all real numbers. 
@ Range: -1 =y=1. 


@ The sine graph repeats left 
and right every 27 along 
the t-axis. For all values of t, 

i sint = sin (t + 27), 

where n is any integer. 


Y @ Domain | | 
t | 


2 amy» 
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The Unit Cirele and the Sine Graph The graph of the sine function may be easier 
to understand if we use a unit circle. If a point P on the unit circle starts at (1, 0) and 
rotates counterclockwise, then the y-coordinate of P corresponds to sind. Refer to 
FIGURE 6.71. As a result, sin 6 first increases from () to |, then decreases from | to — |, 
and finally increases from — | to () (see TABLE 6.4), where P completes one rotation 
and returns to the point (1, 0). If P continues to rotate, it passes through the same 
points a second time, and so the sine function has period 277, or 360°. 


FIGURE 6.71 = . 
7 WAMU Evaluating the sine function 


Evaluate f(#) = sin/ at ¢= an by hand. 


SOLUTION An angle 0 of fe radians in standard position has a terminal side that 


intersects the unit circle at the point (0, — |). See FIGURE 6.72. Therefore sin (32) = =-1, 


y 


FIGURE 6.72 


The Cosine Function The cosine function, is represented symbolically by f(0) = cos ¢. 
A numerical representation of f(0) = cos ¢ is shown in TABLE 6.5, 


Evaluating the Cosine Function 


TABLE6:6): _ ——— rf 
Decreases: (0, ar) | Increases: (ar, 277) | 


A graphical representation of f(t) = cos ¢ is shown in the See the Concept. 


See the Concept: The Graph of y = cost 


@® Domain: all real numbers. 


, 7 
@ Period: 2r I, © Range: -1 sy <1. 


@ Cosine graph repeats left and 
@ Domain | right every 27 along the 
et t-axis. For all values of t, 
cos t = cos(t + 27n), where 
nis any integer. 


FIGURE 6.73 
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(CRITICAL THINKING _ 
If a point P on the unit circle in FIGURE 6.71 on the preceding page starts at (1, 0) and 


rotates counterclockwise, then the x-coordinate of P corresponds to cos@. Explain 
how this relates to the graph of the cosine function. 


Evaluating the cosine function 


Evaluate f() = cos ¢ at t= x by hand. 


SOLUTION An angle of & radians in standard position has a terminal side that 


intersects the unit circle in the second quadrant, as shown in FIGURE 6.73. To find 
the point of intersection (x, y) with the unit circle, notice that the hypotenuse of the 


30°--60° right triangle has length 1 and the shorter leg has length y = }. We can 
determine x symbolically. 


r+yeal 


) 


The point (x, y) is in the second quadrant, so choose x = — ~,'. Because cos / = x, 
it follows that cos“ = — \* ~ —0,8660. 


| - 7 
| Now Try Exerc 


Applications of the Sine and Cosine Functions 


An Application from Astronomy Periodic graphs that are similar in shape to 
the graphs of the sine and cosine functions are sinusoidal. Of all the periodic graphs, 
sinusoidal graphs are the most important in applications because they occur in nearly 
every aspect of physical science. 

Because the moon orbits Earth, we observe different phases of the moon during 


the period of a month. In FIGURE 6.74, angle ( is called the phase angle. The phase F 
of the moon is computed by 


F(@) = x — cos ()) 


and gives the fraction of the moon’s face that is illuminated by the sun. (Source: P. Duffet- 
Smith, Practical Astronomy with Your Calculator.) 


Phase Angle 0 
Moon 


SA) 
You are here. ah j) 
Earth 


he 4 Sun 


FIGURE 6.74 (Not to scale) 
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| EXAMPLE 72. Modeling the phases of the moon 


Let F(6) = AC — cos@). 

(a) A graph of Fis shown in FIGURE 6.75, Discuss how the graph relates to the phases 
of the moon. 

(b) Evaluate F(0), F($), F(r), and F (#2), Interpret each result, 


Phases of the Moon SOLUTION 
(a) The phases of the moon are periodic and have a period of 27, Each peak repre- 
sents a full moon, and each valley represents a new moon, 


(b) F(0) $(1 cos () (1 — 1) = 0, When @ = 0, the moon is located between 
Earth and the sun, Since F = 0, the face of the moon is not visible, which cor- 
responds to a new moon. 

F() =4(1- cost) = $01 - 0) = }, When 0 =4,F = 3, Thus half the 
face of the moon is visible. This phase is called the first quarter. 
Phase angle (radians) F(x) sl cos m) S(1 (-1)) = 1. When 0 = a, Earth is between the 

FIGURE 6.75 moon and the sun, Since F = |, the face of the moon is completely visible, which 

corresponds to a full moon. 

F(‘F) =3(1 - cos“) = $(1 - 0) = 4, When 0 = 32, F = 4. Thus half the 

face of the moon is visible. This phase is called the ast quarter. 


| Now Try Exercise 111 | 


An Application Involving Electricity Common household current is called 
alternating current (AC) because the voltage and current change direction 120 times 
per second. Sinusoidal curves are often used to model the voltage in a common house- 
hold electrical outlet, as demonstrated in the next example. 


| EXAMPLE 13 | Analyzing household current 


The voltage Vin a common household outlet can be modeled by V() = 160 sin (12077), 
where / represents time in seconds, 
(a) A graph of y = V(d is shown in FIGURE 6.76, Describe the voltage. 

Voltage in a Circuit (b) Evaluate V (x45) and interpret the result. 

(c) One way to estimate the “average” voltage in a circuit is to use the root mean 


V(t) = 160 sin(120zrf) square voltage, which equals the maximum voltage divided by V2. Find this 
1 Ae-f “average” or root mean square voltage. 


SOLUTION 
(a) The graph of V in FIGURE 6.76 is sinusoidal and varies between —160 volts and 
160 volts, corresponding to the fact that the current is changing direction in a 
household outlet. When the graph is above the /-axis the current flows one direc- 
tion, and when it is below the f-axis the current flows in the opposite direction. 
(b) V(s45) = 160 sin = 160(1) = 160. After s4j ~ 0,004 second, the voltage is 
FIGURE 6.76 160 volts. FIGURE 6.76 supports this result, alee 
(c) The maximum voltage is 160 volts, The “average” voltage is = ~ 113 volts, 
Common household electricity is often rated at 110-120 volts. 


Now ‘Try Exercise 115] 


(GTA In Example 13, the input to the function V is time, not an angle. This exam- 
ple illustrates why it is necessary to extend the domain of trigonometric functions to 
include all real numbers. 


EXAMPLE 14 
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Modeling with the Sine Function 


The study of biological clocks is a fascinating field. Many living organisms undergo 
regular biological rhythms, or circadian rhythms. (See Exercises 113 and 114.) A 
simple example is a flower that opens during daylight and closes at nighttime. One 
amazing result is that flowers often continue to open and close even when they are 
placed in continual darkness. (Source: F, Brown et al., The Biological Clock.) 


Modeling biological rhythms 


Some types of water plants are /uminescent—they radiate a type of “cold” light that is 
similar to the light emitted from a firefly. A sample of a luminescent plant (Gonyaulax 
polyedra) was put into continual dim light. The luminescence was measured at 6-hour 
intervals, and the data in TABLE 6.6 summarize the results. Noon corresponds to 
t = 0 and the y-units of luminescence are arbitrary. 


Luminescence of a Plant 


retouy [0 [6 [2] 18 [oe [30] 36 [a | aw 
Frames [14 t7t4lif4{7 [4] i] 


Source: E, Biinning, The Physiological Clock. 
TABLE 6.6 


(a) Makea scatterplot of the data in [—6, 54, 6] by [0, 8, 1]. Interpret the data. 

(b) Graph the data and f() = 3 sin (0.271 — 1.7) + 4. How well does function f 
model the data? 

(c) Estimate the luminescence when ¢ = 33. 


SOLUTION 

(a) A scatterplot of the data is shown in FIGURE 6.77. Luminescence appears to be 
periodic, increasing and decreasing at regular intervals even though the lighting 
was always dim, The plant was most luminescent during times that correspond 
to midnight: ¢ = 12 and 36. It was least luminescent at times corresponding to 
noon: ¢ = 0, 24, and 48. 


(ME These plants’ biological rhythms cause them to be most luminescent 
when it is dark, which corresponds to midnight. 


(b) Let y; = 3 sin(0.27/ — 1.7) + 4; the data are graphed in FIGURE 6.78. The graph 
of f models the periodic data quite well. 


A Scatterplot A Sinusoidal Model 
[-6, 54, 6] by [0,8, 1] [-6, 54, 6] by [0, 8, 1] 
y= 3 sin\(0.270— 1.7) + 4 


FIGURE 6.77 FIGURE 6.78 


(c) Evaluate f(9 at ¢ = 33 using radian mode. 
{@3) = 3sin (0.273) — 1.7) +4 = 6.4 


The luminescence was about 6.4 after 33 hours, or at 9 P.M. 


Now Try Exercine 121 
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(me Putting It All Together 


CONCEPT FORMULAS AND FIGURES 
Sine and cosine of any angle 0. 


x 
, 


sind = * and cos@ = 


where r = Vx? + y? 


The unit circle and the sine and etpPet (r=) 
cosine functions y Evaluation: sin { = y,cos ( = x 
Gy) Period: 2a or 360° 
sin (¢ + 2an) = sin¢ 


cos (f + 2an) = cost 


Graph of the sine function The Sine Function 


¥ 
a Nonlinear function 


J Graph is periodic with period 27. | 


Domain; -~® <1 < @ 
Range: -1 Sy = 1 


Graph of the cosine function The Cosine Function 
y 


Nonlinear function | 


t 
Qa Graph is periodic with period 27. 


Domain: -2% <1 < 
Range: -l Sy =1 
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Basic Concepts Sine and Cosine 


Exercises 1-4: Find sin@ and cos@. 
lL y 2. y 


vA 3) (CS, 12) 
0 


> 


—> x 


x 


(-15, -8) 


Exercises 5-8: The xy-coordinates of the hand for a robotic 
arm are shown in the figure. 

(a) Find the length of the arm. 

(b) Find the sine and cosine functions for the angle 0. 


(-15, 8) 


(10, -6) 


Exercises 9-12: The terminal side of an angle 0 in standard 
position lies on the line in the given quadrant. Find the sine 
and cosine functions of 0. (Hint: Find a point (x, y) lying 
on the terminal side of 0.) 


9, y = 2x, Quadrant I 


10. y = —3x, Quadrant II 
Li. y= —3x, Quadrant IV 
12. y = 3x, Quadrant III 


Evaluating Sine and Cosine 


Exercises 13-46; (Refer to Examples 3 and 4.) Find the 
sine and cosine functions by hand for the given angle. Then 
support your answer using a calculator. 


13. 45° 14, 150° 
15, —30° 16. -180° 
17. 0° 18. 360° 
19. 90° 20. —270° 
21, —90° 22, 270° 
23, 30° 24, —210° 
25, 225° 26, 510° 
27, —420° 28, -225° 
29. 0 30. 2a 
31, -7 32, 3ar 
33, - 32 34, 52 
35, 3 36. % 

37. F 38. -5 
39, 3 40. 
41, -% 42, —2ar 
43, 44, 4 
45, — 28 46, — 22 


Exercises 47-54: Approximate the sine and cosine of each 
angle to four decimal places. 


41, 93.2° 48, —43° 
49, 123°50' 50. 12°40'45" 
51. -4 52, 1.56 
53, Uz 54, —22 
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The Unit Circle 


Exercises 55-58: Each figure shows angle 0 in standard 
position with its terminal side intersecting the unit circle. 
Evaluate sin @ and cos 0. 


55. ? 56. y 
oO ith i) 
Coe 
—~ X » Xx 
57. y 58. y 
A 


(25°25) 


Exercises 59-68: (Refer to Examples 10 and 11.) Use a 
unit circle to evaluate sin (and cos t by hand. 


59, 1 =F 60. 1=7 

61.1=% 62.1=-% 
63, (= -32 64, 1 = 5 

65, 1 = 5 66, 1 = 12 
67,1=-% 68. 1 = —82 
The Wrapping Function 


Exercises 69-84: Checking Symbolic Skills (Refer to 
Example 8.) For each number s, evaluate W(s). 


69, 3a 10. 4r 
1. —2m 72. —Sar 
73, 3 74, 1 
15, 16. 
71, %E 78, 
79, 80. —32 
gi, Uz 82, 
83, - 22 84, — 


Exercises 85-100; Checking Symbolic Skills (Refer to 
Example 9 and Exercise 69-84.) Use the wrapping func- 
tion to evaluate sin s and cos s for each real number s. 


85, 37 86. 4a 


87, 
3 
89. =F 
5 
o1, —% 
5 
93, 5z 
95, —52 
u 
97. 
99, — 


88. —Si 
90, 22 
92, — 2 
94, 22 
96, —32 
98, 2 
100, — 5 


Graphs of Trigonometric Functions 


101, Sketch a graph of y = 


102, Sketch a graph of y = 


sin (for —27 S¢ S 2m. 


cos (for -27 S ¢ S 27. 


Exercises 103-106: Graph the function f in the viewing 
rectangle [—2q, 2m, /2] by [—4,4,1]. Identify the 
range of f and then evaluate f (z). 


103. (a) f(O = 3sin¢ 
104. (a) f(0 = 2cost 
105. (a) f() =2cos (0) +1 
106. (a) f(O = 3sin() + 1 


(b) fC = sin 30) 
(b) f(O = cos (21) 
(b) f() = cos (21) — 1 
(b) #@ = sin 30) - 1 


107. Critical Thinking Use the graph of f() = sins to 
answer the following. 


-3 


(a) What is the domain and range of f? 

(b) Where is f increasing or decreasing on the inter- 
val (—2z, 277)? 

(c) Identify the zeros of f on the interval [—27r, 27]. 

(d) Identify the absolute maximum and the abso- 
lute minimum. 

(e) Find the average rate of change from 4; = —7 
toh =F. 

(f) Where is f positive or negative on the interval 


(—2zr, 277)? 


108, Critical Thinking Repeat Exercise 107 for f(/) = cos f. 


Applications 


109, Highway Grade (Refer to Example 5.) Suppose an 
uphill grade of a highway can be modeled by the line 
y = 0,03y in the first quadrant, 
(a) Find the grade of the hill. 


(b) Determine the grade resistance for a gravel truck 
weighing 25,000 pounds, 


110, Highway Grade (Refer to Example 5.) A downhill 
grade is modeled by the line y = —0,04x in the 
fourth quadrant, 

(a) Find the grade of the road, 


& (b) Determine the grade resistance for a 6000- 
pound pickup truck, Interpret the result, 


111, Phases of the Moon (Refer to Example 12.) Find all 
phase angles @ that correspond to the first quarter 
phase of the moon, Assume that @ can be any angle 
measured in radians. 


112, Phases of the Moon (Refer to Example 12,) Find 
all phase angles @ that correspond to a full moon 
and all phase angles that correspond to a new 
moon, Assume that @ can be any angle measured in 
radians, 


113, Circadian Rhythm A human body has an internal 
clock called circadian rhythm that helps determine 
when a person is awake and has the most energy. If 
a person’s energy levels are determined by a scale of 
0 to 100, then the function 


C(x) = 50 — 40sin (Z.), 


where x is hours past midnight, describes a typical 
circadian rhythm, (Source: Hozumi.net) 
(a) Graph y = C(x) for 0 S x S 24. 


& (b) When is a typical person’s energy the greatest? 


& (c) When is a typical person’s energy the least? 
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114, Circadian Rhythm Disorder (Refer to Exercise 113.) 
Some people experience a disorder of their circadian 
rhythm. An example is given by 


C(x) = 40 + 30cos (Zs), 


where x is hours past midnight, 


(a) Graph y = C(x) for 0 Ss x S 24, 


& (b) With this disorder, when is a person’s energy 
the greatest? 


FS (c) With this disorder, when is the person’s energy 
the least? 


115, Voltage (Refer to Example 13.) Electric ranges and 
ovens often use a higher voltage than that found 
in common household outlets, This voltage can be 
modeled by V(/) = 310 sin (12077), where ¢ repre- 
sents time in seconds, 

(a) A graph of y = V(‘) is shown in the figure. 
Describe the voltage in the circuit. 


‘Time (seconds) 


, ; 
& (b) Evaluate V (a5) and interpret the result, 


(c) Approximate the root mean square voltage. 


116, Amperage (Refer to Example 13.) The amperage [ 
in an electrical circuit after ¢ seconds is modeled by 
T(t) = 10 cos (120777). 
(a) Find the range of J. 


4. F 
& (b) Evaluate J (4) and interpret the result. 
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117, Braking Distance and Grade The braking distance 
D in feet required for a typical automobile on dry 
pavement to change its velocity from V, to Vz can 
be estimated using the equation 


1.05(V,? — %2) 
27 + 64.4sin0 * 


In this equation, @ represents the angle of the grade 
of the highway and velocity is measured in feet per 
second, See FIGURE 6.59. (Source: F, Mannering and W. 

Kelareski, Principles of Highway Engineering and Traffic 

Analysis.) 

(a) Compute the number of feet required to slow a 
car from 88 feet per second (60 mi/hr) to 44 feet 
per second (30 mi/hr) while it is traveling uphill 
with 0 = 3°, 


(b) Repeat part (a) with @ = —3°. 


ne (c) How is braking distance affected by 0? Does 
this result agree with your driving experience? 


Braking Distance (Refer to Exercise 117.) An auto- 
mobile is traveling at 88 feet per second (60 mi/hr) 
ona highway with @ = —4°. The driver sees a stalled 
truck in the road and applies the brakes 250 feet 
from the vehicle, Assuming that a collision cannot 
be avoided, how fast is the car traveling when it col- 
lides with the truck? 


119. Highway Design When an automobile travels 
along a circular curve with radius r, trees and build- 
ings situated on the inside of the curve can obstruct 
the driver’s vision. See the figure. To ensure a safe 
stopping distance S, the minimum distance d that 


should be cleared on the inside of a highway curve 
is given by the equation d = r(1 — cos ), where 
B in radians is determined by B = a (Source: F. 
Mannering and W, Kelareski.) 


(a) At 45 miles per hour, S = 390 feet. If r = 600 
feet, approximate d. 


(b) At60 miles per hour, S = 620 feet. Approximate 
d for the same curve. 


et (c) Discuss how the speed limit affects the amount 
: of land that should be cleared on the inside of 
the curve. 


120, Dead Reckoning Suppose an airplane flies the path 
shown in the figure, where distance is measured in 
hundreds of miles. Approximate the final coordinates 
of the airplane if its initial coordinates are (0, 0). 


0,0 J» 55° 
Oe 7 a ss 


Modeling Biological Rhythms (Refer to Example 
14.) The table shows the time y in the afternoon 
when a typical flying squirrel becomes active during 
month x where x = | corresponds to January. 


x (month) 1 ‘| 2 3 
y(rm)| 4:30 | 5:15 5:45 


8 


7:00 7:30 7:45 7:30 


fg 121. 


4 
6:30 


y (PM) 


| xmon] 9 [| to | on | 
JP (PM) 


Source: J. Harker, The Physiology of Diurnal Rhythns, 


4:15 


(a) Makea scatterplot of the data. (Zint; Represent 
4:30 P.M. by 4.5.) 


© (b) The formula f(x) = 1.9 sin (0.42x — 1.2) + 5.7 

; models the time of sunset, where x represents the 
month, Graph f and the data together. Interpret 
the graph. 


122. Modeling Biological Rhythms (Refer to Example 
14.) The table lists the luminescence y of a plant 
after ¢ hours, where ¢ = 0 corresponds to midnight. 


t| o| 6 | 12 | 18 | 24] 30 | 36 | 42 | 48 
y{ lo] 6 | 2] 6{ to] 6| 2] 6 | 10 


(a) Graph the data and L(A) = 4 cos (0.271) + 6. 
How well does the function model the data? 


(b) Estimate the luminescence when / = 15. 


A (© Use the midpoint formula to complete part (b). 
Are your answers the same? Why? 


Writing about Mathematics 


123. Discuss whether the sine and cosine functions are 
linear or nonlinear functions. Use graphical and 
numerical representations to justify your reasoning. 


124, Describe two ways to define the sine and cosine 
functions. Give examples. 
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Extended and Discovery Exercises 2. (Continuation of Exercise 1) Translate the graph of 
( @ 1. Graph f( = sins and g() = cos¢ in the same g()) = cos fto the right 9 units by graphing the fune- 
viewing rectangle. Then translate the graph of f to tion given by y = et = 3), How does this trans- 

the left 5 units by graphing y = f (r a 2), How does lated graph compare to the graph of f(‘) = sin 1? 


this translated graph compare to the graph of g? 


Other Trigonometric Functions and Their 


« Define the other : 
trigonometric functions Introduction 
for any angle and any 
real number 

« Learn basic identities 


« Apply the wrapping 


Unlike the sine function, the tangent and cotangent functions did not originate with 
astronomy. Rather, they were developed as part of surveying land, finding heights 
of objects, and determining time. The cotangent function was computed as early as 
1500 B.c. in Egypt, where sundials were used to determine time. Depending on the 


function position of the sun in the sky, a vertical stick casts shadows of different lengths. See 
» Represent other FIGURE 6.79. This is a simple device for evaluating the cotangent function. (Source: 
trigonometric functions NCTM, Historical Topics for the Mathematics Classroom, Thirty-first Yearbook.) 
= Solve applications 
Modeling Shadow Length 
- 
- 
- 


- 


| to = side adjacent 

we (a Stick is 1 unit long. Coll = side opposite 

- -\ 7) aT = side adjacent 
— ; 7 


Length of shadow is cot 0. Y oo —<—_—_ = side adjacent 


FIGURE 6.79 


Trigonometric Functions for Any Angle 
and Their Domains 


Using FIGURE 6.80, the other trigonometric functions may be defined for any angle 0 
in a manner similar to the way sine and cosine functions were defined. 


Finding Trig Functions of 6 


RIGONOMETRIC FUN! GLE 6 | 7 — 
Let (x, y) be a point other than the origin on the terminal side of an angle 6 in 
standard position. If r = Vx? + y?, then the six trigonometric functions are as 
follows. 
sing =~ csco = — (y ¥ 0) 
e y 
x r 
cos) = a secd = a (x # 0) 
; 2 
FIGURE 6.80 tand = (x40) cot9= : (y # 0) 


( The domains of both the sine and the cosine functions include all angles. However, 
the cotangent and cosecant functions are undefined when y = 0, which corresponds to 
angles whose terminal sides lie on the x-axis. Examples include 0°, + 180°, and + 360°. 
The domains of the cotangent and cosecant functions are as follows, where 7 is an integer. 
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| EXAMPLE 1 | 


y 


FIGURE 6.81 


EXAMBP! 
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Domain of Cotangent and Cosecant 


D= {ple ~ 180°*n} oor D = {yy an} 


Degrees | Radians or real numbers | 


Similarly, the tangent and secant functions are undefined whenever x = 0, This 
corresponds to angles whose terminal sides lie on the y-axis, Examples include +90°, 
+270°, and +450°. The domains of the tangent and secant functions are as follows, 
where 7 is an integer. 


Domain of Tangent and Secant 
D = {0|6 # 90° + 180°-n} or 


Degrees | Radians or real numbers | 


In some situations we can evaluate the six trigonometric functions without a 
calculator, as illustrated in the next example. 


Finding values of trigonometric functions 


The point (5, —12) is located on the terminal side of an angle @ in standard position, 
Find the six trigonometric functions of 0. 


SOLUTION There are many coferminal angles that have the point (5, — !2) located 
on their terminal sides. However, the (rigonometric values for coterminal angles are 
equal, In FIGURE 6.81 one possibility for 0 is shown. Begin by calculating r. 


r= Vx + y= V5 + (- 12 = 13 


Since x = 12,and r = 14, the values of the six trigonometric functions are 


as follows. 


y=: 


sind = — : 
cos) = Yas 
r 13 
12 x 5 
tand z. a cota % 3 
x ‘ y 12 


| Now Try Exercise 1 | 


If an angle is a multiple of 30° or 45° (z ort radians), then we can determine its 
six trigonometric functions by hand, as shown in the next example, 


Evaluating the trigonometric functions 


Find the six trigonometric functions for each angle by hand. 
(a) 330° (b) —*2 


SOLUTION 

Getting Started First sketch the given angle in standard position and draw a perpen- 

dicular line segment from the terminal side to the x-axis. Choose or calculate values 

for x, y, or r. Use these values to determine each trigonometric function. » 

(a) An angle of 330° is sketched in FIGURE 6.82, with a perpendicular line segment 
drawn to the x-axis. A 30°-60° right triangle is formed, See also FIGURE 6.83. 


From FIGURE 6.82 we can see that y = V3, y=ctiandr = 2, 
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Finding x, y, and r for 330° A 30°-60° Right Triangle 
. 
x=¥3 
ysl 
r=2 
wats < = q 
wats Nr s 
So ‘ | 
B,-1) 2 ; 
ee 60°) 
~ 
FIGURE 6.82 FIGURE 6.83 
: 1 fy 2 
sin 330° =~ = —— esc 330° = 4 = —“ = -2 
r 2 y 1 
x 3 r 2 
cos 330° =~ = VE app pepe ton 2 
r 2 x V3 
y 1 x 3 
tan 330° =~=-—~ cot 330° =~ = V3 hj 
x fA ; 


(b) An angle of ao (radians) is sketched in FIGURE 6.84, with a perpendicular 
line segment drawn to the x-axis. A 45°-45° right triangle is formed. See also 
FIGURE 6.85. From FIGURE 6.84 we can see that x = —l, y = 1, andr = V2. 


Finding x, y, and rfor —5 A 45°-45° Right Triangle 


45°\ 
RK 


FIGURE 6.84 FIGURE 6.85 


Unit Circle Evaluation The unit circle can be used to evaluate the other four circular 
(trigonometric) functions for any angle 6 or real number /, as we did for the sine and 
cosine functions in the preceding section. Suppose the terminal side of an angle 6 
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Unit Circle (r = 1) in standard position intersects the unit circle at the point (x, y). See FIGURE 6.86. In this 
case r = | and the definitions of the six trigonometric functions become as follows, 


sin } os0 \ tané 


escél eco coto 
‘ ‘ \ 


As with the sine and cosine functions, evaluating the other trigonometric functions 
for a real number / is equivalent to evaluating these functions for ¢ radians. 


Some Basic Trigonometric Identities 


FIGURE 6.86 


Since sin @ = + and cscO = 5, it follows that sin @ and csc@ are reciprocals. This may 
be expressed using either of the reciprocal identities, 


1 
ind = —— ' =—., 
sin as08) or esc@ sind 
For angle @ in Example |, it was shown that sind = -., It follows that 
1 13 
0= a 
ee S118 


Identities are equations that are true for all meaningful values of a variable. 
Reciprocal identities also hold for tan @ and cot @ as well as cos @ and sec @. 


1 1 1 
} ind 6= tan? = —— 
] sin sc cos 7) an aT 
1 I 
6 = —— 0 = — 0 = — 
ee sin 6 ae cos 0 col tand 


The expressions cot @ and tan @ can be written in terms of sin 6 and cos 0, For example, 
x X/r _ cosé 

cotdé =— = / Te 
y y/r sind 


A quotient identity can be obtained for tan @ similarly. 


tan sind eres cos0 
0S 0 sin@ 
= a ‘eerie | ‘ 5 tm 
[EXAMPLE 3 | Using identities 
If sind = 3 and cos@ = -4, find the other four trigonometric functions of 6. 


SOLUTION To find the other four trigonometric functions, apply the quotient and 
reciprocal identities. 


tang = 200 3/5 _ 3 

0-4/5 — 
Quotient identities <a ee / ‘ 
a a OOD TN 
sin 3/5 3 
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ee sere ee: 
see c0s8 —4/5 4 
Reciprocal identities 
=. oe ee ere ee) 
sin@ 3/5 3 


Now Try Exercise 49 | 


In the preceding section we showed that sin? + cos ?0@ = | for all real numbers 
(or angles) 6. In the next example, we apply this identity to find the values of the 
trigonometric functions. 


ine WidAMH Applying the identity sin?0 + cos?@ = 1 
If sind = t and cos@ < 0, find the values of the other five trigonometric functions. 


SOLUTION The identity sin?@ + cos’@ = 1 can be used to determine cos 6. 
sin?@ + cos? = | Identit 

cos’@ = 1 — sin’@ ubtract sin? 

cosd = + V1 — sin’@ quare root property 


4 2 
= sb -|{- Let sin@ 
cosé = +,4/1 (2) 


cosé = +, I implif 


Solve for cos @ | 


3 
cosé = 5 sO i 
Now we can use sind = 4 and cos0 = 4 to determine the other four trigonometric 
functions. 
tan@ = faced = a. cal we 
cos@ 9-3/5 3 
Quotient igemtlty, 1 1 3 
one tand —4/3 “4 
Reci | identiti secO = be itowce 
ecipracal | DE IINES: cos0 —3/5 3 
OL Se 
sind 4/5 4 


Now Try Exercise 55 


The Wrapping Function 


All six trigonometric functions can be evaluated for real numbers by using the wrapping 
function W, as was done in the preceding section for sine and cosine. For any real number 
s, if W(s) = (x, y), then the six trigonometric functions can be defined as follows. 


‘ J 
sins = y cos s = x tans = — 
1 x 
ese § sec § cots = 
ay x ay 


The next example illustrates how the wrapping function can be used to evaluate 
the six trigonometric functions. 
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(Al MIPLE 5 | Applying the wrapping function 

For s = —5z, evaluate W(s). If possible, find the six trigonometric functions of s. 
SOLUTION The circumference of the unit circle is 27. A string of length 57 
wraps (clockwise) around the unit circle two and a half times. Because the initial 


point is always (1, 0), the terminal point is (—1, 0), as shown in FIGURE 6.87. Thus 
W(-5m) = (-1,0). 


Finding W(-57) = (-1,0) 


1 Two and a half 
rotations clockwise 
oo hos 
G 
1,0) (1, 0) 
> xX 
Astring with length | ‘ bo Initial Point | 
Sar reaches the \ / 
terminal point (— 1,0) ss a 
r=l s=-Sir 
FIGURE 6.87 
The six trigonometric functions can be evaluated by using x = — | and y = (), Note 
that the cosecant and cotangent are undefined because y = 0. 
; 1 
sin (—57r) = y = 0) csc (—Sm) = y (undefined) 
: 1 I 
cos (—Sr) =x = —1 sec (—Sar) = oa = a | 
y 0 ¥ 
tan (—Sz) = lr 0 cot (—57) = (undefined) 


| Now! ry Exercise 59 | 
Representations of Other Trigonometric Functions 


Like sin ¢ and cos /, the other four trigonometric functions cannot be evaluated with 
simple formulas. However, these functions do have numerical and graphical represen- 
tations. We begin by discussing the tangent function. 


The Tangent Function FIGURE 6.88 shows angle @ in standard position with its 

terminal side passing through the point (x, y). The slope of this terminal side is 

y-0 y 
=—=tand. 

K=O. x 

It can be shown that the slope of the terminal side of @ equals tan 0, regardless of the 

quadrant containing 0. See FIGURE 6.89. 


nS 


tang=%=m 
x 


y 


GA 


mam fi 7 
A an The slope i) of the terminal 


side of @ equals tan 6. i 


FIGURE 6.88 FIGURE 6.89 


See the Concept: The Graph of y = tan @. 
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The following See the Concept uses the fact that m = tan @ to derive the graph 
of y = tan 4. 


@o=5, 
@0=%,m=41 mis undefined. 
(m repeats acc) pacino 
every 7.) 


| 


] ) 


@tanF is 
y undefined, 


aA 
Na 


wi[y---------+--- —>-------} 


| ' i 
| Oe | 
1 | | 
| Otan (3) } ) 
: is undefined. ! | 
_n | 3m 
2 2 
| i 
| | | 
mis undefined. | Period = m | | 
| ete a ss | | 
@-@ The slope m of the terminal side of 4 (left figure) © The terminal side of 6 = % at @ in the left figure has 


equals tan @ (right figure). Thus all points on the graph slope m = 1, so the graph on the right passes through 


of y = tan @ are of the form (0, m). 


the point (7, 1) at. 


A graph of the tangent function is shown in FIGURE 6.90 with period a and verti- 


3a 


cal asymptotes at ¢= £5, +3, +50, The domain of the tangent function is 


D= {t\t # o+ an}, The domain excludes -values where vertical asymptotes occur, 


The Tangent Function 
y 


t 


Period = | 


Vv 
3r 7 ci 3m —__. Values where 
~2 a) 2 2 asymptotes occur 
FIGURE 6.90 —— 


A numerical representation of f(0) = tan ¢ for selected (real number) values of ¢ sat- 
isfying —} = ¢ = F is shown in TABLE 6.7. (A dash indicates that tan ¢ is undefined.) 


A Table of Values for the Tangent Function 


TABLE 6.7 
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Wiha Kvaluating the tangent function 


Evaluate f() = tan fat ¢ = —F by hand. 


SOLUTION If angle -t is in standard position, the terminal side intersects the unit 
circle at the point ( .- Js is See FIGURE 6.91. Therefore 


wy) yl 
tan ( z) 2 ; Is 


Note that the 45°—45° right triangle in FIGURE 6.92 can be used as an aid in determin- 
ing the length of the sides of the triangle in FIGURE 6.91. Also note that the slope of 


the terminal side of the angle is m = —1 and that tan (-2) =-lI, 


45°-45° Triangle 
1 


/ 45° U 


FIGURE 6,91 FIGURE 6.92 


| Now Try Exercise 74 ) 


The Cosecant Function The cosecant function can also be evaluated by hand. For 
example, if ¢ = in then the terminal side of 6 = oe intersects the unit circle at the 


point (4a 1), See FIGURE 6.93, It follows that 


In _ 1 1 
SS SS eS ae, 
6 y -1/2 
Note that the 30°—60° right triangle in FIGURE 6,94 can be used as an aid in determin- 
ing the length of the sides of the triangle in FIGURE 6.93. 


Tt 
eso( 2) = -2 


gy. 


30°-60° Triangle 
RES 
2 
30°) 


NI 


FIGURE 6.93 FIGURE 6.94 
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A numerical representation of f(t) = csc ¢ is shown in TABLE 6.8 for selected val- 


ues of / satisfying —a S ¢ S 7. Note that csc ¢ = qh (A dash indicates that csc ¢ 
is undefined.) 


TABLE 6.8 


A graph of esc ¢ is given in FIGURE 6.95, The domain of the cosecant function 
is D = {t|t # an}, where n is an integer and vertical asymptotes occur whenever 


{ = mn. The period of the cosecant function equals 277. 


Since esc ¢ = =, we can sketch the graph of y = csc ¢ by using the graph of 


sin? 
y = sin (as an aid, See FIGURE 6.96. When sin ¢ = 0, csc / is undefined and a vertical 
asymptote occurs on the graph of csc ¢, When sin¢ = t1,csc¢ = +1, Whenever 
sin ¢ increases, csc ¢ decreases, and whenever sin / decreases, csc ¢ increases. Because 


|sin ¢| < 1 for all ¢, it follows that |csc ¢| = 1 for all ¢ # an. 


The Cosecant Function The Sine and Cosecant Functions 


Period = 2mr | Sine and cosecant 


i " 
| \ 
\ I 
| I 
I 

I I 
I I 
| I 

20 a 

\ f 
I I 
I I 
I I 
\ I 
| \ 


I v 
FIGURE 6.95 FIGURE 6.96 


The Cotangent Function A graph of y = cot f is shown in FIGURE 6.97. Its period 
is 7, and its domain is D = {t|t # an}, where nis an integer. Vertical asymptotes 
occur at ( = qn. 


The Cotangent Function 


Period = 7 | 


FIGURE 6.97 


Friendly Windows in Degree Mode Trigonometric functions may be represented 
graphically in either radian or degree mode. If a friendly window is selected using de- 
gree mode, a trigonometric function may be accurately graphed in connected mode. 
Graphs of the cosecant and cotangent functions are shown in FIGURES 6.98 and 6.99, 
on the next page. 
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The Cosecant Function The Cotangent Function 
[—352.5°, 352.5°, 90°] by [—4,4, 1] [-352.5°, 352.5°, 90°] by [-4, 4, 1] 
Friendly window | 4 


FIGURE 6.98 FIGURE 6.99 


The Secant Function A graph of y = sec ¢ is shown in FIGURE 6.100. Its period is 
2m, and its domain is D = {¢|¢ 4 5+ an}, where n is an integer, Vertical asymp- 
totes occur at ¢ = $ + an, The graph of the cosine function may be used as an aid in 


graphing the secant function, since the zeros of »y = cos ¢ correspond to the vertical 
asymptotes on the graph of y = sec /, See FIGURE 6.101. 


The Secant Function The Cosine and Secant Functions 
y 


aa Cosine and secant 
are reciprocals, 


FIGURE 6.100 FIGURE 6,101 


The next two examples illustrate how to evaluate the six trigonometric functions 
first by hand with a unit circle and then with a calculator. 


Evaluating the trigonometric functions 


Ifa= an find the six trigonometric functions of 0. 


SOLUTION If 6 = aa is in standard position, then its terminal side intersects the 


unit circle at the point (0, — 1), See FIGURE 6.102. Thus x = 0 and y = —1, The 
values of the six trigonometric functions are as follows, 
sin = yp = -1 ag Et Ege eh 
zx? , yy = 
x ar 30 i. ‘ 
cos——- =x=0 sec —— = —is undefined, since x = () 
2 2 x 
3a, : 30 x 0 
tan = ze is undefined, since x = 0) cot 0 
j 2 «x 2» I 
y : 
Now 
FIGURE 6.102 | Now 
| EXAMP) f i Using a calculator to evaluate trigonometric functions 


Find values of the six trigonometric functions of 0. 
(a) 6 = 102.6° (b) 6 = 2,56 


102.6) 
~4.473742829 


FIGURE 6.103 Degree Mode 


Reciprocal Identities 


Wsin Glee 6 
1.024677553 

Vcos(i02, 6) 
4.584143857 


1/tan(102. 6) 
.2235264829 


FIGURE 6.104 Degree Mode 
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SOLUTION 

(a) Most calculators do not have special keys for secant, cosecant, and cotangent. To 
evaluate these functions, we use the reciprocal identities. For example, to find sec 
(102.6°), evaluate 1/cos(102.6°). The values of the trigonometric functions are 
shown in FIGURES 6.103 and 6.104. 

(b) Since there is no degree symbol, use radian mode. With the aid of a calculator, 
the values of the six trigonometric functions are approximated as follows. 


sin 2.56 ~ 0.5494 cos 2.56 ~ —0.8356 tan 2.56 ~ —0.6574 
esc 2.56 ~ 1.8203 sec 2.56 ~ —1.1968 cot 2.56 ~ —1.5210 
Now Try Exorcisos 03 and 87 


Applications of Trigonometric Functions 


Highway Design A sag curve occurs when a highway goes downhill and then 
uphill. Improperly designed sag curves can be dangerous at night because a vehicle’s 
headlights point downward and may not illuminate the uphill portion of the highway, 
as illustrated in FIGURE 6.105, The minimum safe length Z for a typical sag curve with 
a 40-mile-per-hour speed limit is given by the following formula. 


= 2700 The tangent function is often 
h+3tana used when designing highways. 
The variable 4 represents the height of the headlights above the road surface, and 
@ represents a small (upward) angle associated with the vertical alignment of the 
headlight, shown in FIGURE 6.105, (Source: F, Mannering and W. Kilareski, Principles of 
Highway Engineering and Traffic Analysis.) 


Designing a Safe Sag Curve 


FIGURE 6.105 (Not to scale) 
Designing a sag curve 
Calculate L for a car with headlights 2.5 feet above the ground and a = 1°. Repeat 
the calculations for a truck with headlights 4 feet above the ground and a@ = 2°. 
SOLUTION For the car, let h = 2.5 anda = 1°. 


2700 
L = ————-_ = 
2.5 + 3 tan 1° LOSS Test 


For the truck, let h = 4 and a@ = 2°, 


2700 
L= i 658 feet | 

4+ 3 tan 2° f tan 
Since both cars and trucks use the same highways, engineers typically use the larger of 
the two distances to design a safe sag curve. Thus this sag curve should have a length 
of at least 1058 feet to accommodate both the car and truck safely. 
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Sun Traveling Through the 
Atmosphere 


Atmosphere starts | 


FIGURE 6,107 (Not to scale) 
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Bending of Starlight When a stick is put partially into a glass of water, it appears 
to bend at the surface of the water. A similar phenomenon occurs when starlight 
enters Earth’s atmosphere. To an observer on the ground, a star’s apparent position 
a is different from its true position. This phenomenon is referred to as atmospheric 
refraction, See FIGURE 6,106 below. The amount that starlight is bent is given by 
angle 0 measured in seconds, where 6 = 57.3 tan a with 0° S a@ S 45°. (Source: 
W. Schlosser, Challenges of Astronomy.) 


Atmospheric Refraction 
Sa a a ae 
| s. Apparent 
S Position 
‘ 
. 


aK 


True 
Position 


FIGURE 6.106 (Not to scale) 


Calculating refraction of starlight 
Use FIGURE 6,106 and the formula @ = 57.3 tan a to calculate @ when a = 32°35'21", 


SOLUTION Usinga calculator, @ = 57,3 tan (32°35'21”) ~ 36.6”, The star is actually 
36.6” lower in the sky than it appears. 


Time of Day and Sun Tanning The shortest path through Earth’s atmosphere 
for the sun’s rays occurs when the sun is directly overhead. As the sun moves lower 
in the horizon, sunlight travels through more atmosphere. When sunlight passes 
through more atmosphere, less ultraviolet light reaches Earth’s surface. This is one 
reason why some experts recommend sun tanning either earlier or later in the day. 
In FIGURE 6.107, the angle of elevation of the sun is @ and the distance that sunlight 
travels through the atmosphere when the sun is overhead at noon is /, The path 
length d is the distance that sunlight travels through the atmosphere when the sun is 
not overhead and is generally greater than /, 


From FIGURE 6.107, an equation for d can be derived. 
. side opposite /h 
sing = ~~ CPOs = 4 
hypotenuse d 


Multiplying each side of sin@ = h by dand dividing each side by sin @, we obtain the 
following. 


‘ h 
ane =~ 
gest Maleslyhy ha we nd 
sind ; 
d= hescé 


Thus ¢ = /: cse(. Because of the curvature of Earth, this equation is not accurate 
when @ < 20° and the sun is near the horizon. See Exercise 115, (Source: C, Winter, 
Solar Power Plants.) 
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[EXAMPLE 11 Measuring the intensity of the sun 


The Sine Function 


Assuming that the sun is directly overhead at noon, calculate the percent increase 
between the atmospheric distance that sunlight passes through at noon and at 10:00 A.M. 


SOLUTION From FIGURE 6.107, 6 = 90° at noon and ¢ = /icse @, The apparent 
position of the sun changes 360° in the sky in 24 hours, or 15° per hour. Therefore 
2 hours earlier 6 = 60°. At noon, 


dmbeaott = ad ng 
sii 


and at 10:00 A.M., Apply reciprocal identity. 


a TT | 


sin 60° \/3/2 


This means that sunlight travels through about 15% more atmosphere at 10:00 a.m. 
than at noon. 


d = hcsc 60° = 


Now Try Exercise 113 


bel 6.4 | Putting It All Together | It All Together 


Tn the following table nis an integer and t is a real number. 


FUNCTION DOMAIN RANGE PERIOD 


pi | mecice [ntsist | om | 
er [meee [oiserst[ | 
pm ee gtee [oe smree| | 
wr tem [necereel et 


GRAPHS OF TRIGONOMETRIC FUNCTIONS 


The Cosine Function 
y 


continued on next page 
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EVALUATING TRIGONOMETRIC FUNCTIONS 


The following figure can be used to evaluate the trigonometric functions for 
certain angles, For example, if @ = {20° (or “= radians) is in standard position, 


then its terminal side intersects the unit circle at the point ( -143 ). It follows 


that cos 120° = -5 and sin 120° = a6, Other trigonometric values can also be 


a 


found using these values. Note that YS 


The Unit Circle and Special Angles 


Sa 
6 150° 


Basic Concepts 


Exercises 1-4; Find the six trigonometric functions of 0. Exercises 5-36: Find the six trigonometric functions of the 
i y given angle by hand. 
5. 90° 6. 135° 
(5, 12) 
7, —45° 8. —180° 
0 
> 9. 0° 10. 720° 
11. 30° 12, —30° 
13. —360° 14, —270° 
3. y 35). SF 16. 77 
5 u 
17. ¥ 18, 
5 1 
; 19, 5 20. 4 
a 2. 7 22, 32 


(7, -24) 


23. -F 24, = 
25, -% 26, 3 
27, 360° 28. 60° 
29. & 30, ~22 
a1, it 32, 28 
33, —225° 34, —315° 
35, a 36, —2 


Exercises 37-40; The terminal side of an angle 0 lies on the 
line in the given quadrant. Find the six trigonometric func- 
tions of 0. How does the slope of the line compare to tan 6? 


37, y = —4x, Quadrant IT 38, y = ty, Quadrant I 
39. y = 6x, Quadrant IT 40, y = -3y, Quadrant IV 


Exercises 41-48; Critical Thinking If the given angle is 
in standard position, find the slope m of the angle’s termi- 
nal side, Approximate your answer to two decimals when 
appropriate. 


41, 45° 42, 135° 
43, —240° 44, —150° 
45, 65° 46, 187° 
47, —310° 48, —110° 
Identities 


Exercises 49-58; Determine the values of the trigonometric 
Junctions of 0 by using the given information. 
49, sind = 3 and cos) = t 


50. sind = -* and cos@ = 3 
51, cscd = -" and sec@ = ~ 


= au. 
52, cscO = 2 and secd v7 


2 


53, tand = jand cos@ = 1 (Hint: sind = tan @cos@.) 


54, sind = 3 and cot@ = -4 


55, sind = -4 and cos@ > 0 
§6. sind = - and cos@ < 0 
57, cosd = -t and sind < 0 


58, cos0 = # and sin@ > 0 
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Wrapping Function 


Exercises 59-66; Checking Symbolic Skills Use the 
wrapping function to determine the six trigonometric Sune- 
tions of the given number. 


59, —Tar 60. 4zr 
61, & 62, —*# 
63, -3@ 64, 22 
65, 7% 66, 


Unit Circle Evaluation 


Exercises 67-70: The figure shows angle 0 in standard 
position with its terminal side intersecting the unit circle. 
Evaluate the six trigonometric functions of 0. 


Exercises 71-76; Evaluate the trigonometric function by 
using the unit circle. 


71, tan (-5#) 72. tan (-22) 


73, csc % 74, ese 2 
75, sec 76, cot 2 


Exercises 77-82: Evaluate the six trigonometric functions 
of the given number by using the unit circle. 


71, % 78, —2t 19, —7 
80. Tar 81, = 82, 
Approximations 


Exercises 83-90: Approximate to four decimal places. 
83. (a) sin 93,2° (b) csc 93,2° 


84, (a) cos (—43°) (b) sec (—43°) 
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85, (a) tan 234°33’ (b) cot 234°33’ 


86, (a) sec 123°44'25” (b) cos 123°44'25” 
87, (a) cot (—4) (b) tan (—4) 
88, (a) csc 1.56 

89, (a) cos (4) 


90, (a) tan (2) 


(b) sin 1.56 


7 
(b) cot (27) 


Exercises 91-94; Average Rate of Change Approximate, 
to the nearest thousandth, the average rate of change of f 
"1 Tr. 

Jrom 0 to 4 


91, f(x) = sin x 92. f(x) = cos.x 


93, f(x) = tan he 94, f(x) = sin 2x 


Graphs 


Exercises 95-100; Graph y = f(0). Discuss the symmetry 
of the graph. 


95. f() = sin ¢ 96. f(t) = cost 


97, f(t) = tant 98. (0) = cot 4 


99, f(0) = sect 100. f() = eset 
Exercises 101-106: Use the graph of f to identify its domain, 
range, and period. 


101. f() = sin¢ 102. f() = cost 


103. f() = tans 104, f(0) = cot ¢ 


105, f(t) = sect 106. f() = eset 


Applications 


107. Shadow Length The introduction showed how 
shadows can be used to compute the cotangent 
function, 

(a) Graph f() = cot ¢ for 
So (b) Let 1 = 0 correspond to sunrise, ¢ = F to 
noon, and ¢ = w to sunset. Explain how the 
graph of f models the length of a shadow cast 

by a vertical stick with length 1. 


0s/s7. 


108. Shadow Length (Refer to Figure 6.79.) Calculate 
the shadow length of a 2-foot stick when the angle 
of elevation of the sun is @ = 27°31’, 


109, Highway Design (Refer to Example 9.) Calculate 
the minimum length Z of a typical sag curve on a 
highway with a 40-mile-per-hour speed limit for 
a car with headlights 2 feet above the ground and 
alignment set at a = 1.5°, 


110, Highway Design Repeat Exercise 109 for a truck 
with headlights 3.5 feet above the ground and align- 
ment set at a = 2.5°. 


111. Refraction (Refer to Example 10.) Use the formula 
6 = 57.3tana to calculate the refraction 6 in 
seconds when a@ = 17°23'43". Use an identity to 
rewrite the formula in terms of sin @ and cos a. 


112. Refraction (Refer to Example 10.) Use the formula 
@ = 57.3 tana to calculate the refraction @ in sec- 
onds when a = §°15'50". Use an identity to rewrite 


the formula in terms of cot a. 


113, Intensity of the Sun (Refer to Example 11.) If the 
sun is directly overhead at noon, calculate the percent 
increase between the atmospheric distance that sunlight 
must pass through at noon and at 3:00 p.m. 


114. Intensity of the Sun (Refer to Example 11.) If the 
sun is directly overhead at 1:00 p.M., calculate the 
percent increase between the atmospheric distance 
that sunlight must pass through at 1:00 p.m. and at 


2:30 P.M. 


fg 115. Intensity of the Sun (Refer to Example 11.) The 


formula y; = csc@ = aaa presented in Example 11 


to calculate the path length of sunlight through the 
atmosphere relative to the path length at noon, is not 
accurate when the sun’s elevation is less than 20°. 
A more accurate formula for small values of @ is 
given by 

1 
sind + 0.5(6° + ay)? 


where 0 is measured in degrees, Make a table of y, and 
J, Starting at @ = 2° and incrementing by 1°. How do 
the values of »; and y. compare as @ increases? (Source: 
C. Winter, Solar Power Plants.) 


y2 


116. GPS Satellite Communication Artificial satellites 
that orbit Earth often use VHF signals to commu- 
nicate with the ground, Because VHF signals travel 
in straight lines, a satellite orbiting Earth can com- 
municate with a fixed location on the ground only 
during certain times. The height / in miles of an orbit 
with communication time 7 in hours is given by 

h = 3955 (sec (arT/P) — 1), 
where P is the period in hours for the satellite to 
orbit Earth. Suppose a GPS satellite orbit has a 
period of P = 12 hours and can communicate with 
a person at the North Pole for T = 5.08 hours dur- 
ing each orbit. Approximate the height / of its orbit. 
(Source: W. Schlosser, Challenges of Astronomy.) 
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fg Exercises 117 and 118: Projectile Flight If a projectile 119, Verify the formulas d = 4 tan@ and a = 4 sec when 
is fired with an initial velocity of v feet per second at an —=<0< 5. 
angle 8 with the horizontal, it will follow a parabolic path 


= 16% . , 5 : ' 
described by y = eT 16 + xtand, See the figure. 120. Suppose that the laser rotates at 6 revolutions per 


minute. Find the angular speed in radians per 
second, Write @ in terms of w and time / in seconds. 


121. Rewrite the formulas for dand a in terms of and ¢, 
Assume that -3 <t< 3. 


ip 122. Find 0, d, and a when ¢ = 1. Interpret your result? 


Writing about Mathematics 


123. Discuss whether any of the six trigonometric func- 
tions are linear functions, Justify your reasoning. 


117, If y = 750 and @ = 30°, graph the path of the 
projectile. 
(a) Approximate the coordinates when the maxi- 
mum height occurs. 


124, If a and B are coterminal angles, what can be said 
about the six trigonometric functions of a and f? 
Explain your answer using an example. 

(b) Assuming the ground is flat, find the total Extended and Discovery Exercise 

horizontal distance traveled by the projectile 1. Critical Thinking The figure shows the unit circle 
graphically. and an acute angle @ in standard position. Explain 
" why the trigonometric functions sin@, cos@, tan, 

118, If y = 500 and @ = 45°, graph the path of the and sec @ are equal to the lengths of the line segments 
projectile, shown. 
(a) Determine the maximum height graphically. 


(b) Assume that the projectile is fired from the base 
of a hill that rises with a constant slope of i. 


Approximate graphically the total horizontal 
distance traveled by the projectile, 


Checking Symbolic Skills 


Exercises 119-122; Rotating Laser A rotating laser is 
located at a point A next to a long wall, as shown in the fig- 
ure, Angle 0 is positive when the laser is pointed to the right, 
negative when it is pointed to the left, and zero when it is 
pointed straight toward the wall. Let a represent the positive 
distance from the laser to where the light hits the wall. 


d 


CHECKING BASIC CONCEPTS FOR SECTIONS 6.3 AND 6.4 


1, Find the six trigonometric functions of @ if @ is in 3. Sketch a graph of the sine, cosine, and tangent 
standard position and its terminal side passes through functions. 
the point (—7, 6). 
4, Evaluate the six trigonometric functions by hand at 
2, Evaluate sin 45° by hand. Check your results with a the given real numbers. Support your results using a 
calculator. calculator. 


(a) -7 (b) 34 © % 
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hin 


« Learn basic transformations 


of trigonometric graphs Introduction 
« Graph trigonometric Trigonometric graphs can be used to model periodic data, For example, monthly 
functions by hand average temperatures and precipitation are usually periodic. They can vary dramati- 
« Understand simple cally during a 12-month period, but tend to be periodic from one year to the next, 
harmonic motion Tides are also periodic. By performing basic transformations of graphs we can model 
* Model real data with a variety of phenomena. See Example 8. 


trigonometric functions 
Transformations of Trigonometric Graphs 
We begin by discussing how the constants a and b affect the graphs of 
y=asinby and y = acosbx, 
The Constant a and Amplitude The constant a controls the amplitude of a sinu- 
soidal wave, If y = 3 sin x, then the amplitude is |a| = 3. The graph of f(x) = sin x 
oscillates between —1 and 1, whereas the graph of g(x) = 3 sin x oscillates between 


—3 and 3. These concepts are shown in See the Concept and FIGURE 6,108, When the 
constant a is negative, the graphs are reflected across the x-axis, See FIGURE 6.109, 


See the Concept: Graphing y = asinx and y = acosx 


Larger positive values of a 
increase the amplitude. 
. ~] BX 


Negative values of a reflect 
the graph across the x-axis, 
—_ 


FIGURE 6.108 FIGURE 6,109 


CRITICAL THINKING 


Predict how the graph of the given equation will compare with the graph of 
f(x) = cos x. Check your prediction by graphing both f and the equation. 


i, y = 2cosx ii, y = —}cos x iii, y = —3cosx 


The Constant Dand Oscillations The constant bin y = asin bx or y = acos by 
controls the number of oscillations in each interval of length 2a. For example, if 
b = 2, then there are two complete oscillations in every interval of length 2a. As 
a result, the graph repeats every 7 units and the period of both y = sin 2x and 
y = cos 2x is a. The period P of a sinusoidal graph can be computed by using the 
formula 


P= Period formula 


where b > 0, See FIGURES 6.110 and 6.111 in the following See the Concept. 


@ b = 2,50 graph oscillates 


“twice as often.” 


sin 2x 


20 


FIGURE 6.110 


Se) Period =a | 
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See the Concept: Graphing y = sin bx and y = cos bx 


Ob= 4, so graph oscillates 
“half as often.” 


@® The period is 7 rather than 27. The 
graph completes one cycle every 
interval of 7. 


© The period is 47 rather than 27. 
The graph completes one cycle 
every interval of 477. 


EXAMPLE 1 


Increase period to 4zr. 


Increase amplitude to 3. i 


Stretching and Shrinking The preceding discussion can be understood in terms 
of stretching and shrinking. When a > 1, the graph of y = asin x is stretched 
vertically compared to y = sin. x. When 0 < a < 1, the graph of y = asin x is 
vertically shrunk compared to y = sinx. Similarly, when b > 1, the graph of 
y = sin by is horizontally shrunk compared to the graph of y = sin. When 
0 <b <1, the graph of y = sin bx is horizontally stretched compared to the 
graph of y = sin x. Similar statements can be made for the graphs of y = acosx 
and y = cosbx. 


Sketching graphs of trigonometric functions 

Sketch a graph of each equation. Identify the period and amplitude. 
1 

(a) y=3coszx  (b) y = —2sin 3x 


2 
SOLUTION 
(a) The graph of y = 3 cos 4x is similar to that of y = cos x, except that its period Pis 
2r 2a 
2S ASF aad 


rather than 27r and its amplitude is 3 rather than 1. A graph of y = 3 cos $x is shown 
in FIGURE 6.112, and a graph y = cos x is shown in FIGURE 6.113 for comparison. 


Transformed Graph . Graph of Cosine 
y Period = 24 | 


FIGURE 6.112 FIGURE 6.113 
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b) The graph of y = sin x is shown in FIGURE 6.114. By comparison, the graph of 
y 
y= sin 3x, shown in FIGURE 6.115 has period 


pate 
b 3 

It oscillates (hrce times every interval of length 277, whereas the graph of y = sin x 

oscillates once every interval of length 27. The graph of y = ~ 2 sin 3x is similar 

to the graph of y = sin 3x, except that its amplitude is 2 rather than | and its 

graph is reflected across the x-axis, FIGURE 6.116 shows the required graph of 


y = —2sin 3x, 


Graph of Sine Oscillates “Three Times as Often” Final Transformed Graph 
» y 

Increase amplitude to 2; 

reflect across the x-axis, 


t t 


Amplitude = 2 | 


X 


Amplitude =1 | 


\ 


Amplitude 


\: 


i 


* Period = 2m | » Period = 2(b = 3) | 


FIGURE 6,114 FIGURE 6.115 FIGURE 6.116 


| Now Try Exercises 5 an 


Vertical and Horizontal Shifts Trigonometric graphs can be shifted verti- 
cally or horizontally, For example, to shift the graph of f(x) = sin x upward | unit, 
graph g(x) = sin (x) + |, as shown in FIGURE 6.117, Similarly, to shift the graph 


of f(x) = sin x right 4 units, graph the equation g(x) = sin (x - z), as shown in 
FIGURE 6,118, A horizontal shift of a trigonometric graph is called a phase shift. 


Vertical Shift; 1 Phase Shift: a 
¥ 


Shift right 5 units. 


FIGURE 6.117 FIGURE 6.118 


| EXAMPL! 


4, Transforming sinusoidal graphs 
Explain how the graph of f can be obtained from the graph of either the sine or the 
cosine function, Then graph f. 


(a) f(x) = 3cos(2x) +1 — (b) f(x) = —2 sin (« = =) 
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SOLUTION 

(a) The graph of y = 3cos (2x) + 1 can be obtained from the graph of the cosine 
function by performing the following steps: shorten the period to 77, increase the 
amplitude to 3, and shift the graph upward | unit. These three steps are shown in 
FIGURES 6,119-6.121. 


Shorten Period Increase Amplitude Shift Upward 


2 Shift up: 1 f-! 
FIGURE 6.119 FIGURE 6.120 FIGURE 6,121 


(b) The graph of y = —2sin (x _ 2) can be obtained from the graph of the sine 
function by shifting the graph right F units and increasing the amplitude to 2. 
The negative sign will cause the graph to be reflected across the x-axis. These 
steps are shown in FIGURES 6,122-6.124. 


Shift Right Increase Amplitude Reflect Graph 


Amplitude: 2 


Phase shift: 5 


FIGURE 6,122 FIGURE 6.123 FIGURE 6.124 


Now Try Exercises 17 and 19 


The preceding discussion is summarized in the following box. 


AMPLITUDE, PERIOD, PHASE SHIFT, AND VERTICAL SHIFT 
The amplitude, period, phase shift, and vertical shift for the graphs of 

y =asin(b(x-—o) +d and y= acos(b(x — ©) + d 
with b > 0 may be determined as follows. 


Amplitude = |a|, Period = a Phase shift = c, Vertical shift = d 


The vertical shift is |d| units upward when d > 0 and |d| units downward when d < 0. 
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EXAMPLE 3 


The following See the Concept illustrates how to transform the sine graph, 


See the Concept: Graphing y = asin(b(x — c)) + d 


© Amplitude |a| controls 
© Period | the height of the graph. 


y 


@ Amplitude | Qn 


by 


4 


© Period a controls how 
often the graph oscillates. 


@ Phase shift c controls 
horizontal shift. 


® Constant d controls 
vertical shift. 


© Vertical shift | 


(a, b, ¢, and d are positive in the graph.) 


Identifying amplitude, period, phase shift, and vertical shift 


For the graph of each equation, identify the amplitude, period, phase shift, and 
vertical shift. 
(a) y = 7sin (4(x + §)) +2 (b) y = —3 cos (Sx — 3) — 6 


SOLUTION 
(a) For the graph of y = 7 sin (4 (v — (_ 4))) + 2, the amplitude is 7, and the period is 


_ 20 _ 20 
bd 


The phase shift is — , and the vertical shift is 2. 
(b) Start by applying the distributive property to rewrite the equation as 


FP 


= —3co0s (5(x —3)) — 6. Factor out b 


The amplitude is 3, and the period is P = oz = 28 The phase shift is !, and the 


vertical shift is — 6. 
Now Try Exercises 23 and 27° 


Graphing Trigonometric Functions by Hand 


Transformations can be used to graph trigonometric functions by hand, as was 
shown in the previous subsection. A second technique for graphing sinusoidal func- 
tions by hand is to first locate five key points. These key points are labeled for the 
graph of y = sin x in FIGURE 6.125. Notice that they are equally spaced along the 
interval [0, 27] on the x-axis. 


Key Points for Sine 

3 
0.9 (I) Go» (R-1) en) 
x-intercept = Maximum x-intercept Minimum x-intercept 


Five key points on the graph of y = cos x are shown in FIGURE 6.126. 


Key Points for Cosine 


@, 1) (7.0) @-) (0) Qa) 


Maximum x-intercept Minimum x-intercept Maximum 


Graphing with Key Points 


FIGURE 6,127 


hEXAMPLE 5 


Graphing with Key Points 


Maximum 


Minimum | 


FIGURE 6.128 
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Key Points on the Sine Graph Key Points on the Cosine Graph 


FIGURE 6,125 FIGURE 6,126 


One way to sketch a sinusoidal graph by hand is to find the (ransformed key points. 
You can use these points and the fact that the graph is periodic to make a sketch, 


Sketching a sinusoidal graph by hand 


Find the amplitude, period, and phase shift of the graph of f(x) = 3 sin 2x. Sketch a 
graph of f by hand on the interval [—27r, 27]. 


SOLUTION If f(x) = 3 sin 2y, then the amplitude is 3 and the period is a, There 
is no phase or vertical shift, The graph of f passes through the point (0, 0) and 
completes one oscillation in 7 units. Thus the graph passes through the point (7, 0). 
An amplitude of 3 will change the maximum and minimum y-values to 3 and — 3, 


respectively, The transformed key points for sine are equally spaced on the graph 
of f. 


69 3) G0) CR) 9 


x-intercept Maximum x-intercept Minimum x-intercept 


These points and the graph of f are plotted in FIGURE 6.127, 


Sketching a graph by hand 


Graph y = 2 cos (4x + 7) by hand, 


SOLUTION _ First write the equation in the form y = acos (b(x — ¢)) by factoring out 4. 
y = 2cos (4(x + $)) 

The amplitude is 2, and the period is on = %. The graph is translated $ unit to the 

left compared to the graph of » = 2 cos 4x. Because the graph is translated $ unit to 

the left, start the v-values in the key points at 0 — | = — 7. The first period ends at 


—& + 4 = %. The key points for this cosine graph are as follows. 
(-%2) (-%0) @-2 (%0) (2) 
Maxirnum x-intercept Minimum x-intercept Maximum 


Plot these key points to complete one period of the graph. The graph can be extended 
to show two periods, ranging from —4 to $, as shown in FIGURE 6.128 


| No 
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CRITICAL THINKING ] 


How would you modify the graph in FIGURE 6.128 to obtain the graph of 


y = 2cos (4x + w) — 1? 
What are the key points for this graph? 


Graphs of Other Trigonometric Functions The periods of the tangent and 
cotangent functions are a. As a result, the graphs of y = tan(b(x — c)) and 
y = cot(b(v — c)) have a period of P = * and a phase shift of ¢. Since the ranges 


of the tangent and cotangent functions include all real numbers, their graphs do 
not have an amplitude. Graphs of the secant and cosecant functions are graphed in 
Exercises 95-100. 


Graphing other trigonometric functions 


Find the period and phase shift for the graph of f. Graph f on the interval [—27,, 27]. 
Identify where asymptotes occur in the graph. 


(a) f(xy) = tan px (b) f(x) = cot (x + %) +1 


SOLUTION 

(a) If f(x) = tan 5x, then b = 5 and c = 0, The period is P = F = 2zr, and there 
is no phase shift. Graph y = tan bx, as shown in FIGURE 6.129. On the interval 
[-2zr, 27], vertical asymptotes occur at x = +77. The graph of f is horizon- 
tally stretched compared to the graph of the tangent function. 

(b) If f(x) = cot (x + a) + 1, then b = | and ¢ = —, The period is zr, the phase 
shift is —3, and the graph is shifted upward | unit. Vertical asymptotes occur at 
x=+tFandx= +32, The graph of y = cot (x + 2) + | is shown in FIGURE 6.130, 


Increase Period to 27 Shift Left $; Shift Up 1 


Al 


| 
! 
| 
| 
| 
—T 
| 
| 
| 
| 
| 


v 


FIGURE 6.129 FIGURE 6.130 


Simple Harmonic Motion 


Harmonie motion occurs frequently in nature and physical science. A particle or 
object undergoing small oscillations about a point of stable equilibrium executes 
simple harmonic motion, For example, if a string on a guitar is plucked gently, any 
point on the string will vibrate back and forth about its natural position of equilib- 
rium. If a pendulum on a clock is pulled to one side, the pendulum will swing back 
and forth about its stable, vertical position. A small weight on a spring will bounce up 
and down when displaced from its natural length. All of these situations are examples 
of simple harmonic motion. 


AIVIE 
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When an object undergoes simple harmonic motion, its distance or displacement 
from its stable or natural position can be modeled by either of the following equations, 


Modeling Simple Harmonic Motion 
s() = asin bt or s() = acos bt 


In these equations, s() represents the displacement being experienced at time ¢, To 
better understand this, consider the spring and weight shown in FIGURE 6.131. If s = 0 
corresponds to the spring’s natural length, then s = —2 indicates that the spring is 
stretched 2 units beyond its natural length and s = 2 indicates that the spring is com- 
pressed 2 units. When a spring is stretched and let go, it will oscillate up and down, 
If the displacement s is plotted after ¢ seconds, a sinusoidal graph results, as shown 
in FIGURE 6.132. 


Simple Harmonic Motion Modeling Oscillations 


Maximum 
displacement 


Maximum 
displacement 


so 


s=2 
Natural ‘oct Natural 
position position 
ra s=-2 
Maximum Maximum 


displacement displacement 


FIGURE 6.131 FIGURE 6,132 


The amplitude of each oscillation equals |a|, and the period P equals am The 
number of oscillations per unit time is the frequency. The frequency F equals the 
reciprocal of the period P. That is, F = t, and so F = #, or equivalently, b = 27F. 
Substituting for b in the formulas for s (A) results in the following equations. 

Simple Harmonic Motion with Frequency F 
s(t) = asin(27Ft) or s(t) a cos (27Ft) 


Amplitude = a, Period = os Elapsed time = t, 27F = b 


Modeling simple harmonic motion 


Suppose that the weight and spring in FIGURE 6.131 have a period of 0.4 second. 
Initially, the weight is lifted 3 inches above its natural length and then let go. 

(a) Find an equation s() = acos bt that models the displacement s of the weight. 
(b) Find s after 0.92 second. Is the weight moving upward or downward at this time? 


SOLUTION 
(a) Let s() = acos(27Ft). The spring is initially compressed 3 inches, so the ampli- 
tude is 3, Let a = 3. The period is P = 0.4, so the frequency is 
1 1 
F= P04 25; 
This indicates that the weight and spring oscillate up and down 2.5 times per sec- 
ond. It follows that b = 27 = Sa and s() = 3 cos(57f). Note that the initial 
position is s(0) = 3 inches. 
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(b) After 0.92 second, the displacement is 
5(0.92) = 3 cos(S57(0.92)) = —0.927.  U f] 
The weight is about 0.93 inch be/ow its natural position after 0.92 second. 
The weight initially moves downward and oscillates with a period of 0.4 second, 
During the time intervals (0, 0.2), (0.4, 0.6), and (0.8, 1,0) the weight is moving 


downward, and during the intervals (0.2, 0.4), (0.6, 0.8), and (1.0, 1.2) the weight 
is moving upward, Thus the weight is moving downward when ¢ = 0,92. 


| Now Try Exercise 101 ) 


Models Involving Trigonometric Functions 


Modeling Temperature The monthly average temperatures for Prince George, 
Canada, are shown in TABLE 6.9, where the months have been assigned the standard 
numbers, 


Monthly Average Temperatures 


Month | 1 [2[3]4[5][o6[7][8]o]olul no 
Temperature °F) | 15 | 19 | 28 | 41 | 50 | 55 | 59 | 57 | 50 | 41 | 28 | 19 | 


Source; A, Miller and J. Thompson, Elements of Meteorology, 
TABLE 6.9 


Since the data are periodic, they are plotted over a 2-year period in FIGURE 6.133. 
For example, both x = 1 and x = 13 correspond to January. Notice that the scat- 
terplot suggests that a sinusoidal graph might model these data, 

Data of the type shown in FIGURE 6,133 sometimes can be modeled by 


f®) = asin -— d)) +4 


where «, 4, c, and / are constants. To estimate values for these constants, we will 
perform transformations on the graph of y = sin x, 

The addition of a constant «/ causes a vertical shift to the graph of f, The monthly 
average temperatures at Prince George vary from 15°F to 59°F, The average of these 


two temperatures is Bee = 37°F, If we let ¢ = 37 and graph y = sin(x) + 37, 


the resulting graph is as shown in FIGURE 6.134, Compared to the graph of the sine 
function, this graph is shifted upward 37 units, (Be sure to use radian mode.) 


Plot Data for Two Years Amplitude Is Too Small Oscillates Too Often 
(0, 25, 2] by [-5, 70, 10] (0, 25, 2] by [-5, 70, 10] [0, 25, 2] by [~5, 70, 10] 


22. sin (x) + 37 


FIGURE 6,133 FIGURE 6,134 FIGURE 6.135 


From FIGURE 6.134 it is apparent that the amplitude of the oscillations in the graph 
of y = sin(x) + 37 is too small to model the data. The monthly average temperatures 
have a range of 59°F — 15°F = 44°F, If we let « = a = 22, the peaks and valleys on 


the graph of y = 22 sin(x) + 37 will model the data better, See FIGURE 6.135, 
In FIGURE 6.135 the oscillations are too frequent, which indicates that the period is 


too small. Since the temperature cycles every 12 months, the period is P = 2m. = 12, Thus 


_ 2m _ dm _1 


h = =— 
b P 1 6 0.524. 


CRITICAL THINKING 


Is the value of c = 4 the only 
phase shift that can be used to 
model the temperature data? 
Explain your reasoning. 
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The graph of y = 22 sin (zx) + 37 is shown in FIGURE 6.136. 


Needs to Be Shifted Right 
[0, 25,2] by [-5, 70, 10] 


FIGURE 6.136 


We can obtain a reasonable fit by shifting the graph horizontally to the right. 
The maximum of y = 22 sin (z x) + 37 is at x = 3, which corresponds to March. 
We would like this maximum to occur in July (x = 7), so we translate the graph 
7 — 3 = 4 units to the right by replacing x with x — 4 to obtain 


yHr? sin( ™ x - 9) + 37. 


This equation is graphed in FIGURE 6.137. The phase shift is ¢ = 4. 


Final Model 
[0, 25, 2] by [-5, 70, 10] 


About right? | 


FIGURE 6.137 


Sine Regression Linear and nonlinear regression were introduced in previous chapters. 
Sine regression can also be performed, using a sinusoidal function of the form 


f(x) = asin(bx + 0) +d. 


Sine regression may be performed on a 2-year interval of the temperature data in 
TABLE 6.9. See FIGURES 6.138 and 6.139. 


Select Sine Regression 


EDIT (@NM@ TESTS 
7?QuartReg 

8: LinReg(a+bx) 
Binned 


Regression Equation 


SinReg 
yearns 
a=21.7399239 
b=.5207209998 


ExpRe 
A: PwrReg 
B: Logistic 
(@SinReg 


2.06480837 
38.38287503 


FIGURE 6.138 FIGURE 6.139 


(XE Sine regression gives the function in the form y = asin(bx + ¢) + d, 
whereas our modeling function is in the form f(x) = asin(b(x — 0) + d. These 
forms have the same values for a, b, and d, but with sine regression c does 
not represent the phase shift. However, they are equivalent forms. If we fac- 
tor out b ~ 0.5207 in the regression equation shown in FIGURE 6.139, we obtain 
y ~ 21.74 sin (0.5207(x — 3.965)) + 38.38, which is approximately equal to our 
modeling equation y = 22sin (Eq - 4)) ST; where = 0.5236. 
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EX Uf AN p 


Tides at Clearwater Beach 


(2.4, 2.6) 
(14,7, 2.6) (27, 2.6) 
° ®. 


eof eafod 


\ 


Tides (feet) 


o ‘@ 
(8.7, 1.4) (21, 1.4) 


0 4 8 12 16 20 24 28% 
‘Time (hours) 
FIGURE 6.140 


Summary of Modeling Sinusoidal Data If the data appear to be sinusoidal 
with maximum Max, minimum Min, and period P, then the following method 
can be used to find values for a, b, and d for either f(x) = asin(b(x — ¢)) + d or 
f(x) = acos(b(x — 0) + d. 


VI Vin 


a / 
, > Dp? 


Max Min 


and 


Ifnecessary, the phase shift c can be determined by shifting the graph a distance |c| either 
left or right to fit the data. If the shift is to the right, c > 0, and if it is to the left, ¢ < 0. 


Modeling Tides Tides, which usually occur once or twice a day, represent the larg- 
est collective motion of water on Earth, We model tides in the next example. 


Modeling tides 


FIGURE 6.140 shows a function f that models the tides in feet at Clearwater Beach, 

Florida, x hours after midnight. (Source: Tide and Current Predictor.) 

(a) Find the time between high tides. 

(b) What is the difference in water levels between high tide and low tide? 

(c) Determine a, b, c, and dso that f(x) = acos (b(x — c)) + d models the data. 
Graph f and the data in the same viewing rectangle. 


SOLUTION 

(a) A high tide corresponds to a peak on the graph, The time between peaks is 
12.3 hours, since 14.7 — 2.4 = 12,3 and 27 — 14.7 = 12.3, which is the period P. 

(b) High tides were 2,6 feet, and low tides were 1.4 feet. The difference is 1.2 feet, 
which is twice the amplitude. 

(c) Amplitude The amplitude of f is given by 


Max — Min = 2.6 — 1.4 
2 2 


Peviod Since the period is P = 12.3 hours, the value of b is 


= 0.60, 


_ 20 _ 20 
P 12.3 
Vertical Shift The average of high tide and low tide is 


Max + Min — 2.6 + 1.4 
2 2 


Phase Shift Finally, a peak occurs at about 2.4 hours after midnight. Since 
midnight corresponds to x = 0 and the cosine function has a peak at x = 0, we 
translate the graph of f right 2.4 units by letting ¢ = 2.4. Thus 


f(x) = 0.6 cos(0.511(~ — 2.4)) + 2. 
Graphs of f and the data are shown in FIGURE 6.141, 


= (511, 


Final Model 
(0, 28, 2] by [0, 4, 1] 


2.4)) + 2 


y = 0.6 cos (O.S11(X 


The graph models the data. | 


FIGURE 6.141 


| Now Try Exercise 123 | 
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| aes 6.5 | Putting It All Together It All Together 


( 
CONCEPT 


Sinusoidal Model 
(x) = asin(b(v — 0) +d 
a es » Period = a 
f(x) = acos(b(x — 0) +d 
with b > 0 Phase shift = ¢ 


EXPLANATION 
Amplitude = |a| Let f(x) = 3sin(Q(v — 7) - 1. 


Amplitude = 3 


Period = 2f =7 


Phase shift = 7 
Vertical shift = d, wpward if d > 0 


Vertical shift downward | unit 
and downward if d < 0 


The frequency is F = x = &, which 


If b = 2aF, then F represents the is approximately 0.32 oscillation per 


Simple Harmonic Motion 


s() = asin bt 


Sirequency. 


An object that oscillates about a 
stable equilibrium point undergoes 


unit of time. 


A pendulum on a clock 
A weight on a spring 


a simple harmonic motion. 


s() = acos bt 


| ( 6.5 | Exercises 


Graphs of Trigonometxic Functions 


Exercises 1-10; Sketch a graph of the equation on the 
interval [—41r, 4a]. Identify the period and amplitude. 


1, y = —4sinx 2. y = —3 cosx 


Exercises 23-28: For the graph of the equation, identify 
the amplitude, period, phase shift, and vertical shift. Do not 
graph the equation. 


23. y = 3sin(4(x - )) - 4 


3. y = cos3x 4. y= sin4y 


ee ee 
5, y= 3sintx 6. y = 2coshy 24. y= sin (30 7) to 
2 3 


7. y = —2c0s 3x 8. y = —3 sin 2x 25. y = —4cos (Eo = 1) +6 


9. y = 5 sin wx 10. py = —3cos Fx 26. 


0S (mx + z) - 5 
Exercises 11-22: (Refer to Example 2.) Explain how the 
graph of f can be obtained fiom the graph of either the sine or 
the cosine function. Then sketch a graph of f on the interval a. 5 
(2a, 2a]. 28. y = 3 sin (6x + 3m) — 5 

= on oS = Ls 
The y= ait x 12, Y= 2.008 9% Exercises 29 and 30; A graph of the equation y = asin bx 
13, y = 1- sinx 14. py = 2 -cosx is shown, where b is a positive constant. Estimate the values 
for aand b. 


15, y = 2sin(x — 7) 16, y = 3cos (x + z) 


17, y = 3sin(2x) — 1 18, y = —2cos(3x) + 1 


( 19. y= —2cos(x+F) 20. y= —4sin(@x + 7) 


2. y=4cos(mx—1) 22 y = sin(3.x) +2 
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Exercises 31-38: Match each equation with its graph (a-h). 
Do not use a calculator. 


30, 


31. y = sinx 32. y = cosx 
33. y = —cosx 34. y = —sinx 
35. y = 2sinx 36. y = 2cosx 
37, y = cos2x 38. y = sin2x 


Exercises 39 and 40: The graph of a trigonometric function 
represented by f(x) = asin(b(x — ¢)) is shown, where a, 
b, and ¢ are nonnegative. State the amplitude, period, and 
Phase shift. 

So: 


y 


Exercises 41-46: Match the function f with its graph (a-f). 
Do not use a calculator. 


41. f() = 2sin (£1) 
43. f(t) = 3cos(a) 
45. f(t) = cos C + z) 


42. f(t.) = —sin(20 
44, f() = 2sin(« — 4) 
46. f(t) = —3 cost 


Exercises 47 and 48: Find an equation y = asin(b(x — c)) 
for the graph shown in the exercise. Assume that a, b, and 
¢ are nonnegative. 


47, Exercise 39 48. Exercise 40 


Checking Symbolic Skills 


Exercises 49-52: The given data table can be modeled 
exactly by the equation 


y = asin(b(x — ©) +d. 


Find this equation without using a calculator. Assume that 
a, b, and ¢ are nonnegative and that the table shows key 
points on the graph of y. 


49, 
«loll s[%|-« 
yf i] 3 | f-1] 
50. 
x | 0] F | w | 32 | on 
y |-3] 0] 3 ] 0 | -3 
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81. y = tan3x 82. y = cot3x 
y b. y 


a. y 


Exercises 53-70; Find the amplitude, period, and phase shift 
of f. Then graph f by hand on the interval [-21, 2a]. 
53. f() = 2sint 


54, f(x) = —3 sinx c 
55, f(x) = sin dx 

56. f(t) = cos 2¢ 

57. f(x) = 1 + sinx 

58. f(x) = -2 + 2cosx 

59, f(0) = cos(at) + 2 

60. f() = 2sin(r — ) 


os wat Exercises 83-86: Match each equation with its graph (a-d). 
61, f() = —sin(2(¢ + m)) Do not use a calculator. 
62. f() = -3 cos 41 83, y = —2 + csex 84, y = 1 + csex 
63, f(x) = —cos (x = 2) 85, y = sec 4x 86. y = sec2x 
a y b. ’ 


64, f(x) = —2cos(x + 7) 

65. f(x) = —4sin 2x 

66. f(x) = 3 sin 4x 

67. f(x) = 200s (2x +) - 1 

68, f(x) = —}sin@x + a) + 2 

69. f() = cos (2(r-4)) 70. f() = 3sin(E@ - m)) 


@ Exercises 71-78: Graph function f in [-2r, 2a, 1/2] by 
[-4, 4, 1]. State the amplitude, period, and phase shift, 
71. f() = 2sinQn 


72. f(t) = —3 sin(t — 7) 
73. f() = $c0s(3(r + ¥)) 
74, f() = 1.5c0s(4(1 + $)) 
75. f(0) = 2.5 cos (2 + $) 


oe F mt) _ Exercises 87-94: (Refer to Example 6.) Find the period 
We: 70) siahai (mi id #) ! and phase shift for the graph of f. Graph f on the interval 
771, f(x) = —2cos (2mx + 7) +1 [ 221, 2a]. Identify where asymptotes occur in the graph. 
78. f(x) = + sin (rx +a) -—2 87. f@ = tan 2 


1 
88. f() = tan5¢ 

Exercises 79-82; Match each equation with its graph (a-d). sO on 
Do not use a calculator. 89. f(D = tan (1 - 2) 


2 
719, y = —2.cotx 80. y = —2tanx 
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90. f() = cot (+ (1 - 3) 

91, f() = cot 21 

92. 0) = ~cot (1 4 z) 

93, f(x) = cot (2(x — 4) - 1 
94, f(x) = tan (4x — 3) 


Exercises 95S—100: Use the directions for Exercises 87-94 to 
graph f. 
95. f() = sec 5 


96. f(D = sec (2(0 - z)) 

97. f(0) = esc(t — 7) 

98. f() = —ese 21 

99, f(x) = sec (4 (x - z)) 
100. f(x) = cse(a(x — 1) 
Simple Harmonic Motion 


Exercises 101-104; Springs and Weights (Refer to 

Example 7.) Suppose that a weight on a spring has an ini- 

tial position of (0) and a period of P. 

(a) Find a function s given by s(Q) = acos(2aFt) that 
models the displacement of the weight. 

(b) Evaluate s (1). Is the weight moving upward, downward, 
or neither when t = 1? 

101. s(0) = 2 inches, P = 0.5 second 


102. s(0) = Sinches, P = 1.5 seconds 


103. s(0) = —3 inches, P = 0,8 second 


104. s(0) = —4 inches, P = 1.2 seconds 


f@ Exercises 105-108: Music A note on the piano has the 
given frequency F. Suppose the maximum displacement at 
the center of the piano wire is given by s (0). Find constants 
aand b so that s(Q) = acos bt models this displacement. 
Graph s(t) in{0, 0.05, 0.01 ]by [ —0,3, 0.3, 0.1]. 

105. F = 27.5, 8(0) = 0.21 


106, F = 110,5(0) = 0.11 
107, F = 55, 5(0) = 0.14 
108, I = 220, s(0) = 0.06 
Applications 


109. Flower Opening for Sunlight Flowers tend to open 
in the daylight and close in the dark. The percent 
P of flowers open during a 24-hour period can be 
modeled by P(x) = asin (bx) + d, where x is hours 
past 6 A.M. 


(a) Suppose that for P the maximum is 90%, the 
minimum is 10%, and the period is 24 hours. 
Determine P(x). 


(b) When are the most flowers open? 


(c) When are the fewest flowers open? 


re 

>. 

ai 7s 
=. : I ‘ 


110. Body Temperature A typical body temperature in 
degrees Fahrenheit over a 24-hour period can be 
modeled by the sinusoidal function 


T(x) = asin (bx) + d, 


where x is hours past 6 A.M. 

(a) Suppose that for T the maximum temperature 
is 99.2°F, the minimum temperature is 98.0°F, 
and the period is 24 hours. Determine T(x). 


wb 


~ 


When is this person’s temperature highest? 


(c) When is this person’s temperature lowest? 


h ts 111. Average Temperatures The graph models the 


monthly average temperature y in degrees Fahrenheit 
for a city in Canada, where x is the month. 


Temperature (°F) 


Month 


(a 


ha] 


Find the maximum and minimum monthly aver- 
age temperatures. 


(b 


~ 


Find the amplitude and period. Interpret the 
results, 


(c) Explain what the x-intercepts represent. 


112. Average Temperatures The graph in Exercise 111 is 
given by y = 40 cos (Zq a 1). Modify this equa- 
tion to model the following situations. 


(a) The maximum monthly average temperature is 
50°F and the minimum is —50°F. 


(b) The maximum monthly average temperature is 
60°F and the minimum is —20°F. 


(c) The maximum monthly average temperature 
occurs in August and the minimum occurs in 
February. 

113, Average Temperatures The monthly average 
temperatures in degrees Fahrenheit at Mould Bay, 


Canada, is given by f(x) = 34sin (Eo - 4.3)), 
where x is the month and x = 1 corresponds to 
January. (Source; A, Miller and J. Thompson, Elements 
of Meteorology.) 

(a) Find the amplitude, period, and phase shift. 


(b) Approximate the average temperature during 
May and December, 
ty, , 
© Estimate the yearly average temperature at 
Mould Bay. 


114. Average Temperatures The monthly average tem- 


peratures in degrees Fahrenheit at Austin, Texas, are 

given by f(x) = 17.5 sin (Ew = 4) + 67.5, where 

x is the month and x = | corresponds to January. 

(Source: A, Miller and J, Thompson, Elements of 

Meteorology.) 

(a) Find the amplitude, period, phase shift, and 
vertical shift. 


(b) Determine the maximum and minimum 
monthly average temperature and the months 
when they occur. 


33 (c) Make a conjecture as to how the yearly average 
temperature might be related to f(x). 


-. 


Modeling Temperatures The monthly average 
temperatures in Vancouver, Canada, are shown in 
the table. 


Month 5 6 
—— (CF) - ‘ 43 : 59 


Month] 7 | 8 | 9 | 10 | 1 | 12 | 
64 | 63 | 57 | so | 43 | 39 | 


Loa (°F) 
Source: A, Miller and J. Thompson, Elements of Meteorology. 


fa 115, 
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(a) Plot these monthly average temperatures over a 
24-month period by letting x = 1 and x = 13 
correspond to January. 


(b) Find the constants a, b, c, and d so that the 
function f(x) = asin(b(v — c)) + d models the 
data. 


(c) Graph f together with the data. 


fg 116. Modeling Temperatures The monthly average 
temperatures in Chicago, Illinois, are shown in the 


table. 
Month} 1 2 3 4 5 6 
Temperature (°F) 48 72 


oe ae 


Temperature (°F) 75. | 66 | °S5 
Source: A. Miller and J. Thompson, Elements of Meteorology. 


(a) Plot these monthly average temperatures over a 
24-month period by letting x = 1 and x = 13 
correspond to January. 


(b) Find the constants a, b, c, and d so that the 
function f(x) = asin(b(x — c)) + d_ models 
the data. 


(c) Graph f and the data together. 


117. Modeling Temperatures The monthly average high 
temperatures in Augusta, Georgia, are shown in the 


table. 
2. 3 6 
Temperature (°F)| 58 | 60 | 68 
Month} 7 8 9 ; ; 
Temperature (°F)| 92 | 91 83 


Source: J. Williams, The Weather Almanac. 


(a) Use f(x) = acos(b(x — c)) +d to model 
these data. 


Month} 1 


BS (b) Are different values for c possible? Explain. 


118. Modeling Temperatures The maximum monthly 
average temperature in Anchorage, Alaska, is 57°F 


and the minimum is 12°F. 
1 5 : 
46 


2 = 

12 | 18 
Month 11 12 
Temperature (°F) | 57 a x 16 


Source: A. Miller and J. Thompson, Elements of Meteorology. 


Month 
Temperature (°F) 


continued on next page 


ts 


** 120. Daylight Hours The graph in Exercise 119 is given 


ty 
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(a) Using only these two temperatures, deter- 
mine f(x) = acos(b(x — ¢)) + d so that f(x) 
models the monthly average temperatures in 
Anchorage. 


a (b) Graph f and the actual data in the table over a 
2-year period. 


119, Daylight Hours The graph models the daylight 
hours at 60°N latitude, where x = | corresponds to 
January |, x = 2 to February 1, and so on. 


Daylight (hours) 


Month 


(a) Estimate the maximum number of daylight 
hours, When does this occur? 


(b) Estimate the minimum number of daylight hours. 
When does this occur? 


ge (c) Interpret the amplitude and period, 


by y = 6.5sin (Zo 3.65) + 12.4. Modify this 


equation to model the following situations. 
(a) At 50°N latitude, the maximum daylight is about 


16.3 hours and the minimum is about 8.3 hours, & 


(b) The daylight hours at 60°S latitude 
(c) The daylight hours at the equator 


121. Average Precipitation The graph models the 
monthly average precipitation in inches at Mount 
Adams, Washington, over a 3-year period, where x 
is the month, 


Precipitation (inches) 


0 5 10 15 20 25 30 35 40 
Month 


(a) Find the maximum and minimum monthly ayer- 
age precipitation. 


Bc (b) Find the amplitude and interpret the result. 


(c) Use f(x) = acos(b(x — c)) + d to model the 
given graph. 


122. Daylight Hours San Antonio, Texas, has a latitude of 
29.5°N. The table lists the number of daylight hours 
on the first day of each month in San Antonio. 

Month} 7 
14,1 


| 8 facie 
Daylight (hr) Hector TE i 10.4 


Source; J, Williams. The Weather Almanac, 


Month 
Daylight (hr) 


f@ (a) Plot the data over a 2-year period, 


(b) Use f(x) = acos(b(x — c)) + d to model these 
data, 


(c) Estimate the daylight hours on February 15, 


123, Average Precipitation Suppose that the monthly 
average precipitation at a particular location var- 
ies sinusoidally between a maximum of 6 inches 
in January and a minimum of 2 inches in July, Let 
‘= 1 correspond to January and ¢ = 12 corre- 
spond to December, 

(a) Use f() = acos(b(t — c)) + d to model these 
conditions, 


(b) Evaluate f(1) and f(7), 


Modeling Tidal Currents Tides cause ocean cur- 
rents to flow into and out of harbors and canals. 
The table shows the speed of the ocean current at 
Cape Cod Canal in bogo-knots (bk) x hours after 
midnight on a particular day. (Note that to change 
bogo-knots to knots, take the square root of the 
absolute value of the number of bogo-knots.) 


Time (tw) | 3.7 [6.75 
Current (bk) | —18 0 


18 
Time (hr)} 13.0 16.1 
Current (bk) 0 —18 


pre) 
18 
Source: Tide and Current Predictor, 


(a) Use f(x) = acos(b(x — ©) + d to model the 
data, 


9.8 


fg) Graph f and the data in [0, 24,4] by 
[-20, 20, 5]. Interpret the graph. 
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125, Modeling Ocean Temperature The following table B 129, Music and the Sine Function A pure tone can be 


lists the monthly average ocean temperatures in 
degrees Fahrenheit at Veracruz, Mexico. 


Month 
Temperature (°F) | 72 | 73 78 83 
Month} 7 


YC 


Source: J, Williams, The Weather Almanac. 


B® Make a scatterplot of the data over a 2-year 
period. 


(b) Use f(x) = asin(b(x — oc) + d to model the 
data. 


126, Ocean Temperatures The water temperature in 
degrees Fahrenheit at St. Petersburg, Florida, can 
be modeled by f(x) = 12.4 sin(G(v — 4.2)) + 75. 
Modify this formula to model the following 
situations. 
(a) The monthly average water temperatures vary 
between 60°F and 90°F. 


(b) The monthly average water temperatures vary 
between 50°F and 70°F. 


Sb 127, 
: for 0 S¢ S 12. Let y represent the outdoor tem- 
perature in degrees Celsius at time ¢ in hours, where 
t = 0 corresponds to 9 A.M. Interpret the graph. 
Fo 128. Carbon Dioxide Levels in Hawaii At Mauna Loa, 
: Hawaii, atmospheric carbon dioxide levels in parts 
per million (ppm) have been measured regularly 
since 1958, The equation 


L(x) = 0,022x? + 0.55x + 316 + 3.5 sin (27x) 


may be used to model these levels, where x is the 

year and x = 0 corresponds to 1960. 

(a) Graph L in [20, 35,5] by [320, 370, 10] and 
interpret the graph. 


(b) The function L is represented by the sum 
of a quadratic function and a sine function, 
How does each function affect the shape of 
the graph? Discuss reasons for each function. 
(Source: A. Nilsson, Greenhouse Earth.) 


Interpreting a Model Graph y = 20 + 15 sin Ty 


fg 130. 


tf 


modeled by a sine wave. Pure tones typically sound 
dull and uninteresting. An example of a pure tone is 
the sound heard when a tuning fork is lightly struck. 
The pure tone of the first A-note above middle C 
can be modeled by f(A = sin(8807/). (Source: 
J, Pierce, The Science of Musical Sound.) 

(a) In [0, 1/100, 1/880] by [—1.5, 1.5, 0.5], graph 

the function f. 


(b) Find the period P of this tone. 


(c) Frequency gives the number of vibrations or 
cycles per second in a sinusoidal graph. The 
human ear can hear frequencies from 16.4 to 
16,000 cycles per second. Frequency F may be 
determined using the equation F = 5, where 
P is the period. Find the frequency of this 
A-note. 


Music (Continuation of Exercise 129.) Middle C 
has a frequency of 261.6 cycles per second and 
can be modeled by g(/ = sin(523.27/), (Source: 
J, Pierce, The Science of Musical Sound.) 
(a) Estimate the period of middle C. 


(b) Graph f from Exercise 129 and g in the win- 
dow [0, 1/100, 1/880] by [—1.5, 1.5, 0.5]. 
Compare their graphs. 


Sine Regression 


Exercises 131-134; Modeling Data Use regression to find 
a formula f(x) = asin(bx + c) + d that models the real 
data given in the previous exercise. Graph the data and f 
together. 


131. Exercise 115 132. Exercise 116 


133. Exercise 117 134, Exercise 118 


Writing about Mathematics 


135. Discuss how the constants a, b, c, and d affect the 
graph of y = asin(b(x — c)) + d. Give an example. 


+ 136. Discuss some types of real data that could be mod- 
eled by y = acos(b(x — c)) + d. Give an example, 
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« Define and use the inverse 
sine function 

« Define and use the inverse 
cosine function 

« Define and use the inverse 
tangent function 

« Solve triangles and 
equations 

= Define and use other 


inverse trigonometric 
functions 


Introduction 

In construction it is sometimes necessary to determine angles. For example, the pitch, 
or slope, of a roof frequently is expressed as the ratio ‘ where k represents a k-foot 
rise for every 12 feet of run in horizontal distance, See FIGURE 6.142. A typical roof 
pitch for homes is %. To correctly cut the rafters, a carpenter needs to know the 
measure of angle 0. This problem can be solved easily using inverse trigonometric 
functions, See Exercise 93, 


Simple Roof Truss 


- ia 


12 
FIGURE 6,142 


The Inverse Sine Function 


A numerical representation of the sine function is shown in TABLE 6,10, 


Sine Function 


TABLE 6.10 
f(0) = O and f(r) = 0 


(not one-to-one) 


Notice that different inputs do not always result in different outputs, Therefore 
the sine function is no/ one-to-one and so an inverse function does no exist. By the 
horizontal line test the sine function is not one-to-one, See FIGURE 6.143, where a hori- 
zontal line intersects the sine graph infinitely many times. 


If we restrict the domain of f(x) = sin x to -$ < x = %, as shown in FIGURE 


6.144, the restricted graph of y = sin x is one-to-one, since a horizontal line intersects 
it at most once, On this restricted domain, the sine function has a unique inverse 
called the inverse sine function. 


Fails Horizontal Line Test 
(no inverse exists) 


Restricting the Domain of Sine 
(inverse exists) 


Sine is not one-to-one , } 
on (—%, %), 
T 
ra | 
I+ @ e 
rn a) 
+ + 4+ + 
a Tw Qa 
Sine is one-to-one on | 
ea 
2° 2iI° 
FIGURE 6,143 FIGURE 6,144 
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The inverse sine function, denoted sin™ x or arcsin x, is defined as follows. For 
—1 <x <1 andy in the interval [-3,3], 


1 


y=sin'x or y=aresinx means x = siny. 


(When evaluating the inverse sine function, it may be helpful to think of sin”! x 


as an angle 0, where sind = x and @ satisfies —} = 0 = 4. 


The next example illustrates how to evaluate the inverse sine function. 


joe WiyAowe Evaluating the inverse sine function 


Evaluate each of the following by hand and then support your results with a calculator. 
(a) sin! 1 (b) arcsin (4) 


SOLUTION 

(a) The expression sin"! 1 represents the angle (or real number) @ whose sine 
equals | and that satisfies —5 < @ < }. Thus 6 = sin! 1 = } ~ 1.57 because 
sin = 1, In degrees, sin“! 1 = 90°. 


(b) The expression arcsin (-3) represents the angle (or real number) @ whose 


sine equals -} and that satisfies —5 < 6 < 5. Thus 6 = arcsin (-4) =-¢ 
= —0,52 because sin (-2) = —h In degrees, sin! (-4) = —30°. FIGURES 6.145 


and 6.146 support these results in both radian mode and degree mode. 


sin-1(1) 4 
1.570796327 
sin-1(-1/2) 


sin-1(1) 
sin-1(-1/2) 
~.5235987756 


it xO 
6 


FIGURE 6.145 Radian Mode FIGURE 6.146 Degree Mode 
Now Try Exercise 13 


Domain, Range, and Inverse Properties Functions and their inverses inter- 
change domains and ranges. The range of the sine function is —-1 = y = 1. Therefore 
the domain of the inverse sine function is —-1 < x < 1. Since the domain of the sine 


function has been restricted to -F <= x < F, the range of the inverse sine function is 
-§ sys 5 That is, sin x outputs angles (numbers) only in the interval [- oe | " 
whenever —1 S x S 1. The following are properties of the inverse sine function. 


sn'(sinx) = x for -3 sx = 3 


sin(sin' x) = x for Is x 
(GD sin”! 2 is undefined because sin x # 2 for any angle (or number) x. 


MAKING CONNECTIONS 


Notation and Inverse Functions Earlier, we learned that f~! (x) # 


lL 
sin x 
1 


and git ~ 1,19. Note that (sin x)! = 55. 


el, 
fQ) 
. For example, sin! 1 = 5 ~ 1.57 


The same is 


true for the inverse sine function: sin! x 4 
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Inverse Sine Function 
Reflect y = sinx 7 
across y = x 


FIGURE 6.147 


CANMIPLE Z 


Finding representations of the inverse sine function 
Represent the inverse sine function verbally, numerically, graphically, and symbolically. 
SOLUTION 


Verbal Repvesentation To compute sin”! x for —1 < x S 1, determine the angle (or 


real number) 6 such that sind = x and —} = 0 = §. 


Numevical Representation TABLE 6.11 shows a table of values for sin x on the interval 


[—%, %]. It follows that a table of values for sin™! x is shown in TABLE 6.12. Notice 
that if sin « = 4, then sin! 4 = wv, provided -F Sasz. 


Sine Function on [-3, 3] 


TABLE 6.12 
Interchange 
domain and range. 


Graphical Representation The graph of y = sin! 


x can be found by reflecting the 
graph of y = sinxfor-} xs F across the line y = x, as shown in FIGURE 6.147, 


See also Putting It All Together at the end of this section. 


Symbolic Representation A symbolic representation of the inverse sine function can 
be written as either f(x) = sin”! x or f(x) = arcsin x. There is no simple formula 
that can be used to evaluate sin”! x. 


| Now Try Exercise 31 | 


An Application from Sports In track and field, when an athlete throws the shot, 
the distance that the shot travels depends on the angle @ that the initial direction of 
the shot makes with the horizontal. Angle @ in FIGURE 6,148 is called the projection 
angle. The optimal projection angle 0, which results in maximum distance for the 
shot, may be calculated by 


where y is the initial speed in feet per second of the shot and /i is the height in feet of 
the shot when it is released. (Source: J. Cooper and R. Glassow, Kinesiology.) 


6.6 Inverse Trigonometric Functions 587 


CRITICAL THINKING Throwing the Shot with Projection Angle 0 


If a cannonball is shot from 
ground level, what is the optimal 
projection angle? Does this angle 
depend on v? 


FIGURE 6,148 


i> Wii AIK Finding the optimal projection angle for a shot-putter 


Optimal Projection Angle Suppose that an athlete releases a shot 8 feet above the ground with velocity v, Give 
a numerical representation of the optimum projection angle 0, Interpret the results, 


SOLUTION Make a table for Y, = sin7! (VV (X42/(2X"2 + 64.4%8))), as shown 
in FIGURE 6,149, We can see that the faster a person throws the shot, the greater the 
optimal projection angle @ becomes. For example, if a shot is thrown at 25 feet per 
second, then 0 ~ 36.5°, whereas if the shot is thrown at 50 feet per second, then 


0 = 42,3°, 


FIGURE 6.149 Degree Mode 


The Inverse Cosine Function 


By the horizontal line fest, the cosine function is not one-to-one, as illustrated in 
FIGURE 6,160. If we restrict the domain of f(x) = cos x to0 S x S a, then the result- 
ing function is one-to-one and has an inverse function, See FIGURE 6.161, This inverse 
function is called the inverse cosine function, 


Fails Horizontal Line Test Restricting the Domain of Cosine 
(no inverse exists) (inverse exists) 
Cosine is not one-to-one ; A 
on (—%, *). 


y= cos x 


2 


~2ar 


Cosine is one-to-oneon | _2 
(0, 7). 


FIGURE 6.150 FIGURE 6,151 


INVERSE COSINE FUNCTION © 7 : 
The inyerse cosine function, denoted cos”! x or arccos x, is defined as follows. 
For —1 = x S 1 and y in the interval [0, 7], 


Bod cos! ¥ or y=arecosx means xX = cosy, 


588 CHAPTER 6 Trigonometric Functions 


Evaluating the inverse cosine function 

Evaluate each of the following. 

(a) cos! 1 (b) arccos(—0.75) 

SOLUTION 

(a) The expression cos”! | gives the angle (or real number) @ whose cosine equals 1 


and that satisfies 0 = @ = 7. Thus 6 = cos! 1 = 0, or 0° because cos 0 = 1. 
(b) A calculator is often necessary to evaluate inverse trigonometric functions 


cos“1(~,75) approximately, In FIGURE 6.152, cos! (—0.75) ~ 2.42 radians, or about 138.6°. 
2.418858406 It follows that cos2.42 ~ —0.75 and also cos 138.6° ~ —0.75. 

Ans 180/14 | 
138. 5903779 | Now Try Exorcivon 16 and 10(c) } 


‘ # 
Change to degrees 


The following are properties of the inverse cosine function. 
FIGURE 6.162 Radian Mode cos (cos x) x for 0 r aT 


cos (cos” | x) x for I v I 


EXAMPLE 5 | Finding representations of the inverse cosine function 
Represent the inverse cosine function verbally, numerically, graphically, and symbolically. 
SOLUTION 


Verbal Representation To compute cos! x for —1 < x < 1, determine the angle 6 
(or real number) such that cos@ = x and0 50S 7, 


Numevical Representation A table of values for cos x on the interval [0, 7] is shown 
in TABLE 6.13. A table of values for cos! x is shown in TABLE 6.14, Notice that if 
cos v = /, then cos! / = wv, provided that 0 S$ « S 7m. 


Cosine Function on [0, 7] 


x 
cos x 
TABLE 6.13 
Xx 
-1 
Inverse Cosine Function Coe) a 
y a \ 
aiest as | TABLE 6.14 Interchange | 
eo | rc —— 


domain and range. | 


Graphical Representation The graph of y = cos™! x can be found by reflecting the 
graph of y = cos x for 0 = x S zw across the line y = x, as shown in FIGURE 6.153. 
See also Putting It All Together at the end of this section. 


Symbolic Representation A symbolic representation of the inverse cosine function 


can be written as either f(x) = cos"! x or f(x) = arccos x. There is no simple for- 


mula that can be used to evaluate cos! x. 


FIGURE 6.153 | Now Try Exercise 33 | 


CRITICAL THINKING 


Explain the results in FIGURE 6.154, 


cos~1(cos(90)) 
cos7!(cos(-270)) 
90 


FIGURE 6,154 Degree Mode 


CRITICAL THINKING 


Give verbal, numerical, and 
graphical representations of 
y= tan! y, 


EXAMPLE 6 


74 


tan-1(1) ee 
.7853981634 
tan-1(~y (3)) 
—1.047197551 


TH 


3 


FIGURE 6.157 Radian Mode 
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The Inverse Tangent Function 


By the horizontal line (est, the tangent function is not one-to-one on (—%, @), as 
shown in FIGURE 6.155. If we restrict the domain of f(x) = tanx to —5 < x < 4, 


then the resulting function is one-to-one and has an inverse function. See FIGURE 6.156, 
This inverse function is called the inverse tangent function. 


Fails Horizontal Line Test Restricting the Domain of Tangent 
(no inverse exists) (inverse exists) 


y 


Tangent is not 
one-to-one on 


(-—, ~). 


| 
| 
a | 
| 
| 
| 


Tangent is one-to-one on 


=) 


y=tanx 


xe- 


| 
| 
| 
| 
| 
| 
I 


Nia 


FIGURE 6.155 FIGURE 6.156 


For y in the interval (- z), 


22 
y=tan'x or y=arctanxy means x= tany, 


tan”! (tanx) = x for -Tex< 


tan(tan™' x) = x for allreal numbers x 


Evaluating the inverse tangent function 


Evaluate each of the following. Support your answer using a calculator. 


(a) tan! 1 (b) arctan (-V3) 


SOLUTION 

(a) The expression tan”! 1 represents the angle (or real number) @ whose tangent 
equals 1 and that satisfies —} <6 <4. Thus @ = tan"! (1) =  ~ 0.7854 
because tan | = 1. See FIGURE 6.157. In degrees, tan! (1) = 45°. 

(b) The expression arctan (-V3) represents the angle (or real number) 0 
whose tangent is —~V%3 and that satisfies -F ZO< ae Thus, it follows that 
6 = arctan ( V3) % ~ —1.047. Support is shown in FIGURE 6.157. In 


degrees, arctan (-Vv3) = —60°. 


In the next example, an inverse function is used to write an equation for a 
trigonometric function. These types of equation are often used in future mathematics 
courses. 
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EXAMPLE 7 
| 
x 
0 
b=VI- — coso = VI=B | 
FIGURE 6,158 
EXAMPLE 8 
B 
{| 
c a 
L\ a 
A b iC 


FIGURE 6.160 


Using inverse trigonometric functions 


Let 0 be an acute angle, Write cos @ in terms of x, if @ = sin”! 


Bh 
SOLUTION 
Getting Started First sketch a right triangle so that one of its acute angles is 0, 
Because 0 = sin” x, it follows that sin@ = x. Label the sides of the triangle so that 
sind = } Use the triangle to write cos@ in terms of x,» 

FIGURE 6.158 shows angle @ with sin@ = {. By the Pythagorean theorem, if b is the 
length of the other leg, then x? + 6? = 1°, Thus, b = V1 — x*, Because cos 0 equals 


the side adjacent divided by the hypotenuse, we have cos? = V1 — x. 


(SD Properties and graphs of the inverse sine, inverse cosine, and inverse tangent 
functions are given in Putting It All Together at the end of this section, 


An Application Involving Robotics The next example applies the inverse tangent 
function to robotics, 


Using robots to spray paint 


In industry it is common to use robots to spray paint, The robotic arm in FIGURE 6,159 
is being used to paint a flat surface, Because the spray gun must move at a constant 
speed y, parallel to the surface being painted, the angle of the arm 0, and the angle of 
the spray gun @) must be continually adjusted, Using FIGURE 6.159, it can be shown that 


= arctan and 0, = 90° — 01, 
where / > 0 is time in seconds. (Try to verify this,) Let y = 3 inches per second and 


h = 24 inches, Determine the degree measure of 0, and 0) after 10 seconds, (Source: 
W. Stadler, Analytical Robotics and Mechatronics.) 


Robotic Arm Painting 


<— Flat surface 


FIGURE 6,159 


SOLUTION Substitute h = 24and v = 3,Whens = 10, 0 = arctan say ~ 38.7° 


and 0, = 90° — 0, = 51.3°. 
Solving Triangles and Equations 


FIGURE 6.160 shows standard labeling used to denote the vertices, sides, and angles of 
a right triangle. The next example illustrates the process of finding the measures of 
the angles and sides in a triangle, called solving a triangle. 
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ips WigAoe Solving a right triangle 


Solve triangle ABC in FIGURE 6.161 if @ = 5 and c = 13. Round values to the nearest 
tenth. 


SOLUTION Weare given a = 5, c = 13, and y = 90°. We must find /, «, and (3. 
We begin by finding b using the Pythagorean theorem. 


P+RP=0e Pythagorean theorem 
FIGURE 6.161 Gt 2° say 
b? = 13? — 3? Substitute 
b? = 144 implify 


Thus b = {2 in FIGURE 6.161 because b = V 144. We can find angle a@ as follows. 


ide oppo: it 


sina = — In @ 


13 iyeokain 
a= stn Solve for a 

13 
a = 22.6° Approximate 


Since B is complementary to a, it follows that B ~ 90° — 22.6° = 67.4°. 


There is more than one way to solve the triangle in Example 9, We could have 
let w = tan! 8 ~ 22.6° and B = cos! a =~ 67.4°. There are other possibilities. 


> eWiidAmt Finding angles ina triangle 


B Approximate the degree measure of the angles a and B shown in FIGURE 6.162. 


< 


SOLUTION From FIGuRE 6.162 we see that tan a = &, Thus a = tan™! 2 ~ 27.9°, 
9 Since a and B are complementary angles, B ~ 90° — 27,.9° = 62.1°. 


wa Now Try Exerclae 45 
A 17 c 
FIGURE 6.162 


An Application Involving Grade Resistance Grade resistance is the force F 
that causes a car to roll down a hill. It can be calculated by F = Wsin@, where 0 
represents the angle of the grade and W represents the weight of the vehicle. See 
FIGURE 6.163. 


Uphill and Downhill Grade 


eh dy 
1 


BA 


FIGURE 6.163 
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[EXAMPLE 11 Calculating highway grade 
Find the angle @ for which a 3000-pound car has grade resistance of 500 pounds. 


SOLUTION Solve the equation F = Wsiné@ for 0. 


= JV sind 
00 = 3000 sind | Or / i 
‘ | 
6é=- 
sin 6 
1 
eer gle 
sin” G 
0 = 9.6 


Thus ifa road is inclined at approximately 9.6°, a 3000-pound car would experience 
a force of 500 pounds pulling downhill. 


| Now Try Exercise 89) 
Solving an Equation There are a wide variety of trigonometric equations. In the 


next example, we solve one basic type of equation, In the next chapter, we will solve 
more types of trigonometric equations. 


EXAMPLE 12 | Solving a trigonometric equation 
| 


Solve 9 cos’@ = 4, where @ is an acute angle. 


SOLUTION Begin by dividing each side of the equation by 9. 


9 cos?0 = 4 
4 
2 eS Vic 
cos*é 9 
2 
06= +- 
cos 3 


Because @ is an acute angle, cos@ must be positive. Thus cos? = 2 and the solution 
to the equation is 0 = cos"! 2 = 48.2°, 
[ NOTE | cos} is the exact solution, whereas 48.2° is an approximate solution 
rounded to the nearest tenth of a degree. 


| Now Try Exercise 63 


Other Trigonometric Inverse Functions 
Definitions and Graphs The cotangent, secant, and cosecant functions are not 
one-to-one functions. However, by restricting their domains, inverse trigonometric 
functions can be defined. The following box gives common definitions for these func- 
tions; some texts use slightly different definitions. 
HER INV! 5) RIGONOMETR! un 
Inverse Cotangent For 0 < y < 7, 
y=cot!x or y=arecotx meansthat x = coty. 
Inyerse Secant For 0 < y <= @ with y # § and |x| = 1, 


y=sec!y or y=aresecy meansthat x = secy 


| Inverse Cosecant For 5 sys 5 with y # Oand |x| = 1, 


y=cse!x or y=arcescx meansthat x = cscy. 
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The graphs of the functions y = cot"! x, y = sec”! x, and y = esc”! x are shown 
in FIGURES 6.164-6.166. These inverse graphs can be found by reflecting the graphs of 
y = cotx,y = sec x, and y = csc x across the line y = x on a restricted interval. 


Inverse Cotangent Inverse Secant Inverse Cosecant 


Domin: (—%, %) | Domin: (—, -1] U[1, ») Domin:(—%, ~1] U[1, #) 
Range: (0,77) Range: [0,)U G. ca Range: [-3,0)U (0, a] 
FIGURE 6.164 FIGURE 6.165 FIGURE 6,166 


Evaluating Other Inverse Functions Most calculators do not have keys for 
sec”! x, csc”! x, or cot™! x. However, we can evaluate these functions by using the 
functions cos~! x, sin7! x, and tan7! x. 


For example, y = sec”! x can be rewritten in terms of the inverse cosine function 


as follows. 
y =sec!x Inverse secant, |x| = 1 
secy =x Definition of inverse secant 
1 
=x Reciprocal identity 
cos y 
cos : h sid 
=— wert each side, x # O 
a 


1 
cos! (cos y) = cos™!— ake inv 


1 
y = cos !— verse properti 


Thus to evaluate y = sec”! x, we can evaluate y = cos! + The following box shows 
how to evaluate sec”! x, ese! x, and cot! x. 


Inverse Secant sec!x = cos!4 for |x| = 1. 


Inverse Cosecant csc! x = sin! 


+ for |x| =1. 
Inverse Cotangent Method I: cot™!x = 
Method II: cot™!x = x if x0 
ifx=0 
a+tan'! if x<0 


In the next example, we evaluate other inverse trigonometric functions. 
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OOM AMER Evaluating other inverse functions 


Find each of the following in radians. Approximate to the nearest thousandth when 


FUNCTION 
Inverse sine 


Inverse cosine 


appropriate. 


(a) sec !2 (b) ese“! (—1) 


SOLUTION 


1 a 


1 
(a) sec!2 = cos” ris 


(c) cot !6 


T 


(b) ese! (-1) sin (4) sin! (-1) = ak sin} 


(©) cot 6 = 2 — tan 6 =~ a = 1406 = 0.165 cot 'x = = tan'x 


> ea 6.6 | Putting It All Together | It All Together 


EXPLANATION 
Description: f(x) = sin! x or f(x) = aresin x 
computes the angle or number in [-3, 5] whose 
sine equals x, where —1 S x S 1. 
Domain: {x|-1 = x = 1} 
Range: {y|-F Sy =F} 


Inverse Properties: 


7 cL 


sin! (sinx) =x for -$ sys F 


sin(sin"' x) =x for -lsx<1 


Description: f(x) = cos” x or f(x) = arccos x 


computes the angle or number in [0, a] whose 
cosine equals x, where —1 S x S 1, 


Domain: {x|-1 = x = 1} 

Range: {y|0 = y = 7} 

Inverse Properties: 

0OsSsx=7 


-Ilsxsl 


cos”! (cosx) = x for 
cos (cos! x) =x for 


Now Try Exercises 75, 77, and 86 


EXAMPLES AND GRAPHS 
sin! 1 = 90°, or F 
aresin (—$) = -30°, or -% 
sin! 0 = 0°, or 0 
sin”! 4 is undefined. 
sin! 0.3 ~ 17.5°, or 0.305 


cos! 1 = 0°, or 0 

arecos (-4) = 120°, or 2B 
cos 0 = 90°, or F 

cos! (—5) is undefined. 
cos! 0.8 ~ 36.9°, or 0.644 
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EXAMPLES AND GRAPHS 
Inverse tangent | Description: f(x) = tan”! x or f(x) = arctany | tan! 1 = 45°, or F 
computes the angle or number in ¢ 5, £) whose | tan7! 0 = 0°, or 0 
tangent equals x, where x is any real number, tan! 8 ~ 82.9°, or 1.446 


Domain: {x|-% <x < } (all real numbers) | arctan (—1) = —45°, or —% 
Range: {yl-$<y <§} 


4 


Inverse Properties: 
tan (tanx) =x for -$ <x <F 
tan (tan! x) = x for all real numbers x 
Horizontal Asymptotes: 
yo-ByaF 


6.6 | Exercises 


Review of Invexses Exercises 13-18; Evaluate each of the following, if possible. 
1, Fora function f to have an inverse, f must be __. Give results in both radians and degrees, 
13, (a) sin! 1 (b) aresin 4 
2. A function is one-to-one if different inputs always Va eer a 
result in —_ outputs, () aresin(—) (@) sin (-3) 
3. If f(7) = —1, then f'(-1) = __. 14, (a) aresin 4 (b) sin™! (—2) 
4. If fe) = d, then f"\(d) = __. (c) sin! (-1) (a) sin” 
5, If f-(0) = 1, then f(1I) = __. 15. (a) cos! 0 (b) arccos (—1) 
-11 . V3 
6, If f(b) = a, then f@ = __. (©) cos 5 (@)_arccos (-¥3) 
" v3 -1(_1 
Inverse Trigonometric Functions 16. (a) arccos “5 (b) cos (- 2) 
7. Since sin ¥ = 1 and $ is in the interval [—3, 5 ], (©) arccos | (a) cos"! (-5) 
oe 
sin” 1 = 17. (a) tan! 1 (b) arctan (—1) 
ced so P 
8. Since eoet = 5 and F is in the interval [0, aw], ©) tan”! V3 @ arctan—b 
cos! y= Vi V3 
18. (a) arctan (-V3 b) tan! 0 
9, Since tan(—4) = —1 and —7 is in the interval @ le ° 
(-%,%), tar) = (c) tan”! (-+) (@) arctan (-1) 
10. Since sin(-$) = —ha nd —% is in the interval Exercises 19 and 20: If possible, approximate the following 
[-4 :F), sin- \(- 1 )= to a hundredth of a radian and a tenth of a degree. 
2 19, (a) sin 1.5 (b) tan“ 10 
11, Since cos () = -} and = 2p i is in the interval 
[0,7], cos"! ts I = (c) arecos (—0.25) 
aa “le seen 
12, Since tan (F) = V3 and & is in the interval at, Oo" 3) ©) anaer-aen) 


(-3,%), tan? V3 = (c) arctan (—2.5) 
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Exercises 21 and 22; Evaluate each expression using the 
Sigure to obtain either a or B. 


B 
21. (a) tan! 4 v4 
a1 3 5/7 ‘ | 
(b) sin” 5 3 
‘eee: / 
(c) arccos § Aa ze 
adel A 4 Cc 
22, (a) arcsin 73 4 
(b) cos 6 By 
5 
af § s 
(c) tan! 75 a d 
A 2 c 


Exercises 23-28: Evaluate each expression. 
23, sin (sin”! 1) 24, sin”! (sin 2) 


25, cos"! (cos sz) 26. cos (cos! (—3)) 


27, tan (tan”! (—3)) 28, tan”! (tan 2) 


Exercises 29 and 30: Critical Thinking Evaluate the 
expression in degree mode. Make a generalization about 
the result and then test your conjecture. 

29. (a) sin! 3+ cos 3 (b) sin! } + cos 4 


al 2 -12 
(c) sin” 5 + cos” 5 


4 


30. (a) tan”! $+ tan! (b) tan! + tan“! 2 


(c) tan 4 + tan! 4 


Exercises 31-34. Represent the given f(x) verbally, numer- 
ically, and graphically. 


31. f(x) = sin7! 2x 32. f(x) = sin“! $x 


33, f(x) = cos”! fx 34. f(x) = cos“! 2x 


Evaluating Inverses with Variables 


Exercises 35-38: Checking Symbolic Skills (Refer to 
Example 7.) Evaluate the indicated trigonometric function 
of 0, where @ is an acute angle determined by an inverse 
trigonometric function. (Hint: Make a sketch of a right 
triangle containing angle 0.) 


35, tan 0, if @ = sin7! » 


36. sin 0, if 0 = tan7! — 


37. cos 0, if 0 = sin 


V1 es xe 
38, tan 0, if @ = cos! 4 


Exercises 39-44; Checking Symbolic Skills (Refer to 
Example 7.) Write the expression as an algebraic expres- 
sion ofuifO<u< 1. 


39, sin (cos! w) 40. cos (sin™ w) 


41. tan (cos! 1) 42, sin (tan! 1) 


43. cot (tan! 1) 44, sec (sin! 1) 


Solving Triangles 


Exercises 45-50: (Refer to Example 9.) Solve the triangle. 
Approximate to the nearest tenth when appropriate. 


45. B 46, B 
s BY7 id q 
To [ 8 
A 24 Cc | 
atl oO 
A 15 Cc 
47. B 4g, B 
1 
10 Ph, 8] 
10 ja 
/ | 
\ [ 
A b (ol \e fa 
A 7 Cc 
49, B 50. 
B B 
c 5 \Q 
c 63° a 
X 55° 
\ [ \e { 
A b c A 8 Cc 


Solving Trigonometric Equations 


Exercises 51-58: Solve the trigonometric equation for 0, 
where 0° = @ = 90°. 


51, sind = | 52. cosd = 4 
53. tand = | 54, sind = M3 
= ey ah 
55. cos@ = 0 56. tand Vi 
57, sind = —3 58, cos@ = 5 


Exercises 59-66: Solve the equation for 0, where 0 is an 
acute angle. Approximate 0 to the nearest tenth ofa degree. 


59, 2cos0 = } 60. 3sino = 4 
61. tand-1=S5 62. 4cos0 + 1 = 6 
63. sin?@ = 0.87 64. tan’ — 2 = 1.65 
65. 2sind+2=-1 66. 4cos?6 = 5 


Exercises 67-74: Solve the equation for t, where t is a real 
number in the given interval. Approximate ¢ to three deci- 
mal places. 


67. tant = —4, (-3, 2) 68. sine = —4, [-3,3] 
69. cos / = 0.452, [0,7] 70. tans = 5.67, (-3, 2) 
71. 2sin¢ = —0.557, [-3, 3] 

72. 3cost + 1 = 0.333, [0, 7] 


73. cos*1= 43, [0,7] 74, sin? = +, [-3,3] 


Evaluating Other Inverse Trigonometric 
Functions 


Exercises 75-86: Find each of the following in radians. 
Approximate to the nearest thousandth when appropriate. 


75. sec !(—1) 76. sec! V2 

771. cso! (—-V2) 7B. esc! 2¥3 

79, cot! (-1) 80. cot7!0 

81, sec !3 82, sec! (—4) 

83. csc! 5.1 84, csc™! (-3) 

85, cot! 1.5 86. cot! (-7.1) 
Applications 


87, Angle of Elevation Find the angle of elevation @ of 
the top of a 50-foot tree at a distance of 85 feet. See 
the figure. 


88. Angle of Elevation A 28-foot building casts a 40-foot 


shadow on level ground. Find the angle of elevation 0 
of the sun to the nearest tenth of a degree, See the 
figure. 


89. 


Grade Resistance (Refer to Example 11.) Approximate 
6 to the nearest tenth of a degree for the given grade 
resistance F and vehicle weight W. Use the equation 
F= Wsind. 


(a) F = 400 1b, W = 5000 Ib 
(b) F = 1301b, W = 3500 Ib 
(c) F=—2001b,  W = 40001b 


90. 


91. 


92. 


93. 


94, 


95. 


96. 
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Robotics Approximate the angle @ if the robotic 
hand is located at the following points, where 


—90° < @ < 90°. See the figure. 
(a) (5, 11) (b) (1, -3) 


Designing Steps Steps are being attached to a deck 
as shown in the figure. The bottom of the steps should 
land 10 feet from the deck. If the deck is 4 feet above 
the ground, estimate angle @ between the ground and 
the side board of the step. 


Designing Steps (Refer to Exercise 91.) If the length 
of the side boards for the steps is 4 feet and the deck 
is 2 feet above the ground, find angle 0. 


Roof Pitch The pitch, or slope, of a roof may be 
expressed in the form k/12, where k represents a k-foot 
rise for every 12 feet of run in horizontal distance. 
Determine angle 6 in FIGURE 6.142 for each pitch. 


@) % o) % © $ @ 2 


Phases of the Moon (See Example 12 in Section 6.3.) 
Find the phase angle @ for the given phase F. Assume 
that 0° = 6 = 180° and use FO) = 5(1 — cos@). 
(a) F=4 () F=4 


Shot Put (Refer to Example 3.) Suppose that a shot 
is released 7 feet above the ground with a velocity of 
43 feet per second. Find the optimal projection angle. 


Shot-Putting on the Moon Repeat Exercise 95 with 
y = 50 feet per second if the shot is thrown on the 
moon and the optimal projection angle is given by 


1 i 


6 = sin” ,./—————. 
2v? + 10.2h 
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ye 97, Calculating Daylight Hours The ability to calcu- 


99. 


100, 


tt. 
i 101, 


late the number of daylight hours H at any location 
is important for estimating potential solar energy 
production. The value of H on the longest day can 
be calculated using the formula 


cos (0.1309 H) = —0.4336 tan L, 


where L is the latitude. Using radian mode, calcu- 
late the greatest number of daylight hours H during 
the year for the various cities and their latitudes. 
(Source; C, Winter, Solar Power Plants.) 

(a) Akron, Ohio; L = 40°55’ 


(b) Corpus Christi, Texas; L = 27°46' 
(c) Richmond, Virginia; L = 37°30' 


Shortest Day (Refer to Exercise 97.) The value of 
H on the shortest day can be calculated using the 
formula 


cos (0.1309 H) = 0.4336 tan L. 


Find the least number of daylight hours at the follow- 
ing locations, (Source: C, Winter, Solar Power Plants.) 
(a) Anchorage, Alaska; L = 61°10' 


(b) Atlantic City, New Jersey; L = 39°27' 
(c) Honolulu, Hawaii; L = 21°20' 


Robotics (Refer to Example 8.) Let v = 5 inches 
per second and /; = 18, Determine the degree mea- 
sure of 0, and 0, after 5 seconds. 


Snell’s Law When a ray of light enters water, it 
is bent. This change in direction can be calculated 
using Snell’s law. See the figure. The angles 0, and 
4, are related by the equation 7, sin@, = nm sin, 
where ”, and ny are constants called indexes of 
refraction, For air n, = 1, and for water ny = 1.33. 
If a ray of light enters the water with 0, = 40°, esti- 
mate 6, (Source: R. Weidner and R, Sells, Elementary 
Classical Physics, Vol, 2.) 


4 


9, 
| 


Landscaping Formula A shrub is planted in a 
100-foot-wide space between buildings measuring 
75 feet and 150 feet tall. The location of the shrub 
determines how much sun it receives each day. 
Show that if @ is the angle in the figure and x is the 
distance of the shrub from the taller building, then 
the value of @ (in radians) is given by the equation 


6= ~ arctan ( 5 ) avetan (2) 
BEEN 00 = 2 sn OE 


75 ft 


e 102, Communications Satellite Coverage The figure 


shows a stationary communications satellite positioned 
20,000 miles above the equator, What percent of the 
equator can be seen from the satellite? The diameter 
of Earth is 7927 miles at the equator, 


Writing about Mathematics 


103, Critical Thinking Explain verbally what each 
expression computes, Give examples. 


(a) sin™! x (b) cos"! y (c) tan! y 


104. Critical Thinking Explain why sin”! (sin z) =F 


but sin”! (sin sz) A Se, Give a similar example 


using cos x and cos"! x, 


Extended and Discovery Exercise 


1, Movie Screen A 10-foot-high screen is mounted 
on a vertical wall so that the bottom of the screen 
is 6 feet above a horizontal floor, A person sits on a 
level floor x feet from the screen, If eye level is 3 feet 
above the floor, then angle 6 shown in the figure can 
be expressed as 


10x 
5= wwri(8), 
“ x? + 39 


Graph 6 in [0, 50,10] by [0, 50, 10] using degree 
mode, Determine where a person should sit to maxi- 
mize 0. 


10 ft 
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CHECKING BASIC CONCEPTS FOR SECTIONS 6.5 AND 6.6 


1. Graph f() = 3 sin (2(¢ - z) for —7 < ( < 1. State (c) tan! (-1) (d@) sin” ib 
the amplitude, period, and phase shift. (© tan! V3 () cos” iw 

2. The accompanying table contains data that can be . : Paka S _ 
modeled by f(t) = acos (bt). Find values for a and b. 4. Solve a right triangle if @ = 30 and b = 40. 


5. Use a calculator to solve each equation, where ¢ is in 
the indicated interval. 
ing = 
(a) sin t = 0.55, [-3, 5 


(b) cos ¢ = —0.35, [0, 7] 
3. Evaluate the following, expressing your answer in degrees. ase 
(a) sin! 0 (b) cos! (—1) (©) tans = —2.9, (3. z) 


9 suonay 


CONCEPT EXPLANATION AND EXAMPLES 


| Section 6.1 Angles and Their Measures 


( Angle Measure Degree measure: 360° = one revolution 
1° = 60’ (minutes) 
= 60” (seconds) 


Radian measure: 2a radians = one revolution 


180° 


radian measure X —;- = degree measure 


degree measure X Tw = radian measure 


Arc Length s = r0, where @ is in radians 


Example; The arc length intercepted by a central angle of 120° with a radius of 


5 inches is 
Seat radians 


s = 5(22) = 9" ~ 10.47 inches. 


Area of Sector A= 310, where @ is in radians 


Example: The area of the sector determined by a central angle of 45° with a 
radius of 10 inches is 


nia radians | 


= 5 (10?) (%) = 25m ~ 39.27 square inches. 
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Section 6.2 Right Triangle Trigonometry 


Trigonometric Functions ind side opposite ___hypotenuse J 
(Right Triangles) am hypotenuse side opposite 
mar side adjacent - hypotenuse Hypotenuse S 
hypotenuse side adjacent | opposite 
side opposite side adjacent 
tand ; ea td = —— u , au I | 
side adjacent side opposite 


Side adjacent 


Example: The six trigonometric functions of 6 in the figure are as follows. 


sind = a escO = ol 
61 ) 
coso = & seco = $t {0 gy"! 
ii _ oo 60 
tand = @ coté = 77 
Cofunction Formulas Let a and B be complementary angles. B 
sina = cos(90° — a) = cosB ‘4 
Jf 
tana = cot(90° — a) = cotB . 
seca = csc(90° — a) = cscB ef r 
a [ 
A b Cc 
Section 6.3 The Sine and Cosine Functions and Their Graphs 
Sine and Cosine If angle @ is in standard position and its terminal side 


passes through the point (x, y), then 
F y x 
sind = - and cos@ = 0 


where r = Vx? + y*. In the figure to the right, 


x=3,y =—4,and r = V3? + (-4) = 5, 


sin@ = -4 and cos@ =} 
Unit Circle If the terminal side of an angle ¢ intersects the unit 


circle at the point (x, y), then sin ¢ = y and cos ¢ = x. 
The domains of the sine and cosine functions include 
all real numbers in the interval (—, ¢), and their 
ranges include real numbers in the interval [—1, 1]. 


In the figure, x = -} and y = ye Thus 


sint = 3 and cos/ = -}, 
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CONCEPT EXPLANATION AND 


Section 8.3 Vectors (CONTINUED) 


Calculations Let a = (aj, a) andb = (by, by). 
Involving Vectors 


Sum: atb= (a + bj, a + by) 
Difference: a-—b= (a, -—b, > — by) 
Scalar Multiple. — ka = (kay, kay) 

Dot Product: arb=ab; + aby 


Angle 6 between a and b: 0 = cos"! ( eh ) 
llall [lll 


Work If a constant force F is applied to an object that moves along a vector D, then the 
work done is W = F + D. 


Section 8.4 Parametric Equations 


Plane Curve A plane curve can be defined by the parametric equations x = f(A and y = g(0, 
and Parametric where f and g are continuous and ¢ is the parameter. 
Equations 


Example; x = cos/,y = sinf,0 =¢ S 27 
Since x? + y? = cos*¢ + sin?¢ = 1, 
this curve describes the unit circle. 
See the figure. 


Section 8.5 Polar Equations 


Polar Coordinates Points are identified using r and @ instead of x and y. Polar equations are plotted 
and Equations in the polar plane, where the pole corresponds to the origin and the polar axis 
corresponds to the positive x-axis. Polar coordinates are not unique. 


Example: rr = cos 50 (rose curve with 5 leaves) 


90° 


270° 


Section 8.6 Trigonometric Form and Roots of Complex Numbers 


Trigonometric The expression r(cos@ + i sin@) is the trigonometric form of a + bi, where 
Form and Complex a =rcos6 and b = rsind. 
Numbers 


Modulus: |z| = r = Va + b*; argument: 6 


Example: z = 2(cos30° + isin30°) = V3 4i 
Modulus: r = 2; argument: @ = 30° 
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CONCEPT EXPLANATION AND EXAMPLES 


Section 8.6 Trigonometric Form and Roots of Complex Numbers (conTINUED) 


Operations on Let z; = 1 (cos6, + fsinO;) and z) = 19 (cos@) + i sind). 


site ame 2122 = 1'1'2(cos(O, + 62) + isin(@, + 42) 
Form 2 
22 


zy" = ry"(cos(n0;) + fsin(O)) De Moivie’s theorem 


= “(cos (64 — 62) + isin(@, — 62) 
2 


Example: Let z; = 6(cos 120° + isin 120°) and z, = 2(cos80° + /sin80°). 
212) = 12(cos200° + /sin 200°) 


I 


a = 3(cos40° + sin 40°) 
2 


211 = 64 (cos(4 + 120°) + isin(4 + 120°)) 


Roots of Complex If z = r(cosé + isin8), then the nth roots of z are given by 
m 
AURA y-( 0+ 360° +k, 0+ 360° k 
1 | cos + isin 


We = ’ 


where k = 0, 1,2,...,2 — 1. 


Example; Let z = 47 = 4(cos90° + /sin90°), 
The square roots of z are as follows. 


We = V4 (cos2 +30" -k + isin ae x s “) fork = Oand | 


Simplifying gives 
Wo = 2(cos4s° + isin4s*?) = V2 + V2 and 
Ww, = 2(cos225° + isin 225°) = —V2 - iV, 


i Review Exercises 


Exercises 1-4: Solve the triangle, Approximate values to 


3. c 4, C 
the nearest tenth, 
1, ¢ 2. fol 7 1 
5 
6 4 ZA 
ay 8 B 
A 3. B 
ioe (\ 
A B 
B 
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Exercises 5-10; Solve the triangle. Approximate values to Fa 24, Work Find the work done when F = 300i + 400j 


the nearest tenth. 
5. a = 19°, B = 46°,b = 13 


6. a = 30°,b = 10,a = 8 


Hl 


1. y= 20,b=8 c= 11 


8 a = 70°,b= I7,a=5 


i 


9. b 


ll 


23, y = 35°,a = 18 
10. a = 65, b = 45, ¢ = 32 


Exercises 11-14: Approximate the area of the triangle to 
the nearest tenth. 


M1, a = 12.3, b = 13.7, y = 39° 
12, a = 40°, B = S5°,¢ = 67 
13. a = 34, b = 67,¢ = 53 

14, a =2.1,b = 1.7,¢ = 2.2 


Exercises 15 and 16: Complete the following for vector v. 


(a) Give the horizontal and vertical components. 
(b) Find |\y\l. 
(c) Graph y and interpret |lv\l. 


15, y = (3,4) 16, v = —Si + 12j 


Exercises 17 and 18; A vector vy has initial point P and 
terminal point Q. 


(a) Graph PC. 
(c) Find \\PG\l. 
17, P = (0,0), Q = (-2, -4) 


18, P = (3, 2), @ = (-3, -1) 


(b) Write PO as V = Mi + aj. 


Exercises 19-22: Find each of the following. 


(a) 2a (b) a- 3b (c) arb 
(d) The angle 0 between a.andb rounded to a tenth of a 
degree 


19. a = (3,-2),b = (1,1) 


20, a = (3,2),b = (-2, -3) 


ll 


MW. a=%W+2%4b=i+) 


ll 


22, a=i- 2j,b = 2i+j 

23, Resultant Force Use the parallelogram rule to find 
the magnitude of the resultant force of the two forces 
shown in the figure. 


is applied to an object that moves along the vector 
D = 10i — 2j, where units are in pounds and feet. 
Find the magnitude of F and interpret the result. 


Exercises 25-27: Graph the parametric equations. 


Bx=1+2, y=P-3; 2<152 
%@x=P-4 y=t-h 0<1<2 
27, x=2cost, y= —2sins; 0st(s2 


28. Change the polar coordinates (1,6) to rectangular 
coordinates (x, y). 


(a) (2, 135°) (b) (-1, 60°) 


Exercises 29-34: Graph the polar equation. 


29. r = 1 + cosé 30. r = sind 
31. r = 3sin30 32. r = 2 — cosé 
33. r= 3+ 3sin0 34. r= 1 — 2sin@ 
35. Plot each number in the complex plane. 
(a) 4-7 (b) —2 + 27 
(ce) -2i (@) —4 


36. Write each complex number in trigonometric form. 
Let 6 satisfy 0° < 0 < 360°. 
(b+) V3 +i 


(a) —2 + 2i 
(d) —6 


(c) Si 


37. 


‘ 21. : 
Find z;z) and 7 2 standard form, if 
2 


z, = 4(cos 150° + isin 150°) and 
Zy = 2(cos30° + isin 30°). 


38. Use De Moivre’s theorem to evaluate z’ if the trigono- 
metric form of z is z = 2(cos 45° + / sin 45°), Write the 
result in standard form. 


Exercises 39 and 40: Find the following roots. 
39, The square roots of 4(cos 60° + isin 60°) 


40. The cube roots of 277 


Applications 


41, Airplane Navigation An airplane takes off with a bear- 
ing of 130° and flies 350 miles. Then it changes its course 
to a bearing of 60° and flies for 500 miles. Determine 
how far the plane is from its takeoff point. 


42. Obstructed View To find the distance between two 
points A and B on opposite sides of a small building, 
a surveyor measures AC as 63.15 feet, angle ACB 
as 43.56°, and CB as 103.53 feet. Find the distance 
between A and B to the nearest tenth of a foot. 
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43. Height of an Airplane Two observation points A and 


44, 


45. 


47. 


isd 


B are 950 feet apart. From these points the angles of 
elevation of an airplane are 52° and 57°, as illustrated 
in the figure. Find the height of the airplane to the 


nearest foot. 


4 


| 


f 


J 52° Nee 
Aj-—950ft—>]B 


Area of a Lot A surveyor measures two sides and the 
included angle of a triangular lot as a = 93.6 feet, 
b = 110.6 feet, and y = 51.8°. Find the area of the 
lot. 


Area of a Lot Find the area of the quadrangular lot 
shown in the figure to the nearest square foot. 


B 
150 ft 


D 100 ft Cc 


Interpreting a Vector A boat is heading west at 
20 miles per hour in a current that is flowing south at 
6 miles per hour, Find a vector v that models the direc- 
tion and speed of the boat. What does |ly|| represent? 


Robotics Consider the planar two-arm manipulator 
shown in the figure at the top of the next column, 
where units are in centimeters, Let the upper arm be 
modeled by the vector a = 40i — 20j and the fore- 
arm be modeled by the vector b = 20i + 30j. (Source: 
J. Craig, Introduction to Robotics.) 


. Find the exact distance between (3, —2) and (7, —9). 


Graph y = g(x) by hand. 
(a) g(x) = 5x =i 


(©) g@)= Vat! 


(e) g(x) = —3 cos (2 (x mi z)) 


(b) g(x) = |x + 2] 


@ s&) ==; 


48, 


49, 


50. 


3, 
4, 


5, 
6. 


(a) Find a vector c that gives the position of the hand. 
(b) How far is the hand from the origin? 


(c) Find the position of the hand if the length of the 
forearm doubles, 


Work A 200-pound person walks 0.75 mile up a hik- 
ing trail inclined at 15°. Use a dot product to compute 
the work done in foot-pounds. 


Flight of a Golf Ball A golf ball is hit at 50 feet per 
second, making an angle of 45° with the horizontal as 
it leaves the club, If the ground is level, estimate the 
horizontal distance traveled by the golf ball in the air, 


Aerial Photography A camera lens has an angular 
coverage of 86°. Suppose an aerial photograph is taken 
vertically with no tilt at an altitude of 3500 feet over 
ground with an increasing slope of 5°, as shown in the 
figure, Calculate the ground distance CB that would 
appear in the resulting photograph (to the nearest 
foot). (Source: F. Moffitt, Photogrammetry.) 


Find the domain of f(x) = V4 — x and evaluate f(—5). 


Find the average rate of change of f(x) = 3x? — 2x 
from x = | tox = 3. 


Find the difference quotient for f(x) = 4x’. 


Write the slope-intercept form for a line that passes 
through (—1, 4) and (1, —3). 


7, 


10. 


12, 
13, 


14, 


17, 


Determine the x- and y-intercepts on the graph of 
4x + 3y = —12, Graph the equation, 


. If G() = 300 — 10¢ calculates the gallons of water ina 


tank after / seconds, interpret the numbers 300 and —10 
in the formula for G(?). 


, Checking Symbolic Skills. Solve each equation. 
(a) |2x — 5| = 6 (b) 6x? +22x =8 
() =x (@) x4 - 2x7 -3 =0 


(e) 2e** — 1 = 50 

() 3x77 = 12 

(g) sin/ =h0 s(<20 
(h) tan 20 = -V3 

(i) 2cos?¢ + cost = | 


Evaluate f(-1) and graph y = f(x). Is f continuous 
on its domain? 


x2 if-3sxs-l 
fQx) = 4 -2x - 1 if-l<x<1 
v-4 if lsxs3 


. Solve each inequality. Use interval notation, 


(a) 4x — 3) > 1 - x (by |2x - 1| = 3 


(e) vw - 2x-3>0 @) - 4x >0 


x 
Pea | 


(e) =0 () -454-3ys 12 


Find the vertex on the graph of f(x) = ax? — 4x + 1 


Divide each expression. 
@) 3x3 — x +2 
xt+2 


23 - 3x27 +x 1 


) 2x- 1 


A cubic function f has zeros —2, 3, and 5 and lead- 
ing coefficient 4, Write the complete factored form 


of f(x). 


3. 


. State the domain of f(x) = te Find any vertical 


or horizontal asymptotes on the graph of y = fQ). 


. Let f(x) = 3 L A and g(x) = 2x + 1, Find each of 


the following. 


(a) (f + g)Q) (b) (ge f)2) 
©) (s//@) @) (feg)) 
Find f7'(x) if f(x) = 3x — 2. 


18, 


19, 


20, 


21, 


26. 


3 
; [xy 
. Expand the expression In y > 
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Find an exponential function given by f(x) = Ca* 
that models the data in the table. 


Grate beh tae 


Bacteria Growth There are initially 5000 bacteria, 
and this number doubles in size every 1.5 hours. Find 
Cand a so that f() = Ca’ models the number of 
bacteria after ¢ hours. 


Investment Interest One thousand dollars is depos- 
ited in an account that pays 7% annual interest com- 
pounded quarterly. Find the amount in the account 
after 8 years. 


Simplify each logarithm by hand. 


1 
(a) logs 35 (b) ns 


(c) log VWi0 


(@) logy 32 — logy} 


Convert 225° to radians, 


. Convert is. radians to degrees, 


Find the six trigonometric functions of 0. 


—\? f 
A 12 c 
Find exact values of the six trigonometric functions of 
g=22 
= oF 


. Find the values of the six trigonometric functions of 0 


if sind = -# and sec 0 < 0. 


| Bvaluate tan! V3. 


. Solve the right triangle shown in Exercise 25. 


Simplify (1 — cos #)(1 + cos t). 


. Factor cot? @ — 2cot@ + 1. 


. Checking Symbolic Skills Verify each identity. 


(a) (1 — cos’ a)(1 + tan? @) = tan? 0 


sin(@ + B) 


= tana + tan 
cos a cos B B 


ese” 0 


—~ —— = -sec 20 
1 — cot? 0 


© 
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33. Solve triangle ABC, Approximate to the nearest tenth. 
(a) a = 31°, y = 53°.b = 15 


(bl) @=3P,a=6b=5 
(ce) B 
@) 4=6,b6=7,c=8 


5@°,a = 6,¢ = 8 


ll 


34, Find the area of a triangle with sides of length 7, 10, 
and 15 feet. 


35, Let a = (—5, 12) and b = (7, —24), Find the following. 
(a) |[bl (b) 2a — 3b (c) arb 


(d) The angle between a and b 


36, Graph the parametric equations + = $1, y=(t-1)? 
for any real number /. 


37, Graph the polar equation r = 3 — 2 sin @ for @ sat- 
isfying 0° < @ < 360°. 


38. Find the three cube roots of 273, 


Applications 


39. Construction A box is being constructed by cutting 
3-inch squares from the corners of a rectangular sheet 
of metal that is 4 inches longer than it is wide. If the 
box is to have a volume of 351 cubic inches, find the 
dimensions of the metal sheet. 


AC 


Modeling Data Find a quadratic function in the form 
SQ) = a(x — 1)? + k that models the data in the table 
exactly, 


restate] 


Designing a Box A box with rectangular sides and a 
top is being designed to hold 288 cubic inches and to 
have a surface area of 288 square inches, If the width 
is half the length, find possible dimensions for the box. 


41 


42. Inverse Variation The force of gravity F varies 


inversely with the square of the distance + from the 


43, 


44, 


45 


46 


47, 


48 


center of the moon. If a rock weighs 50 pounds on the 
surface of the moon (r = 1750 kilometers), how much 
would this rock weigh at a distance of 7000 kilometers 
from the center of the moon? 


Length of a Shadow The angle of elevation of the sun 
is 63°, Find the length of the shadow cast by a person 
who is 5 feet tall. Round to the nearest tenth of a foot. 


Modeling Temperature The monthly average high 
temperatures for a location are shown in the table. 
Model these data using f(x) = asin (bv - 0) +d. 


Month I 2 3] 4 5 6 
Temperature CF) | 25 | 28 | 37 | 50 | 63 72 
Month | 7 8 9} 10] It | 12 
Temperature CF) | 75 | 72 | 62 | 50 | 38 | 28 


Angle of Elevation An 85-foot tree casts a 57-foot 
shadow. Estimate the angle of elevation of the sun to 
the nearest tenth of a degree, 


Distance An ore ship is traveling east at 20 miles per 
hour. The bearing of a submerged rock is 75°, After 
2 hours, the bearing of the rock is 305°. Find the dis- 
tance between the ship and the rock when the second 
bearing is determined. 


Surveyor A surveyor measures two sides of a trian- 
gular lot to be @ = 242 feet and b = 165 feet. The 
angle between these sides is y = 72°, 

(a) Find the length of the third side c, 


(b) Estimate the area of the lot. 


Flight of a Golf Ball A golf ball is hit into the air at 
96 feet per second, making an angle of 60° with the 
horizontal. Use parametric equations to estimate the 
horizontal distance traveled by the golf ball before it 
strikes the ground, 


Functions and Systems 
of Equations in Two 
Variables 

Systems of Inequalities 
in Two Variables 
Systems of Linear 
Equations in Three 
Variables 

Solutions to Linear 
Systems Using Matrices 


Properties and 
Applications of Matrices 
Inverses of Matrices 
Determinants 


Systems of Equations 
and Inequalities 


I n 2000, less than 6% of the world's population had Internet access, Today, 
the majority of people on Earth are able to get online. It would be impossible 
for billions of people to download, post, tweet, and stream data, without the 
mathematics used to create and manage Internet networks. Systems of equa- 
tions and matrices are vitally important to the success of social networks such 
as Facebook, Twitter, Spotify, and Pinterest. 

Special types of graphs can be used to represent simple networks, and 
matrices can be used to summarize these graphs. With matrices it is possible to 
identify the connections between friends in a social network or to analyze web 
page links. (See Examples 2 and 9 in Section 9.5.) 

In this chapter, we will see that mathematics can be used to solve systems 
of equations, compute movement in computer graphics, analyze web page links, 
and even represent social networks. Throughout history, many important discov- 
eries have been based on the insights of a few people. The mathematicians who 
first worked with matrices and systems of equations could not have imagined 
the profound impact their work would have in the 21st century. 


Source: Internet World Stats; R. Hanneman and M. Riddle, Introduction to Social Network 
Methods. 
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« Evaluate functions of two 
variables 


« Understand basic 
concepts about systems 
of equations 


= Recognize types of linear 
systems 


« Apply the method of 
substitution 


« Apply the elimination 
method 


« Apply graphical and 
numerical methods 


= Solve problems involving 
joint variation 


(i EXAMPLE 1 | 


FIGURE 9,1 


Introduction 
Many quantities in everyday life depend on more than one variable, 


* Finding the area of a rectangular room requires both its /ength and width. 
* The heat index is a function of femperature and humidity. 
* Grade point average is computed using grades and credit hours, 


Quantities determined by more than one variable often are computed by a func- 
tion of more than one variable. The mathematical concepts that we have already 
studied concerning functions of one input also apply to functions of more than one 
input. One unifying concept about every function is that it produces af most one out- 
put each time it is evaluated. 


Functions of Two Variables 


In order to perform addition, two numbers must be provided, The addition of x and 
y results in one output, z. The addition function f can be represented symbolically by 


fay=xt+y, where z= f(x,y). 
For example, the addition of 3 and 4 can be written as 
z=f3,.4=3+4=7, 


In this case, f(x, y) is a function of two inputs or a function of two variables, The inde- 
pendent variables are x and y, and z is the dependent variable. The output z depends on 
the inputs x and y. Other arithmetic operations can be defined similarly, For example, 


a division function can be defined by g(x, y) = ys where z = g(x,y). 


Evaluating functions of more than one input 


For each function, evaluate the expression and interpret the result. 

(a) (3, -4), where f(x, y) = xy represents the multiplication function 

(b) M(120, 5), where Mm, g) = f computes the gas mileage when traveling m miles 
on g gallons of gasoline 

(c) V(0.5, 2), where V(r, h) = arh calculates the volume of a cylindrical barrel with 
radius r feet and height / feet. (See FIGURE 9.1.) 


SOLUTION 

(a) f(@, —4) = G)(—4) = -12. The product of 3 and —4 is -12. 

(b) M(120, 5) = a = 24, Ifa car travels 120 miles on 5 gallons of gasoline, its gas 
mileage is 24 miles per gallon. 

(©) V0.5, 2) = w(0.5)? 2) = 0.57 ~ 1,57. Ifa barrel has a radius of 0.5 foot anda 
height of 2 feet, it holds about 1.57 cubic feet of liquid. 


| Now Try 


Systems of Equations in Two Variables 
A linear equation in two variables can be written in the form 
ax + by k, 


where a, b, and k are constants and a and b are not equal to 0, Examples of linear 
equations in two variables include 


2x — 3y = 4, -x — Sy = 0, and sx — y = 10, 


CRITICAL THINKING 


Explain why a system of linear 
equations in two variables cannot 
have two or three solutions, 
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Many situations involving two variables result in the need to determine values 
for x and y that satisfy nvo equations. For example, suppose that we would like to 
find a pair of numbers whose average is 10 and whose difference is 2. The function 


f(x,y) =* + ~ calculates the average of two numbers, and g(x, y) = x — y com- 


putes their difference. The solution can be found by solving two linear equations 
f(x, y) = 10 and g(x, y) = 2. 


xty 
—= 10 
Zag 2 Pe System of linear equations | 
r-y= 2 


This pair of equations is called a system of linear equations because we are solving 
more than one linear equation at once. A solution to a system of equations in two 
variables consists of an x-value and a y-value that satisfy both equations simultane- 
ously. The set of all solutions is called the solution set. Using trial and error, we see 
that x = 11 and y = 9 satisfy both equations. This is the only solution and it can be 
expressed as the ordered pair (11, 9). 

Systems of equations that have at least one nonlinear equation are called nonlinear 
systems of equations. 


One nonlinear x 
equation 2y 


Find values for x and y, so 
that f(x, y) evaluates to 10 
and g(x, y) evaluate to 2. 


Nonlinear Systems of Equations 
- 5y =8 x? 4 
. and / 
+ 3y =3 Vix y 


2 : 
y °—~__ Two nonlinear 
> —— equations 


Types of Linear Systems in Two Variables 
Any system of linear equations in two variables can be written in the form 
ax + hy = cy 
a,x + hy = Cr 
where a, by, c1, a2, bz, and cp are constants. The graph of this system consists of fvo 
lines in the xy-plane. The following See the Concept summarizes the three possible 


types of linear systems, Note that coincident lines are identical lines and indicate that 
the two equations are equivalent and have the same graph. (See @ below.) 


See the Concept: Three Types of Linear Systems 


One Solution 


Consistent System 
Independent Equations 


@® The solution is given by the 
coordinates of the point of 


intersection. 


@ intersecting lines 


No Solutions 


Infinitely Many Solutions 


ins ee ee 


@ Parallel lines | a 


© Coincident lines | 


Consistent System 
Dependent Equations 


Inconsistent System 


© Every point on the coincident 
lines represents a solution. 


@ The distinct parallel lines have 
no points in common. 
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, 
| EXAMPL) E 2 | 


A consistent system of linear equations has either one solution, meaning the 
equations are independent, or infinitely many solutions, meaning the equations are 
dependent. An inconsistent system has no solutions. 


Recognizing types of linear systems 


Graph each system of equations and find any solutions. Identify the system as con- 

sistent or inconsistent. If the system is consistent, state whether the equations are 

dependent or independent. 

(a) x-y=2 (bl) 4x - y= 2 () w- y= 1 
—xty=1 x — dy = -3 —4x + 2p = -2 

SOLUTION 

Getting Started Start by solving each equation for y. Use the resulting slope- 

intercept form to graph each line, Determine any points of intersection. » 


(a) Graph y = x — 2and y = x + I, as shown in FIGURE 9.2. Their graphs (parallel 
lines) do not intersect, so there are no solutions, The system is inconsistent. 

(b) Graph y = 4x — 2 and y = jx + 3, as shown in FIGURE 9.3, Their graphs inter- 
sect at (1, 2). There is one solution, so the system is consistent and the equations 
are independent. Because graphical solutions can be approximate, we check this 
solution by substituting | for x and 2 for y in the given system, 


4)- 2= 2V Tr 
(1) — 22) = -3 Vv 


Because (1, 2) satisfies both equations, it is the solution, 

(c) Solving the equations 2x — y = | and —4x + 2y = —2 for y results in the same 
equation; y = 2x — |. Therefore their graphs coincide, as shown in FIGURE 9.4, 
(Note that the second equation results when the first equation is multiplied 
by —2, so the equations are equivalent.) Any point on this line is a solution 
to both equations, Thus the system has infinitely many solutions of the form 
{(x, )|2x —y = 1 } and is consistent. The equations are dependent. 


Inconsistent System Consistent System Consistent System 
y 


No solutions t 


FIGURE 9.2 


+ Infinitely 
many solutions 
— 


FIGURE 9.3 FIGURE 9.4 


| Now Tr ry Exercises 35, 37, and 41 ] 


The Method of Substitution 


The method of substitution is often used to solve systems of equations symbolically. It 
is summarized by the following steps. 
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To use the method of substitution to solve a system of two equations in 
perform the following steps. 


two variables, 


STEP 1: Choose a variable in one of the two equations. Solve the equation for that 
variable. 


STEP 2: Substitute the result from Step | into the other equation and solve for the 
remaining variable. 

STEP 3: Use the value of the variable from Step 2 to determine the value of the other 
variable. To do this, you may want to use the equation you found in Step 1. 


To check your answer, substitute the value of each variable into the given 
equations. These values should satisfy both equations. 


An Application In the next example, we use the method of substitution to solve an 
example involving real data. 


Applying the method of substitution 


In the first quarter of 2016, Apple Corporation sold a combined total of 90.9 million 

iPads and iPhones. There were 58.7 million more iPhones sold than iPads. (Source: 

Apple Corporation.) 

(a) Write a system of equations whose solution gives the individual sales of iPads 
and of iPhones. 

(b) Solve the system of equations. Interpret the results. 

(c) Is your system consistent or inconsistent? If it is consistent, state whether the 
equations are dependent or independent. 


SOLUTION 

Getting Started When setting up a system of equations, it is important to identify 
what each variable represents. Then express the situation with equations, Finally, 
apply the method of substitution. > 


(a) Let x be the number of iPhones sold in millions and y be the number of iPads 
sold in millions. The combined total is 90.9 million, so let x + y = 90.9. Because 
iPhone sales exceeded iPad sales by 58.7 million, let x — y = 58.7. Thus the sys- 
tem of equations is as follows. 


x+y = 90.9 Total sal rnillion 
x— y= 58.7 Phone sal ted iPad 


(b) STEP 1: With this system, we can solve for either variable in either equation. If we 
solve for x in the second equation, we obtain the equation x = y + 58.7. 


STEP 2: Substitute ()» + 58.7) for xin the first equation, « + y = 90.9, and solve. 
(y + 58.7) + y = 90.9 ibstitute (y + 58,7) for 

2y = 32.2 Subt ; combi 
y = 16.1 1 h 

STEP 3: To find x, substitute 16.1 for y in the equation x = y + 58.7 from Step | 

to obtain x = 16.1 + 58.7 = 74.8. The solution is (74.8, 16.1). 
Thus, there were 74.8 million iPhones and 16.1 million iPads sold. 
(c) There is one solution, so the system is consistent and the equations are independent. 


‘Now Try Exercise 


In the next example, we solve a system and check our result. 
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£4 | Using the method of substitution 
Solve the system symbolically. Check your answer. 


sx — 2y = -16 
x+4y= -1 


SOLUTION 


STEP 1: Begin by solving one of the equations for one of the variables. One possibility 
is to solve the second equation for x. 
x+4y=-1 | 
x= —4y -1 ul from each sid 
STEP 2: Next, substitute (—4y — 1) for xin the first equation and solve the resulting 
equation for y. 
Sy — 2y = -16 i 
5(—4y — 1) — 2y = -16 
—20y — 5 — 2y = -16 Distributive proper 
—5 — 22y = -16 ombine like term 


—22y = -I11 ld 5 to each sic 
I 
yes i ide by pif 
STEP 3: Now find the value of x by using the equation x = —4) — 1 from Step I. 
Since y = 4, it follows that x = -4(!) — | = —3. The solution can be writ- 


ten as an ordered pair: ( 3, 1). 
Check: Substitute x = —3 and y = + in both given equations. 


Sy ~ 2y = ~16 | 5(—3) 2( 1) 
cyetp ae) bar 


Both equations are satisfied, so the solution is (- f 


I~ 
n 


w 
Rie 
pete 


| Now Try 


Karcis#o 3 | 
Nonlinear Systems of Equations The method of substitution can also be used 
to solve nonlinear systems of equations. In the next example, we solve a nonlinear 
system of equations having two solutions. In general, a nonlinear system of equations 
can have any number of solutions. 


Solving a nonlinear system of equations 
Solve the system symbolically. 


6x + 2y = 10 
2x? — 3y = I 
SOLUTION 
STEP 1: Begin by solving one of the equations for one of the variables, One possibility 
is to solve the first equation for y. 
6x + 2y = 10 First equation 
2y = 10 — 6x from each 
pHa — Se DI ide | 


Algebra Review 
To review factoring, see Chapter R 
(pages R-22-R-23). 


Two Solutions 
y 
Two 
intersection 
points 


FIGURE 9.5 


EXAMPLE 7 
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STEP 2; Next, substitute (5 — 3x) for y in the second equation and solve the 
resulting quadratic equation for x. 


2x? oa 3y = 11 Seconda equation 
2x? -3(45 - 3x) = 11 Let 
2x? — 15+ 9x = 11 Distr 


2x? + 9x — 26 = 0 t 
(2x + 13)(x - 2) = 0 Factor 
13 


y= or x= 


nN 


Zerc product 


property 


sTEp 3: Now find the corresponding y-values for each x-value, From Step | we know that 
y = 5 — 3y, soit follows that y = 5 — 3(- 18) = 2 or y=5- 3Q2)= -1, 
Thus the solutions are (- 3 #9) and (2, ~ 1). 


Now Try Exercise 57 


Solving a nonlinear system of equations 


Use the method of substitution to determine the points where the line y = 2x inter- 
sects the circle x? + y? = 5. Sketch a graph that illustrates the solutions, 


SOLUTION Substitute (2) for y in the equation x? + y? = 5. 


veya Savrel dapition 
x? + (2x)? = 5 , 
+ 4x2 = Square the expression 
5x? = 5 Add like term 
v= Divid h side by £ 
a= +1 juare root property 


Since y = 2x we see that when x = l,y = 2 and when x = —1,y = —2. The 
graphs of x + y = Sand y = 2v intersect at the points (1, 2) and (—1, —2). This 
nonlinear system has two solutions, which are shown in FIGURE 9.5. 


Now Try Exercise 105 


Identifying a system with zero or infinitely many solutions 


If possible, solve each system of equations. 


(a) t+y= 1 (b+) 2w-4y= 5 
woy=-2 -x + 2y = -3 
SOLUTION 


(a) STEP 1: Solve the second equation for y, which gives y = x? + 2. 
STEP 2: Substitute (x? + 2) fory in the first equation and then solve for x, if possible, 


vty=l First equati 
+(x? +2) = 1 
w+2=1 1 
2x? = -1 Subtract 2 frorn each side. 


Because 2x2 = 0, it follows that there are no real solutions and the sys- 
tem is inconsistent. 
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No Solutions Graphical Solution For a graphical solution, start by solving x — y = 6 and 
, x — y = 3 for y to obtain y = x — 6 and y = x — 3, Their graphs, shown in 
FIGURE 9.10, are parallel lines that never intersect, so there are no solutions, 


Sometimes multiplication is performed before elimination is used, as illustrated 
in the next example. 


] fc No points of 
intersection 


EET 


FIGURE 9.10 


Multiplying before using elimination 


Solve each system of equations by using elimination. 


(a) 2x — 3y = 18 (b) 5x + 10y = 10 
5Sx+2y= 7 N+ 2y= 2 
SOLUTION 


(a) If we multiply the first equation by 2 and the second equation by 3, then the 
y-coefficients become —6 and 6, Addition eliminates the y-variable, 


4x — oy = 36 Multiply first equation by 2 
15x + 6) = 21 Multiply tation by 3 
19x = 57, or v=3 Add equation 
Substituting x = 3 in 2x — 3y = 18 (first equation) results in 
2(3) — 3y = 18, ory = —4, 


The solution is (3, — 4). 
(b) If the second equation is multiplied by —5, addition eliminates both variables, 


5x + 10y = 10 First equation 


0=0 Add equation 


The statement 0 = 0 is an identity. The equations are dependent and there are 
infinitely many solutions. The solution set is {(x, y)|x + 2y = 2}, 


Elimination and Nonlinear Systems Elimination can also be used to solve some 
nonlinear systems of equations, as illustrated in the next example, 


EXAMP Using elimination to solve a nonlinear system 
Solve the system of equations. 
vr+y=4 
A-y =7 
SOLUTION If we multiply each side of the first equation by 2, multiply each side of 
the second equation by —1, and then add the equations, the x variable is eliminated. 
It 2y* = 2 Multiply first equation by 2 


-2x7 + yp = 7 Multiply second equation by 
ay? + y= l Add equation: 
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Next we solve 2y? + y — 1 = 0 fory. 
Qy — Dy + ) = 0 


1 
=- or y=-!1 
y 4 J 
Solving x? + y? = 4 for x results in x = +V4 y. ify = 4, then x = + B | 
which can be written as +4). If y = —1, then x = ++ V3. Thus there are four 


solutions: (+ 3, ‘) and (+ V3, —1). 
A graph of the system of equations is shown in FIGURE 9.11. The four points of 
intersection correspond to the four solutions. In FIGURE 9.12 the four points of inter- | 


section are labeled. 


Four Solutions to a Nonlinear System 


FIGURE 9.11 FIGURE 9.12 


Now ‘ry Exercise 99 | 


An Application about Supply and Demand As the price of a product increases, 
sellers are willing to supply a higher quantity. On the other hand, as the price increas- 
es buyers demand a /ower quantity. FIGURE 9.13 below shows supply and demand for a 
store’s umbrellas. The intersection point is where supply meets demand and is a point 
(x, y) that is the only solution to satisfy both equations. The x-value of this point 
reveals the equilibrium price at which each umbrella will be sold. The y-value of this 
point reveals the equilibrium quantity of umbrellas that will be sold at this price. 


Supply and Demand of Umbrellas 
y 


Supply | 


£ 
o 
ovat EN 
5 10 15 20 25 30 
Price ($) 
FIGURE 9.13 


Finding equilibrium price and quantity 


Refer to FIGURE 9.13 and the discussion above. The monthly supply of umbrellas is 
represented by y = 2x and the demand for umbrellas is represented by y = 50 — 2x, 
where x is price in dollars. 

(a) Find the price of umbrellas at this store. 

(b) Find the quantity of umbrellas sold at this price each month. 
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SOLUTION 
(a) To determine the price of umbrellas, find the point of intersection of the graphs 
of supply and demand. Solve the following system of equations. 


y = 2x (1) 
y = 50 - 2x (2) 
To solve using the method of substitution, substitute 2x for y into equation (2). 
2x = 50- 2x Substitute 2x for y, 
4x = 50 Add 2x to each side. 
x= Divide both sides by 4 
¥= 1255 Simplify 


The price of umbrellas at this store is $12.50. 
(b) To determine the quantity of umbrellas sold, we substitute 12.5 for x in either of 
the given supply or demand equations. Using the supply equation y = 2x, 


y = 2(12.5) = 25, Substitute 12.5 for 


At this store, 25 umbrellas are sold each month, 


Now Try Exercise 119 


Graphical and Numerical Methods 


An Application The next example illustrates how a system with two variables can 
be solved symbolically, graphically, and numerically, 


/EXAMPLE 12| Modeling roof trusses 


Linear systems occur in the design of roof trusses for homes and buildings, See 
FIGURE 9.14, One of the simplest types of roof trusses is an equilateral triangle, If a 
200-pound force is applied to the peak of a truss, as shown in FIGURE 9.15, then the 
weights WY; and W, exerted on each rafter of the truss are determined by the follow- 
ing system of linear equations, (Source: R, Hibbeler, Structural Analysis.) 


W-Wh= 0 
N3 
2 


Estimate the solution symbolically, graphically, and numerically, 


(W, + Wy) = 200 


Equilateral Triangle Roof Trusses 


FIGURE 9.14 FIGURE 9.15 
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SOLUTION 
Symbolic Solution The system of equations can be written as follows. 
WwW, - W,= 0 
3. 3 
My, + Vay, =200 | 
2 2 
We can apply elimination by multiplying the first equation by 3 and then adding. 
V3 V3 
gunge 3 y 
V3y, + V3y, = 200 
2 2: 
V3W, = 200 
Dividing by V3 gives W, = 7 ~ 115.47 pounds. From the first equation, it follows 


that W, = W, and so W, ~ 115.47 pounds. 


Graphical Solution Begin by solving each equation for the variable W. 


ie. . > Solve each equation 
for Wy. 
W,=—= - M i 
V3 
Graph the equations y; = x and y) = 67 — x, Their graphs intersect near the point 


(115.47, 115.47), as shown in FIGURE 9.16, This means that each rafter supports a 
weight of approximately 115 pounds. 


Graphical Solution Numerical Solution 
(0, 200, 50] by [0, 200, 50} 


Y. 
8. 
vai 
6. 
5. 
4, 
3. 

2 


Wwwwivwl0|N 
BASSSSS 


Intersection 
X= 115.47005 .Y=115.47005 


FIGURE 9.16 FIGURE 9.17 


Numerical Solution In FIGURE 9.17, yy ~ y2 for x = 115. 


Now Try Exercise 127 


Determining the dimensions of a cylinder 


The volume V of a cylindrical container with a radius r and height / is computed by 
V(r, h) = wrh, See FIGURE 9.18. The lateral surface area S of the container, excluding 
the circular top and bottom, is computed by S(r, h) = 2arh. 


Volume and Lateral Surface Area of a Cylinder 


. e mr > 
{ Lateral 
Volume: surface 
“ ; ae 
Geometry Review : | | 


To review formulas related to cylinders, 
see Chapter R (page R-4). FIGURE 9.18 
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Graphical Solution 
[0, 4,1] by [0, 20, 5] 


Intersection 
X= 1,2063492 sY=8,31165753 


FIGURE 9.19 


CAMPLE 14} 


(a) Write a system of equations whose solution is the dimensions for a cylinder with 
a volume of 38 cubic inches and a lateral surface area of 63 square inches. 
(b) Solve the system of equations graphically and symbolically. 


SOLUTION 
(a) The equations V(r, h) = 38 and S(r, 4) = 63 must be satisfied. This results in 
the following system of nonlinear equations. 


mh = 38 
2arh = 63 


(b) Graphical Solution To find the solution graphically, we can solve each equation 
for / and then apply the intersection-of-graphs method. 


38 
h=—> 

ur 

Solve each equation for h. | 

F 63 : 
ae 

Qarr 

Let r correspond to x and / to y, Graph y,; = = and y, = oe. Their graphs 


intersect near the point (1.206, 8.312), as shown in FIGURE 9.19. Therefore a 
cylinder with a radius of r ~ 1,206 inches and height of 4 ~ 8.312 inches has a 
volume of 38 cubic inches and lateral surface area of 63 square inches. 


Symbolic Solution Because h = re and h = ss, we can determine r by solving 
the following equation. 


38 63 
a? nr . 
388) 4/68 
(S) -(Z) 
76 = 63F i 
16 
@ 


Because r = 7 ~ 1,206,h = @ = 68 


‘ Qar = Imtaeseay ™ 8.312; the symbolic result veri- 
fies our graphical result. : 


| , 5 
| Now Try Exerciso 129] 


An Example That Requires a Graphical Solution Sometimes it is either dif- 
ficult or impossible to solve a nonlinear system of equations symbolically, However, 
it might be possible to solve such a system graphically. 


Solving a nonlinear system of equations graphically 
Solve the system graphically to the nearest thousandth. 
2x3 - y= 2 
Inx? — 3y = -1 
SOLUTION 


Begin by solving both equations for y. The first equation becomes y = 2x3 — 2, 
Solving the second equation for y gives the following results. 


Inx? — 3) = -1 
Inx? + 1 = 3) id 1 to each si 


In x? + 1 
3 
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Graphical 8 lution 2 . ; : 
[-6,6 i. by a, 4 tT The graphs of yi = ax? -— 2 and yo = nx? +1 jy FIGURE 9.20 intersect at one point. 
To the nearest thousandth, the solution is (1.058, 0.371). 


Joint Variation 
Intersection 5 ‘ 
X= 1,0583803 =. A quantity may depend on more than one variable. For example, the volume V of a 
FIGURE 9.20 cylinder is given by V = areh, We say that V varies, jointly with h and the square of r. 


The constant of variation is T. 


Let mand n be real number's. Then z varies jointly with the mth power of x and the 


nth power of Y if a nonzero real number k exists such that 
z= kxy", 


In the following example we use joint variation to determine the amount of timber in 
a tree with a specified diameter and height. 


EXAMPLE 15] Modeling the amount of wood in a tree 
| 


To estimate the volume of timber in 4 given area of forest, formulas have been | 
developed to find the amount of wood contained in a tree with height / in feet and 
diameter d in inches. See FIGURE 9.21. One study concluded that the volume V” of 
wood in a tree varies jointly with the 1.12 power of and the 1.98 power of d, (The 

diameter is measured 4.5 feet above the ground.) (Source: B. Ryan, B, Joiner, and 
T, Ryan, Mi initab Handbook.) 


dd. 
(b) A tree with a 13.8-inch diameter and a 64-foot height has a volume of 25.14 cubic 
feet, Estimate the constant of variation k. 
(c) Estimate the volume of wood in a tree with d = 11 inches and hh = 47 feet. 


SOLUTION 
cane (a) V=K 1.12g198, where k is the constant of variation. 
4 (b) Substitute d= 13.8,h= 64, and V = 95.14 into the equation and solve for k. 


25.14 = 1203.9)" 


k= ca es w= 0.00132 
, (73.8) Fs . 


Thus let V = 0.00132 pag. 
(©) V= 0,00132(47)"C11)!" ~ 11.4 cubic feet 


Now Try Exercise 4155 


Ome Putting It All Together 


2 = f(x,y) where ¥ and y are inputs and z is 


the output. 


Function of two 
inputs or variables 


continued on next page 
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Functions of More Than One Input Exercises 23-26: The figure shows the graph of a system 
‘ : ar of two linear equations. Use the graph to estimate the 
Exercises 1 and 2: Evaluate the function for the indicated Bs ; letee a sl ae P 

; ‘ solution to this system of equations. Then solve the system 
inputs and interpret the result. 


symbolically. 


1. A(5, 8), where A(b, h)= tbh (A computes the area of a 


a triangle with base b and height /.) 


fb 
2, A(20, 35), where AG, ]) = wi (A computes the area 
of a rectangle with width w and length /.) 


Exercises 3-8: Evaluate the expression for the given f(x, y). 
3. FQ, -3) if fy) = x? + ? 


4. f(-1, Dif FO, ¥) = ax? - y? 
. f(—2, 3) if f(x, ») = 3x Ay 
. f(5, -2) if fx, ») = Oy — Ly 
1. (4-9) iffy) = ZS 

8. £(0.2, 0.5) if f(x, ») = Eat 


Exercises 9-12: Write a symbolic representation for fy) 
if the function f computes the following quantity. 
9, The sum of » and twice x 


nan wm 


10. The product of x and y? Consistent and Inconsistent Linear Systems 


Exercises 27-30: The figure represents a system of linear 
equations. Classify the system as consistent or inconsistent. 
12, The square root of the sum ofxandy Solve the system graphically and symbolically, if, possible. 

27, 


11, The product of xand y divided by 1 + x 


Exercises 13-18: Solve the equation for x and then solve 


it for y. 

13. 3x -4y =7 14, -x — Sy =4 

bBx-y= 16. 2x2 +y=4 
x st 

7, Ba =i 18) 
3y wo y 


29. 
Solutions to Systems of Equations - 


Exercises 19-22: Determine which ordered pairs are solu- 
tions to the given system of equations. State whether the 
system is linear or nonlinear. 


19, (2, 1), (-2, 1), G, 0) 20. (3, 2), 3, —4), (5, 0) 
5 


xwty=5 soy 
xt y= 3 ax +y = 10 

2A. (4, -3),(0, 5,43) 22 4,8) 8, 4), 4, -8) 
e+ yr = 25 xy = 32 


2x +3y =-!1 xty= 12 
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Exercises 31-42: Graph each system of equations and Sind 
any solutions, Check your answers. Identify the system as 
consistent or inconsistent, If the system is consistent, state 
whether the equations are dependent or independent, 


31. -x +y=1 32, -2y+y=2 
X+ys —y+y=0 
33, 2x - 2p =4 34. 3x -y=0 
=2¥'— Qy = 4 -3y —-y=0 
35, Iytyp= 36. x-—4y=4 
-2y-y=4 2x — By = 4 
37, 3xy-yp= 7 38. —x + 2y = 3 
—2xy + y= -5 3x— y=] 
39, x — 2y = -6 40. 2x-3y= | 
“2¥+ p= 6 v+ y=-2 
44. av- yp=-4 42. 3x-y=-~-2 
4x +2p= 8 “3vty= 2 


The Method of Substitution 


Exercises 43-56: Checking Symbolic Skills Tf possible, 
solve the system of linear equations and check your answer. 


4B xtyp=] 44, +3y= 12 
=2x'- p=0 X— 3p = -6 
45. x+2y=0 46. -2x- y=- 
3x + 7p = 1 3x + 4y = -7 
47, 2x — 9y = -17 48. 3x + 6y= 0 
8x + Sy= 14 4x — 2p = -5 
49, tx - yp=-5 50. -—x — ty =-4 
x+4y= 10 px+2y= 7 
a. S-ap—~ 5 Blew dy =} 
—6x + 4y = -10 1 at a 
ao SY i? = 5 
53, 2x- 7p =8 54. 0.6. — 0,2» = 2 
—3y + ay, = —L2x + 0.4y = 3 


55. 0.2x — 0.1y = 0.5 56. 
0.4x + 0.3p = 2.5 


100. + 200» = 300 
200. + 100y = 0 


Exercises 57-70: Checking Symbolic Skills T possible, 
solve the nonlinear s stem of equations, 


57, x? -y=0 58. x? —y = 3 
2x +y=0 XY ty =3 
59, xy = 8 60. 2x -—y=0 
¥+y=6 2xy = 4 

61. x? + y? = 29 62. x? + 2 = 9 
y =2x ¥+yp =3 


63. Vx -2y= 9 64 P+ y= 4 
vom peg 2x? + y=-3 
6. 2?- y= § 66, 6 + ay = 3 
2 ie 

—4x° + 2p = -10 95 — y= | 
67, x? — y=4 68. + y= y 

Past y=4 2x? — y= 
692. x3 -— x = By 0. xitys 

x -y=0 By? — p= 


Exercises 71-74: Write a system of linear equations with 

4vo variables whose solution satisfies the problem. State 

what each variable represents. Then solve the system, 

71. Screen Dimensions The screen of a rectangular tele- 
vision set is 2 inches wider than it is high, If the perim- 
eter of the screen is 38 inches, find its dimensions, 


72. Numbers The sum of two numbers is 300 and their 
difference is 8, Find the two numbers, 


73. Tickets Admission prices to a movie are $4 for 
children and $7 for adults, If 75 tickets were sold for 
$456, how many of each type of ticket were sold? 


74. Coins A sample of 16 dimes and quarters has a value 
of $2.65, How many of each type of coin are there? 


Exercises 75 and 76: Area and Perimeter The area 
of a rectangle with length | and width w is computed 
by A(l,w) = hv, and its perimeter is calculated by 
P(l, w) = 2/1 + 2p, Assume that! > w and use the method 
of substitution to solve the system of equations for | and w, 
75. A(l,w) = 35 76, A(l, w) = 300 

P(iw) = 24 P(l,w) = 70 


The Elimination Method 


Exercises 77-86: Use elimination to solve the system of 
equations, if possible, Identify the system as consistent 
or inconsistent. If the system is consistent, state whether 
the equations are dependent or independent, Support your 
results graphically or numerically, 


71x +y=20 78, 2x + y = 15 
Y-y= 8 x¥-y= 0 
79.x+3y= 10 80. 4x + 2y = 10 

ys -5 -2x- y= 10 
81. x+y= 500 82. 2x + 3p = 5 
—x — y = —500 Sv — 2p = 3 
83, 2x + 4p =7 84. 4x — 3p = 5 
“x -2y=5 3x + 4p = 2 
85. 2x+3p= 2 86. x -3yp=] 
¥—-2y=-5 2x - 6y =2 


Exercises 87-98; Checking Symbolic Skills Solve the 
system, if possible. 


87. 4x - y=s 88, by — jy = 1 


x-$y=4 ty-qy=l 
9, Ix-3y=-17 90. xt y=! 
—2Ix+9y= Sl w- y= 6 
on. Bx t+4y=5 92. Sx -2y=7 
-2x —4y =5 10x — 4y = 6 
93. 0.2x + 0.3y = 94, 2x —3y = 1 
—0.4x + 0.2y = 0 3x - 2y =2 
95, Wwt+3y= 7 96. 5x + 4y = — 
—3x + 2y = -4 3x — 6y = —6 
97, Ix — Sy = —15 98, —5x + 3y = —36 
-2x + 3p = -2 4x —Sy= 34 


Exercises 99-104; Checking Symbolic Skills Use elimi- 
nation to solve the nonlinear system of equations. 
99, x? + y = 12 100. x? + 2y = 15 
vroy= 6 2x7 - y= 10 


101, x2 + y? = 25 
x? + Ty = 37 


102, x2 + y? = 36 
x? — 6y = 36 


103, x7 +? =4 
2x? + y = 


104, x7 + y= 
vyoypad 

Using More Than One Method 

Exercises 105-108; Solve the nonlinear system of equations 


(a) symbolically and (b) graphically. 


105. x? + y? = 16 106. w-y= | 
x -y = 0 3x +y=-1 
107. xy = 12 108, x? + y? =2 
x-y= 4 xv-y =0 


Exercises 109-112: Solve the system of linear equations 
(a) graphically, 

(c) symbolically. 
109. 2x + y=l 


(b) numerically, and 


110. 3x + 2y = -2 


x—-2y=3 2ax- yp=-6 
11. -2n+ y=0 112, x-4y =15 
Ix — dy =3 3x — 2y = 15 


Finding Approximate Solutions 


Exercises 113-118: Approximate, to the nearest thousandth, 
any solutions to the nonlinear system of equations graphically. 


113. x -3xt+y=1 114. x? +y=5 


x? + 2y = 3 x+y =6 
115. 2x3 — x? = Sy 116. x'-3x3=y 
2*-y=0 logx? - y =0 
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117. e+y=4 118. 
Inx — 2y =0 


3x7 + yy = 3 
(0.3). + 4y =1 


ll 


Business Applications 


119. Supply and Demand The quantity y of a prod- 
uct supplied is related to its price by the equation 
y = —17,500 + 8000x, where x is price in dollars. 
The quantity demanded y for the same product is 
represented by y = 35,000 — 2500x. 
(a) Find the price at which this product is sold. 


(b) Find the quantity sold at this price. 


(c) What is the point of intersection of the graphs 
of supply and demand? 


’ fs (d) If the product was priced lower than the equilib- 
rium price, what situation would result? 


120. Supply and Demand The quantity y of a product 
supplied in thousands is related to its price by the 
equation y = —1.5 + x, where x is price in dollars. 
The quantity demanded y for the same product is 
represented by y = 16 — 4x. 

(a) Find the price at which this product is sold. 


(b) Find the quantity sold at this price. 


(c) What is the point of intersection of the graphs 
of supply and demand? 


F } (d) If the product was priced higher than the equi- 
librium price, what situation would result? 


Exercises 121-124: Break-Even Point The break-even 
point for a company is where costs equal revenues. Therefore 
the break-even point is the solution to a system of two equa- 
tions. For each of the following, C represents cost in dollars 
to produce x items and R represents revenue in dollars from 
selling x items. 
121, C = 10x + 12,000 

R= 20x 

(a) What are the company’s fixed costs? 


(b) How much does it cost to make one unit of the 
product? 


ty 5 ‘ 
yt (©) Find the break-even point and interpret each 
coordinate in context. 


122. C = 5x + 60 
R= 8x 
(a) What are the company’s fixed costs? 


(b) How much does it cost to make one unit of the 
product? 


F: ts (c) Find the break-even point and interpret each 
coordinate in context. 
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123, 


ty, 
att 


(© Write the profit function P(x) for this com- 


124, 
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The daily cost to a company to produce each item is 

$2.50 with total fixed costs of $1000, The company 

can sell the item for $7.50 each, 

(a) Write a cost function C(x) and a revenue func- 
tion R(x) for this company 


(b) How many items does the company need to sell 
to break even? 


pany. What does P(x) = 0 represent? 


The daily cost to a company to produce each item 

is $30,000 with total fixed costs of $120,000. The 

company can sell the item for $90,000 each, 

(a) Write a cost function C(x) and a revenue func- 
tion R(x) for this company 


(b) How many items does the company need to sell 
to break even? 


6 © Write the profit function P(x) for this company. 


Solve P(x) = 0 and interpret the answer, 


Applications 


125, 


126, 


127, 


Population In 2013, the combined population of 
Minneapolis/St, Paul, Minnesota, was 695,000. The 
population of Minneapolis was 105,000 greater than 
the population of St. Paul. (Source: U.S, Census Bureau.) 
(a) Write a system of equations whose solution 
gives the population of each city in thousands, 


(b) Solve the system of equations, 


(c) Is your system consistent or inconsistent? If it 
is consistent, state whether the equations are 
dependent or independent. 


U.S. Energy Consumption In 2010, the United 
States consumed 94.58 quadrillion (10'5) Btu of 
energy from renewable and nonrenewable sources, 
It used 79.44 quadrillion Btu more from nonrenew- 
able sources than from renewable sources. (Source: 
Department of Energy.) 
(a) Write a system of equations whose solution 
gives the consumption of energy from renewable 
and nonrenewable sources (in quadrillion Btu), 


(b) Solve the system of equations. 


(c) Is your system consistent or inconsistent? If it 
is consistent, state whether the equations are 
dependent or independent, 


Roof Truss (Refer to Example 12.) The weights W, 
and W, exerted on each rafter for the roof truss 


shown in the figure are determined by the system of 
linear equations. Solve the system. 


W, + V2W, = 300 


V3, - V2W,= 0 


150 pounds 


128. Time on the Internet From 2010 to 2015 the 


average number of hours that a user spent on the 
Internet each week increased by 139%, This percent 
increase amounted to 25 hours, Find the average 
number of hours that a user spent on the Internet 
each week in 2010 and 2015. Round to the nearest 
hour. (Source: eMarketer.) 


129, Geometry (Refer to Example 13.) Find the radius 


and height of a cylindrical container with a volume 
of 50 cubic inches and a lateral surface area of 
65 square inches, 


130. Geometry (Refer to Example 13,) Determine if it is 


possible to construct a cylindrical container, includ- 
ing the top and bottom, with a volume of 38 cubic 
inches and a surface area of 38 square inches, 


131, Dimensions of a Box A box has an open top, rec- 


tangular sides, and a square base. Its volume is 
576 cubic inches, and its outside surface area is 336 
square inches. Find the dimensions of the box. 


132. Dimensions of a Box A box has rectangular sides, and 


its rectangular top and base are twice as long as they 
are wide. Its volume is 588 cubic inches, and its outside 
surface area is 448 square inches, Find its dimensions, 


133, Identity Theft The total number of global data 


breaches involving identity theft in 2014 and 2015 

was 1739. There were 95 fewer incidences in 2015 

than in 2014. (Source: Gemalto.) 

(a) Write a system of equations whose solution rep- 
resents the incidences of data breaches in each 
of these years, 


(b) Solve the system symbolically, 


B (©) Solve the system graphically, 


134, 


e-Waste The United States and China together 

produce 5.9 million tons of e-waste each year. 

About 0.7 million more tons are produced in the 

United States than in China. 

(a) Write a system of equations whose solution rep- 
resents the amount of e-waste produced in each 
country, 


(b) Solve the system symbolically. 


a (c) Solve the system graphically. 


135, 


138. 


139, 


140. 


141. 


142, 


Student Loans A student takes out two loans total- 

ing $3000 to help pay for college expenses. One loan 

is at 8% interest, and the other is at 10%, Interest for 

both loans is compounded annually, 

(a) If the first-year interest is $264, write a system 
of equations whose solution is the amount of 
each loan. 


(b) Find the amount of each loan. 


Student Loans (Refer to Exercise 135.) Suppose 
that both loans have an interest rate of 10% and the 
total first-year interest is $300. If possible, determine 
the amount of each loan, Interpret your results. 


Student Loans (Refer to Exercises 135 and 136.) 
Suppose that both loans are at 10% and the total 
annual interest is $264. If possible, determine the 
amount of each loan. Interpret your results. 


Investments A student invests $5000 at two annual 
interest rates, 5% and 7%, After | year the student 
receives a total of $325 in interest. How much did 
the student invest at each interest rate? 


Air Speed A jet airliner travels 1680 miles in 3 
hours with a tail wind, The return trip, into the 
wind, takes 3.5 hours. Find both the speed of the jet 
with no wind and the wind speed. (Hint: First find 
the ground speed of the airplane in each direction.) 


River Current A tugboat can pull a barge 60 miles 
upstream in 15 hours. The same tugboat and barge 
can make the return trip downstream in 6 hours. 
Determine the speed of the current in the river. 


Maximizing Area Suppose a rectangular pen for a 
pet is to be made using 40 feet of fence. Let / repre- 
sent its length and w its width, with / = w. 

(a) Find / and w if the area is 91 square feet. 


(b) Write a formula for the area A in terms of w. 


(c) What is the maximum area possible for the pen? 
Interpret this result. 


The Toll of War American battlefield deaths in 
World Wars I and II totaled about 345,000. There 
were about 5.5 times as many deaths in World War II 
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143. 
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as World War I. Find the number of American 
battlefield deaths in each war. Round your answers 
to the nearest whole number. (Source: United States 
Department of Defense.) 


Height and Weight The relationship between a 
professional basketball player’s height / in inches 
and weight w in pounds was modeled using two 
samples of players. The resulting modeling equa- 
tions for the two samples were w = 7.46h — 374 
and w = 7.93h — 405. Assume that 65 = hs 85. 
(a) Use each equation to predict the weight of a 
professional basketball player who is 6'11”. 


Z| (b) Determine graphically the height where the two 


xO) 


B 144, 


145. 


models give the same weight. 


For each model, what change in weight is asso- 
ciated with a l-inch increase in height? 


Heart Rate In one study a group of athletes were 
exercised to exhaustion. Let x and y represent an 
athlete’s heart rate 5 seconds and 10 seconds after 
stopping exercise, respectively. It was found that the 
maximum heart rate H for these athletes satisfied 
the following two equations. 


H= 0.491x + 0.468y + 11.2 
H = —0.981x + 1.872y + 26.4 


If an athlete had a maximum heart rate of H = 180, 
determine x and y graphically. Interpret your answer. 
(Source: V. Thomas, Science and Sport.) 


Surface Area and the Human Body The surface 
area of the skin covering the human body is a func- 
tion of more than one variable. A taller person 
tends to have a larger surface area, as does a heavier 
person. Both height and weight influence the surface 
area of a person’s body. A formula used to deter- 
mine the surface area of a person’s body in square 
meters is given by 


S(av, A) = 0.0071 841947595, 


where w is weight in kilograms and /r is height in 
centimeters. Use S to estimate the surface area of 
a person who is 65 inches (165.1 centimeters) tall 
and weighs 154 pounds (70 kilograms). (Source: 
H. Lancaster, Quantitative Methods in Biological and 
Medical Sciences.) 


Exercises 146-148: Skin and the Human Body (Refer to 
Exercise 145.) Estimate, to the nearest tenth, the surface 
area of a person with weight w and height h. 


146. 
147. 


w = 86 kilograms, / = 185 centimeters 


w = 132 pounds, h = 62 inches 


148. w = 220 pounds, h = 75 inches 
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Joint Variation 


Exercises 149 and 150: Approximate the constant of varia- 
tion to the nearest hundredth, 


149, The variable z varies jointly with the second power 
of x and the third power of y. If x =2 and 
y = 2,5, then z = 31.9, 


150, The variable z varies jointly with the 1.5 power 
of x and the 2.1 power of y. If x =4 and 


y = 3.5, then z = 397, 


151. The variable z varies jointly with the square root of 
x and the cube root of y. If z = 10.8 when x = 4 


and y = 8, find z when x = 16 and y = 27. 


152. The variable z varies jointly with the third powers of 
xand y. If z = 2160 when x = 3 and y = 4, find z 


when x = 2 and y = 5, 


153. Wind Power The electrical power generated by a 
windmill varies jointly with the square of the diam- 
eter of the area swept out by the blades and the cube 
of the wind velocity. If a windmill with an 8-foot 
diameter and a 10-mile-per-hour wind generates 2405 
watts, how much power would be generated if the 
blades swept out an area 6 feet in diameter and the 


wind was 20 miles per hour? 


154, 


Strength of a Beam The strength of a rectangular 
beam varies jointly with its width and the square 
of its thickness, If a beam 5.5 inches wide and 


« Solve inequalities in two 
variables graphically 

« Solve systems of inequalities 
in two variables 


Introduction 


» Learn basic properties of 
linear programming in two 
variables 


2.5 inches thick supports 600 pounds, how much 
can a similar beam that is 4 inches wide and 1.5 
inches thick support? 


155, 


Volume of Wood (Refer to Example 15.) One cord 
of wood contains 128 cubic feet. Estimate the num- 
ber of cords in a tree that is 105 feet tall and has a 
diameter of 38 inches. 


e 
Pu 156. Carpeting The cost of carpet for a rectangular 


room varies jointly with its width and length. If a 
room 10 feet wide and 12 feet long costs $1560 to 
carpet, find the cost to carpet a room that is 11 feet 
by 23 feet. Interpret the constant of variation. 


157. Surface Area Use the results of Exercise 145 to find 
a formula for S(wv, /) that calculates the surface area 
of a person if w is given in pounds and h is given in 
inches. 


158. Surface Area Use your results from Exercise 157 
to solve Exercises 147 and 148, 


Writing about Mathematics 


159, Give an example of a quantity occurring in everyday 
life that can be computed by a function of more 
than one input. Identify the inputs and the output, 


160. Give an example of a system of linear equations 
with two variables. Explain how to solve the sys- 
tem graphically and symbolically 


For people who regularly consume caffeinated beverages, too much caffeine may cause 
“caffeine jitters,” while too little caffeine may bring on a caffeine withdrawal head- 
ache, These caffeine amounts vary depending on an individual’s weight. FIGURE 9.22 
shows one possible relationship between a person’s weight and the effects of caffeine, 
while TABLE 9.1 gives the caffeine content of selected beverages. To describe the middle 


shaded region in the figure, we need a system of linear inequalities. See Exercises 49-52, 


(Source: Mayo Clinic) 


Effects of Caffeine 


Weight (pounds) 
FIGURE 9.22 


pi, , 
120 140 160 180 200 220 240 


Beverage Caffeine Content 


Beverage Caffeine 
7-Up: 12 oz 0 mg 
Mt Dew: 12 oz 54 mg 
Red Bull: 8.4 0z 80 mg 
Brewed Coffee: 8 0z 108 mg 
Monster: 16 oz 160 mg 
Starbucks Tall Coffee: 12 0z | 260 mg 

‘ All City NRG: 16 oz 300 mg 


Source: Energy Fiend 
TABLE 9.1 
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Systems of Linear and Nonlinear Inequalities 
A linear inequality in two variables can be written as 
ax + by Soe, 


where a, b, and c are constants with a and b not equal to zero, (The symbol = can 
be replaced by = , <, or >.) If an ordered pair (x, y) makes the inequality a true 
statement, then (x, y) is a solution. The set of all solutions is called the solution set. 
The graph of an inequality includes all points (x, y) in the solution set. 

The graph of a linear inequality is a (shaded) half-plane, which may include the 
boundary, To determine which half-plane to shade, select a test point that is not on 
the boundary, If the test point satisfies the given inequality, then shade the half-plane 
containing the test point, Otherwise, shade the other half-plane. For example, the 
following See the Concept demonstrates how to graph the solution to 3x — 2y 6. 


See the Concept: Graphing a Linear Inequality 


To graph 3x — 2y $6: 


@ Solve the inequality for y. y @ Boundary | | 
3x - 2y =6 | ‘ | 

—2y < -3x +6 || @ seinen wcion Fe | 

y 3 | a 3 | 

eee id 2 | 

1 | 


© Graph the equation y = 3x 3) | 
This line is the boundary. 


@ Choose a test point that is not on 
the line, 


© Substitute the test point (0, 0) in the 
given inequality. Since 3(0) — 2(0) = 6 
is true, shade the half-plane containing 
the test point. 


| @Test point 


iS aisaoe Graphing inequalities 


Graph the solution set to each inequality. 
(a) 2x - 3y = -6 (by) w+ y?<9 


SOLUTION 

(a) For 2x — 3y = —6 start by graphing the line 2x — 3p = —6, or y = dx + 2, as 
in FIGURE 9.23. This line is solid because equality is included. We can determine 
which side of the line to shade by using test points. For example, the test point 
(—2, 2) lies above the line and the test point (0, 0) lies below the line. 


The Boundary 


nae 


FIGURE 9.23 
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In TABLE 9.2, the test point (—2, 2) satisfies the given inequality, so shade the region 
above the line that contains the point (—2, 2). See FIGURE 9.24, 


Checking Test Points Shaded Solution The Boundary 
y 


Test Point 2x - 3y S -6 True or False? 


(-2,2) | 2(-2) - 3(a) & -6 Prue 
(0,0) | 20) - 30) 2-6 False 
TABLE 9,2 


FIGURE 9.24 FIGURE 9.25 


(b) For x? + y? <9 start by graphing the circle x? + y? = 9, as shown in FIGURE 9.25. 
Shaded Solution Note that this circle is dashed because equality is nor included, The test point 
s (3, 3) lies outside the circle and the test point (0, 0) lies inside the circle, 


| |G, 3)| Checking Test Points 
ia 
\ | 


Test Point | x? + y? <9 | True or False? 


TABLE 9.3 


II 
LI ay net In TABLE 9.3, the test point (0, 0) satisfies the given inequality, so shade the region 
i 


FIGURE 9.26 inside the circle. The actual circle is not part of the solution set, See FIGURE 9.26. 


| Now Try cxorcises 6 and 13 } 
In the previous section, we saw that systems of equations could be linear or non- 


linear. Similary, systems of inequalities can be linear or nonlinear, The next example 
illustrates a system of each type. Both are solved graphically, 


Solving systems of inequalities graphically 


Solve each system of inequalities by shading the solution set. Identify one solution. 
(a) yor (b) x+3ys 9 
Xty<4 2x- ys-l 


SOLUTION 

(a) This is a nonlinear system. Graph the parabola y = x? and the line prodt=x, 
Since y > x? and y < 4— x, the region satisfying the system lies above the 
parabola and )elow the line. It does not include the boundaries, which are shown 
using a dashed line and curve. See FIGURE 9.27, 


Boundaries ¥ 
not included \ 


—5-4-3-2 _1 
-2 


FIGURE 9.27 
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y Any point in the shaded region represents a solution. For example, (0, 2) lies in 
; the shaded region and is a solution, since x = 0 and y = 2 satisfy both inequalities. 
(b) Begin by solving each linear inequality for y. 

1 


ys 3% +3 


y22axtl 


Boundaries Graph y = —4x + 3 and y = 2” + 1. The region satisfying the system is 


included | below the first (red) line and above the second (blue) line. Because equality is 
included, the boundaries, which are shown as solid lines in FIGURE 9.28, are part 
FIGURE 9.28 of the region. The point (—3, 0) is a solution, since it satisfies both inequalities. 


Now Try Exercises 25 and 27} 


Graphing Calculators Graphing calculators can be used to shade regions in the 
xy-plane, See FIGURE 9.29, The solution set shown in FIGURE 9.27 is also shown in 
FIGURE 9.30, where a graphing calculator has been used. However, the boundary 
is not dashed, Typically, graphing calculators do not show dashed boundaries. It is 
important to understand the mathematics behind these inequalities. 

FIGURE 9.31 and 9.32 show a different method of shading a solution set; we have 


shaded the area below y, = hy + 3 and above y, = 2x + 1. The solution set is the 
region shaded with both vertical and horizontal lines and corresponds to the shaded 
region in FIGURE 9.28. 
Shading using the “Shade” Function Shading using the Y= Menu 
(-5, 5,1] by [-2, 8,1] (-6, 6,1] by [-6,6, 1] 


Plot1 Plot2 Plot3 
v1 wean 


Shade(X2,4—-X) 


FIGURE 9.29 FIGURE 9,30 FIGURE 9.31 FIGURE 9.32 


An Application of Inequalities The next example discusses how a system of 
inequalities can be used to determine where forests, grasslands, and deserts will occur. 


Modeling plant growth 


If a region has too little precipitation, it will be a desert. Forests tend to exist in 
regions where temperatures are relatively low and there is sufficient rainfall. At other 
levels of precipitation and temperature, grasslands may prevail. FIGURE 9.33 illus- 
trates the relationship among forests, grasslands, and deserts, as suggested by annual 
average temperature T in degrees Fahrenheit and precipitation P in inches. (Source: 
A, Miller and J. Thompson, Elements of Meteorology.) 
(a) Determine a system of linear inequalities that describes where grasslands occur. 
(b) Bismarck, North Dakota, has an annual average temperature of 40°F and pre- 
cipitation of 15 inches. According to the graph, what type of plant growth would 


Precipitation (inches) 
nD 
i=] 


‘ eserts re you expect near Bismarck? Do these values satisfy the inequalities from part (a)? 
740 45 50 55 60 65 10 75° 

‘Temperature (°F) SOLUTION 
FIGURE 9.33 (a) Grasslands occur for ordered pairs (7, P), lying between the two lines in 


FIGURE 9.33. The boundary between deserts and grasslands is determined by 
35P — 3T = 140. Solving for P (the variable on the vertical axis) results in 
3 140 


=57+—. 
a ee ag 
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Grasslands Brow where values of P are above the line. This region is described by 
PS x T+ 10 or equivalently, 35P — 37 > 140. Ina similar manner, the region 
below the boundary between grasslands and forests is represented by the inequality 
7P — 5T < —70. Thus grasslands satisfy the following system of inequalities, 


35P — 37> 140 Grasslands satisfy | 
IP —5T < -70 both inequalities. | 


(b) For Bismarck, T = 40 and P = 15, FIGURE 9.33 shows that the point (40, 15) 
lies between the two lines, so the graph predicts that grasslands will exist around 
Bismarck, Substituting these values for T and P into the system of inequalities 
results in the following true statements, 


35(15) — 3(40) = 405> 140 4 Tn 

7115) — 5(40) = -95 < -70 YT 
The temperature and precipitation values for Bismarck satisfy the system of 
inequalities for grasslands. 


| Now Try Exercises 65 and 57 | 


Linear Programming 


Linear programming is a procedure used to optimize quantities such as cost and profit. 
It was developed during World War II as a method of efficiently allocating supplies. 
Linear programming applications frequently contain thousands of variables and are 
solved by computers, However, here we focus on problems involving two variables, 
A linear programming problem consists of a linear objective function and a sys- 
tem of linear inequalities called constraints. The solution set for the system of linear 
inequalities is called the set of feasible solutions. The objective function describes a 
quantity that is to be optimized. For example, linear programming is often used to 
maximize profit or minimize cost. The following example illustrates these concepts. 


Finding maximum profit 


Suppose a small company manufactures two products—car radios and stereos. 
Each radio results in a profit of $15, and each stereo provides a profit of $35, Due 
to demand, the company must produce at least 5 and not more than 25 radios per 
day. The number of radios cannot exceed the number of stereos, and the number of 
stereos cannot exceed 30. How many of each should the company manufacture to 
obtain maximum profit? 


SOLUTION Let x be the number of car radios produced daily and y be the number 
of stereos produced daily. Since the profit from x radios is 15x dollars and the profit 
from y stereos is 35y dollars, the total daily profit P is given by 


P 15x + 35y, 
The company produces from 5 to 25 radios per day, so the inequalities 
+= 5 and x S25 


must be satisfied. The requirements that the number of radios cannot exceed the num- 
ber of stereos and the number of stereos cannot exceed 30 indicate that 


xsp and y Ss 30, 
Since the numbers of radios and stereos cannot be negative, we have 


r= 0 and y= od, 


Graph of Constraints 
» 


(25, 25) 


0 10 20 30 40 50 
Radios 


FIGURE 9.34 


EXAMPLE 5 


Graph of Constraints 
y 


Feasible solutions 


KE NUEUAIBRO 


0123456789 
FIGURE 9.35 


Feasible solutions | 
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Listing all the constraints on production gives 


t= 


Ss. x s 25, y = 30, xsy, x20, and y= 0. 
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Graphing these constraints results in the shaded region shown in FIGURE 9.34, This 
shaded region is the set of feasible solutions. The vertices (or corners) of this region 


are (5, 5), (25, 25), (25, 30), and (5, 30). 


It can be shown that maximum profit occurs at a vertex of the region of feasible 


solutions. Thus we evaluate P at each vertex, as shown in TABLE 9.4, 


Checking Vertices in the Profit Equation 


P = 15x + 35y 
15(5) + 35(5) = 250 
15(25) + 35(25) = 1250 
15(25) + 35(30) = 1425 
15(5) + 35(30) = 1125 


Maximum profit | 


TABLE 9.4 


The maximum value of P is 1425 at vertex (25, 30). Thus the maximum profit is 


$1425, and it occurs when 25 car radios and 30 stereos are manufactured. 


Finding the minimum of an objective function 


Find the minimum value of C = 2x + 3y subject to the following constraints. 


xt+ty24 
aw+y s=8 


x20, y2=0 


SOLUTION Sketch the region determined by the constraints and find all vertices, as 


shown in FIGURE 9.35. 


Evaluate the objective function C at each vertex, as shown in TABLE 9.5. 


Checking Vertices in the Objective Function 


Vertex 
(4, 0) 


C = 2x + 3y 
2(4) + 3(0) = 8 
2(0) + 3(8) = 24 
2(0) + 3(4) = 12 


Minimum value 


TABLE 9.5 


The minimum value for C is 8 and it occurs at vertex (4, 0), or when x = 4 and 


y=0. 
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Graph of Constraints 


60 @ (50, 60) 

50 (50, 50) 

40 x 

30 } 
‘ Region of feasible | 

20 solutions | 


10 20 30 40 50 60 
FIGURE 9.36 


(CRITICAL THINKING] —__ 
What is the minimum value for P 
subject to the given constraints? 


The following theorem holds for linear programming problems. 


If the optimal value for a linear programming problem exists, then it occurs at a 
vertex of the region of feasible solutions. 


Justification of the Fundamental Theorem To better understand the funda- 
mental theorem of linear programming, consider the following example. Suppose 
that we want to maximize P = 30x + 70y subject to the following four constraints: 


x = 10, i 50} yer, and ys 60. 


The corresponding region of feasible solutions is shown in FIGURE 9.36. 

Each value of P determines a unique line, For example, if P = 7000, then the 
equation for P becomes 30x + 70y = 7000. The resulting line, shown in FIGURE 9.37, 
does not intersect the region of feasible solutions. Thus there are no values for x 
and y that lie in this region and result in a profit of 7000. FIGURE 9.37 also shows 
the lines that result from letting P = 0, 1000, and 3000. If P = 1000, then the line 
intersects the region of feasible solutions only at the vertex (10, 10). This means that 
if x = 10 and y = 10, then P = 30(10) + 70(10) = 1000. If P = 3000, then the line 
30x + 70y = 3000 intersects the region of feasible solutions infinitely many times. 
However, it appears that values greater than 3000 are possible for P. 

In FIGURE 9.38 lines are drawn for P = 5700, 6300, and 7000. Notice that there 
are no points of intersection for P = 6300 or P = 7000, but there is one vertex in the 
region of feasible solutions at (50, 60) that gives P = 5700. Thus the maximum value 
of P is 5700 and this maximum occurs at a vertex of the region of feasible solutions. 
The fundamental theorem of linear programming generalizes this result. 


How the Objective Function Intersects the Region of Feasible Solutions 


y 


7000 30x + 70y = 7000 


30x + 70y = 6300 
: % - ~ 

= 

3000 soy | a n 

| 30x + 70y = 5700 

| 

| 


Ol 10.20 30.40 506070 80 


30x + 70y o ~~ 
FIGURE 9.37 FIGURE 9.38 


STEP 1: Read the problem carefully. Consider making a table to display the given 


information, 
| 


STEP 2: Use the table to write the objective function and all the constraints. | 
STEP 3: Sketch a graph of the region of feasible solutions. Identify all vertices, or 
corner points. | 


STEP 4: Evaluate the objective function at each vertex. A maximum (or a 
minimum) occurs at a vertex, If the region is unbounded, a maximum (or mini- 
mum) may not exist. 
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FSAWAa) Minimizing cost 


A breeder is buying two brands of food, A and B, for her animals. Each serving is a 
mixture of the two foods and should contain at least 40 grams of protein and at least 
30 grams of fat. Brand A costs 90 cents per unit, and Brand B costs 60 cents per unit. 
Each unit of Brand A contains 20 grams of protein and 10 grams of fat, whereas each 
unit of Brand B contains 10 grams of protein and 10 grams of fat. Determine how 
much of each brand should be bought to obtain a minimum cost per serving. 


SOLUTION 


STEP 1; After reading the problem carefully, begin by listing the information, as illus- 
trated in TABLE 9.6, (Your table may be different.) 


Protein and Fat Content by Brand, with Cost 


Protein/Unit 
20 
10 


Total Fat 
10x 
10» 


Total Protein 


Minimum 
Total Fat 


Minimum Total Protein 


TABLE 9.6 


STEP 2; If x units of Brand A are purchased at 90¢ per unit and y units of Brand B are 


Graph of Constraints purchased at 60¢ per unit, then the cost Cis given by C = 90x + 60y, Each 

y 4 serving requires at least 40 grams of protein. If x units of Brand A are bought 

Unbounded region, (each containing 20 grams of protein), y units of Brand B are bought (each 

5 i containing 10 grams of protein), and each serving requires at least 40 grams 

of protein, then we can write 20. + 10) = 40. Similarly, since each serving 

40,4) requires at least 30 grams of fat, we can write I) + 10» = 30. The linear 
3.4 \20x + 10y = 40 programming problem can be written as follows. 


Minimize: C= 90x + 60y 
Subject to: 20x + 10y = 40 Protein 
10x + 10y = 30 
x x20, y2=0 


(1, 2) 


10x + 10y = 30 


FIGURE 9.39 STEP 3: The region of feasible solutions is unbounded and shown in FIGURE 9.39. 
The vertices for this region are (0, 4), (1, 2), and (3, 0). 


STEP 4: Evaluate the objective function C at each vertex, as shown in TABLE 9.7. 


Checking Vertices in 
the Cost Equation 


C = 90x + 60y 


Minimum cost 


TABLE 9.7 


The minimum cost occurs when | unit of Brand A and 2 units of Brand B are 
mixed, at a cost of $2.10 per serving. 


Now Try Exercise 77 | 
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| 9.2 } Putting It All Together | It All Together 


CONCEPT 


Linear inequality in two 
variables 


Linear programming 


ax + by se 


(S may be replaced by <, >, or =) The 
solution set is typically a shaded region in the 
xy-plane. 


To determine the region that should be 
shaded, use a test point, such as (0, 0). 

If the test point satisfies the inequalities, 
shade the region containing the test point. 


In a linear programming problem, the 
maximum or minimum of an objective 
function is found, subject to constraints. 
If a solution exists, it occurs at a vertex of 
the region of feasible solutions, 


we apes 12 
-2xn+ ys 4 


The point (0, 0) 
satisfies both 
inequalities. 


Maximize the objective function 
P = 2x + 3p 
subject to the following constraints, 
2x+ y SO6 
x+2ps6 
x20y20 


Test the vertices (0, 0), (3, 0), (2, 2), and 
(0, 3). The maximum of P = 10 occurs at 
the vertex (2, 2). 


Exercises 
Inequalities 
Exercises 1-16: Graph the solution set to the inequality. Serpe? 10: $+ 9> —3 
al Se PSR MW. wt y>4 12, 2x + 3y <6 
a ils ail aie B+ y>4 4,4 y<i 
let ee oe 5. 2+ y <2 16, 2x2 -y <1 
Te 21 8. y > 2x 
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Exercises 17-20; Match the system of inequalities with the ae B20 38. 2x -— 4y 24 
appropriate graph (a-d), Use the graph to identify one x= 3y S93 x+ ysO0 
solution, ‘ rad 2 Z 
3 = nr 
In xty=2 18, 2x- y>0 We ty = 7 =e 
: A y 2 x + yp S 6 
Hi = ys | x-2sl 
2 a ; 
19, Lis GO th pea 41, 2x° +y 50 42, x° + 2ys4 
2 J J A= ps3 i: <0 
32) x ys x ys 
axw-ysl wy s2 
4,2 + y s4 44, 2x + 3y <6 
v+2yp <2 Le ys2 
Business Applications 


45, A company is selling a product at market price that 
has a daily cost function C(x) = 10x + 300 in 
dollars and a daily revenue function R(x) = 13x in 

Pn dollars, where x is units sold, 
(a) Determine the coordinates of the break-even 
: point and interpret its meaning. 


(b) Graph the cost and revenue functions in the win- 
dow [0, 300, 50] by [0, 3000, 500]. 


(c) Shade the region of the graph that represents 
profit for the company. 


(d) Use the cost and revenue functions to write the 
profit function P(x). Graph the profit function. 
For which x-values is P(x) > 0? 


46. A company is selling a product at market price that 
has a daily cost function C(x) = 7000x + 50,000 in 
dollars and a daily revenue function R(x) = 8000x 

21, y = 2x 22, y= -x _ in dollars, where x is units sold. 

PS 3K yor (a) Determine the coordinates of the break-even 
7 point and interpret its meaning, 


Exercises 21-32; Graph the solution set to the system of 
inequalities, Use the graph to identify one solution, 


23, wty <i 24. =x ty 23 
xty<l 3x +y <0 (b) Graph the cost and revenue functions in the win- 
dow [0, 100, 10] by [0, 750000, 100000 }. 
25, yz 26. ys Vx 
x+y <6 yl (c) Shade the region of the graph that represents 
profit for the company. 
27.. 8 bP Qyp> -2 28. x -y 33 
xt2yp< 5 x+ys3 (a) Use the cost and revenue functions to write the 
profit function P(x), Graph the profit function. 
29, x? + y? < 16 30. x+y <4 For which x-values is P(x) > 0? 
x+y <2 v-ys3 
47, A company is selling a product at market price that 
31 vty >2 32,7 + y? > 4 has a daily cost function C(x) = 0.05x? + 300 in 
rtysod x? + y? < 16 dollars and a daily revenue function R(x) = 12x in 


dollars, where x is units sold, 


Exercises 33-44; Graph the solution set to the system of (a) Determine the coordinates of the break-even 


inequalities. points to the nearest hundredth. 
33, x+2ys4 34. 3x - ys3 
ax- p26 x+2ys2 (b) Graph the cost and revenue functions in the win- 
dow [0, 300, 50] by [0, 3000, 500 ]. 
35, 3x + 2p < 6 36, 4x + 3y = 12 
x+3yp 56 xt+b6y= 4 (c) Shade the region of the graph that represents 


profit for the company. 
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(d) Use the cost and revenue functions to write the 
profit function P(x). 


(e) How many units should be sold daily to maximize 
profit? What is the maximum profit possible? 


A company is selling a product at market price that 

has a daily cost function C(x) = x? + 500 in dollars 

and a daily revenue function R(x) = 55x in dollars, 

where x is units sold. 

(a) Determine the coordinates of the break-even 
points to the nearest hundredth. 


(b) 


Graph the cost and revenue functions in the win- 
dow [0, 50, 10] by [0, 3000, 500]. 


() 


Shade the region of the graph that represents 
profit for the company. 


Use the cost and revenue functions to write the 
profit function P(x). 


(a) 


(e) 


How many units should be sold daily to maximize 
profit? What is the maximum profit possible? 


Applications 


Exercises 49-52; Caffeine Consumption (Refer to the 
introduction to this section.) The following graph shows 
one possible relationship between a person's weight and the 
effects of caffeine.(Source: Mayo Clinic) 


49, 


50. 


51, 


) 


iS 


Caffeine (m; 


yt a ae: Ls. Sp 
120 140 160 180 200 220 240 
Weight (pounds) 


What does the graph indicate about the effects of caf- 
feine on 140-pound person who has consumed 335 mg 
of caffeine? 


Suppose a 180-pound person wishes to avoid both 
a headache and the jitters. What range of caffeine 
consumption is suggested? 


(Refer to Table 9,1.) For what weights could a person 
drink a 16-ounce can of All City NRG without expe- 
riencing the jitters? 


52, 


53. 


54, 


(Refer to Table 9.1.) According to this graph, does a 
single 12-ounce can of Mountain Dew contain enough 
caffeine for most people to avoid a headache? 


Traffic Control The figure shows two intersections, 
labeled A and B, that involve one-way streets. The 
numbers and variables represent the average traf- 
fic flow rates measured in vehicles per hour. For 
example, an average of 500 vehicles per hour enter 
intersection A from the west, whereas 150 vehicles 
per hour enter this intersection from the north. 
A stoplight will control the unknown traffic flow 
denoted by the variables x and y. Use the fact that 
the number of vehicles entering an intersection must 
equal the number leaving to determine x and y. 


! cars/hr 


Traffic Control (Refer to Exercise 53.) Suppose that 
the number of vehicles entering intersection A from 
the west varies between 400 and 600. If all other traf- 
fic flows remain the same as in the figure, what effect 
does this have on the ranges of the values for x and y? 


Exercises 55-58: Weight and Height = The following graph 
shows a weight and height chart. The weight w is listed in 
pounds and the height h in inches. The shaded area is a rec- 
ommended region, (Source: U.S. Department of Agriculture.) 


55. 


56. 


h 


Height (inches) 


Weight (pounds) 


What does this chart indicate about an individual 
who weighs 125 pounds and is 70 inches tall? 


Use the graph to estimate the recommended weight 
range for a person 74 inches tall. 


re) 
‘ 


ry 


57. Use the graph to find a system of linear inequalities 
that describes the recommended region. 


“58, Explain why inequalities are more appropriate than 


equalities for describing recommended weight and 
height combinations. 


Linear Programming 


Exercises 59-62: Shade the region of feasible solutions for 
the following constraints, 


3. w«rysd 60. x+2y 58 
xyty21 2n+ pe2 
x20,y20 x20,y20 
61. 3x + 2y s 12 62 x+ ys4 
2x + 3y S 12 x+4y24 
x20,y20 x20,y20 


Exercises 63 and 64: The graph shows a region of feasible 
solutions for P. Find the maximum and minimum values of P. 


63, P = 3x + Sy 


64, P= 6x + y 
9 


x 


Exercises 65-68: The graph shows a region of feasible solu- 
tions for C. Find the maximum and minimum values of C. 


65. C = 3x + Sy 66. C = 5x + Sy 


67. C = loy 68. C=3x-y 


Exercises 69-70: Write a system of linear inequalities that 
describes the shaded region. 


69. 70. y 
5 
4 
“~ £(0, 2.5) 
rs ie cy) 
+t tt J+} 
atbi2]a4s 
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71. Find the minimum value of C = 4x + 2y subject to 
the following constraints. 


Xe pe 3 
2x + 3y S 12 
x20,y20 


72, Find the maximum value of P = 3x + Sy subject to 
the following constraints. 


3xn+ ys8 
x+3y 58 
x20,y20 


Exercises 73 and 74: If possible, maximize and minimize z 
subject to the given constraints. 


73. z= 7x + 6y 
xy+y=8 
xty24 
x2=0,y20 


74, z = 8x + 3y 


4x+ y= 12 
x+2y 26 
x20,y20 


75. Maximizing Profit Rework Example 4 if the profit 
from each radio is $20 and the profit from each stereo 
is $15. 


76. Maximizing Revenue A refinery produces both gaso- 
line and fuel oil, and sells gasoline for $4.00 per gallon 
and fuel oil for $3.60 per gallon. The refinery can pro- 
duce at most 600,000 gallons a day but must produce 
at least 2 gallons of fuel oil for every gallon of gasoline. 
At least 150,000 gallons of fuel oil must be made each 
day for the coming winter. Determine how much of 
each type of fuel should be produced to maximize 
revenue. 


71, Minimizing Cost (Refer to Example 6.) A breeder is 
mixing Brand A and Brand B. Each serving should 
contain at least 60 grams of protein and 30 grams 
of fat. Brand A costs 80 cents per unit, and Brand B 
costs 50 cents per unit. Each unit of Brand A contains 
15 grams of protein and 10 grams of fat, whereas 
each unit of Brand B contains 20 grams of protein 
and 5 grams of fat. Determine how much of each 
food should be bought to achieve a minimum cost 
per serving. 


78. 


Pet Food Cost A pet owner is buying two brands of 
food, X and Y, for his animals. Each serving of the 
mixture of the two foods should contain at least 60 
grams of protein and 40 grams of fat. Brand X costs 
75 cents per unit, and Brand Y costs 50 cents per unit. 
Each unit of Brand X contains 20 grams of protein 

continued on next page 
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and 10 grams of fat, whereas each unit of Brand Y 
contains 10 grams of protein and 10 grams of fat. How 
much of each brand should be bought to obtain a mini- 
mum cost per serving? 


Raising Animals A breeder can raise no more than 
50 hamsters and mice and no more than 20 hamsters. 
If she sells the hamsters for $15 each and the mice for 
$10 each, find the maximum revenue produced, 


Maximizing Storage A manager wants to buy filing 
cabinets, Cabinet X costs $100, requires 6 square feet 
of floor space, and holds 8 cubic feet. Cabinet Y costs 
$200, requires 8 square feet of floor space, and holds 
12 cubic feet. No more than $1400 can be spent, and 
the office has room for no more than 72 square feet 
of cabinets, The manager wants the maximum stor- 
age capacity within the limits imposed by funds and 
space. How many of each type of cabinet should be 
bought? 


Maximizing Profit A business manufactures two 
parts, X and Y. Machines A and B are needed to 
make each part. To make part X, machine A is needed 
for 4 hours and machine B is needed for 2 hours, 
To make part Y, machine A is needed for | hour 
and machine B is needed for 3 hours. Machine A is 


82. 


available for 40 hours each week and machine B is 
available for 30 hours, The profit from part X is $500 
and the profit from part Y is $600, How many parts 
of each type should be made to maximize weekly 
profit? 


Minimizing Cost Two substances, X and Y, are 
found in pet food, Each substance contains the ingre- 
dients A and B, Substance X is 20% ingredient A and 
50% ingredient B, Substance Y is 50% ingredient A 
and 30% ingredient B, The cost of substance X is 
$2 per pound, and the cost of substance Y is $3 per 
pound, The pet store needs at least 251 pounds of 
ingredient A and at least 200 pounds of ingredient B. 
If cost is to be minimal, how many pounds of each 
substance should be ordered? Find the minimum 
cost, 


Writing about Mathematics 


83, 


84, 


Give the general form of a system of linear inequali- 
ties in two variables, Discuss what distinguishes a 
system of linear inequalities from a nonlinear system 
of inequalities, 


Discuss how to use test points to solve a linear 
inequality. Give an example, 


CHECKING BASIC CONCEPTS FOR SECTIONS 9.1 AND 9.2 


1, 


2. 


3. 


> 


5. 


Evaluate d(13, 18) if 


d(x, y) = Vix — 1)? + ( - 2). 


Solve the nonlinear system of equations using the 
method of substitution, 


ax? - y=0 
3x + 2y=7 
Solve z = x? + y? for y. 
Solve the system of equations by using elimination. 
3x - 2y = 4 
-x + 6y =8 


Graph the solution set to 3x — 2y S 6. 


6. 


Te 


My. 
Peed 
2 


Graph the solution set to the system of inequalities, 
Use the graph to identify one solution, 


roip<3 
e= pel 


Time Watching TV In the United States, the average 

daily time spent watching broadcast television was 

22 minutes less in 2018 than in 2008. In 2018, the 

watching time was 80% of the time spent watching in 

2008. (Source: Veronis Suhler Stevenson.) 

(a) Write a linear system whose solution gives the 
time spent watching broadcast television in 2008 
and 2018, 


(b) Solve the system and interpret the result, 


Learn basic concepts 
about systems in three 
variables 


Solve systems using 
elimination and 
substitution 

Identify systems with 
no solutions 


Solve systems with 
infinitely many solutions 


EXAMPLE 1 
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in Three Vi 


Introduction 


In the first section of this chapter, we discussed how to solve systems of linear equa- 
tions in two variables. Systems of linear equations can have any number of variables. 
For example, Internet search sites such as Google, Yahoo!, and Bing use algorithms 
that involve linear systems with millions of variables. Computers are necessary to 
solve these systems efficiently. However, in this section we discuss solving systems of 
linear equations containing three variables by hand. 


Basic Concepts 


When writing systems of linear equations in three variables it is common, but not 
necessary, to use the variables x, y, and z. For example, 


2x — 3y + 42 = 4 
>, = Linear system with 
yt2z=0 three variables 
x + Sy -6z2=7 a 


represents a system of linear equations in three variables. The solution to this system 
is given by x = 3, y = 2, and z = | because each equation is satisfied when these 
values are substituted for the variables in the system of linear equations. 


23) — 32) + 40) 24 VY Tw 
-Q) + 201) £0 Y Tn 
@) + 52) - 61) 27 Y Tw 


The solution to this system can be written as the ordered triple (4, 2, |). This system 
of linear equations has exactly one solution, In general, systems of linear equations 
can have zero, one, or infinitely many solutions. 


Checking for solutions 


Determine if (—1, —3, 2) or (1, —10, —13) is a solution to the system of equations. 
x —4y+2z= 15 
4x- yt z 1 
6x — 2y — 3z = -6 


SOLUTION First substitute x = —1, y = —3, and z = 2 in the system of linear 
equations, and then substitute x = 1, y = —10,andz = — 13. 

(—1) - 4(—3) + 2@) = 15 (1) — 4-10) + 2(-13) 2 15) Tru 
4—-) - (-3)+ @+# 1 411) — (-10) + (-13) 4 1 7 
6(— 1) — 2-3) - 30) = -6 1 6(i) — 2(—10) — 3(— 13) = -6 False 


The ordered triple (— |, —3, 2) satisfies all three equations, so it is a solution to the 
system of equations. The ordered triple (1, —10, —13) is not a solution to the system 
of equations because it satisfies only two of the three equations. 


Solving with Elimination and Substitution 


We can solve systems of linear equations in three variables by hand. The following pro- 
cedure uses substitution and elimination and assumes that the variables are x, y, and z. 
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| STEP 1; Eliminate one variable, such as x, from two of the equations. 


STEP 2: Apply the techniques discussed in the first section of this chapter to solve 
the two resulting equations in two variables from Step |. If x is eliminated, 
then solve these equations to find y and z. 


solutions. If there are infinitely many solutions for y and z, then write y in 


| 
| If there are no solutions for y and z, then the given system also has no 
| 
| terms of z and proceed to Step 3. 


| 
| STEP 3; Substitute the values for y and z in one of the given equations to find x. 
| The solution is (x, y, z). If possible, check your answer as in Example |. 


E 


\Widhced Solving a linear system in three variables 
Solve the following system. 
N- ypt2z= 6 
It yo 225 —3 
=e 2p Ba = 7 


SOLUTION 


STEP 1; We begin by eliminating the variable x from the second and third equations, 
To eliminate x from the second equation, we multiply the first equation 
by —2 and then add it to the second equation, To eliminate x from the 
third equation, we add the first and third equations. 


—2x + 2y — 42 = -12 First equation tir X— yt2z= 6 First equation 


28 yp — 22S 3 ration —x — 2y + 32 = 7 Thir tation 


sy 6 15 1 ay + 52 13 


STEP 2; Take the two resulting equations from Step | and eliminate either variable. 
Here we add the two equations to eliminate y. 


= 


Now we can use substitution to find the value of y. We let z = 2 in either 
equation used in Step 2 to find y. 


3y — 6z = -15 1 
3y — 6(2) = -15 
3y — 12 = -15 
3y = -3 
y=rl i ide | 
STEP 3: Substitute y = —1 and z = 2 in any of the given equations to find x. 
Noypt22=6 iven equation 
x — (-1) + 22) =6 
vyt1+4=6 


x= i | 7 1 sid 


The solution is (i, — 1, 2). Check this solution. 


Now Try Exerc 
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In the next example, we determine numbers of tickets sold for a play. 


mG WidAaKe Finding numbers of tickets sold 


One thousand tickets were sold for a play, generating $3800 in revenue. The prices 
of the tickets were $3 for children, $4 for students, and $5 for adults. There were 
100 fewer student tickets sold than adult tickets. Find the number of each type of 
ticket sold. 


SOLUTION Let x be the number of tickets sold to children, y be the number of 
tickets sold to students, and z be the number of tickets sold to adults. The total 
number of tickets sold was 1000, so 


x+y+z= 1000. 


Each child’s ticket costs $3, so the revenue generated from selling x tickets is 3x. 
Similarly, the revenue generated from students is 4y, and the revenue from adults is 5z. 
Total ticket sales were $3800, so 


3x + 4y + 5z = 3800. 


The equation z — y = 100, or y — z = —100, must also be satisfied, because 100 
fewer tickets were sold to students than adults. 
To find the price of a ticket, solve the following system of linear equations. 


x+ y+ z= 1000 Total number of tickets is 1OOO. 
3x + 4y + 5z = 3800 Total revenue is $3800 
Y— Z= 100 — 100 fewer student tickets than adult tickets 


STEP 1: We begin by eliminating the variable x from the first equation. To do this, we 
multiply the first equation by 3 and subtract the second equation. 


3x + 3y + 3z= 3000 First equation tin 
3x + 4y + $2 = 3800 Second equation 
-y — 22 = 800 Subtract 


STEP 2: We then use the equation that resulted from Step | and the third equation 
to eliminate y. 


—y — 22 = —800 — Equation frorr 
y—- z=-100 Third equation 
—3z = —900 \dd th 


Thus z = 300. To find y, we can substitute z = 300 in the third equation. 


y—2z=-100 Third equation 
y — 300 = -100 Let 
y= 200 


STEP 3; Finally, substitute y = 200 and z = 300 in the first equation. 
x+y +2 = 1000 First equ 
x + 200 + 300 = 1000 Let y 
x= 500 


Thus 500 tickets were sold to children, 200 to students, and 300 to adults. 


Check this answer. 
Now Try Exercise 37 
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Systems with No Solutions 


Regardless of the number of variables, a system of linear equations can have zero, one, or 
infinitely many solutions. In the next example, a system of linear equations has no solutions. 


Identifying a system with no solutions 


Three students buy lunch in the cafeteria. One student buys 2 hamburgers, | order of 
fries, and | soda for $9. Another student buys | hamburger, 2 orders of fries, and | 
soda for $8. The third student buys 3 hamburgers, 3 orders of fries, and 2 sodas for 
$18. If possible, find the cost of each item. Interpret the results. 


SOLUTION Let x be the cost of a hamburger, y be the cost of an order of fries, and 
z be the cost of a soda. Then the purchases of the three students can be expressed as 
a system of linear equations. 


av+ yt z= 9 2 burgers, 1 order of fries, and 1 soda for $9 
xvt2y+ z= 8 i burger, 2 orders of fries, and 1 soda for $8 
3x + 3y + 2z = 18 3 burgers, 3 orders of fries, and 2 sodas for $18 


STEP 1; We can eliminate z in the first equation by subtracting the second equa- 
tion from the first equation, We can eliminate z in the third equation by 
subtracting twice the second equation from the third equation. 


2x + yt2=9 First equation 3x + 3y + 22 = 18 Third equation 
X¥+2y+z2=8 i ax + 4y + 22 = 16 Twice second equation 
\ y | t t v ) 2 it 

STEP 2: The equations » — » = | and» — » = 2 are inconsistent because the dif- 


ference between two numbers cannot be both | and 2, Step 3 is not necessary— 
the system of equations has no solutions. 


(A In this problem the third student bought the same amount of food as the first 
and second students bought together. Therefore the third student should have paid 
$9 + $8 = $17 rather than $18. Inconsistent pricing led to an inconsistent system of 
linear equations. 


| Now 4 iry Exerci 0 39 | 


Systems with Infinitely Many Solutions 
Some systems of linear equations have infinitely many solutions. In this case, we say 
that the system of linear equations is consistent, but the equations are dependent, A 
system of dependent equations is solved in the next example. 


Solving a system with infinitely many solutions 


Solve the following system of linear equations. 
x pm Zz=-2 
x + 2y — 22 = -3 
y- 25 -1 
SOLUTION 


STEP 1: Because x does not appear in the third equation, begin by eliminating x from the 
first equation. To do this, subtract the second equation from the first equation. 


eb pm ge? 


+ Zp — 22 = +3 n 
-y+ z= 1 | 


CRITICAL THINKING 


Three students buy lunch in the 
cafeteria, One student buys | 
hamburger, | order of fries, and 
1 soda for $5, Another student 
buys 2 hamburgers, 2 orders of 
fries, and 2 sodas for $10, The 
third student buys 3 hamburgers, 
3 orders of fries, and 3 sodas for 
$15, Can you find the cost of 
each item? Interpret your answer. 


pe 9.3 | Putting It All Together It All Together 


System of linear equations 
in three variables 


Solution to a linear system 
in three variables 


Solving a linear system with 
substitution and elimination 
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STEP 2: Adding the resulting equation from Step | and the third equation gives the 
equation 0 = 0, which indicates that there are infinitely many solutions. 


-~ytz= 1 Dependent equations; 
yrz=—l Solve either equation for y. 
0o= 0 Add 


The variable y can be written in terms of zas y = z — 1, 
STEP 3; To find x, substitute the results from Step 2 in the first equation, 
x+ty-z=-2 First equation 
ee Day 


i 
| 
NS) 
| 


w= =] Solve for 


Solutions to the given system are of the form (— 1, z — 1, 2), where zis any real 
number, For example, if z = 2, then (—1, 1, 2) is one possible solution. 


Now Try Exercise 21 


EXPLANATION 
The following is a system of three linear equations in three variables, 
x-2y+t 25 
Ssh Poe SS 
-yt4z= 
The solution to a linear system in three variables is an ordered triple, 
expressed as (x, , z), The solution to the preceding system is (1, 2, 3) 
because substituting x = 1, y = 2, and z = 3 in each equation results in 
a true statement. 
(1) — 22) + B) = OW True 
-()+ 2+ B= 4% Tre 
—(2) + 43) = 10 Y True 
Refer to Example 2, 
STEP 1; Eliminate one variable, such as x, from two of the equations. 


STEP 2; Apply the techniques discussed in the first section of this chapter 
to solve the two resulting equations in two variables from Step 1. 
If x is eliminated, then solve these equations to find y and z, 


If there are no solutions for y and z, then the given system also 
has no solutions, If there are infinitely many solutions for y and 
z, then write y in terms of z and proceed to Step 3. 


STEP 3: Substitute the values for y and z in one of the given equations 
to find x. The solution is (x, y, z). If possible, check your 
answer, 
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Can a system of linear equations have exactly three 
solutions? 


Does the ordered triple (1, 2, 3) satisfy the equation 
3x + 2y +z = 10? 


To solve a system of linear equations in two vari- 
ables, how many equations do you usually need? 


To solve a system of linear equations in three vari- 
ables, how many equations do you usually need? 


Ifa system of linear equations has infinitely many solu- 
tions, are the equations dependent or independent? 


If a system of linear equations is inconsistent, how 
many solutions does it have? 


Exercises 7-10: Determine whether each ordered triple is a 
solution to the system of linear equations, 


1, 


10, 


(0, 2, -2),(-1,3,-2) 8 (5, 2, 2), (2, -1, 1) 
v+y-2z=4 2x — 3y + 3z = 10 

—v+y+2=2 X— dy 32= 1 
yty+2=0 4x—- y+ 2= 10 
S$ 20 

(-7, 7, -2), (1,2, -1) 
x+3y-22=— 9 

—3x + 2p + 4z = -3 


—2x + Sy+2z= 6 


(1, 2, 3), (11, 16, ~3) 
4x -—2y+2z2= 6 
ax — 4y — 62 = —24 

—3x+3y+2z= 9 


Exercises 11-36; Checking Symbolic Skills J/ possible, 
solve the system, 


M1. 


x +z= 4 12. ytz=4 

=—y+z= 2 x+y =2 
Sy ps ZS 3 = =2=0 
Fie 2S 3 14, 3x +y = 7 

yroz=-2 ay y= 2 
ax+y =-5 —¥ = —3 
ee pot 26 16.x—- y+z2=-2 
—x + 2y+2=6 x-2y+tz2= 0 

yrr= yrorz= | 
N+ 2p +3z2=4 18. x- prez 2. 
art yt3z=5 3x -— 2y+z2=-1 
x- pt z=2 xf y =-3 


19. 3x + y+z=0 20, —xX—- Spt2z= 2 
4x + 2y+z=1 Me pra 2 
In — Dy — B= 2 3x + y-—4z2=-10 

a oxt+3y+z2=6 22, 2x-—y+2z= 6 
3x + y-z=6 =x yeh oe 0 
x- y-z=0 =x — 3z = -6 

23,x—-4y+2z=-2 24. Awt+yt3z=4 
x + 2y — 22 3 3x -y-42=5 
oa = 4 x+yt+2z2= 

25. 4a -— b+2c= 0 26. a-4b+3c=2 
24 Bs ibe eS fil -a-2b+5ce=9 
2a-2b+ c= 3 at+2b+ c=6 

22.a+ b+ c=0 28. a-2b+c=-1 
a- b- e=3 at 5b =-3 
at 3b + 3c =5 2a + 3b+e= -2 

29. 3x + 2y+z=—-1 30. x-2y+ z=1 
3x +4y-z= 1 x+ y+t2z=2 
xt+2yt+z= 0 axt+3y+ z2=6 

31, —x+3y4+ 2= 3 32. ¥+2p4+ 2= 0 
ax + Ty + 4z = 13 3x+2y- z2= 4 
4x + y+2z= 7 —x + 2y + 3z = -4 

33, —x +2z= -9 34. x+ yt z=-l 

yt4z=-13 ax + z=-6 

3x + y = 13 2y+3z= 0 
35. 4x - ythe=-4 36. dy + ytiz=-3 
x + 2y — 3z = 20 x+ y- z=-8 

hy + 3p +22 = 0 ty = dy + z=-4 

Applications 


aT. 


38. 


Tickets Sold Five hundred tickets were sold for 
a play, generating $3560. The prices of the tickets 
were $5 for children, $7 for students, and $10 for 
adults, There were 180 more student tickets sold 
than adult tickets. Find the number of each type of 
ticket sold. 


Tickets Sold One thousand tickets were sold for a 
baseball game. There were one hundred more adult 
tickets sold than student tickets, and there were four 
times as many tickets sold to students as to children. 
How many of each type of ticket were sold? 


Buying Lunch Three students buy lunch in the cafete- 
ria. One student buys 2 hamburgers, 2 orders of fries, 


40 


41 


42. 


> 
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and | soda for $9. Another student buys | hamburger, 
1 order of fries, and 1 soda for $5. The third student 
buys | hamburger and 1 order of fries for $5. If pos- 
sible, find the cost of each item. Interpret the results. 


Cost of DVDs The table shows the total cost of pur- 
chasing various combinations of differently priced 
DVDs. The types of DVDs are labeled A, B, and C. 


| a | B | € | Total Cost | 
Li fi] sa | 


(a) Let a be the cost of a DVD of type A, b be the 
cost of a DVD of type B, and ¢ be the cost of a 
DVD of type C. Write a system of three linear 
equations whose solution gives the cost of each 
type of DVD. 


(b) Solve the system of equations and check your 
answer, 


Geometry The largest angle in a triangle is 25° more 

than the smallest angle. The sum of the measures of 

the two smaller angles is 30° more than the measure 
of the largest angle. 

(a) Let x, y, and z be the measures of the three angles 
from largest to smallest. Write a system of three 
linear equations whose solution gives the mea- 
sure of each angle. 


(b) Solve the system of equations and check your 
answer, 


Geometry The perimeter of a triangle is 105 inches, 
The longest side is 22 inches longer than the shortest 
side, The sum of the lengths of the two shorter sides is 
15 inches more than the length of the longest side. Find 
the lengths of the sides of the triangle. 


Investment Mixture A sum of $20,000 is invested in 
three mutual funds, In one year the first fund grew 
by 5%, the second by 7%, and the third by 10%. 
Total earnings for the year were $1650, The amount 
invested in the third fund was four times the amount 
invested in the first fund. Find the amount invested 
in each fund. 


Home Prices Prices of homes can depend on several 
factors such as size and age. The table shows the 
selling prices for three homes. In this table, price P is 
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given in thousands of dollars, age A in years, and 
home size S in thousands of square feet. These data 
may be modeled by P = a + bA + cS. 


Price (P) | Age (A) Size (S) 
20 2 
| 3 
| 40 1 


(a) Write a system of linear equations whose solu- 
tion gives a, b, and c. 


(b) Solve this system of linear equations. 


(c) Predict the price of a home that is 10 years old 
and has 2500 square feet. 


Mixture Problem One type of lawn fertilizer con- 
sists of a mixture of nitrogen, N, phosphorus, P, 
and potassium, K. An 80-pound sample contains 8 
more pounds of nitrogen and phosphorus than of 
potassium. There is nine times as much potassium as 
phosphorus. 
(a) Write a system of three equations whose solution 
gives the amount of nitrogen, phosphorus, and 
potassium in this sample. 


(b) Solve the system of equations. 


Business Production A business has three machines 
that manufacture containers. Together they can 
make 100 containers per day, whereas the two fastest 
machines can make 80 containers per day, The fastest 
machine makes 34 more containers per day than the 
slowest machine. 

(a) Let x, y, and z be the numbers of containers 
that the machines make from fastest to slowest. 
Write a system of three equations whose solution 
gives the number of containers each machine can 
make. 


(b) Solve the system of equations. 


Writing about Mathematics 


47, 
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When using elimination and substitution, explain 
how to recognize a system of linear equations that 
has no solutions. 


When using elimination and substitution, explain 
how to recognize a system of linear equations that 
has infinitely many solutions. 
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= Represent systems of 
linear equations with 
matrices 


= Learn row-echelon form 


« Perform Gaussian 
elimination 


= Learn reduced row- 
echelon form 

* Perform Gauss-Jordan 
elimination 

« Solve systems of linear 
equations with 
technology 


Introduction 


After its release in 2010, the iPad recorded remarkable quarterly sales growth, The 
three points plotted in FIGURE 9.40 give the cumulative sales y in millions of units, sold 
xX quarters after the iPad’s release. For example, the point (5, 29) indicates that Apple 
sold 29 million iPads by the end of the Sth quarter after its release, Because three 
distinct points (that are not collinear) determine the graph of a quadratic function, 
we can model these data by finding a unique parabola that passes though the given 
points, as illustrated in FIGURE 9.40, (Source: Apple Corporation,) 


iPad Sales 


$888 


np 
Ss 


Total iPad sales (millions) 
Ss 8 


Oo 12 3 +S € FT 
Quarters afler iPad release 
FIGURE 9.40 


One way to accomplish this task is to set up a linear system of equations in 
three variables and solve it by using a matrix. This section discusses matrices and 
how they can be used to solve systems of linear equations. (See Example 11 and 
Exercise 95.) 


Representing Systems of Linear Equations 
with Matrices 


Arrays of numbers occur frequently in many different situations. Spreadsheets often 
make use of arrays, where data are displayed in a tabular format. A matrix is a rec- 
tangular array of elements. The following are examples of matrices whose elements 
are real numbers, 


Examples of Matrices 
3-6 9 § 
be: See cae aa | 
@ S8l) ge ge Se a | eS |e) 
-11 -3 7 8 
2X2 3X3 4x4 3X2 2X3 


The dimension of a matrix is given much like the dimensions of a rectangular 
room. We might say a room is m feet long and n feet wide. The dimension of a matrix 
ism X n (mm by nv) if it has m rows and n columns, For example, the last matrix has a 
dimension of 2 X 3 because it has 2 rows and 3 columns, If the numbers of rows and 
columns are equal, the matrix is a square matrix. The first three matrices are square 
matrices, 


CRITICAL THINKING 


Give a general form of a system 
of linear equations with four 
equations and four variables. 
Write its augmented matrix. 


EXAMPLE 1 


EXAMPLE 2 


9.4 Solutions to Linear Systems Using Matrices 799 


Matrices are frequently used to represent systems of linear equations. 


See the Concept: Representing a Linear System with a Matrix 


cA} 18) e 
System of Three Equations Coefficient Matrix Augmented Matrix 
ax + by + 4z= d a b a b | dy 
xX + boy + z= dp a b a b, @) 4, 
3X + b3y + cz = dz a, bs 63 a3 bz ¢3] d3 


® The ay, by, cj, and d, are constants and x, y, and z are variables. 


© The coefficients of the variables are represented in a square matrix called the 
coefficient matrix of the linear system. 


@ The matrix is enlarged to include the constants d,. The vertical line in this matrix 
corresponds to where the equals sign occurs in each equation. This matrix is 
commonly called an augmented matrix. 


Representing a linear system with an augmented matrix 


Express each linear system with an augmented matrix. State the dimension of the matrix. 


(a) 3x-4y= 6 (b) 2x — Sy + 6z = —3 
—5x+ po -5 3x + Ty -—3z= 8 
x + Ty =.9 

SOLUTION 


(a) This system has two equations with two variables. It can be represented by an 
augmented matrix having dimension 2 X 3. 


La 
~~. LPs 5x + 


(b) This system has three equations with three variables. Note that variable z does 
not appear in the third equation. A value of 0 is inserted for its coefficient. 


2-5 16/3 
+ fF -33]8 + Ty 
1 2% Oo} 3 + 7 


This matrix has dimension 3 X 4. 


Now Try Exercises 7 and 9 | 


Converting an augmented matrix into a linear system 


Write the linear system represented by the augmented matrix. Let the variables be x, y, 
and z. 


to 2)3 (ay me a ee 
(a) | 22 10| 3] @ lo. -6| 7 

+12 3 5 00 1| 8 
SOLUTION 


Getting Started The first column corresponds to x, the second to y, and the third to z. 
When a 0 appears, the variable for that column does not appear in the equation. 
The vertical line gives the location of the equals sign. The last column represents the 
constant terms, » 
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(a) The augmented matrix (repeated in the margin) represents the following linear system. 


io 2 )=3 x + 22=-3 
22 10; 3 2x+2y+10z= 3 
=) ge 3 | 8 —x+2y+ 3z= 5 Third row in th 
(b) The augmented matrix (repeated in the margin) represents the following linear system, 
172 3 |+4 x + 2y + 3z = —4 rst t 
01-6} 7 y-62= 7 Rrawnin:t 
00 1 8 = 


Zz 


| Now Try Exercises 11 and 13} 


Row-Echelon Form 


To solve a linear system with an augmented matrix, it is convenient to get the matrix 
in row-echelon form, The following matrices are in row-echelon form, 


13 0-1 13-1 5])f13-15 
oi -6 if[f?o]for -13 oo raise | 
00 1-2 00 1: oljlo0 vo 


The elements of the main diagonal are blue in each matrix. Scanning down the main 
diagonal of a matrix in row-echelon form, we see that this diagonal first contains only 
I’s, and then possibly 0’s, The first nonzero element in any row is |, Rows containing 
only 0’s occur at the bottom of the matrix. All elements below the main diagonal are 0. 

The next example shows a technique called backward substitution, It can be used 
to solve linear systems represented by an augmented matrix in row-echelon form, 


| EXANIPLE 3 


Solving a linear system with backward substitution 


Solve the system of linear equations represented by the augmented matrix. 


Li 3, | 2 1-1 5|5 
(a) |0 1 -2}-4 () |o 1343 
00 | 3 0 0 00 


SOLUTION 
(a) The matrix represents the following linear system. 


xty+3z= 12 in the m 


yr-wz=-4 
z= 3 
Since z = 3, substitute this value in the second equation to find y. 
Seen equation with yr 23) = -4, or y=2 


Then y = 2 and z = 3 can be substituted in the first equation to determine x. 


First equation with y = 2 re oa, we . eS 
anes x +2 + 3G) = 12, or x=1 


The solution is given by x = |, y = 2, and z = 3 and can be expressed as the 
ordered triple (1, 2, 3). 
(b) The matrix represents the following linear system. 
m= pe Sed 
y+ 3z=3 
0=0 | 


24, Atmospheric CO, Levels (parts per million) 


Year | 1958 | 1975 | 1990 | 2005 | 2015 
CO, Amounts | 315 | 335 | 355 | 380 | 403 


Source: Mauna Loa Observatory, 


Pythagorean Theorem 


Exercises 25-28; Decide if the following values for sides a, b, 
and ¢ of a triangle, determine a right triangle. 


25, a= 8, b = 15,¢ = 17 


Ss) 

N 

a 
I 


= 20,b = 21,¢e = 29 
27. a = 7, b = 22, ¢ = 25 
28. a= 11, b = 60, ¢ = 71 


Distance Formula 


Exercises 29-48: Find the exact distance between the two 
points. Where appropriate, also give approximate results to 
the nearest hundredth. 


29, (2,-2), (5, 2) 30, (0, -3), (12, -8) 

31. (7, -4), (9 1) 32, (-1,-6), (-8, -5) 
33, (-1,-5), (-9,-20) 34. (-4,-5), (—13,-45) 
38, (12,70), (—24,-7) 36, (-2,100), (37, 20) 


37. (3.6, 5.7), (—2.1,8.7) 38, (6.5, 2.7), (3.6, -2.9) 
39, (—3,2), (-3, 10) 40. (7,9), (-1,9) 

at. (3,4). (3) 42, (-4.3), (5-4) 

43, (3,70) (i 4) 44, (-1,3), 6-4) 

45, (20,30), (—30,-90) 46, (40,6), (—20, 17) 

47. (a,0), (0, -b) 48. (x,y), (1,2) 


49, Geometry An isosceles triangle has at least two sides 
of equal length. Determine whether the triangle with 
vertices (0,0), (3,4), (7, 1) is isosceles, 


50. Geometry An equilateral triangle has sides of equal 
length, Determine whether the triangle with vertices 
(-1,-1), (2,3), (-4, 3) is equilateral. 


51, Distance between Cars (Refer to Example 6.) At 
9:00 A.M, car A is traveling north at 50 miles per hour 
and is located 50 miles south of car B. Car B is travel- 
ing west at 20 miles per hour, 
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(a) Let (0,0) be the initial coordinates of car B in the 
xy-plane, where units are in miles. Plot the loca- 
tions of each car at 9:00 A.M, and at 11:00 A.M. 


(b) Find the distance d between the cars at 11:00 A.M. 


52. Distance between Ships Two ships leave a harbor at 
the same time, The first ship heads north at 20 miles 
per hour, and the second ship heads west at 15 miles 
per hour. Write an expression that gives the distance 
d between the ships after ¢ hours. 


Midpoint Formula 


Exercises 53-56; Use the midpoint formula for the 

following. 

53, Nintendo Wii Six months after Nintendo Wii was 
introduced it had sold 10 million units, and after 
24 months it had sold 44 million units, Estimate the 
number of units sold 15 months after the Nintendo 
Wii was introduced. The actual value was 25 million 
units, (Source: Company Reports.) 


54, World Population In 1874 the world population was 
1,24 billion, By 2050 this number is expected to be 9 
billion, Estimate the world population in 1962. The 
actual value was 3.14 billion, (Source: United Nations 
Data.) 


55, Olympic Times In the Olympic Games, the 200-meter 
dash is run in approximately 19 seconds, Estimate the 
time to run the 100-meter dash, 


56, Real Numbers Between any two real numbers a and 
b there is always another real number. How could 
such a number be found? 


57, Two-Year College Enrollment Estimated and project- 
ed enrollments in two-year colleges for 2016, 2020, and 
2024 are shown in the table. Use the midpoint formula 
to estimate the enrollments for 2018 and 2022. 


Year | Enrollment (in millions) 
2016 TA 
2020 7.8 

| 2024 8.0 


Source: Statistical Abstract of the United States, 
58, Poverty-Level Income Cutoffs The table lists 
poverty-level income cutoffs for a family of four for 
selected years. Use the midpoint formula to estimate 


continued on next page 
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the poverty-level cutoffs (rounded to the nearest dol- 
lar) in 2010 and 2014. 


Income (in dollars) 


2008 


Source: U.S. Census Bureau. 


Exercises 59-68: Find the midpoint of the line segment 
connecting the points. 


59, (1,2), (5, -3) 
61, (—30, 50), (50, -30) 
63. (1.5, 2.9), (5.7, -3.6) 
64, (9.4, 4.5), (—7.7, 9.5) 
65, (V2, V5), (V2, -V5) 
66. (V7,3V3), (-V7,-V3) 


67. (a,b), (—a, 3b) 68, (—a,b), (3a, b) 


60. (—6, 7), (9, —4) 
62. (28, -33), (52, 38) 


Exercise 69-72; Find the distance between the two points 
and the midpoint of the segment connecting the two points, 


69. (5,7), (2,11) 10. (2,5), (4,-3) 
71. (-8,-2), (-3,-5) 7% (-6, 10), (42, -45) 


73, Critical Thinking One endpoint of a line segment is 
(7, -4) and its midpoint is (8, 5). Find the other 
endpoint of the line segment. 


74, Critical Thinking One endpoint of a line segment L 
is (2,4) with midpoint . The midpoint of a second 
line segment connecting (2,4) and M is (0,5). Find 
midpoint M and the other endpoint of line segment L. 


Circles 

Exercises 75-84; Find the center and radius of the cirele. 
75, x? + y? = 25 16. x? + y? = 100 

TH + y= 7 78, x? + y* = 20 


19.x2+ (y+3)?=5 80, (v- 3)? +? = 


ll 


81. (x — 2)? + (y +3)? =9 
82, (x + 1)? + (py — 1)? = 16 


83..x° + (p+ 1)? = 100 84. (x — 5)? + y? = 19 


Exercises 85-88: Find the standard equation of the circle, 
85. 


87. 


Exercises 89-96; Find the standard equation of a cirele that 
satisfies the conditions, 


89. Radius 8, center (3, —5) 

90, Radius 5, center (—1, 4) 

91. Radius 7, center (3, 0) 

92. Radius 1, center (0, 0) 

93. Center (3, —5) with the point (4, 2) on the circle 
94, Center (0,0) with the point (—3, —1) on the circle 
95. Endpoints of a diameter (—5, —7) and (1, 1) 

96. Endpoints of a diameter (—3, —2) and (1, —4) 


Exercises 97 and 98: (Refer to Example 11.) Use the diameter 
to find the standard equation of the circle shown. 


97, 98. 


Exercises 99-110: Graph the equation. 
99, x2 + y? = 25 100. x? + y? =1 


101. (x — 2)? + (y + 1)? = 25 
102. (x + 2)? + (y +3)? =1 
103, (x + 2)? + y? = 16 

104, x2 + (y - 2)? =9 

105, x2 + (y- 2)? =1 

106. (xt 1)? +y? = 

107, (x +3)? + (y+ 1)? = 
108. (x — 1)? + (vy - 2)? =4 
109, (x - 4) + (y- 1)? = 10 
110, (x + 1)? + (y +3) = 6 


Exercises 111-122; (See Examples 12 and 13.) If possible, 
write the given general equation of a circle in standard 
form by completing the square, and identify the center and 
radius, Graph the circle. 


11, x? + 6x + y? — 2y = 1 

112. x? + y? + 12y + 32 =0 

113, x2 + 6x + y? — 2y +3 =0 
114, x? — 4x + y? + 4y = -3 

115, x? + 6x + y? + By +9 =0 
116. x2 + 8x + y? — 6y + 16 =0 
17, x2 — 4x + y? + Lay = -4 

118, x2 — 12x + y? + l0y = -25 
119. 4x? + 4x + 4y? — loy — 19 = 0 
120, 9x? + 12x + 9y? — 18y — 23 = 0 
121, x? + 2x + y? — 6y + 14=0 
122, x? + 4x + y? — By + 32 =0 
Graphing Calculators 


Exercises 123-126: Predict the number of tick marks on 
the positive x-axis and the positive y-axis. Then show the 
viewing rectangle on your graphing calculator. 


123, Standard viewing rectangle 

124, [-4.7, 4.7, 1] by [-3.1, 3.1, 1] 
125. [0, 100, 10] by [—S0, 50, 10] 
126. [—30, 30, 5] by [—20, 20, 5] 
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Exercises 127-130: Match the settings for a viewing rect- 
angle with the correct figure ( a-d). 
127. [-9,9,1] by [-6, 6, 1] 


128. [—6,6,1] by [-9,9, 1] 


ae 
129, [-2,2,0.5] by [—4.5, 4.5, 0.5] 
[ 


130. [—4, 8, 1] by [—600, 600, 100] 
b. 


a. 


e 
a 


Exercises 131-134: Make a scatterplot of the relation. 
131. {(1,3), (-2,2), (4, 1), (-2; —4), (0,2) } 


132. {(6,8), (—4, -10), (-2, -6), (2, -5) } 
133. {(10, -20), (—40, 50), (30, 60), (—50, 80), (70, 0) } 
134, {(—1.2, 0.6), (1.0, -0.5), (0.4, 0.2), (-2.8, 1.4) } 


Exercises 135-138; The table contains real data. 

(a) Determine the maximum and minimum values for each 
variable in the table. 

(b) Use your results from part (a) to find an appropriate 
viewing rectangle. 

(c) Make a scatterplot of the data. 

(d) Make a line graph of the data. 


135. Netflix Subscriptions (millions) 


[x [| 2011 | 2012 [ 2013 | 2014 | 2015 
[y | 251 [| 294 | 334 | 531 | 614 


Source: Company Reports. 


136. Global Vehicle Sales That Are Electric/Hybrid 


x | 2011 | 2015 | 2019 | 2022 | 2025 
y 0% 1% 2% 4.5% 8% 


Source: Business Insider (projected). 


137. U.S. College Students Who Study Chinese (thousands) 


x | 1995 | 1998 | 2002 | 2006 | 2009 | 2015 
y 26 29 34 51 60 200 


Source: Institute of International Education. 
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138, MySpace U.S. Advertising Revenue ($ millions) that is in your relation, Does the ordered pair (y, x) 


also have meaning? Explain your answers. 
x_| 2006 | 2007 | 2008 | 2009 | 2010 | 2011 % 
y_ [| 225 | 475 | 590 | 430 | 270 | 180 | ¢° 140. Do the mean and median represent the same thing? 


Explain your answer and give an example. 
Source: eMarketer. P y & Pp 


Writing about Mathematics 


%, ; ; a 
"139, Give an example ofa relation that has meaning in the 
real world. Give an example of an ordered pair (x, y) 


CHECKING BASIC CONCEPTS FOR SECTIONS 1.1 AND 1.2 


1, Approximate each expression to the nearest hundredth. 5. Find the midpoint of the line segment connecting the 
+ ints (—2, > 
(@) V42(23.1 + 05%) 6) 3 as S points (—2, 3) and (4, 2) 
: : 6. Find the standard equation of a circle with center 
2, Evaluate the expression by hand. (~4, 5) and radius 8, 
— (-4)?. b) 5+5V2+ 
fap {aya er eyers 7, The average depths in feet of four oceans are 13,215, 
3. Write each number using scientific notation, 12,881, 13,002, and 3953, Calculate the mean and 
(a) 348,500,000 (b) —1237.4 median of these depths, 
(c) 0.00198 8. Make a scatterplot and a line graph with the four 
points (—5, —4), (-1,2), (2, 2), and (3, 6). State 
4, Find the exact distance between the points (—3, 1) the quadrant in which each point lies, 
and (3, —5). Then round this distance to the nearest 
hundredth, 


Learn function notation 


« Represent a function four Introduction 

different ways Because there are more than 300 million people in the United States who consume 
* Define a function formally many natural resources, going green has become an important social and environ- 
« Use set-builder and mental issue, FIGURE 1.38 gives some information about U.S. consumption, 

interval notation 
* Identify the domain and Population and Consumption in the United States 

range of a function 

327,000,000, 2,200 40 Gallons 19.4 Pounds 


Use calculators to 


Napkins co, 
represent functions Ab 
" Identify functions 4 
" Represent functions with GQ —_£D- 
diagrams and equations 
in 2017 Per person per year per laundry load per gallon of gas 


FIGURE 1.38 


The mathematical concept of a function can be used to analyze the impact 
of human consumption (see Exercises 139 and 140) and also to describe natural 
phenomena, such as lightning, This section introduces the important concept of a 
function, which is used throughout the course. 
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Basic Concepts 


A function is a process or computation that receives inputs and produces outputs. A 
special characteristic of a function is that for each particular input, it always produces 
the same output. We will start by creating a function that outputs the distance to a 
lightning bolt. 

Although thunder is caused by lightning, we sometimes see a flash of lightning 
before we hear the thunder. The farther away lightning is, the greater the time lapse 
between seeing the flash of lightning and hearing the thunder. TABLE 1.7 lists the 
approximate distance y in miles between a person and a bolt of lightning when there 
is a time lapse of x seconds between seeing the lightning and hearing the thunder. 


Time lapse between 
seeing lightning and 
_hearing thunder 


Distance from Lightning 


x (seconds) 


Divide x by 5 to 
y (miles) get). 


TABLE 1.7 


Distance from 
lightning _ 


TABLE 1.7 establishes a special type of relation between x and y, called a function. 


+ Bach x determines exactly one y, so we say that TABLE 1.7 represents or defines 
a function f. 

* Function f computes the distance y between an observer and a lightning bolt, 
given the time lapse x. We say that y is a function of x. 

+ This computation is denoted y = f(x), which is called function notation and is read 
“y equals f of x.” It means that function f with input x produces output y. That is, 


f (Input) = Output 
or 
f(t ime lapse in seconds) = Miles from lightning. 
We can represent the five values in TABLE 1.7 in function notation as 
745@6) = 1, fll0) = 2, f(15) = 3, £20) = 4, FQ5) = 5; 


A 5-second delay means the lightning 
bolt is about 1 mile away. 


or more generally as 
B m8 The expression f(x) represents 


fx =) the output y from f when the 
input 15 xe 
Function f calculates a set of ordered pairs (x, »), Where » = f(x). From 


TABLE 1.7, the five ordered pairs (5, 1), (10, 2), (15,3), (20, 4), and (25, 5) belong to 
the relation computed by f. We can think of these ordered pairs as input-output pairs 
in the form (input, output), or (Time lapse in seconds, Miles from lightning). 


A given x-value determines exactly one y-value. For example, if x equals 30 seconds, 
then y equals “ = 6 miles. Thus the p-values (outputs) depend on the x-values (inputs). 
We call x the independent variable and y the dependent variable. See FIGURE 1.39. 


Computation Performed by Function i 


Input x 


in seconds Compute 


y=f@) 


Output y 
in miles 


Divide x by 5 


D Cl iable 
Independent variable ependent variable 


FIGURE 1.39 
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Domain and Range in Context In the previous section we discussed the domain 
and range of a relation. For a function, the set of valid or meaningful inputs x is 
called the domain, and the set of corresponding outputs y is the range, For example, 
suppose that a function f computes the height after x seconds of a ball that was 
thrown into the air. Then the domain, or x-values, consists of all times that the ball 
was in flight, and the range, or p-values includes all heights attained by the ball. Both 
domain and range can have meaning in real-life applications, 


(camrear rameine 
For the function f that calculates the distance between an observer and a lightning 
bolt, what might be a reasonable domain and range? 


This discussion about function notation, domain, and range is summarized in the 
following See the Concept. 


See the Concept: Function Notation 


@ Name j @® Common names are f, g, h. 
= —— © The set of output values is the 
range. 
p= ity @ The set of input values is the 
Fi \ @ Input | domain. 


© Output ; | 


(SV Every function calculates exactly one output for each valid input. 


Representations of Functions 


Functions can be represented by verbal descriptions, tables, symbols, and graphs. 


Verbal Representation (Words) If function f gives the distance between an 
observer and a bolt of lightning, then we can verbally describe f with the fol- 
lowing sentence: “Divide x seconds by 5 to obtain y miles.” We call this a verbal 
representation of /. 

Sometimes when the computation performed by a function has meaning, we can 
interpret this computation verbally. For example, a verbal description of function f 
is “Function f calculates the number of miles y from a lightning bolt when the delay 
between thunder and lightning is x seconds,” 


Numerical Representation (Table of Values) TABLE 1.7 gave a numerical rep- 
resentation for the function f that calculates the distance between a lightning bolt 
and an observer. A numerical representation is a ‘able of values that lists input-output 
pairs for a function, A different numerical representation for f is shown in TABLE 1.8, 


7 
1.4 


Distance from a Bolt of Lightning 


x (seconds) | 1 2 3 4 5 6 
y (miles) | 0.2 | 0.4 | 06 | 0.8 | 10 | 1.2 


TABLE 1.8 


Evaluating £(a) Graphically 


FIGURE 1.42 
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One difficulty with a table of values is that it is often either inconvenient or 
impossible to list all possible inputs x. For this reason we sometimes refer to a table 
of this type as a partial numerical representation as opposed to a complete numerical 
representation, which would include all elements from the domain of a function. 
For example, many valid inputs do not appear in TABLE 1.8, such as x = II or 
x = 0.75. 


Symbolic Representation (Formula) A formula gives a symbolic representation 
of a function. The computation performed by f is expressed by 


f(x) = = — Formula for f_| 


where y = f(x). We say that function f is represented by, defined by, or given by 


/(x) = §. For example, if the elapsed time is 6 seconds, we write (6) = 3 = 1.2 


miles, See TABLE 1.8, A formula is an efficient and complete, but less visual, way to 
define a function. 


Graphical Representation (Graph) A graphical representation, or graph, visually 
pairs an x-input with a y-output. In a graph of a function, the ordered pairs (x, y) 
are plotted in the xy-plane. The ordered pairs 


(1, 0.2), (2,0.4), (3, 0.6), (4, 0.8), (5, 1.0), (6, 1.2), and (7, 1.4) 


from TABLE 1.8 are plotted in FIGURE 1.40. This scatterplot suggests a line for the 
graph of f, as shown in FIGURE 1.41, 


Distance to Lightning Bolt A Graph of Function / 


Distance (miles) 
Distance (miles) 


Time (seconds) ‘Time (seconds) 
FIGURE 1.40 FIGURE 1.41 


From TABLE 1.8 f(5) = 1, so the point (5, 1) lies on the graph of f. Similarly, since 
(7, 1.4) lies on the graph of f, it follows that f(7) = 1.4. See FIGURE 1.41 where the 
red arrows illustrate that f(7) = 1.4 because the point (7, 1.4) lies on the graph of f. 


Hunetions, Points, and Graphs If f(«) = 4, then the point («, 4) lies on the graph 
of f. If the point (v, 4) lies on the graph of f, then f(«) = 6. Thus each point on 
the graph of f can be written in the form («, f(v)). See FIGURE 1.42. 


The next example shows how we often use symbolic and numerical representations 
(formulas and tables) to graph a function by hand. 
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iad Wighowe Graphing the absolute value function by hand 


Symbolic 
f(x) =x? +1 


To get the table, evaluate 
f(x) = x2 +1 for x equal 
to —2, —1, 0, 1, and 2, 


Numerical Graphical Verbal 


Graph f(x) = |x] by hand. 


SOLUTION 

Getting Started Unless you already know what the graph of a given function looks like, 
a good technique to use when graphing by hand is to first make a table of values. Then 
plot the points in the table and sketch a smooth curve (or line) between these points. » 


Start by selecting convenient x-values and then substitute them into f(x) = |x|, 
as shown in TABLE 1.9. For example, when x = —2, then f(—2) = |—2] = 2, so the 
point (— 2, 2) is located on the graph of y = f(x). 

Next, plot the points as shown in FIGURE 1.43. The points appear to be V-shaped, 
and the graph of f shown in FIGURE 1.44 results if all possible real number ordered 
pairs (x, |x|) are plotted. 


Make a Table Plot Points Sketch a Graph 


FIGURE 1.43 FIGURE 1.44 


| Now ‘Try Exercise 36 


‘The Expressions f and f() The italic letter f represents the name of a function, 
whereas the expression f(.) represents the function f evaluated for input x. That is, 
J (x) typically represents a formula for function f that can be used to evaluate f for 
various values of x. 


The following See the Concept illustrates four representations for a function, 


See the Concept: Four Representations of a Function 


f squares input x and 
then adds 1 to produce 
output y. 


Plot the points in the table, 
and sketch a smooth graph. 
RUheCREEAe: | 


EXAMPLE 2 


EXAMPLE 3 
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Formal Definition of a Function 


Because the idea of a function is a fundamental concept in mathematics, it is important 
that we define a function precisely. This definition should allow for all representations 
of a function, The commonality among representations is the concept of an ordered 
pair. A relation is a set of ordered pairs, and a function is a special type of relation. 


A function is a relation in which each element in the domain corresponds to exactly 
one element in the range. 


The set of ordered pairs for a function can be either finite or infinite. 


p= {(-3, 5) 6), (3, 2)} Finit 
n= {(1, 2), (24). G: 6), (4 8),aaa t 


A function given by g(x) = x?, where x can be any real number, is another infi- 
nite set of ordered pairs of the form (x, x’). Examples include (-3, 9), (4 16), 


and (b, A ‘ 


Finding the domain and range 


Let a function f be defined by f(-1!) = 4 f(0) = 3, f(l) = 4, and f(2) = 72. 
Write f as a set of ordered pairs, Give the domain and range. 


SOLUTION 
Because f(—!) = 4, the ordered pair (~!, 4) is in the set. It follows that 


5= {(-1, 4); (0, 3), (, 4), (2, -2)}. 


The domain D of f is the set of x-values, and the range R of f is the set of y-values. 
Thus 


p= {-1,0,1,2} and R= {-2,3, 4}. 


Now Try Exercise 43 


Computing revenue of technology companies 


The function f computes the revenue in dollars per unique user for different technology 
companies. This function is defined by f(A) = 189, fG@) = 24 f (Y) = 8 f(F) = 4, 
where A is Amazon, G is Google, Y is Yahoo, and F is Facebook. (Source: Business 
Insider.) 

(a) Write f asa set of ordered pairs. 

(b) Give the domain and range of f. 

(c) Interpret f(A) = 189. 


SOLUTION 


(a) f = {(A, 189), (G, 24), (¥, 8), (F 4)} 
(b) The domain D and range R of f are 


p={A,F,G,Y} and R= {4, 8, 24, 189}. 


(c) Amazon receives $189 in revenue per unique visitor. : P 
Now Try Exercise 135 


MAKIN 


Relations and Functions Every function is a relation, whereas not every relation is a 
function. A function has exactly one output for each valid input. 


G CONNECTIONS 
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Set-Builder and Interval Notation 
Set-Builder Notation In order to identify intervals on the real number line for 
domains and ranges, both set-builder and interval notation are used, (In the next sec- 


tion both are used to describe where a function is increasing or decreasing.) The fol- 
lowing describes set-builder notation, which uses inequalities in terms of a variable, 


Interval Notation To describe intervals, a number line graph is sometimes used, The 
set {x |x > 2}, which includes all real numbers greater than 2, is graphed in FIGURE 1.45, 
Note that a parenthesis at + = 2 indicates that the endpoint és not included, The set 


{x|-l<x< 4} is shown in FiguRE 1,46 and the set {x]-2 < y < 4} is shown in 
FIGURE 1.47, Note that brackets, either { or |, are used when endpoints are included, 


x>2 -1sxs4 =$< w< of 
“84 Gg ag 4 eg 9 4 6 SS -4 “3g 11 7 9 1 
FIGURE 1.45 FIGURE 1,46 FIGURE 1.47 


(MAKING CoNNE A convenient notation is called interval notation, Instead of drawing the entire 
Points “aaa ‘Inte vals. The] Dumber line, as in FIGURE 1.46, we can express this set of real numbers as [—1, 4]. 
expression (2, 5) has two pos- | Because the set included the endpoints 1 and 4, the interval is a closed interval and 
sible meanings, Itmay represent | brackets are used. A set that inchided all real numbers satisfying -} <v< -4 


the ordered pair (2, 5), which | \woutd be expressed as the open interyal (-2, -4), Parentheses indicate that the end- 
can be plotted asa point on the | points are not included in the set. An example of a half-open interval is [0, 4), which 


‘y-plane, or it May represent represents the set of real numbers Satisfying 0 < x < 4, See TABLE 1.10, 
the open interval 2 < ¥<5, 


To alleviate confusion, phrases 
like “the point (2, 5)” or “the 
interval (2, 5)” may be used. 


Interval Notation 


(—2, 2) 
open interval 
(-1, 3] 

half-open interval 


[-3, 2] 
closed interval 


(~3, 2) 
infinite interval 
(—@, 1] 
infinite interyal 
(~™, —2] U(1, @) 


infinite intervals 


—2orx 


—O <¥ <0 
(entire number line) 


xx | 


(~&, «) 
infinite interval 


(~~, 1)U(I, @) 


infinite intervals 


TABLE 1,10 


TABLE 1.10 provides some examples of interval notation. The symbol © refers to 
infinity; it does not represent a real number, The notation (1, #) means {x] x> I}, 
or simply x > {, Since this interval has no maximum x-value, © is used in the position 
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of the right endpoint. A similar interpretation holds for the symbol — », which repre- 
sents negative infinity. 


[ NOTE | An inequality in the form x < | orx > 3 indicates the set of real numbers 
that are either less than 1 or greater than 3. The union symbol U can be used to write 
this inequality in interval notation as(—%, 1)U (3, ©). 


Finding Domain, Range, and Function Values 


Implied Domain Unless stated otherwise, the domain of a function f is the set of all 
real numbers for which its symbolic representation (formula) is defined. The domain 
can be thought of as the set of all valid inputs that make sense in the expression for 
f(x). In this case the domain is sometimes referred to as the implied domain. 

When determining the domain of a function we must exclude values of x that 
result in division by 0. Division by 0 is always undefined. See function g below. Also, 
unless stated otherwise, we will exclude values of x that result in taking the square 
root of a negative number. See function h below. 


The Domains D of Three Functions 


1. f(x) = 2x 2. g(x) =+ 3. h(x) = Vx 
Dis all real numbers Dis all real numbers Dis all nonnegative 
because 2x is defined for except 0(x # 0). real numbers (x = 0). 


all real numbers x. —_ 


Evaluating a function and finding its domain 


Let f(x) = y27- 


(a) If possible, evaluate f(2), f(1), and f(a + 1). 
(b) Find the domain of f. Use set-builder notation. 


SOLUTION ‘ 
(a) To evaluate f (2), substitute 2 for x in the formula f(x) = ae 
7 


fo)=— =? 


z=} 


To evaluate f (1), let x be 1 in the formula. 


1 1 
1) =——=- Division by ( indefined 
si) =H 
which is undefined. Thus | is not in the domain of f. 
To evaluate f(a + 1), let.x be a + 1 in the formula. 


at+l 
a 


a t+ 


{Qt 1) a 


at 


(b) The formula f(x) = rai is undefined whenever x — 1 equals 0. Thus we 


exclude 1 from the domain (x # 1). In set-builder notation the domain is written 
{x|x 4 1}. 


Evaluating a function symbolically and graphically 


Let g(x) = x? — 2x. The graph of g is shown in FIGURE 1.48 on the next page. 
(a) Find the domain and range of g. Use interval notation. 

(b) Use g(x) to evaluate g(—1). 

(c) Use the graph of g to evaluate g(-1). 
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SOLUTION 
(a) The domain for g(x) = x? — 2x includes all real numbers because the formula 
is defined for all real number inputs x, or (—%, %), 

The minimum y-value on the graph is —1, The arrows on the graph point 
upward, so there is no maximum y-value, The range is all real numbers greater 
than or equal to -1, or [-1, %). 

(b) To evaluate g (—1), substitute —1 for x in g(x) =x? - 2y, 


a(-1) = (-1))=2(-1h 14253 


(©) Refer to FIGURE 1.49 in the following See the Concept where g(— |) 
FIGURE 1.48 Now' 


See the Concept: Evaluating g(—1) = 3 Graphically 


@® To evaluate g(—1), 
@ Move horizontally to 3 on y-axis. | begin by Wale ) i 


= —1 on the x-axis, 


® Next, move upward 
until the graph of g is 


© Move up to graph of g. 
: : reached, 


@ Finally, move to the 
right until the y-axis is 
reached, The y-value 
corresponding to an 
x-value of —1 is 3, 


@ Find -1 on x-axis, 
ee Thus g(~ 1) = 3, 


FIGURE 1,49 


Finding the domain and range graphically 


A graph of f(x) = Vx — 2 is shown in FIGURE 1,60, 
(a) Evaluate f(1). 
(b) Find the domain and range of f. Use both set-builder and interval notation, 


SOLUTION 
(a) Start by finding | on the x-axis. Move up and down on the grid, Note that we do 
not intersect the graph of f. See FIGURE 1.61, Thus f(1) is undefined, 


Given Graph F (1) Is Undefined Finding Domain and Range 


The red line does | 
~ not intersect the 


graph so f(1) is 
FIGURE 1.50 FIGURE 1.51 undefined. 


FIGURE 1,52 


(b) In FIGURE 1.50 the arrow on the graph of J indicates that both the x-values and 
the y-values increase without reaching a maximum value. In FIGURE 1.52 the 
domain and range of f have been labeled by an arrow on each axis, Note that 
points appear on the graph for all x greater than or equal to 2. Thus the domain 
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is D = {x|x = 2}, or in interval notation [2, ©). The minimum y-value on the 
graph of f is 0 and it occurs at the point (2, 0). There is no maximum y-value on 
the graph, so the range is R = {»|y = 0}, or in interval notation [0, ). 


Graphing Calculators and Functions 


Graphing calculators can be used to create graphs and tables of a function—usually 
more efficiently and reliably than pencil-and-paper techniques. However, a graph- 
ing calculator uses the same basic method that we might use to draw a graph. For 
example, one way to sketch a graph of y = x? is to first make a table of values, such 
as TABLE 1,11, 


Making a Table for y = x? 


TABLE 1.11 


We can plot these points in the xy-plane, as shown in FIGURE 1.53. Next we 
might connect the points with a smooth curve, as shown in FIGURE 1.54. A graphing 
calculator typically plots numerous points and connects them to make a graph. In 
FIGURE 1.55, a graphing calculator has been used to graph y = x?. 


Tables, Graphs, and Windows 
In TABLE 1.11, the x-values 
vary from —3 to 3 and y-values 
vary from 0 to 9. When we 
pick a scale for the graph in 
FIGURE 1.54 or the calcula- 
tor window for FIGURE 1.55, 
it should include these x- and 
y-values without being too large. 
For example, —5 = x = Sand 
—1 sys 10 are reasonable 
possibilities, but there are many 
choices. 


Plotting Points Sketching a Graph _A Calculator Graph 


{-5, 5,1] by [-1, 10, 1] 


FIGURE 1.53 FIGURE 1.54 FIGURE 1.55 


An Application In the next example we use a graphing calculator to verbally, sym- 
bolically, graphically and numerically represent a linear function that computes the 
decrease in air temperature as altitude increases. 


EXAMPLE 7 Representing a function 


When the relative humidity is less than 100%, air cools at a rate of 3.6°F for every 
1000-foot increase in altitude. Give verbal, symbolic, graphical, and numerical rep- 
resentations of a function f that computes this change in temperature for an increase 
in altitude of x thousand feet. Let the domain of f be 0 = x = 6. (Source: L. Battan, 
Weather in Your Life.) 


SOLUTION 


Verbal Multiply the input x by —3.6 to obtain the change y in temperature. 
Symbolic Let f(x) = —3.6x. 
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Graphical Since f(x) = —3.6x, enter », = —3.6x, as shown in FIGURE 1.56. Graph 
y, in a viewing rectangle such as [0, 6, 1 ] by[—25, 10, 5], used in FIGURE 1.57. 


Graphing with a Calculator 
[0, 6, 1] by [-25, 10, 5] 
Plot! Plot2 Plot3 
6X 


FIGURE 1,56 FIGURE 1.57 


Numerical It is impossible to list all inputs x, since 0 < x S 6. However, FIGURES 1.58 
and 1.59 show how to create a table for y) = —3.6x with x = 0, I, 2, 3, 4, 5, 6. Other 
values for x in the domain of f are possible. 


Making a Table of Values 


TABLE SETUP 
TblStart=0 
iadpne: ag Ask 
ndpnt: PXiyw As 


Depend: [NWive) Ask 


Y1E173.6X 
FIGURE 1.58 FIGURE 1,59 


| Now Try Exercise 141 | 
The four representations in Example 7 all represent the same function f. 


Identifying Functions 


A function is a special type of relation where each valid input (v-value) produces 
exactly one output (y-value). We can use this concept to identify functions. 


| EXAMPLE 8 | Determining if a set of ordered pairs is a function 


Determine if each set of ordered pairs represents a function. 
(a) A = {(-2,3), (-1, 2), (0, -3), (-2, 4) } 
(b) B= {(1,4), (2,5), (-3, 4), (1,7), (0, 4)} 


SOLUTION 

(a) Set A does not represent a function because input —2 results in two outputs: 3 
and 4, 

(b) Inputs | and 0 have the same output 4. However, set B represents a function 
because each input (x-value) results in one output (y-value). 


| Now Try Exercises 105 and 107 ] 


Using Domain (Inputs) and Range (Outputs) to Determine a Function The 
following operations can be carried out by functions because they result in one output 
for each valid input. 


* Calculating the square of a number x 
* Finding the sale price when an item with regular price x is discounted 25% 
¢ Naming the biological mother of person x 


Not all computations can be done by functions. Suppose that we were given an 
eye color as an input and asked to output the name of each person in the class having 


Points on a Vertical Line 
Have the Same x-Values 


FIGURE 1.60 


Not a Function 


FIGURE 1.61 
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this eye color. Typically we would not be computing a function. If, for example, sev- 
eral people in the class had brown eyes, there would not be a unique output (name) 
for each input (eye color). 

Some tables do not represent a function. For example, TABLE 1.12 represents a 
relation but nol a function. 


A Relation That Is Not a Function 
[at ]4| 
fo [2] 2 | 


oe 
TABLE 1.12 


Input | produces two 
outputs, 3 and 12, 


Vertical Line Test To conclude that a graph represents @ function, we must be 
convinced that it is impossible for two distinct points with the same x-coordinate 
to lie on the graph. For example, the ordered pairs (4, 2) and (4, ~ 2) are distinct 
points with the same x-coordinate. These two points could not lie on the graph of 
the same function because input 4 would result in two outputs: 2 and —2, When 
the points (4, 2) and (4, —2) are plotted, they lie on the same vertical line, as 
shown in FIGURE 1.60. A graph passing through these points intersects the vertical 
line twice, as illustrated in FIGURE 1.61. Therefore the graph in FIGURE 1.61 does nol 
represent a function. 

To determine if a graph represents a function, simply visualize vertical lines in 
the xy-plane. If every vertical line intersects a graph at no more than one point, then 


it isa graph ofa function. This procedure is called the vertical line test for a function. 


If every vertical line intersects a graph at no mo’ 
represents a function. 


re than one point, then the graph | 


| 


[NOTE } Ifa vertical line intersects a graph more than once, then the graph does not 
represent a function. 


Identifying a function graphically 


Use the vertical line test to determine if the graphs in FIGURES 1.62 and 1.63 represent 
a function. 


FIGURE 1.62 FIGURE 1.63 


SOLUTION 

(a) Note in FIGURE 1.62 that every vertical line that could be visualized would inter- 
sect the graph at most once. Therefore the graph represents a function. 

(b) The graph in FIGURE 1,63 does not represent a function because it is possible for 
a vertical line to intersect the graph more than once. 
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Functions Represented by Diagrams and Equations 


Diagrammatic Representation (Diagram) Functions are sometimes represented 


using diagrammatic representations, or diagrams, FIGURE 1.64 is a di 
tion with domain D = {5, 10, 15, 20} and range R = {1, 2, 3} 
to show that input x produces output y. For example, in FIGURE 1. 
from 5 to {, so S(5) = | and the point (5, {) lies on the gr 


shows a relation, but nota function, 


Function Not a Function 


agram of a func- 


- An arrow is used 


64 an arrow points 


aph of f. FIGURE 1,65 


D R D R 
Input 2 has two 
Outputs: 5 and 6, 


FIGURE 1.64 FIGURE 1.65 


{ MAKING CONNECTIONS 


Functions as Mappings Functions are sometimes referred to 
the domain and the range. If f(5) = 1, then we say that th 
image of 5 and that the domain value 5 is the preimage of |, 


as mappings between 
¢ range value | is the 


Functions Defined by Equations Equations can sometimes defi 
example, the equation y + Y = | defines a function J given by f( 


y= 1— yx, In Figure 166 the graph passes the vertical line test 


of the equation x? + y? = 4 jg a circle with center (0, 0) 
circle does not pass the vertical line test, this equation does 
See FIGURE 1,67, 


Function Not a Function 
y 


Passes the vertical | 
line test | 


FIGURE 1.66 FIGURE 1.67 


ne functions, For 


¥) = 1 = x, where 


t y determined by 
owever, the graph 


and radius 2. Because a 
not represent a function, 


Fails the vertical line 
test; two intersection 
points, 
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He Wisnowliy Identifying a function 


( Determine if y is a function of x. 
(a) x= y? 
) y=? -2 
SOLUTION 


(a) For y to be a function of x in the equation x = y’, each valid x-value must result 
in one y-value, If we let x = 4, then y could be either — 2 or 2 since 


= (-2)? and 4= (2), 


Therefore y is not a function of x. A graph of x = y? is shown in FIGURE 1.68, 
Note that this graph fails the vertical line test. 

(b) In the equation y = x? — 2 each x-value determines exactly one y-value, and so 
y isa function of x. A graph of this equation is shown in FIGURE 1.69. This graph 
passes the vertical line test. 


Not a Function Function 
y 


Passes the vertical line test | 


FIGURE 1.68 FIGURE 1.69 


Now Try Exercises 111 and 117 


| CONCEPT 
| Function A function is a relation in which each valid input | f = {(1, 3), (2,6), (3,9), (4 9)} 


results in one output. The domain of a function is 
| the set of valid inputs (x-values), and the range is 
the set of resulting outputs (y-values). 


The domain is D = {1, 2,3, 4}, and the 
range is R = {3,6,9} 
Interval notation | An efficient notation for writing inequalities x < 6 is equivalent to (—%, 6]. 
x > 3 is equivalent to (3, @). 
2 < x < 5 is equivalent to (2, 5]. 
Implied domain When a function is represented by a formula, its A 
domain, unless otherwise stated, is the set of all f(x) = x+4 


valid inputs (x-values) that are defined or make : 
sense in the formula, Domain of f:{x]x 4 —4} 


continued on next page 


44 CHAPTER 1 Introduction to Functions and Graphs 


Identifying graphs | Vertical Line Test: If every vertical line intersects Not a function 
; . ‘ y 
of functions a graph at no more than one point, then the Thie vertical line intersects 
graph represents a function. (Otherwise the graph the graph twice 
does not represent a function.) . . 


Verbal Words describe precisely what is computed. A verbal representation of f(x) = x? is 
representation “Square the input x to obtain the output.” 
of a function 


Symbolic Mathematical formula The squaring function is given by 
representation f(x) = x°, and the square root function 


of a function is given by g(x) = Vx. 


Numerical Table of values A partial numerical representation of 
representation f(x) = 3y is shown. 
of a function 


Graphical Graph of ordered pairs (.x, y) that satisfy 
representation y= f(x) 
of a function 


1.3 | Exercises 


Interval Notation 
Exercises 1-22: Express the following in interval notation. 12, <td 
lv es 2 x < 100 Se en 
13, <—4+_+_1+_1_1_> 

34s x< 19 4, -4<x%<-1 3 2 + 0 fF 2 3 

; 14, <1—_1___1___1__1, 
5, {x|-1 <x} 6. {x|x = -3} 2 = 0 1 2 
1. {x|x < lory= 3} 8 {x]x s —20rx = 0} 15. {x]x 2) 16. {x]x * -1} 
9 17. {x|x 4 —6) 18. {x|x 4 9} 
0 a ot ae Re a 19. {x|x A -3,x #3) 20. {x]x 44x 4 5} 

m <4 
6 -4 -2 0 2 4 6 2. {xlv 41x #6) 22 {x]x ¥ —5,x # 7} 


Evaluating and Representing Functions 

23. If f(-2) = 3 identify a point on the graph of f. 
24. If f(3) = -9-7 identify a point on the graph of f. 
25, If (7, 8) lies on the graph of f, then oe 
26, If (—3, 2) lies on the graph of f, then (hare 


Exercises 27-42: Graph y = f(x) by hand by first plotting 
points to determine the shape of the graph. 
an. f(x) =3 28. f(x) = -2 


29, f(x) = 2x 30. f(x) =x +1 


31. f(x) =4-% 32. f(x) = 3 + 2x 
33, f(x) = 4x 7 2 34, f(x) = 27 2x 
35, f(x) = |x 7 1| 36. f(x) = \0.5x| 
37. f(x) = 3x1 38. f(x) = 12x - 1 
39. f(x) = 3%" 40. f(x) = 22° 

a. f(x) = - 2 42. f(x)=rrt 


Exercises 43-48: A function g is defined. 


(a) Write g asa set of ordered pairs. 
(b) Give the domain and range of & 


43. g(-1) = 0.8(2) = -2,g(5) =7 

44. g(-2) = 5,803) = 9,g(4) = —4 

45. g(1) = 8.8 (2) = 8,g(3) = 8 

46. g(-5) = 0.8(9) = —5,g(5) =0 

47, g(-1) = 2.8(0) = 480) = -3,g(2) =2 
48. g(-4) = 5.8(9) = 5, g(4) = 5,8(8) = 0 


Exercises 49-64: Complete the following. 


(a) Find f (x) for the indicated values of X, if possible. 
(b) Find the domain of f. Use words or inequalities to describe 
the domain. 


49. f(x) = x* for x = —2s 5 

50. f(x) = 2x71 for x = 8,-1 

51, f(x) = 9° — 3x for x = 3,2 

52, f(x) =5 +x 7 2x? for x = —1,5 
53. f(x) = |2 7 3x| for x = —1,4 
54, f(x) = [Sx - 3| for x = —3,0 
55, f(x) = V—2x for x = 35 
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56. f(x) = 2 — x for x = —2,2 
57. f(x) = Veforx= Lat) 
58. f(x) = T-xforx=—2,4+2 


59. f(x) = 6 — 3x for x = -latl 
60. f(x) = —7 forx=6,a-1 


62. f(x) =x? -¥ + 1 for x = 1,-2 
63, f(x) = 5 for x = 4,-7 


1 
x-9 


64. f(x) = 


forx = 4,a + 9 


Exercises 65-70: ( Refer to Example 5.) Use the graph to 
complete the following. 

(a) Estimate the domain and range of g. Use interval notation. 
(b) Use the formula to evaluate g(—1) and g(2). 

(c) Use the graph of g to evaluate g(—1) and g(2). 

65. ’ 
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Exercises 71-76: Use the graph of the Junction f to estimate Exercises 83-90: Use L(x) t0 determine verbal, graphical, 


its domain and range, Use interval notation, Evaluate f(0). and numerical representations, For the numerical representa- 
71, y i j tion use a table with x = ~2,-1,0, 1, 2. Evaluate J(2), 
83. f(x) = 2 84, f(x) = 2-5 
85. f(x) = Jax + 1] 86. f(x) = 8 
87. f(x) =5-—y 88. f(x) = |x| 


89%. f(x) = Ve +1 90. f(x) = y? = | 


91. Cost of Driving In 2016 the average cost of driving 
a new small sedan was about 50 cents per mile, Give 
symbolic, graphical, and Numerical representations of 
the cost in dollars of driving ¥ miles, For the numeri- 
cal representation use a table with y = 1, 2, 3, 4, 5,6, 
(Source; Associated Press.) 


92. Counterfeit Money It is estimated that nine out of 
every one million bills are counterfeit. Give a numeri- 
cal representation (table) of the predicted number of 
counterfeit bills in a sample of x million bills where 
¥= 0,1 Bea, 6. (Source; Department of the Treasury.) 


Identifying Functions 


Exercises 93-98: Does the &raph represent q Sunetion? If 
50, determine the Jiunction’s domain and range, Use inter 
val notation, 


Exercises 77 and 78: Diagrams Complete the Sollowing. 


(a) Evaluate f (2), 
(b) Write f as aset of ordered pairs, 


(c) Find the domain and range of f. 


71, 78, 
(“) a (") &) mi J 


fi Exercises 79-82; Graph y = f (x) in the viewing rectangle 
[-4.7, 4.7, 1] by [-3.1, 3.1, 1]. inl 
(a) Use the &raph to evaluate f(2). 
(b) Evaluate f(2) symbolically, 
(c) Let x = —3, -2, -1, 0, 1, 2, 3 and make a table of 
values for f(x), 
79. f(x) = 0.25y2 


80. f(x) = 3 - 1,5,2 
81. f(x) = Vx +2 


82. f(x) = |1.6x — 2| 


[yy 


Ll 


Exercises 99-102: Complete the following. 
ts (a) Determine if the following can be calculated with a function. 
re a (b) Explain your answer. 
99, Input is a real number x; output is its real cube root. 


100. Input is a Social Security number x; output is the 


age of the person with Social Security number x. 


101, Input x is a score on a math exam; output is the ID 


numbers for all students having score x. 


102. Input is a Social Security number x; output is the 
full names of the children of the person with Social 


Security number x. 


103, 


Identification Numbers A relation takes a stu- 
dent’s identification number at your college as input 
and outputs the student’s name. Does this relation 
compute a function? Explain. 


104, Heights A relation takes a height rounded to the 


nearest inch as input and outputs the name of a 
student with that height. Does this relation typically 
compute a function? Explain. 


Exercises 105-110: Determine if S is a function. 
105. S = {(1,2), (2,3), (4,5), (1,3) } 


106. S = {(-3,7), (-1,7), (3,9), (6,7), (10, 0) } 
107. S = {(a,2), (b,3), (6 3), (43), (e2) } 
108. S = {(a,2), (4,3), (6,5), (—b,7)} 

109, S is given by the table. 


x] 1 [3] 1 


y | 105 | 2 | -0.5 


110. Sis given by the table. 


[x [1] 2[3| 
Lyf i fifo 


Exercises 111-118; Determine if y is a function of x. 
lil. x = 4 112, y=xt1 


113, Vx t+l=y 
115. x? + y? = 70 


114, x? =y-7 
116. (x-1)? +y? =1 
W72x+y=2 118. y = |x| 


a7 Exercises 119-124; Formulas Write a symbolic represen- 
tation (formula) for a function g that calculates the given 
quantity. Then evaluate g(10) and interpret the result. 


119. The number of inches in x feet 


120. The number of quarts in x gallons 


121, The number of dollars in x quarters 
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122, The number of quarters in x dollars 
123. The number of seconds in x days 
124, The number of feet in x miles 


Checking Symbolic Skills 


Exercises 125-130; Evaluate the expression for the given 
Junction f. 


125, f(a + 2) for f(x) = 3 — 4x? 

126. f(a — 3) for f(x) = x? + 2x 

127. f(a +h) for f(x) =x? —x +5 
128. f(a — h) for f(x) = 1— 4x — x? 
129. f(a +h) — f(a) for f(x) = 2x? + 3 
130. f(a +h) — f(a) for f(x) =x — x? 


Interpreting Domain and Range in Context 


* 131, Height of a Golf Ball A golf ball is hit and its verti- 
cal height / in feet above the ground after ¢ seconds 
is given by h(1) = 641 — 1677. 
(a) What is the initial height of the golf ball? 


(b) 
(c 


t 
m1 
t 


What is the height of the golf ball after 4 seconds? 


LY 


If the golf ball spends the same amount of time 
going upas coming down, after how many sec- 
onds does the golf ball reach its maximum height? 
What is the maximum height of the golf ball? 

(d) Give a reasonable domain D for function / and 
explain what it represents. 

(e) Give a reasonable range R for function h and 
explain what it represents. 

“ 

oi) 132. Highest Elevations The following table represents a 
complete representation of a function E that gives the 
highest elevation located in each of the seven continents. 


Continent Elevation (feet) 
Asia 29,028 
S. America 22,834 
N. America 20,320 
Africa 19,340 
Europe 18,510 
Antarctica 16,066 
Australia 7,310 


Source: National Geographic. 
(a) Determine the domain D of function E and 
explain what it represents. 
(b) Determine the range R of function Z and explain 
what it represents. 


continued on next page 
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(c) Suppose two continents had the same highest 
elevations. How many time would you list this 
elevation in range R? 


Water in a Swimming Pool The line graph repre- 
sents the gallons of water W in a small swimming 
pool after x hours. 

(a) Evaluate (4) and interpret your result. 


(b) Determine the domain D of function W and 
explain what it represents, 


(c) Determine the range R of function Wand explain 
what it represents. 


Water (gallons) 


Time (hours) 
Distance Between Bicyclists The graph shows the 
distance in miles M between two bicyclists traveling 
along a straight road after x hours, 
(a) Evaluate M(5) and interpret your result. When 
x = 5 are the bicyclists moving toward each 
other or away from each other, 


(b) Determine the domain D of function M and 
explain what it represents. 


(c) Determine the range R of function M and explain 
what it represents, 


Distance (miles) 


Time (hours) 


Applications 


135. 


DVD Video Rentals (Refer to Example 3.) The 
function V computes the percent share of dise DVD 
rentals accounted for by various companies. This 
function is defined by V(R) = 37, V(N) = 30, 
and V(S) = 17, where R is Redbox, N is Netflix, 
and S is rental stores, (Source: Business Insider.) 

(a) Write V as a set of ordered pairs, 


(b) Give the domain and range of V. 


136. 


& 137, 


#138, 


139, 


{ 140. 


141, 


142, 


Food Insecurity Function P computes the percent- 
age of U.S. households that were food insecure 
during a selected year, Function P is defined by 
P(2007) = 11.1, P(2008) = 14.6, P(2009) = 14,7, 
P(2010) = 14.5 and P(2015) = 14.3. (Source: U.S. 
Census Bureau.) 7 
(a) Write Pasa set of ordered pairs, 


(b) Give the domain and range of P. 


Electronic Waste As technology advances there are 
more and more obsolete electronic devices that need to 
be disposed of. The function f(.) = 40x estimates the 
millions of tons of electronic waste that will accumulate 
worldwide after x years. Evaluate f(5) and interpret 
the result. (Source; Environmental Protection Agency.) 


Portion Size If the average American always ordered 
the larger portion while eating out, then W(x) = 8x 
would estimate the resulting weight gain in pounds 
after x years. Evaluate W(3) and interpret the result. 
(Source: U.S, Food and Drug Administration.) 


Going Green The average person uses 2200 paper 
napkins in one year, Write the formula for a func- 
tion N that calculates the number of paper napkins 
that the average person uses in x years. Evaluate 
N(3) and interpret your result. 


Going Green The average top-loading washing 
machine uses about 40 gallons of water per load of 
clothes, Write the formula for a function W that 
calculates the number of gallons of water used while 
washing x loads of clothes. Evaluate W (30) and 
interpret your result. 


Air Temperature When the relative humidity is 
100%, air cools 5,8°F for every 1-mile increase in alti- 
tude. Give verbal, symbolic, graphical, and numeri- 
cal representations of a function f that computes this 
change in temperature for an increase in altitude of 
miles for 0 S x S 3, (Source: L. Battan.) 


Crutch Length Each year 15 million people have 
foot and ankle problems. Many times they need 
crutches, The formula f(x) = 0.72x + 2 calculates 
the appropriate crutch length in inches for a per- 
son with a height of x inches. (Source: Journal of the 
American Physical Therapy Association.) 


(a) Find the crutch length for a person 6 feet 3 
inches tall. 


(b) For each 1-inch increase in height, by how much 
does the recommended crutch length increase? 


Writing about Mathematics 


143. 


144, 


Explain how you could use a complete numerical 
representation (table) for a function to determine its 
domain and range. 


Explain in your own words what a function is. How 
is a function different from a relation? 


Identify linear functions 


Interpret slope as a rate of 
change 


Identify nonlinear 
functions 


Identify where a function 
is increasing or decreasing 


Use and interpret average 
rate of change 


Calculate the difference 
quotient 


A Linear Model 


Distance (miles) 


Time (hours) 
FIGURE 1,71 
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and Their Ré 


Introduction 


Functions are used to describe, or model, everything from weather to new product 
“specs,” global warming, and U.S. population. New functions are created each day 
in the dynamic field of mathematics. Finding new functions, such as one that calcu- 
lates memory requirements for an iPod (Example 3), requires creativity. This section 
discusses two basic types of functions: /inear and nonlinear. We also discuss constant 
functions, which are a special type of linear function. 


Linear Functions 


A car is initially located 30 miles north of the Texas border and is traveling north 
on Interstate 35 at 60 miles per hour. The distances between the automobile and the 
border are listed in TABLE 1.13 for various times. A scatterplot of the data is shown in 
FIGURE 1.70. It suggests that a line that rises from left to right might model these data. 


Distance from Texas Border 


Elapsed time (hours) 
Distance (miles) 


Increases by 60 miles 
each hour 


150 | 210 | 270 | 330 
ry 


TABLE 1.13 L a = 


If the x-value of a 
data point increases 
by 1 hour, its y-value 
increases by 60 miles. 


| 


Distance (miles) 
8 


~ Initially 30 miles 
from border 


a wet 


Time (hours) 
FIGURE 1.70 


If the car travels for x hours, the distance traveled can be found by multiplying 60) 
times x and adding the initial distance of 30 miles. This computation can be expressed as 
f(x) = 60x + 30. For example, f(1.5) = 60(1.5) + 30 = 120 means that the car is 
120 miles from the border after 1.5 hours. The formula is valid for nonnegative x. The graph 
of f(x) = 60x + 30 isa /ine (ray), shown in FIGURE 1.71. We call f a linear function. 


A function f represented by f(x) = mx + b, where m and b are constants, is a 
linear function, 


Recognizing Linear Functions In the above example of the moving car, 
f(x) = 00x + 30, so m = 60 and b = 30. The value of m represents the speed of 
the car, and b is the initial distance of the car from the border. 
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A distinguishing feature of a linear function f is that each time x increases by one 
unit, the value of f(x) always changes by an amount equal to . 


A linear function has a constant rate of change. 


The constant rate of change m is equal to the slope of the graph of f. The follow- 
ing applications are modeled by linear functions, Try to determine the value of the 
constant mm in each case. 


+ The wages earned by an individual working x hours at $9.25 per hour 
* The amount of tuition and fees due when registering for x credits if each credit 
costs $350 and the fees are fixed at $560 


Constant Functions If m = 0, then a linear function can be written as f(x) = bd. 
In this case, f is a constant function and the rate of change is always 0. That is, the 
output never changes, regardless of the input. 


TANT FUNC 
Se See 


A function f represented. by f(x) = b, where d is a constant (fixed number), is a | 
constant function. | 


For example, if f(.) = 2, then every input x always results in an output of 2, 
Thus every point on the graph of f has a y-coordinate of 2 and its graph is a horizontal 
line, See TABLE 1.14 and FIGURE 1.72. 


A Constant Function 


For every input x, the | 
output y is always 2. The graph is a 
T 1 horizontal line. 


Anus 


TABLE 1,14 FIGURE 1.72 


Slope as a Rate of Change 


Experiencing Slope When people walk up a stairway, they are experiencing 
slope. Each step consists of a horizontal runner and a vertical riser, The stairway in 
FIGURE 1.73(a) has 12-inch runners and 6-inch risers. Thus, the slope of this step is ee 
or 5. Steeper stairways have greater slope. Most stairways have a constant (nonzero) 
slope, and thus, we can sketch a line though the steps, as shown in FIGURE 1.73(b). 


Stairway Slope 


_ Rise _ 6 
~ Run” 72 oZ 


Slo, 


(a) (b) 


FIGURE 1.73 
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Defining and Calculating Slope The graph of a linear function is a line. The slope 
mis a real number that measures the “tilt” of a line in the xy-plane. If the input x to 
a linear function increases by | unit, then the output y changes by a constant amount 
that is equal to the slope of its graph. In FIGURE 1.74 a line passes through the points 
(xy, 9) and (x2 yy). The change in y is 2 — Ji» and the change inxis x2 — Xr 
The ratio of the change in y to the change in x is called the slope. We sometimes 
denote the change in y by Ay (delta y) and the change in x by Ax (delta x). That is, 
Ay = yo 7 M1 and Ax = 2 — *1- 


Finding Slope Given Two Points 


Slope formula | 


Ay _d27)1 
Ax” %2-™1 
we Change in y i 


Ay=y2-VA 


(Xa) Y2) 


Change inx | 


FIGURE 1.74 


The following is a definition of slope. 


The slope m of the line passing through the points (x4, yy) and (2, yp) is 


A lb = y. 
m= SY ya where x; 7 ¥2. 
Ax 27M 


FIGURES 1.75-1.78 summarize some basic concepts about slope. 


Positive Slope Negative Slope Zero Slope Undefined Slope 
(Rises from left to right) (Falls from left to tight) (Horizontal line) (Vertical line) 
» y 
ee m is undefine d 
3\-HI4 
ZS ab “ 
x x 
= L —U1\— _ = 
Ke Falls } unit for each ts} 
a Ra re — unit increase in x AEE eee 
FIGURE 1.76 FIGURE 1.77 FIGURE 1.78 


Calculating the slope of a line given two points 


Find the slope of the line passing through the points (-2,3) and (1, -2). Plot these 
points together with the line, Explain what the slope indicates about the line. 
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SOLUTION 
Let (14,1) = ( 2,3) and (x9, )) = (1, -2). The slope is 


nS Ja—Ni_  =2 3 35 
vy “ i ( 2) R 
A line passing through these two points is shown in FIGURE 1.79. The change in y is 
mane Ay soc 4 
Ay 5 and the change in x is \ \ 3,80 m = x = -$ indicates that the line 


falls 3 units for each unit increase in x, or equivalently, the line falls 5 units for each 
3-unit increase in x, 
FIGURE 1.79 | Now Try Exercise 5 | 


Linear Functions and Slope The graph of f(x) = myx + bisaline that has slope m, 
We can verify this as follows. Since f(0) = b and f(1) =m + b, the graph of f 
basses through the points (0,4) and (1, 4 ). The slope of this line is 


De eee _nmthb bh m 
Vy ‘) I 0 I 


Interpreting Slope In applications involving linear functions, slope sometimes is 
interpreted as a (constant) rate of change as in the next two examples, 


Interpreting slope and going green 


The function given by P(x) = 19.4y calculates the pounds of CO) (carbon dioxide) 
released into the atmosphere by a car burning x gallons of gasoline, 

(a) Calculate P(S) and interpret the result, 

(b) Find the slope of the graph of P, Interpret this slope as a rate of change. 


SOLUTION 

(a) P(S) = 19.4(5) = 97, so burning 5 gallons of gasoline releases 97 pounds of CO,, 

(b) The slope of the graph of P is 19.4, This means that 19.4 pounds of CO) are 
released for every gallon of gasoline burned by a car, 


| Now ‘Try Bx irciko 27 | 


Interpreting slope and iPod memory 


FIGURE 1,80 shows the (approximate) number of songs that can be stored on x gigabytes 
of iPod Touch memory. (Source: Apple Corporation.) 

(a) Why is it reasonable for the graph to pass through the origin? 

(b) Find the slope of the line segment. 

(c) Interpret the slope as a rate of change. 


iPod Touch Memory 


0 20 40 60 80 
iPod Memory (gigabytes) 
FIGURE 1.80 


Linear Function 
with m = 3 and b = 3 


x-intercept: 
Zero: =2 | 


FIGURE 1.81 
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SOLUTION 
(a) Because 0 songs require no memory, the graph passes through the point (0, 0). 
(b) The graph passes through the points (0,0) and (80, 20,000). The slope of the 
line is 
20,000 — 0 e 
m= ——— = 250. 
80 - 0 
(c) An iPod holds 250) songs per gigabyte. The number of songs that can be stored 
on an iPod Touch can be found by multiplying this rate of change by the number 
of gigabytes on an iPod Touch. For example a 25 MB iPod Touch can hold 
250 X 25 = 6250 songs. 


| Now ‘Tr; 


Units for Rates of Change The units for a rate of change can be found from a 
graph by placing the units from the vertical axis over the units from the horizontal 
axis, For example, in FIGURE 1.80 the units on the y-axis are songs and the units on 
the x-axis are gigabytes. Thus the units for the slope, or rate of change, are songs 
per gigabyte, 


Representations of Linear Functions Any linear function can be written 
as f(x) = mx + b, where m equals the slope of the graph of f. Also, because 
f(0) = m(0) + b = 4, the point (0, 4) lies on the graph of f and is called the 
y-intercept. The value of b is the y-coordinate of the y-intercept. A function can have 
‘at most one y-intercept because f(0) can have at most one value. 

Consider the graph of the linear function f shown in FIGURE 1.81. The graph is a 
line that intersects each axis once. From the graph we can see that when y increases 
by 3 units, x increases by 2 units. Thus the change in y is Ay = 3, the change in x is 


Ay = 2,and the slope is — = 3, The graph f intersects the y-axis at the point (0, 3), 
which is the y-intercept. 
We can write the formula for f as follows. 


Example of a Linear Function 


Hed 538 +3 
slope: 3 | 


y-intercept: (0,3) | 


The graph of f in FIGURE 1.81 intersects the x-axis at the point (— 2, ()). We say 
that the x-intercept on the graph of f is (— 2, )). When we evaluate f(—2), we obtain 


j(-2) = 2 (-2) +30. eamoatt| 


An x-coordinate of an x-intercept corresponds to an input that results in an output 
of 0. We also say that —2 is a zero of the function f, since f(-2) =0. 


rs ae 
ZERO OF A FUNCTION 

Let f be any function. Then any number ¢ for which f(c) = 0 is called a zero of | 
the function f. 


A linear function has exactly one zero, provided the slope of its graph is not 
equal to 0, In FIGURE 1.81, (— 2, 0)is an x-intercept and — 2 isa zero. 
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Verbal 


Multiply input x 
by 3 and add 3 to 
get the output y, 


The following See the Concept shows four representations of a linear function. 


See the Concept: Four Representations of a Linear Function f 


Symbolic Numerical Graphical 
f(x) = 3x +3 
or 
fx) = 15x +3 


If x-values increase by 1, the 
y-values increase by 1.5, or 3, 


The following are characteristics of a /inear Sunetion: 


* Graph is a (straight) line. 

* Can be written as f(x) = mx + b. 

* Has a constant rate of change, which equals m. 
* Has exactly one zero, provided m # 0, 


od Widely Finding a formula from a graph 


Use the graph of the linear function f in FIGURE 1.82 to complete the following. 
(a) Find the slope, y-intercept, and x-intercept. 

(b) Write a formula for f. 

(c) Find any zeros of f, 


FIGURE 1.82 


SOLUTION 
(a) The line falls 1 unit each time the x-values increase by 4 units, Therefore the slope 
of the line is -4. The graph intersects the y-axis at the point (0, — 1) and inter- 


sects the x-axis at the point (—4, 0). Therefore the y-intercept is (0, — 1), and 
the x-intercept is (—4,0). 


(b) Because the slope is — i and the y-intercept is (0, — 1), it follows that 


f(x) = -px- 1. 


(©) Zeros of f correspond to x-intercepts, so the only zero is — 4, 


Now Try Exercise 43 


The time required to drive 100 
miles depends on the average 
speed x. Let f(x) compute this 
time, given x as input. For exam- 
ple, f(50) = 2, because it would 
take 2 hours to travel 100 miles 
at an average speed of 50 miles 
per hour. Find a formula for f. 
Is f linear or nonlinear? 
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The next example demonstrates how to graph a linear function, given its formula. 


Graphing a linear function by hand 
Graph the linear function f(x) = —2x + 3. Identify the slope and y-intercept. 


SOLUTION 

The graph of f is a line. The formula is in the form f(x) = mx + b, som = —2 and 
b = 3. The slope is —2 and the y-intercept is (0,3). To graph f(x) = —2x + 3, start 
by plotting the point (0, 3). Slope —2 implies that if we move | unit to the right on the 
x-axis, then the y-values decrease by 2 units. Thus the graph of f is a line passing through 
the two points (0,3) and (0 + 1,3 — 2), or (1, 1). See FIGURE 1.83. 


Graph of a Linear Funtion 


FIGURE 1.83 


ow try Exorcino 61 | 
Nonlinear Functions 


We have discussed linear and constant functions. Nonlinear functions are another type 
of function. 


Recognizing Nonlinear Functions Ifa function is not linear, then it is called a 
nonlinear function, 


The following are characteristics of a nonlinear function: 


Graph is not a (straight) line. 

* Does not have a constant rate of change. 
* Cannot be written as f(x) = mx + b. 
* Can have any number of zeros. 


One example of a nonlinear function is f(x) = x?. (In FIGURE 1.84 on the next 
page, its graph is no/ a line.) In TABLE 1.15 we see that f(x) does not increase by a 
constant amount for each unit increase in x. 


= x2 
The Function f(x) = x The increase in f(x) is 


x 0 1 2 3 4 not the same for each 
| 2 | unit increase in x, so 
f(x) | 9} 1] 4] 9 | 16 f(x) = x is nonlinear. 
TABLE 1.15 ee, ae Se: 


Rate of change is not constant. | 
Real-world phenomena often are modeled by using nonlinear functions. The fol- 
lowing are two examples of quantities that can be described by nonlinear functions. 


* The monthly average temperature in Chicago (Monthly average temperatures 
increase and decrease throughout the year.) 
* The height ofa child between the ages of 2 and 18 (A child grows faster at certain ages.) 
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Graphs of Nonlinear Functions There are many nonlinear functions, In FIGURES 
1.84-1.87 graphs and formulas are given for four common nonlinear functions, Note 
that each graph is not a line. See Appendix B for more examples of functions. 


Square Function Square Root Function Cube Function Absolute Value Function 


FIGURE 1,84 FIGURE 1.85 FIGURE 1.86 FIGURE 1.87 


Increasing and Decreasing Functions 


Historically, sales of rock music have not remained constant. In 1990, rock music 
accounted for 36% of all U.S. music sales. This percentage decreased to a low of 24% 
in 2001 and then increased to 34% in 2006, (Source: Recording Industry Association of 
America.) 

A linear function cannot be used to describe these data because the graph of a (non- 
constant) linear function either always rises or always falls, The concepts of increasing 
and decreasing are important to nonlinear functions, FIGURE 1.88 illustrates the concepts 
of an increasing and decreasing function f that models historical rock music sales. 


See the Concept: Rock Music's Share of All U.S. Sales (Percentage) 


@ Sales decreased. | 


@ Between 1990 and 2001 rock music sales 
decreased from 36% to 24% of all music 
sales. We say that function f decreases for 
1990 < x < 2001. 


© Between 2001 and 2006 rock music sales 
increased from 24% to 34% of all music 
@ Sales increased. | sales. We say that function f increases for 
| 2001 < x < 2006, 


1996 2004 
Year 


1988 


FIGURE 1.88 


(XG) The inequality a < x < b means that x > aandx < b, 


Intuitively, if a function is increasing on an interval, then larger inputs (x-values) 
produce larger outputs (y-values). Similarly, if a function is decreasing on an inter- 
val, then larger inputs (x-values) produce smaller outputs (v-values). The following 
example explains this further. 
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aia Recognizing increasing and decreasing graphs 


The graphs of three functions are shown in FIGURE 1.89. Determine intervals where 
each function is increasing or decreasing. Use interval notation. 


(a) 
FIGURE 1.89 


SOLUTION 

(a) Moving from left to right, (increasing x-values), the graph of f(x) = |x| is 
decreasing for x < 0 and increasing for x > 0. In interval notation, f is decreas- 
ing on (—%, 0) and increasing on (0, »). 

(b) Moving from left to right, the graph of f(x) = x3 is increasing for all real 
numbers x, or (—%, ®). Note that the y-values always increase as the x-values 
increase. 

(c) The graph of f(x) = Vx is increasing for x > 0, or f is increasing on (0, ). 


The following See the Concept illustrates increasing and decreasing functions. 


See the Concept: Increasing and Decreasing Functions 


f \s Increasing 


f Is Decreasing 


| | f Decreases and Increases 
| y 


fa) 


© fe) <1 


@ Moving from left to right, ... 
© the graph of fis uphill. 


O f(x) > f(x). | \ 


mmm fxn) Pt 


x 


x 


xy 


@ When x < Xa | 


@ Moving from left to right, ... 
® the graph of fis downhill. 


} | 9 1 


| ib 
| @Downhitt | -! 


@ Uphill 


L 


2 


x 


| 


@ Walking from left to right, the 
graph decreases ... 


@ and then increases. 
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FIGURE 1.90 


| EXAMPLE § | 


The concepts of increasing and decreasing are defined formally as follows, 


Suppose that a function f is defined over an open interval J on the number line, If | 
¥, and x9 are in J, 


(a) fincreases on J if, whenever M <2, f(x) < f(x); 
| (b) f decreases on / if, whenever M1 <2, f(x) > f(x). 


| NOTE } When stating where a function is increasing and where it is decreasing, it is impor- 
tant to give x-intervals and not y-intervals. These y-intervals do not include the endpoints, 


Determining where a function is increasing or decreasing 


Use the graph of f(x) = 4x — yt (shown in FIGURE 1,90) and interval notation to 
identify where f is increasing or decreasing, 


SOLUTION Moving from left to right on the graph of f, the y-values decrease until 
¥ = —2, increase until x = 2, and decrease thereafter. Thus f(x) = 4x — 4x3 is 
decreasing on (—o, 2), increasing on (—2, 2 ), and decreasing again on (2, ). 

| Now Try Exercise 71 | 


Determining where a function ig increasing ox decreasing 


FIGURE 1.91 shows the amount A of water ina small swimming pool after x hours, Use 
interval notation to identify where function A is increasing or decreasing, 


Water (gallons) 
we 
8 


46 8 0 1 14 
Time (hours) 


2 


FIGURE 1.91 


SOLUTION Moving from left to right (increasing X-values), the amount of water is 
increasing between 0 and 4 hours, constant between 4 and 8 hours, and decreasing 
between 8 and 12 hours. Thus function A is increasing on (0, 4), neither increasing 
nor decreasing on (4, 8), and decreasing on (8, 12). 


| Now Try Exercise 69 | 


Average Rate of Change 


The graphs of nonlinear functions are not lines, so there is no notion of a single slope. 
The slope of the graph of a linear function gives its constant rate of change. With a 
nonlinear function, we speak instead of an average rate of change. Suppose that the 
points (.°,, »,) and (>, ¥2) lie on the graph of a nonlinear function f. See FIGURE 1,92, 
The slope of the line 7, passing through these two points represents the average rate of 


Slope of L Is Average Rate of Change 


The average rate of change 
of f from x, to x» equals the 
_slope of the red secant line L._ 


FIGURE 1.92 


| EXAMPLE 9 
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change of f from *; to x), The line L is referred to as a secant line. If different values 
for x, and x, are selected, then a different secant line and a different average rate of 
change (slope) usually result. 


Distance Traveled by a Car 
y 


4 
> 20 (1,21) The average speed of the 
& car from 0.5 to 1 hour is 
€ 16 38 miles per hour. 
i 12 
zB 
A 


0 0.2 04 0.6 08 1.0 1.2 


Time (hours) 
FIGURE 1.93 


In applications the average rate of change measures how fast a quantity is chang- 
ing over an interval of its domain, on average. For example, suppose the graph of the 
function f in FIGURE 1.93 represents the distance y in miles that a car has traveled on a 
straight highway (under construction) after x hours, The points (0.5, 2) and (1, 21) 
lie on this graph, Thus after 0,5 hour the car has traveled 2 miles and after | hour the 
car has traveled 21 miles, The slope of the red line passing through these two points is 


= 38, 


x2 x 1-05 


This means that during the half hour from 00.5 to | hour the average rate of change, 
or average speed, is 38 miles per hour, This does not mean that the car traveled at 
38 miles per hour the entire time. 


NGE 


Let (x1,)1) and (x, 2) be distinct points on the graph of a function f. The | 
average rate of change of f from x; to x, is 


yo7 V1 


x27 xy 
That is, the average rate of change from x; to x2 equals the slope of the line passing 
through (x1, 1) and (x2, 2). 


f(x2) — f(x) 


(UST If » = f(x), then the average rate of change equals ~ = 
1 

Finding an average rate of change 

Let f(x) = 2x”, Find the average rate of change from x = | to x = 3. 

SOLUTION First calculate f(1) = 2(1)? = 2and f(3) = 2(3)? = 18. Theaverage 

rate of change equals the slope of the line passing through the points (1,2) and (3, 18). 


16 
2 


18 — 2 
a] 


= 8. 


Average rate of change = 


The average rate of change from x = | tox = 3 is 8. 
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If f is a constant function, its average rate of change is always 0. For a linear 
function defined by f(x) = mx + b, the average rate of change is always m, the 
slope of its graph. The average rate of change for a nonlinear function varies. 


/EXAMP Calculating and interpreting average rates of change 


U.S, Population (millions) TABLE 1.16 lists the U.S. population in millions for selected years. 


- : (a) Calculate the average rates of change in the U.S. population from 1800 to 1840 
and from 1900 to 1940. 


(b) Illustrate your results from part (a) graphically. Interpret the results. 
SOLUTION 
(a) In 1800 the population was 5 million, and in (84() it was (7 million. Therefore the 
1940 132 average rate of change in the population from 1800 to 1840 was 


TABLE 1,16 = 2 
A 79 03 Calculate the slope between 
1840 — 1800 : (1800, 5) and (1840, 17). 
In 1900 the population was 76 million, and in 1940 it was [32 million. Therefore 


the average rate of change in the population from 1900 to 1940 was 


132-76 _ Ld Calculate the slope between 
1940 — 1900 4, (1900, 76) and (1940, 132). 


(b) These average rates of change are illustrated graphically and interpreted in 
FIGURE 1.94, 


Interpreting Average Rate of Chance 


to 1940 the U.S. population increased, 


Slope of red line L, is 1.4, so from 1900 | 
on average, by 1.4 million per year | 


Population (millions) 


0.3 Slope of blue line L; is 0.3, so from 1800 
an a to 1840 the U.S. population increased, on 
1880 1960. * _ average, by 0.3 million (300,000) per year 


1800 


Year 
FIGURE 1.94 


| Now Try Exercise 97 | 


Identifying characteristics of a function from a graph 


The graph of a function f is shown in FIGURE 1.95. Complete each of the following. 

Use interval notation when appropriate. 

(a) Give the zeros of f. 

(b) Give any x- and y-intercepts on the graph of f. 

(c) Identify where f is negative or positive. 

(d) Identify where f is increasing or decreasing. 

(ce) Is the average rate of change of f from x = —4 to x = 1 positive, negative, or 
zero? 


SOLUTION 

(a) The zeros of f coincide with the x-values where the graph of f intersects the 
x-axis, Thus the zeros of f are —2 and 3. See FIGURE 1.96, 

(b) The x-intercepts are (—2, 0) and (3,0). The y-intercept is (0, 3). 


FIGURE 1,95 
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(©) The graph of f is below the x-axis (negative) on [-4, -2) and on (3, 4 dl 
; Because f(-2) = Oand f(3) = 0, the x-values of —2 and 3 are not included in 
( the intervals. The graph of f is above the x-axis (positive) on the interval (—2, 3 ). 
(a) Function f is increasing on the interval (—4, —1), and decreasing on the interval 

(1, 4). It is constant on (—1, 1D: 
(e) Ared line L drawn through the points ( —4, —2) and (1, 3) on the graph of f, 
has a positive slope. Thus the average rate of change is positive. See FIGURE 1.96. 


y-intercept | 


The slope of L is positive, so 
the average rate of change 
is positive from — 4 to |. 


FIGURE 1.96 


Now Try Exercise 111 


The Difference Quotient 


The difference quotient is often used in calculus to calculate rates of change and 
is explained in the following See the Concept. In FIGURE 1.97, the red secant line 
L passes through two points, (x, f(x)) and (x +h, f(x + h)), on the graph of 


( y = f(x). (In FIGURE 1.97, we assume that h > 0.) 
See the Concept: Understanding the Difference Quotient 
| 
y 


@ The slope of the red line L represents the 
average rate of change of f from x to x + h. 


fx +h) = f0) 
(x +h) -x 


(x + hy f(x + hy) 


@ f increases from The slope of L is and this 


f(x) to f(x +h). 


@ As x increases from 
(0) xtox th... 


x 


x xth 
FIGURE 1.97 


formula simplifies to the difference 
quotient of f. 


fQ) 


The following box gives a definition of the difference quotient. 


f(x +h) = f@) 


| h 


The difference quotient of a function f isan expression of the form —— 
where  # 0. 
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(GT The difference quotient gives a general formula for calculating the average 
rate of change of f from x tox +h. 


The expression f(x + /) in the difference quotient does not equal f(v) + f(A). 
See Exercises 115-120, For example, if (x) = x?, then 


f(2 + 3) = (2+ 3)? = % = 25 and 
f(2) + f(3) = 2 +3? = 13, 
Thus f(2 +3) A f(2) + f(3). When evaluating f(x +h), substitute (x + h) 


for each x in the formula for f (x). Be sure to include the parentheses, as shown in 
the next example. 


12| Finding f(x + h) and f(x) + £(h) 


Let f(x) = 2x — x?, Evaluate the expressions f(x +h) and f(x) + £(h), Comment 
on your results. 


Replace each x with (x +h). | 
SOLUTION First, evaluate f(x NT 
S(x +h) = A(x + hy (wh)? f(x) = 2 : 


= 2x + 2h — (x? + Avh + h?) 
= 2x + 2h — x? — 2xh — IP Distributive propert 


Next, evaluate f(x) + f(h). Replace each x with h. | 
S(x) + f(a) = (2x = x?) + (2 I?) f(x) 


= 2x —- x7 + 2h - IP \dd expression 


The two expression are not equivalent. The term — 2./) appears in the expression for 
f(x +h), but not in that of f() + f(a). 


/EXAMP) 


3 | Finding a difference quotient 


Let f(x) = 3x - 2, 
(a) Find f(x + A). 
(b) Find the difference quotient of f and simplify the result, 


SOLUTION 
(a) To find f(x + h), substitute (x + h) for x in the expression 3x — 2, 


f(x 4 h) = 3(x 4 h)-2 


=3x + 3h -— 2 Distributi property 
Include parentheses when | 
f(x) is more than one term. | 


f(x +h) — f(x) _ (x + 3h - 2) - (3x - 2) 


(b) The difference quotient can be calculated as follows, 


h h 
Difference quotient | — 3X + 3h -2-3n4+2 shot 4 
tributive property 
h eee 
3h 
= Combine like term 
h 
=3 sinaplify 


(ED The difference quotient for a linear function f(x) = mx + b always 
equals the slope m of the graph of f. 
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MS aviaaowe) Calculating a difference quotient 


Let f(x) = x? — 2x. 
(a) Find f(x + A). 
(b) Find the difference quotient of f and simplify the result, 


SOLUTION 
(a) To calculate f(x + /), substitute (x + /) for x in the expression x? — 2x. 
Algebra Review f(x + h) = (x +h)? — 2(x + A) f(x) = x? — 2x 
meee ancl oat mx? + Ich +8 - 2s - 7h Sia the Pome 
distributive property. 
(b) The difference quotient can be calculated as follows. 
f(x +h) — f(x) _ x? + 2xh + WP 2x - 2h (x2 - 2x) Kae 
I i Substitute, 
2xh +h? — 2h ; 
es Combine like term 
h 
h(2x +h — 2) 
= ee Factor out h, 
h 
=Ixth-2 Simplify. 


Now Try Exercise 133 


Slope of a line A won 
passing through Ag HER for x) 7 x2 
(x1, 1) and (x2, 2) 


A line passing through (—1,3) and (1,7) has 
slope m = Ceo = 4 = 2. This slope indicates 
that the line rises 2 units for each unit increase in x. 


f(x) = 12,g (x) = 2.5, and h(x) = 0. Every 
constant function is also linear. 


f(x) = mx + b, where m and b are f(x) = 3x — 1, g(x) = —5,and h(x) = 4 = dy. 
constants, The graph of f has slope m. 


Their graphs have slopes 3, 0, and -3. 


A nonlinear function cannot be 
expressed in the form f(x) = mx + b. 


CONCEPT CONSTANT FUNCTION LINEAR FUNCTION NONLINEAR FUNCTION 


Slope of graph Always constant No notion of one slope 
¥ Horizontal line Nonvertical line 
7 y 


y 


continued on next page 
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Increasing and | f increases on an open interval if, whenever 
decreasing Xy <%, then f(x) < f(x). 


f decreases on an open interval if, whenever 
Ny < X9, then f(x;) > f(x2). 


f is increasing on (—%, —2) and on (2, ), 
f is decreasing on (—2, 2). 


Average rate If (x1, 91) and (2, 2) are distinct points on If f(x) = 3x?, then the average rate of change 
of change of f | the graph of f, then the average rate of change | from X= I1tox = 3is 
from x to.x2 | from x; to x9 equals 27-3 


27 Vi A=] ~ 12 
%2 7 MN because f(3) = 27 and f(1) = 3. This means 
that, on average, f(..) increases by 12 units for 


each unit increase in x from | to 3. 


Difference Calculates average rate of change of f from x If f(x) = 2x, then the difference quotient 
quotient tox +h equals 
¥ +h) — f(x 
Hx +h) = 10) , 


h e 


NI CAC 
rcises 


Formulas for Linear Functions 14, (1.6, 12), (1.6, 5) 
Exercises 1-4; A linear function f can be written in the form 15. (-5,6), (—5, 8) 16. (17,7), (19, 7) 
f(x) = mx + b. Identify mand b for the given f(x). 
1. f(x) = 5 — 2x 2 f(x) = 3 4x 17, (3-3), (-S76) 18 (-18-9),  ) 
3. f(x) = -8x 4. f(x) = -6 


Exercises 19-24: State the slope of the graph of f. Explain 
what the slope indicates about the graph. 


Slope 19, f(x) = 2x +7 20. f(x) =6-x 
Exercises 5-18: If possible, find the slope of the line passing 21. f(x) = -3y 22. f(x) = by 
through each pair of points, 
5. (4, 6), (2, 5) 6. (8, 5), (-3, -7) 23, f(x) = 9 - x 24, f(x) = 23 
7, (-1, 4), (5, -2) 8, (10, —4), (—15, 7) Interpreting Slope as a Rate of Change 
9, (12, -8), (7, -8) 10. (8, —5), (8,2) & 25, Price of Carpet The graph shows the price of x square 
eS ea a a feet of carpeting. 
11, (0.2, -0.1), (—0.3, 0.4) (a) Why is it reasonable for the graph to pass through 


the origin? 
12, (—0.3, 0.6), (—0.2, 1.1) 


(b) Find the slope of the graph. 
13, (0,5, 9.2), (—0.3, 7.6) 


(c) Interpret the slope as a rate of change. 


Price (dollars) 
8 


ot BAAS 67 8 
Carpet (square feet) 


Landscape Rock The figure shows the price of x tons 
of landscape rock. 


Price (dollars) 


Landscape rock (tons) 


(a) Why isit reasonable for the graph to pass through 
the origin? 


(b) Find the slope of the graph. 
(c) Interpret the slope as a rate of change. 


Velocity of a Train The distance D in miles that a 
train is from a station after x hours is given by the 
formula D(x) = 150 — 20x. 

(a) Calculate D(5) and interpret the result. 


(b) Find the slope of the graph of D. Interpret this 
slope as a rate of change. 


Cost of Paint The cost Cin dollars of purchasing ¥ 
gallons of paint is given by C(x) = 29x. 
(a) Evaluate C(5) and interpret your result. 


(b) Find the slope of the graph of C. Interpret this 
slope as a rate of change. 


. Velocity of a Car A driver’s distance D in miles from 
a rest stop after x hours is given by D(x) = 75x. 
(a) How far is the driver from the rest stop after 

2 hours? 


iP (b) Find the slope of the graph of D. Interpret this 
slope as a rate of change. 
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30. Age in the United States The median age of the US. 
population for each year f between 1970 and 2010 can 
be approximated by A(t) = 0.2431 — 450.8. 
(Source: U.S. Census Bureau.) 
(a) Compute the median ages in 1980 and 2000. 


& (b) What is the slope of the graph of A? Interpret 


the slope. 


Linear and Nonlinear Functions 


Exercises 31-38: Determine if f is 4 linear or nonlinear 
function. If f isa linear function, determine if f is a con- 
stant function. Support your answer by graphing f. 


31. f(x) = —2x +5 32. f(x) = 3x ~ 2 
33. f(x) =1 34. f(x) = -2 
35. f(x) = Ix +H 36. f(x) = |2x - 1 
38. f(x) = Vx-1 


Recognizing Linear Data 


37. f(x) =x - 1 


Exercises 39-42: Decide whether a line can pass through 
the data points. If it can, determine the slope of the line. 


39. 


Linear Functions 


Exercises 43-46: The graph of a linear function f is 
shown. 

(a) Identify the slope, y-intercept, and x-intercept. 

(b) Write a formula for f. 

(c) Estimate the zero of f. 


43. 44. 
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Exercises 47-50: Wy 
whose graph satisfies 
47. Slope -3 y-intercept ( 


48. Slope —122, y-intercept (0, 805) 
49. Slope 15, passing through the origin 
50. Slope 1.68, passing through (0, 1.23) 


Exercises 51-64: 


51. f(x) = 3x +2 
53, f(x) =4y —2 
55. g(x) 
57. f(x) =4-4y 


I 


=2 


59. g(x) = hr 
61. g(x) = 5 — 5y 
63. f(x) = 20% 


Increasing and Decreasing Functions 


ite a formula Sor a linear Junction f 
the conditions, 


1 
0, 5 


Graph the linear Junction by hand. 
Identify the slope and y-intercept, 


52, 
54, 
56. 
58, 
60. 
62. 
64, 


I(x) = -By 

I(x) =3- x 

&(x) = 20 — 10x 

f(x) = 2x - 3 

&(x) =3 

(x) = Br ~ 2 

f(x) = -30% + 20 Ex 


rercises 75—90; Tdentify where Sis increasing and where if 


is decreasing. (Hint: Consider the graph y = f( x).) 


75. f(x) = 2x - | 76. f(x) =4-—y 
Exercises 65-74: Use the graph of f to determine intervals * fay 
where f is increasing and where S is decreasing, 77. f(x) = 3? - 2 78. f (x) = aN 
= 79. f(x) = 2x — 32 80. f(x) = x? - ay 

81. f(x) = Vy —] 

= 82. f(x) =-Vy +] 
83. f(x) = [x + 3] 
84, f(x) = |x - 1| 


67, 


85, 


f(x) = 33 

» f(x) = We 

» A(x) = 3x? = ay 
» f(x) = x3 — 3y 


. f(x) = -14 + we bi 


» f(x) = 44 — 242 


Exercises 91 and 92: Tides The graph gives the tides at 
Clearwater Beach, Florida, x hours after midnight on a 
particular day, where 0 = x S 27. (Souree: Tide/Current 
Predictor.) 


1, 2.6) 
(27, 2.6) 
a 


x 
0 4 8 12 16 20 24 28 
‘Time (hours) 


91, When were water levels increasing? 
92, When were water levels decreasing? 


Exercises 93-94; Energy The following graph shows U.S. 
Energy consumption, 


Energy (millions of Btu) 
re 


1970 1990 2010 


Year 
93, When was energy consumption increasing? 


94, When was energy consumption decreasing? 


Average Rates of Change 


Exercises 95 and 96; Find the average rates of change of f 
from —3 to | and from | to 3. 


96. f(x) = 0.3x? - 4 


98, f(x) = —0.3x? + 4 


1.4 Types of Functions and Their Rates of Change 67 


Exercises 97 and 98: Critical Thinking (Refer to Examples 
9 and 10.) Use the given f(x) 10 complete the following. 
(a) Calculate the average rate of change of f fron x = 1 
tox = 2. 
(b) Illustrate your result from part (a) graphically. 
97, f(x) =x? 98. f(x) =4-° 


Exercises 99-102; Compute the average rate of change of f 
from x, 10 X2. Round your answer to two decimal places 
when appropriate. 


99, f(x) = 7x — 2,m 


1, and x, = 4 
100. f(x) = —8x + 5,4) = —2, and x, = 0 
101, f(x) = Vox — 1, x, = 1, and x, = 3 
102, f(x) = 0.5x? — $,.x, = —1, and x) = 4 


103, U.S. Cigarette Consumption The following table 
lists the number of cigarettes in billions consumed 
in the United States for selected years. 


Year| 1900 1940 1980 } 2010 
Cigarettes 3 182 632 315 


Source: Department of Health and Human Services. 


(a) Find the average rate of change during each 
time period, 


% 
ou (b) Interpret the results. 


7 
+) 104, Torricelli's Law A cylindrical tank contains 100 


gallons of water. A plug is pulled from the bottom 
of the tank and the amount of water in gallons 
remaining in the tank after x minutes is given by 


A(x) = 1o0( S a 


(a) Calculate the average rate of change of A from | 
to 1.5 and from 2 to 2.5, Interpret your results, 


(b) Are the two average rates of change the same or 
different? Explain why. 


Curve Sketching 


Exercises 105 and 106; Critical Thinking Sketch a graph 

that illustrates the motion of the person described. Let the 

x-axis represent time and the y-axis represent distance 

from home. Be sure to label each axis. 

105, A person drives a car away from home for 2 hours 
at 50 miles per hour and then stops for | hour. 
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106, A person drives to a nearby park at 25 miles per 
hour for | hour, rests at the park for 2 hours, and 
then drives home at 50 miles per hour, 


Exercises 107-110: Critical Thinking Do not use a graph- 

ing calculator. 

107. On the same coordinate axes, sketch the graphs of a 
constant function f and a nonlinear function g that 
intersect exactly twice. 


108. Sketch a graph of a function that has only positive 
average rates of change for x = | and only negative 
average rates of change for x = I, 


109. Sketch a graph that increases on ( —4, 0), decreases 
on (0, 4), and has a positive average rate of change 


from x = —4tox = 4, 


110. Sketch a graph that decreases on (—3, 1), increases 
on (1, 2), and has a negative average rate of change 


from x = —3 tox = 2, 


Identifying Characteristics of a Function 


Exercises 111-114: Critical Thinking The graph of a 
Junction f is shown. Complete each of the following. Use 
interval notation when appropriate. 

(a) Give the zeros of f. 

(b) Give any x- and y-intercepts on the graph of f. 

(¢) Identify where f is negative or positive. 

(d) Identify where f is increasing or decreasing. 

(e) Is the average rate of change of f from x = -4 to 
X = 4 positive, negative, or zero? 


112, 


The Difference Quotient 
115, Evaluate (3 + 4) and f(3) + (4) for f(x) = 2x2 


116, Evaluate f(1 + 2) and f(1) + f(2) for f(x) = x3, 


Exercises 117-120: For each function find f (x +h) and 
f(x) + f(h). 
117. f(x) =x? -4 


119, f(x) = 3x — x? 


118, f(x) = 5x? +x 

120. f(x) = x3 

Exercises 121-140; (Refer to Examples 12-14.) Complete 
the following for the given f(x). 


(a) Find f(x +h). 
(b) Find the difference quotient of f and simplify. 


121, f(x) =3 122. f(x) = —5 
123. f(x) = 2x +1 124. f(x) = -3x +4 
125. f(x) = 4x + 3 126. f(x) = 5x - 6 


127. f(x) =-6x? -x +4 
128, f(x) = 4x? + ay 


129, f(x) = 1 - x? 130. f(x) = 3x? 

131. f(x) = x 132. f(x) = 5 

133, f(x) = 3x? + I 134, f(x) =x? - 2 

135, f(x) =-x? +2x 136, f(x) = -4x? + 1 
137, f(x) = 2x? -x +1 138, f(x) =x? + 3x -2 
139, f(x) = x3 140, f(x) =1- x3 


141, Speed of a Car Let the distance in feet that a car 
travels in ¢ seconds be given by d(t) = 8/? for 
0Os's6, 

(a) Find d(t +h). 


(b) Find the difference quotient for d and simplify. 


is (©) Evaluate the difference quotient when ¢ = 4 
: and h = 0.05. Interpret your result. 


142. Draining a Pool Let the number of gallons G of 
water in a pool after ¢ hours be given by the linear 
function G(1) = 4000 — 100/ for 0 < ¢ < 40, 

(a) Find G(t +h). 


, ts (b) Find the difference quotient. Interpret your 
result. 


Writing about Mathematics 


143. Critical Thinking What does the average rate of 
change represent for a linear function? What does 
it represent for a nonlinear function? Explain your 
answers. 


144, Critical Thinking Suppose you are given a graphi- 
cal representation of a function f. Explain how you 
would determine whether f is constant, linear, or 
nonlinear. How would you determine the type if you 
were given a numerical or symbolic representation? 
Give examples, 


145, Critical Thinking Suppose that a function f has 
a positive average rate of change from | to 4, Is it 
correct to assume that function f only increases on 
the interval (1,4)? Make a sketch to support your 
answer. 
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146. Critical Thinking If f(x) = mx + b, what does 


the difference quotient for function f equal? Explain 
your reasoning. 


Extended and Discovery Exercise 


% . . 
ee 1, Geometry Suppose that the radius of a circle on a 


re 


t 


2. 


computer monitor is increasing at a constant rate of 

1 inch per second. 

(a) Does the circumference of the circle increase at 
a constant rate? If it does, find this rate. 


(b) Does the area of the circle increase at a constant 
rate? Explain. 


Velocity If the distance in feet run by a racehorse in 
1 seconds is given by d(t) = 20°, then the difference 
quotient for dis 41 + 2h. How could you estimate the 
velocity of the racehorse at exactly 7 seconds? 


CHECKING BASIC CONCEPTS FOR SECTIONS 1.3 AND 1.4 


1. Give symbolic, numerical, and graphical representa- 
tions of a function f that computes the number of feet 
in x miles. For the numerical representation use a table 
and let x = 1, 2, 3,4, 5. 


2. Let f(x) = ) 
(a) Find f(2) and f(a + 4). 
(b) Find the domain of f. 


3, Find the slope of the line passing through the points 
(-2, 4) and (4, -5). 


4, Identify each function f as constant, linear, or nonlinear. 
(a) f(x) = —L4x + 5.1 


(b) f(x) = 25 
() f(x) = 2x? - 5 


5. 


6. 


%. 


8. 


Write each expression in interval notation, 

(a) xs 5 

(bl) 1sx<6 

Determine where f(x) = x? — 2 is increasing and 


where it is decreasing. 


Find the average rate of change of f(x.) = x? — 3x 
from x = —3tox = —1. 


Find the difference quotient for f(x) = 4x”. 
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Section 1.1 Numbers, Data, and Problem Solving 


Sets of Numbers 


Order of Operations 


Scientific Notation 


Percent Change 


Natural numbers: N = {1, 2,3, 4,... } 

Whole numbers: W = (0, 1, 2, 3,...} 

Integers: I = {..., -3, -2, -1,0, 1, 2,3,...} 

Rational numbers; f where p and q are integers with q¢ # 0; includes fractions, 
repeating and terminating decimals 

Irrational numbers: Includes nonrepeating, nonterminating decimals 


Real numbers: Any number that can be expressed in decimal form; includes 
rational and irrational numbers 


Using the following order of operations, perform all calculations within paren- 
theses, square roots, and absolute value bars and above and below fraction bars. 
Then use the same order of operations to perform any remaining calculations. 


1, Evaluate all exponents. Then do any negation a/rer evaluating exponents, 
2. Do all multiplication and division from [eft to right, 
3. Do all addition and subtraction from /ef? to right, 


Example: 5+ 3°22? =5+3+8=5 +24 =29 


A real number r is written as ¢ X 10", where | = |e] < 10. 


Examples: 1234 = 1.234 x 103 0.054 = 5.4 x 10°? 


. « B 
If a quantity changes from A to B, the percent change is x 100, 


30 — 
Example: If A = 10 and B = 30, the percent change is ere x 100 = 200% 


Section 1.2 Visualizing and Graphing Data 


Mean (Average) 
and Median 


Relation, Domain, 
and Range 


The mean represents the average of a set of numbers, and the median represents 
the middle of a sorted list. 


+ 3 
Example: 4, 6, 9, 13, 15; Mean a RS °t nie 9.4; Median = 9 


A relation S is a set of ordered pairs. The domain D is the set of x-values, and 
the range R is the set of y-values. 


Example: S = {(—1,2), (4,-5), (5,9)}; D= {-1,4,5,},R = {-5,2,9} 
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| CONCEPT EXPLANATION AND EXAN 


Section 1.2 Visualizing and Graphing Data (CONTINUED) 


Cartesian (Rectangular) The xy-plane has four quadrants and is used to graph ordered pairs. 
Coordinate System, or 
xy-Plane The xy-plane 


Pythagorean Theorem If a right triangle has legs a and b and hypotenuse c, then a + b = eC, 


Example: If a = 3 andb = 4, then ¢ = 5 because 32 + 42 = 52, 


Distance Formula The distance d between the points (x1, 1) and (x2, y2) is 
d= V(x. - m1)? + (2-1). 


Example: The distance between (—3, 5) and (2, —7) is 
d= V(2— (-3)? + (-7- 5)? = V8 + (=12)? = 13. 


Midpoint Formula The midpoint M of the line segment with endpoints (x1, 1) and (v9, y2) is 
w= (Be) 


Example: The midpoint of the line segment connecting (1,2) and (—3, 5) is 
y 14 C9) 245) _( a) 
M ( > cae 1, >)" 


Standard Equation The circle with center (/, k) and radius r has the equation 


of a Circle 
: (x —h)? + (y-k)? =P. 
Example: A circle with center (—2, 5) and radius 6 has the equation 
(x + 2)? + (y — 5)? = 36. 
Scatterplot and A scatterplot consists of a set of ordered pairs plotted in the xy-plane. When 


Line Graph consecutive points are connected with line segments, a line graph results. 


72 CHAPTER 1 Introduction to Functions and Graphs 


NCEPT 
Section 1.3 Functions and Their Representations 


Function A function computes exactly one output for each valid input. The set of valid 
inputs is called the domain D, and the set of outputs is called the range R. 


Examples: f(x) = Vi — x 
D= {xx = 1},R = {yly = 0} 
= {(-1,0.5), (0,4), (2,4), (6, 7)} 
D = {-1,0,2,6},R = {0.5, 7,4} 


Function Notation Examples: f(x) = x? — 4; f(3) = 3? - 4 = Sand 
f(at+l)= erie igiies? + 2a— 3 


Representations A function can be represented symbolically (formula), graphically (graph), numer- 
of Functions ically (table of values), and verbally (words). Other representations are possible, 


Symbolic Representation f(x) = x? -— 1 


Numerical Representation Graphical Representation 


Verbal Representation —f computes the square of the input x and then subtracts 1, 


Interval Notation A concise way to express intervals on the number line 
Example: x < 4 is expressed as (—~, 4). 
—-3 S x < | is expressed as [—3, 1). 
= 2orx = 5 is expressed as (—~, 2] U[5, ~). 
x # 2 is expressed as (—%,2)U (2, ~), 


Vertical Line Test If every vertical line intersects a graph at most once, then the graph represents a 
function, 


Section 1.4 Types of Functions and Their Rates of Change 


Slope The slope m of the line passing through (1,9) and (x9, 2) is 
m= ee veh 
AX Xe~— Ny 


Example: The slope of the line passing through (1, —1) and (—2, 3) is 
3-(-1)_ 4 


as ea: 


| CONCEPT 
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EXPLANATION AND EXAMPLES 


Section 1.4 Types of Functions and Their Rates of Change (CONTINUED) 


Constant Function 


Linear Function 


Zeros and Intercepts 


Nonlinear Function 


Increasing/Decreasing 
Function 


Average Rate of 
Change 


Difference Quotient 


Given by f(x) = b, where b is a constant; its graph is a horizontal line. 


Given by f(x) = mx + b; its graph is a nonvertical line; the slope of its graph is 
equal to m, which is also equal to its constant rate of change. 


Examples: The graph of f(x) = —8x + 100 has slope —8. 


If G(t) = —81 + 100 calculates the number of gallons of water in 
a tank after ¢ minutes, then water is /eaving the tank at 8 gallons per 
minute. 


If f(c) = 0, then c is a zero of the function f and the point (c, 0) isan 
x-intercept on the graph of f. 


If f(0) = 4, then the point (0, b) is the y-intercept on the graph of f. 
Example; If f(x) = x — 1, then f(1) = 0 and 1 isa zero of f. Thus the point 


(1, 0) is the x-intercept on the graph of f, Because f(0) = —1, the 
point (0, —1) is the y-intercept on the graph of f. 


A nonlinear function cannot be written as f(x) = mx + b and its graph is not 
a line, 


Examples: f(x) = x? — 4; g(x) Wx — h(t) = = i 


f increases on an open interval J if, whenever xj < x2, f(x) < f(x). 
f decreases on an open interval / if, whenever xy < x2, f(x1) > f (x2). 


Example: f(x) = |x| increases on (0, ) and decreases on (—%, 0). 


If (x1, 1) and (x2, 2) are distinct points on the graph of f, then the average 
rate of change from x, to x2 equals the slope of the line passing through these 
two points, given by 

Wore si 

xy xy 


Example: f(x) = x7; because f(2) = 4 and f(3) = 9, the graph of f passes 
through the points (2, 4)and (3,9), and the average rate of change 
from 2 to 3 is given by 2 


a 
ae ee 


The difference quotient of a function f is an expression of the form 


x +h) — f(x 
Aa th) = 1) where hh ¥ 0, 
h 
and is the average rate of change from x to x + h. 


Example: Let f(x) = x?. The difference quotient of f is 
(x+h)?—x? — x? + 2xh + WP — x? 
h h 


2x +h. 
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Exercises 1 and 2: Classify each number listed as one or more fj Exercises 17 and 18: Make a scatterplot of the relation, 
of the following: natural number, whole number, integer, Determine if the relation is a function. 


rational number, or real number. 17. {(10, 13),(—12, 40), (30, —23), (25, —22), (10, 20)} 


esi 
1. ~2,5, 0, 1.23, V7, V6 18, {(1.5,2.5),(0,2.1), (2.3, 3.1), (0.5, -0.8), (-1.1,0) } 


2. 55, 1.5, Pt 23, V3, -1000 
Exercises 19 and 20: Find the distance between the points, 


Exercises 3 and 4: Write each number in scientific notation. 19, (—4, 5), (2, -3) 20. (1.2, -4), (0.2, 6) 
3. 1,891,000 4. 0.0001001 
Exercises 21 and 22; Find the midpoint of the line segment 
Exercises 5 and 6: Write each number in standard form. with the given endpoints. 
5, 1.52 x 104 6. -7.2 x 103 21. (24, -16), (20,13) 22. (4,$)(4, -§) 
7. Evaluate each expression with a calculator. Round 23, Find the center and radius of the circle whose general 
answers to the nearest hundredth. equation is x? — 2x + y? + 2y = 2, 
3:2 2.5.7 
(a) V1.2 + 3 (b) Sa 24, Find the standard equation of a circle with center 
719 -— 4.5 A 
re (—5, 3) and radius 9. 
\/52 2 : 
© + 21 (@) 1.2(6.3)° + a- 1 25. A diameter of a circle has endpoints (—2, 4) and 


(6, 6). Find the standard equation of the circle. 


8. Evaluate each expression. Write your answer in 
scientific notation and in standard form. 26. Use the graph to determine the domain and range 
3x 1075 of each function, Evaluate f(—2). Use set-builder 
notation. 


(a) (4 x 10°)(5 x 1075) (by = 


6 x 10? 
Exercises 9 and 10; Evaluate by hand. 
35 
4-37 10, 3+32+ => 
9 4 = 3" tS 0. 3+3 622 


Exercises 11 and 12; If a quantity changes from A to B, 
calculate the percent change. 


11. A = 150, B = 120 


12. A = 250, B = 400 
Exercises 27-34: Graph y = f(x) by first plotting points 


Exercises 13 and 14: Sort the list of numbers from smallest to determine the shape of the graph. 

to largest and display the result in a table. 27. f(x) = -2 28. f(x) = 3x 

(a) Determine the maximum and minimum values. Be oy Be ug 

(b) Calculate the mean and median. 29. f(x) = —x + 1 30. f(x) = 2x ~ 3 

13, —5, 8, 19, 24, -23 31. f(x) = 4 - 2x? 32. f(x) = 5x? = | 

14, 8.9, -1.2, -3.8, 0.8, 1.7, 1.7 33. f(x) = |x + 3| 34. f(x) = V3—5 
Exercises 15 and 16: Complete the following. Exercises 35 and 36; Use the verbal representation to 
(a) Express the data as a relation S. express the function f symbolically, graphically, and nuner- 
(b) Find the domain and ~ of S. ically, Let y = f(x) with 0 = x = 100. For the numerical 


representation, use a table with x = 0, 25, 50, 75, 100. 


35. To convert x pounds to y ounces, multiply x by 16. 


15, aE a 
bo rat 
36. To find the area y of a square, multiply the length x 


16. | 7-06 ah ae “| : of a side by itself, 
20 


y 10 


Exercises 37-42; Complete the following for the function f. 


(a) Evaluate f(x) at the indicated values of x. 
(b) Find the domain of f. Use interval notation, 


37. f(x) =5 for x = -3,1,5 


38. f(x) =4- 5x for x = -5,6 

39. f(x) =x? -3 for x=-10,a+2 
40. f(x) =x? - 3x for x= —-10,at1 
41. f(x) =—by for x=-3,at1 
42. f(x) = Vx +3 for x=l,a-3 


43, Determine if y is a function of x in x = y? + 5, 
44, Write 5 s x < 10 in interval notation, 


Exercises 45 and 46; The graph of a linear function f is 
shown, 


(a) Identify the slope, y-intercept, and x-intercept. 
(b) Write a formula for f. 
(c) Find any zeros of f. 


Exercises 47 and 48: Determine if the graph represents a 
Junction, 


47, 


Exercises 49 and 50: Determine if S represents a function. 
49, S = {(-3,4), (1,2), (3, -5), (4 2) } 


50. S = {(-1,3), (0,2), (-1,7), (3, -3)} 


Exercises 51 and 52: State the slope of the graph of f. 
51. f(x) =7 52. f(x) = 4x - 3 
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Exercises 53-56: If possible, find the slope of the line pass- 
ing through each pair of points. 


53. (-1,7), (3,4) 54, (1, -4), (2, 10) 
55. (8,4), (2,4) 56. (-1,2), (-4, -§) 


Exercises 57-60: Decide whether the function f is constant, 
linear, or nonlinear, 


57, f(x) = 8 — 3x 
59, f(x) = 


58. f(x) = 2x? — 3x - 8 


|x +2| 60. f(x) = 


& 61. Sketch a graph for a 2-hour period showing the dis- 


tance between two cars meeting on a straight high- 
way, each traveling 60 miles per hour, Assume that 
the cars are initially 120 miles apart. 


62. Determine where the graph of f(x) = 
increasing and where it is decreasing. 


|x — 3| is 


63, Determine if a line passes through every point in the 
table. If it does, give its slope. 


x [-2] of 2] 4 
y | so | 42 | 34 | 26 


64, Find the average rate of change of f(x) = x? — x + 1 
from x; = | to x) = 3. 


Exercises 65 and 66; Find the difference quotient for f(x). 
65. f(x) = Sx +1 


66. f(x) = 3x? — 2 


Exercises 67 and 68: For each function f, find f(x + h) 
and f(x) + f(h). 
67. f(x) = 2x? 


68. f(x) =1-3x+x? 


Exercises 69 and 70: Graph the function f. State the slope 
mand y-intercept of the graph. 


69, f(x) =4- 2x 
10, f(x) = 3x — 6 


Applications 


71, Speed of Light The average distance between the planet 
Mars and the sun is approximately 228 million kilome- 
ters, Estimate the time required for sunlight, traveling at 
300,000 kilometers per second, to reach Mars, (Source: C, 
Ronan, The Natural History of the Universe.) 


72, Geometry Suppose that 0.25 cubic inch of paint is 
applied to a circular piece of plastic with a diameter 
of 20 inches, Estimate the thickness of the paint. 
(Hint: Thickness equals volume divided by area.) 
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73. Enclosing a Swimming Pool A rectangular swim- 


74, 


ming pool that is 25 feet by 50 feet has a 6-foot-wide 

sidewalk around it. 

(a) How much fencing would be needed to enclose 
the sidewalk? 


(b) Find the area of the sidewalk. 


Distance A driver’s distance D in miles from a rest 

stop after ¢ hours is given by D(¢) = 280 — 70r. 

(a) How far is the driver from the rest stop after 
2 hours? 


i (b) Find the slope of the graph of D, Interpret this 


slope as a rate of change. 


75, Survival Rates The survival rates for song spar- 


rows are shown in the table, The values listed are 
the numbers of song sparrows that attain a given age 
from 100 eggs. For example, 6 sparrows reach an 
age of 2 years from 100 eggs laid in the wild. (Souree: 
S, Kress, Bird Life.) 


Age] Of 1] 2][3 [4 
Number | 100} 10 3 2 


(a) Make a line graph of the data. Interpret the data. 
(b) Does this line graph represent a function? 


(c) Calculate and interpret the average rate of change 
for each |-year period. 


77. 


th 


Aa 76. Cost of Tuition The graph shows the cost of taking 


x credits at a university. 
(a) Why is it reasonable for the graph to pass through 
the origin? 


(b) 


(c) Interpret the slope as a rate of change. 


Find the slope of the graph. 


Tuition (dollars) 


Credits 


Average Rate of Change Let f(x) = 0.5x? + 50 
represent the outside temperature in degrees Fahrenheit 
atx P.M., Where 1 S x S 5, 

(a) Graph f. Is f linear or nonlinear? 


(b) Calculate the average rate of change of f from 
1 P.M. to 4 P.M. 


' (c) Interpret this average rate of change. 


78. Distance At noon car A is traveling north at 30 miles 


per hour and is located 20 miles north of car B. Car B 
is traveling west at 50 miles per hour. Approximate 
the distance between the cars at 12:45 P.M. to the 
nearest mile, 


Equations of Lines 

Linear Equations 

Linear Inequalities 

More Modeling with 
Functions 

Absolute Value Equations 
and Inequalities 


Linear Functions 
and Equations 


Ti 2011, Facebook's daily active users (DAUs) stood at about 460 million. In 
the next four years this average grew to 1 billion. One reason for this phenom- 
enal growth is Facebook's effective change from desktop computers to mobile 
devices. This growth in DAUs has been remarkably linear, as shown in the 
graph. This line models or describes the growth in DAUs. We can use mathemat- 
ics to find the equation of this line and to predict the number of users in 2019. 
See Example 4 in the first section of this chapter. 


Number of DAUs on Facebook 


z 
& 
3 1250 
= (2015} 1000) 
1000 iq 
3 
> 750 
ra 
Toit 460 | 
a 250 24) 
0/1 20122013 20142013" 


Year 


Source: Business Insider. 
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« Write the point-slope and 
slope-intercept forms 


« Find the intercepts of a 
line 


= Write equations for 
horizontal, vertical, 
parallel, and 
perpendicular lines 


« Use interpolation and 
extrapolation 

= Model data with lines 
and linear functions 

« Use linear regression 
to model data 


Introduction 


The graph of a linear function is a line. One way to determine a linear function is to 
find the equation of this line. Once this equation is known, we can easily write the 
formula for the linear function. 

For example, Apple Corporation sold approximately 55 million iPods in fiscal 
2008, making the iPod the fastest-selling music player in history. However, sales then 
decreased to about 43 million in 2011, (Source: Apple Corporation.) This decline can be 
modeled by a line. The equation of this line determines a linear function that we can 
use to estimate iPod sales for other years, See Example | 1. This section discusses how 
to use data points to find equations of lines and linear functions, 


Forms for Equations of Lines 


Point-Slope Form Suppose that a nonvertical line with slope 7 passes through the 
point (.\,)). If (2, )) is any point on this nonvertical line with x # x, then the 
change in y is Ay = y — ), the change in v is Ax = v, and the slope is 


as illustrated in FIGURE 2.1. 


Two Points Determine a Line 
8 4 


The slope formula is used 
to write the point-slope 
form of a line. 


FIGURE 2.1 


With this slope formula, the equation of the line can be found, 


ym 
jie slope formul 
x- 


Point-slope form il = m(x — x1) Cross multipl 
y=m(x- x) + yy dd yt 


The equation } ) m(x v,) is traditionally called the point-slope form of the 
equation of a line, Since we think of y as being a function of x, written y = f(x), 
the equivalent form » = (4 ‘;) + ») will also be referred to as the point-slope 
form, The point-slope form is not unique, as any point on the line can be used for 
(x1, 91). However, these point-slope forms are equivalent, meaning their graphs are 
identical. 


The line with slope m passing through the point (x, y;) has an equation 
y=m(x-—x) + yy, or yoy =m(x- 4), 


the point-slope form of the equation of a line. 


EXAMPLE 1 


FIGURE 2.2 


Slope-Intercept Form 
y=mx+b 


Slope: m 
y-intercept: (0, b) 


FIGURE 2.3 


EXAMPLE 2 | 
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In the next example we find the equation of a line given two points. 


Determining a point-slope form 


Find an equation of the line passing through the points (—2, —3) and (1, 3). Plot 
the points and graph the line by hand. 


SOLUTION Begin by finding the slope of the line. 
a> 3) 6 
m= 7 (2) ae 
Substituting (x),1) = (1,3) and m = 2 into the point-slope form results in 
First point-slope form |_—y = 2(x — 1) +3. ( 
If we use the point (—2, —3), the point-slope form is 


Second point-slope form |-— y = DGD) <3: Note that ( (-2)) = ( 


This line and the two points are shown in FIGURE 2.2. 


Now ‘fry Exorciio 1 


Slope-Intercept Form The two point-slope forms found in Example | are equivalent. 


First point-slope form 


y=2(x-1) +3 


Second point-slope form 
y =2(x +2) —3 — Point-stoy 


y=2ax-2+3 yp=2xt+4-3 


you2x +l yp? 


implify 


Both point-slope forms simplify to the same equation. 

The form y = mx + 5 is called the slope-intercept form. Unlike the point-slope 
form, the slope-intercept form is unique. The real number m represents the slope and 
the real number b represents the y-coordinate of the y-intercept, as illustrated in 
FIGURE 2.3. 


y=mxtb, 


the slope-intercept form of the equation of a line. 


Finding equations of lines 


Find the point-slope form for the line that satisfies the conditions. Then convert 
this equation into slope-intercept form and write the formula for a function f whose 
graph is the line. 

(a) Slop -}, passing through the point (—3, —7) 

(b) x-intercept (—4, 0), y-intercept (0, 2) 
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SOLUTION 


(a) Let m = —5 and (x,9,) = (~3, —7) in the point-slope form. 
y=m(x -— 1) + 
i 
y= (x 3) - 7 ( ) 


The slope-intercept form can be found by simplifying. 


ie 
y= —z (x + 3) = 7 
Multiply each term in the 1 3 
Parentheses by —5. S| nae ems Sy 
: yea t 
oe ee 
a ae) 
Thus f(x) = -hy - S is the formula for the function whose graph is this line. 
(b) The line passes through the points (—4, 0) and (\), 2). Its slope is 
me 2-0 me 
aed TOT Thane y 
Thus a point-slope form for the line is y = A(x +4) +0, where the point 
(-4,0) is used for (11,91). The slope-intercept form is y = 5x + 2 and 
f(x) = Ly + 2 is the formula for the function whose graph is this line. 


| Now Try Exercii e8 6 and 9) 


The next example demonstrates how to find the slope-intercept form of a line 
without first finding the point-slope form. 


| EX! AN iPL 


Finding slope-intercept form 
Find the slope-intercept form of the line passing through the points (—2, 1) and (2, 3). 


SOLUTION 
Getting Started We need to determine m and b in the slope-intercept form, 
y = myx + b, First find the slope m. Then substitute either point into the equation 
and determine b, ! 
3:5 a. I 
m=>——a =5= 


2-(-2) 4° 2 


Thus » = } + b. To find b, we substitute (2, 3) in this equation. 
1 
3=5(2) +5 
3=1+5b 
L=b in 


Thus y ty +2. 


ll 


| Now Try Exercise 21 |} 


An Application In the next example we model the data about Facebook discussed 
in the chapter introduction. 
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| Estimating Facebook daily average users 


In 2011 Facebook’s daily active users (DAUs) were about 460 million and this num- 
ber increased to | billion in 2015. A graph of this growth is shown in FIGURE 2.4. 


Number of DAUs on Facebook 
y 
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TH 
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FIGURE 2.4 


(a) Find the equation of the line shown in FIGURE 2.4. 

(b) Interpret the slope of this line. 

(c) Use your interpretation of slope to predict the DAUs in 2012. 
(a) Use the equation of your line to predict DAUs in 2019. 


SOLUTION 
(a) The line passes through the points (2011, 460) and (2015, 1000). Start by finding 
its slope. 


_ 1000 - 460 _ 540 _ 15, 
m2015—- 2011 4 


We can apply the point-slope form to find the equation of the line with slope !35, 
passing through the point (2011, 460), The point-slope form is 


y = 135(x — 2011) + 460 
or in slope-intercept form this equation becomes 
Apply the distributive property. | -Y = 135x — 271,025. 
(b) Slope 135 indicates that Facebook’s DAUs increased by 135 million DAUs per 
year, on average, from 2011 to 2015. 


(c) In 2011 there were 460 million DAUs. Because the DAUs increased by 135 mil- 
lion per year, it follows that there were 


460 + 135 = 595 million DAUs 


one year later in 2012. 
(d) To predict the DAUs in 2019, substitute 2019 for x into our point-slope form 
from part (a). 


y = 135(2019 — 2011) + 460 = 1540 


This equation predicts that there will be 1540 million or 1.54 billion DAUs in 
2019, if current trends continued. 


Now Try Exercise 


Finding Intercepts 


The point-slope form and the slope-intercept form are not the only forms for the 
equation of a line. A third form is standard form. 
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An equation of a line is in standard form when it is written as 
Ax + By = C 


where A, B, and Care constants and A and B are not both zero 


If the equation of a line is in standard form, we can use that form to easily deter- 
mine the intercepts. The following See the Concept gives an example of how to find 
the intercepts for a line given in standard form, 


See the Concept : Finding Intercepts for 3x + 4y = 


y 


@ 3(0) + 4y = 12, 0r 


@ y-intercept: let x = 0 and solve for y. | y = 3,50 the y-intercept 
: = ' 


is (0,3). 
— @ x-intercept: let y = 0 and solve for x. | © 3x + 4(0) = 12,0r 
; : : xX = 4,s0 the x-intercept 
is (4,0). 


(XT To solve ax = b, divide each side by a to obtain x = ® Thus 3x = 12 
implies that x = B = 4, Linear equations are solved in general in the next section, 


| FINDING INT! 


rs | 


To find any x-intercepts, let y = 0 in the equation and solve for x. 
To find any y-intercepts, let + = 0 in the equation and solve for y. 


be G Wight Finding intercepts 
Locate the x- and y-intercepts for the line whose equation is 4x + 3y = 6. Use the 
intercepts to graph the equation. 
SOLUTION To locate the x-intercept, let y = () in the equation. 
4x + 3(0) =6 Let y oO 


x= 15 Divide each side by 4 


The x-intercept is (1.5, ()). To find the y-intercept, substitute x = () into the equation. 
4(0) + 3y =6 Let fo) 


y=2 Divide each side by 3 


The y-intercept is ((),2). Therefore the line passes through the points (1.5, ()) and 


FIGURE 2.5 (0,2), as shown in FIGURE 2.5. 
Now ry Exercize 59 


Why do you think that a vertical 
line sometimes is said to have 
“infinite slope?” What are some 
problems with taking this phrase 
too literally? 
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Interpreting intercepts and slope 


The distance y in miles that an athlete training for Distance from Home 
a marathon is from home after x hours is shown in 
FIGURE 2.6, 


(a) Find the y-intercept, Interpret your answer, 

(b) Find the x-intercept. Interpret your answer. 

(c) The graph passes through the point(1, 5). 
Discuss the meaning of this point. 

(a) Find the slope of this line, Interpret the slope 
as a rate of change. 

(e) Write the slope-intercept form of this line. 


Distance (miles) 


Time (hours) 
FIGURE 2.6 


SOLUTION 
(a) On the graph the y-intercept is (0, 15), so the athlete is initially 15 miles from home, 
(b) On the graph the x-intercept is (1.5, 0), so the athlete is at home after 1.5 hours. 
(c) The point (1,5) means that after | hour the athlete is 5 miles from home. 
(d) The line passes through the points (0, 15) and (1, 5), Its slope is 
5 15 
m 1-0 10. 

Slope —10 means that the athlete is running ¢oward home at 10 miles per hour. A 

negative slope indicates that the distance between the runner and home is decreasing. 
(e) The line has slope — {0 and y-intercept (0, 15). The slope-intercept form of this 

line is y = —10x + 15, 


(XB The units for a rate of change are determined by putting the y-axis units over the 


x-axis units. In Example 6, the units for the rate of change are malles or miles per hour. 


Horizontal, Vertical, Parallel, and Perpendicular Lines 


Horizontal and Vertical Lines The graph of a constant function f, defined by the 
formula f(x) = b, isa horizontal line having slope 0 and y-intercept (0, b). 

A yertical line cannot be represented by a function because distinct points on a 
vertical line have the same x-coordinate, In fact, this is the distinguishing feature of 
points on a vertical line—they all have the same x-coordinate, See FIGURES 2.7 and 2.8, 


Equations of Vertical Lines 


Each point has an 
x-coordinate equal to 3. 


Vertical lines have 
undefined slope. 


k 


x-intercept: (3, 0) 


scintercept: (I, 0) ‘ 


FIGURE 2.7 FIGURE 2.8 
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) is y =b. An equation 


of the vertical line with x-intercept (k,0) is x = k. 


LT WI HoOvA Finding equations of horizontal and vertical lines 


Find equations of vertical and horizontal lines passing through the point (8, 5). If 
possible, for each line write a formula for a linear function whose graph is the line, 


SOLUTION 

The x-coordinate of the point (8,5) is 8. The vertical line x = 8 passes through 
every point in the xy-plane with an x-coordinate of 8, including the point (8, 5). 
Similarly, the horizontal line y = 5 passes through every point with a y-coordinate 
of 5, including (8,5). See FIGURE 2.9, where each line is shown. 


Vertical and Horizontal Lines 


‘ A vertical line does not 
ae represent a function, 


A horizontal line represents a 
constant function: f(x) = 5. 


FIGURE 2.9 


The horizontal line y = 5 represents the constant function f(x) = 5. The vertical 
line x = 8 does no represent a function because it does not pass the vertical line test, 


Now Try Exercisos 61 and 53) 


This See the Concept explains how every line can be written in standard form, 


See the Concept: Standard Form: Ax + By = C 


Every straight line in the xy-plane must be exactly one of the following, 


Horizontal Line Vertical Line General (Slanted) Line 
(A = 0,B # 0) (4A # 0,B = 0) (A # 0,B # 0) 
y y y 


A=1,8=~1,C=2] | 


The equation of any line can be written in the standard form Ax + By = C. 


2.1 Equations of Lines 


Parallel Lines Two nonvertical parallel lines have equal slopes. 


PARALLEL LINES 


Two nonvertical lines with slopes mz, and m) are parallel if and only if their slop 


are equal; that is, m1) = mn. 
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" 


The phrase “if and only if” is used when two statements are mathematically 
equivalent. If two nonvertical lines are parallel, then 1, = 1. Moreover, if two non- 
vertical lines have equal slopes, then they are parallel. Either condition implies the other. 


oe wigacee Finding parallel lines 


Find the slope-intercept form ofa line parallel to » = —2x + 5, passing through (4, 3). 


SOLUTION 


The line y = - 


The line passing through (4,3) with slope —2 is determined as follows. 


@® See the graph | 


Negative Reciprocals 


y = -2(x— 4) +3 > Point-slope form 
y=-2xt+8+3 Distributive property 


y=-2x +11 


@ Product is always —1 | 


Perpendicular Lines 


Slope-intercept form 


2x + 5 has slope —2, so any parallel line also has slope m = —2. 


Now Try Exorciso 36 


Perpendicular Lines Two nonvertical lines are perpendicular if the product of 
their slopes is equal to —1. The following See the Concept explains this property. 


See the Concept: Slopes of Perpendicular Lines 


In TABLE 2.1, m, and mz represent the 
slopes of two non-vertical perpendicular 
lines. Since m, * mz = —1 for each pair of 
slopes, we say that the slopes are negative 
reciprocals of each other. 


@ For perpendicular lines my) +m, = —1. 
© Solving m, +» m, = —1 for one of the 
; cat ad 

slopes gives m, = —m; Or M2 = my: 


@ When the slopes of perpendicular lines 
are multiplied, the result is always —1. 


slopes have product —1; that is, myn. = —1. 


(G9 A vertical line and a horizontal line are perpendicular. 
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| EXAMPLE 9) 


Perpendicular Lines 


FIGURE 2.10 


| EXAM PL a 7 Uy) | 


(CRITICAL THINKING] _ 
Check the results from Example 10 
by graphing the four equations 
in the same viewing rectangle. 
How does your graph compare 
with FIGURE 2.112 Why is it 
important to use a square view- 
ing rectangle? 


Finding perpendicular lines 


Find the slope-intercept form of the line perpendicular to y = -2y + 2, passing 
through the point (—2, 1). Graph the lines, 


SOLUTION The line defined by y = -3x + 2has slope — >. The negative reciprocal 
of m, = —4 is m, = 4. The slope-intercept form of a line having slope © and passing 
through (—2, 1) can be found as follows. 


yem(x-— x) +H Point-s rm 


ya F(xt2) +1 


3 

yogyt3ti ystribut propert 
3 

yoogrt4 pe-intercept form 


FIGURE 2.10 shows graphs of these perpendicular lines, 


| Now 7) 


(QT If a graphing calculator is used to graph these lines, a square viewing 
rectangle must be used for the lines to appear perpendicular, 


Determining a rectangle 


In FIGURE 2.11 a rectangle is outlined by four lines denoted y;, y, 4, and y4. Find 
the equation of each line. 


FIGURE 2.11 
SOLUTION 
Line y\: This line passes through the points (0,0) and (5,3), so m= 3 and the 
y-intercept is (0, 0). Its equation is », = By, 
Line y>: This line passes through the point (0,0) and is perpendicular to yj, so its 
slope is given by m = 3 and the y-intercept is (0, 0). Its equation is », = 3x, 
Line ys: This line passes through the point (5,3) and is parallel to 9, so its slope is 
given by m = -3. In a point-slope form, its equation is y; = 3 (¥ — 5) + 3, which 
is equivalent to », = -ix + o 


Line ys: This line crosses the y-axis at {o! 5), so its ease 3 is ‘Os 5). It is 
parallel to y;, so its slope is given by m = 2. Its equation is 
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Interpolation and Extrapolation 


In 2004 there were about 4,6 million U.S. digital music album downloads. This num- 
ber reached {17.6 million in 2014. (Source: RIAA.) These data can be modeled with a 
line, and the slope of this line is 


117.6 — 4.6 
m = ———————— = 1133. 
2014 — 2004 


This slope means that the increase in U.S. music album downloads was, on average, 
11,3 million per year from 2004 to 2014. 
A point-slope form of the line passing through (2004, 4.6) with slope 11.3 is 


y = 11.3(x — 2004) + 4.6. 
We can easily write a formula for a linear function 
D(x) = 11.3(x — 2004) + 4.6, 
whose graph is this line. See FIGURE 2.12. 
U.S. Digital Album Downloads 


Estimating outside of data 
Y points is extrapolation. 


cy 
8 125 |-—4}--- — eas 
3 | @o14, 117.6) 0 | 
E100|— }-~ | 
: ta i 
q 75 |-~4 obad 
3 50P—-- { iN Estimating between data 
€ | |__ points is interpolation. 
§ 25|-—-i '. weualads eee 
2 Llu TT 
7004 2008 2012 2016 * 


FIGURE 2.12 


This formula can be used to estimate the number of downloads in 2006 as follows. 
D(2006) = 11.3(2006 — 2004) + 4.6 = 27.2 


Thus D(x) estimates that the number of digital music album downloads was 27.2 
million in 2006. (The actual number was 27.6 million.) Because 2006 is between 2004 
and 2014, we say that this estimation involves interpolation. Interpolation occurs when 
we estimate for values between given data points. However, if we use D(x) to esti- 
mate this value in 2003 we obtain the following. 


D(2003) = 11.3(2003 — 2004) + 4.6 = —6.7 


This estimate is incorrect because numbers of downloads cannot be negative. Because 
2003 is not between 2004 and 2014, we say that this estimation involves extrapolation. 
Extrapolation occurs when we estimate for values that are not between the given data 
points, Interpolation is usually more accurate than extrapolation. See FIGURE 2.12. 


Estimating iPod sales 


Apple Corporation sold approximately 55 million iPods in 2008 and 43 million iPods 

in 2011. (Refer to the introduction of this section.) 

(a) Find the point-slope form of the line passing through (2008, 55) and (2011, 43). 
Interpret the slope of the line as a rate of change. 

(b) Sketch a graph of the data and the line connecting these points. 

(c) Estimate sales in 2010 and compare the estimate to the true value of 50 million. 
Did your answer involve interpolation or extrapolation? 

(d) Estimate sales in 2023. Discuss the accuracy of your answers. Did your answer 
involve interpolation or extrapolation? 
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| EXAMPLE 12 
Global Car Shipments 
(millions) 


2019 88 


Source: Scotiabank, BI Intelligence. 
TABLE 2.2 


SOLUTION 
Getting Started First find the slope m of the line connecting the data points (2008, 55) 
and (2011, 43), Then substitute this value for m and either of the two data points in 
the point-slope form. We can use this equation to estimate sales by substituting the 
required year for x in the equation. 
(a) The slope of the line passing through (2008, 55) and (2011, 43) is 
43 — 55 
n= > ——_ = 
2011 — 2008 
Thus sales of iPods decreased, on average, by 4 million iPods per year from 2())8 
to 2011. If we substitute —4 for mand (2008, 55) for (x1, y;), the point-slope 


form is 
y= W(x - 2008) + 55, 
(b) The requested line passing through the data points is shown in FIGURE 2.13. 
q p 8 8 p 
iPod Sales 
y 
a a 
Z 0 (2008, 55)- | 
a 50 | (2011, 43) 
E 0 | t 
3 30 
3 20 
10 
07 08 09 10 112 ’ 
Year 
FIGURE 2,13 


(c) If x = 2010, then y = —4(2010 — 2008) + 55 = 47 million. This estimated 
value is 3 million lower than the true value of 50 million, Because 2010 is between 
2008 and 2011, this answer involves interpolation, 

(d) We can use the equation to estimate 2()24 sales as follows. 


y = —4(2023 — 2008) + 55 = —S million 


The 2023 value is clearly incorrect because sales cannot be negative. Because 2023 
is not between 2008 and 2011, this answer involves extrapolation. 


| Now Try Exercise 95 | 


Modeling Data 


The point-slope form can be a convenient way to write the equation of a line when 
the given data is not near the y-axis (x = 0). In the next example, we describe, or 
model, global numbers of cars shipped. 


Modeling global numbers of cars shipped 


TABLE 2.2 lists the number of cars shipped globally for selected years. 


(a) Make a scatterplot of the data. 

(b) Find a formula in point-slope form and slope-intercept form for a linear function 
f that models the data. 

(c) Graph the data and y = f(x) in the same xy-plane. 

(a) Interpret the slope of the graph of y = f(x). 

(e) Estimate the number of car shipments in 2020, Compare your answer to the 
predicted value of 92 million. Does your answer involve interpolation or 
extrapolation? 
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(2012, 2020, 2] by [50, 100, 10} SOLUTION 
(a) See FIGURE 2.14 
(b) Because the data are nearly linear, we could require that the line pass through 
the first data point (2013, 69) and the last data point (2019, 88). The slope of 
this line is 
88 — 69 19 


t= So one a 
2019 — 2013 6 


FIGURE 2.14 


Thus, using the point (2013, 69), we can write a formula for f as 
19 
f(x) = —(x — 2013) + 69, 
6 
If we apply the distributive property to the point-slope form, we obtain the fol- 
lowing slope-intercept form. 
The y-intercept of (0, — 6305.5 ) = 


has no meaning in this example. Ve 6. — 6305.5 ributi 


(XT When modeling real data, answers for f(x) may vary, depending on the 
points that are used to determine the line. 


Modeling Car Shipments (c) See FIGURE 2.15. 
(2012, 2020, 2] by [50, 100, 10] 


y= 2 (x-2013) + 69 


| 


(d) Slope 2 ~ 3.17 indicates that shipments increased, on average, by about 3.17 mil- 
lion per year between 2013 and 2019. 
(e) To estimate shipments in 2020, we can evaluate f(2020). 


f (2020) = 2 (2020 — 2013) + 69 = 91.2 


This model predicts 91.2 million car shipments globally during 2020, This result 
is quite close to the given estimate of 92 million and involves extrapolation 
because 2020 is not between 2013 and 2019. 


FIGURE 2.15 


Linear Regression 


We have used linear functions to model data involving the variables x and y. 
Problems where one variable is used to predict the behavior of a second variable are 
called regression problems. If a linear function or line is used to approximate the data, 
then the technique is referred to as linear regression. 

We have already solved problems by selecting a line that visually fits the data ina 
scatterplot. See Example 12. However, this technique has some disadvantages. First, 
it does not produce a unique line. Different people may arrive at different lines to fit 
the same data. Second, the line is not determined automatically by a calculator or 
computer, A statistical method used to determine a unique linear function or line is 
based on the method of least squares. 


Correlation Coefficient Most graphing calculators have the capability to calculate 
the least-squares regression line. When determining the least-squares line, calcula- 
tors often compute a real number r, called the (linear) correlation coefficient, where 
—1 <r <1, When r is positive and near 1, low x-values correspond to low y-values 
and high x-values correspond to high y-values. For example, there is a positive correla- 
tion between years of education x and income y. More years of education correlate with 
higher income. When r is near —1, the reverse is true. Low x-values correspond to high 
y-values and high x-values correspond to low y-values. If r ~ 0, then there is little or 
no (linear) correlation between the data points. In this case, a linear function does not 
provide a suitable model. A summary of these concepts is shown in the following table. 
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MAKING CONN TIONS 


Correlation and Causation 


When geese begin to fly north, 
summer is coming and the 
weather becomes warmer. 
Geese flying north correlate 
with warmer weather. However, 
geese flying north clearly do 
not cause warmer weather, It 
is important to remember that 
correlation does not always 
indicate causation, 


Correlation Coefficient r(—1 s r= 1) 


Value of 


Comments 


Sample Scatterplot 


There is an exact linear fit. The 
line passes through all data 
points and has a positive slope. 


There is an exact linear fit. The 
line passes through all data 
points and has a negative slope. 


0<r<il 


There is a positive correlation. 
As the x-values increase, so do 
the y-values. The fit is not exact. 


-Il<r<0 


There is a negative correlation. 

As the x-values increase, the 
p-values decrease. The fit is not 
exact. 


There is no correlation. The data 
has no tendency toward being 

linear. A regression line predicts 
poorly. 


It is assumed that the data points do not lie exactly on either a horizontal or 


a vertical line. 


In the next example we use a graphing calculator to find the line of least-squares 
fit that models three data points. 


Determining 


a line of least-squares fit 


Find the line of least-squares fit for the data points (1,1), (2,3), and (3,4). What 
is the correlation coefficient? Plot the data and graph the line. 


SOLUTION Begin by entering the three data points into the STAT EDIT menu. 
Refer to FIGURES 2.16-2.19. Select the LinReg (ax + b) option from the STAT 
CALC menu. From the home screen we can see that the line (linear function) of least 


squares is given by the formula y = By - 7 The correlation coefficient is r ~ 0.98. 
Since r # 1, the line does not provide an exact model of the data. 
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Enter Data into Two Lists Select Linear Regression Equation for Regression Line Data and Regression Line 
[0, 5,1] by [0, 5, 1] 


+b 


FIGURE 2,16 FIGURE 2,17 FIGURE 2.18 


An Application In the next example, we find the regression line that models global 
car shipments found in Example 12, 


Modeling data with a regression line 


Refer to the data from TABLE 2,2 in Example 12. 

(a) Find the least-squares regression line that models this data. 

(b) Compare the regression line with the one that was found in Example 12 by writ- 
ing both lines in slope-intercept form, 


SOLUTION 
(a) FIGURES 2.20-2.23 show how to find this regression line. Its equation is 


y = 3.15x — 6272.15. 


Enter Data into Two Lists Select Linear Regression Equation for Regression Line Data and Regression Line 
(2012, 2020, 2] by [50, 100, 10] 


DIT TESTS y= 15x — 6272.15 
1-Var Stats 


‘QuadReg 
6:CubicReg 
7:/QuartReg 
FIGURE 2.20 FIGURE 2,21 FIGURE 2,22 FIGURE 2.23 


L1(1)=2013 


(b) The equation of the line found in Example 12 can be written in slope-intercept 
form as follows, 


y = 2x - 2013) + 69 


y = By — 6374.5 + 69 
y © 3,17x — 6305.5 


Notice that the slope-intercept forms for these two lines are not exactly alike, 
Their slopes are 3,15 and about 3.17, and their y-intercepts are (0, —6272.15) 
and (0, —6305.5), respectively. However, both lines model the data reasonably 
well, as shown in FIGURES 2.16 and 2,23. 
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ong 2.1 } Putting It All Together | It All Together 


The following table summarizes three forms for equations of a line and how to find 
the intercepts. 


CONCEPT COMMENTS 


Point-slope form Used to find the equation of a line, | Given two points (5, 1) and (4, 3), first compute 


given two points or one point and |, — a = —2. An equation of this line is 


y=m(x- x) +34 the slope 
or y=-2(x- 5) +1. 
yy = m(x — x) 
Slope-intercept form A unique equation for a line, An equation of the line with slope 5 and 
niseaee determined by the slope mand the | y-intercept (0, —4) is y = Sx — 4, 
ee y-intercept (0, b) 
Standard form Any line can be written in this = 15 Slanted line 
Ax + By =C form, y= -4 Vertical line 
=7 Horizontal line 
Finding intercepts 1. To find x-intercepts, let y = 0 1, In 3x + Sy = 15 let y = 0 to obtain 
and solve for x. 3x = 15, or x = 5. The x-intercept is (5, 0). 


2. To find y-intercepts, let x = 0 2. In 3x + Sy = 15 let x = 0 to obtain 
and solve for y, Sy = 15, or y = 3. The y-intercept is (0, 3). 


The following table summarizes special types of lines. 


CONCEPT EQUATION(S) EXAMPLES 


Horizontal line y = b, where b is a constant A horizontal line with y-intercept (0,7) has the 
equation y = 7, 
Vertical line x = k, where k is a constant A vertical line with x-intercept (—8, 0) has the 


equation x = —8, 
Parallel lines y= myx + by and y = mx + by, 
where m, = Mm 


The lines given by y = —3x — | and 
= —3yx + 5 are parallel because they both have 
slope —3. 


Perpendicular lines 


y= myx + by and y = myx + by, 


The lines y = 2x — Sand y = hy + 2 are 
where my = —1 


perpendicular because myn = 2(-4) =-l. 


The following table summarizes linear regression. 


CONCEPT 


Correlation coefficient r | The values of r satisfy —1 = r S 1, where a line fits the data better if + is near —1 or 1. 
A value near 0 indicates a poor (linear) fit. We assume that the data are not exactly 
vertical or horizontal. 


Least-squares regression | The line of least-squares fit for the points (1,3), (2,5), and (3, 6) is » = dy sg 3 and 
line r = 0.98. Try verifying this with a calculator. 
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Equations of Lines 


Exercises 1-4: Find the point-slope form of the line passing 
through the given points, Use the first point as (x, 1). 
Plot the points and graph the line by hand. 


1, (1,2), (3, -2) 2. (—2,3), (1,0) 
8: (=3);=1)9(1s2) 4, (-1,2), (-2,-3) 


Exercises 5-10; Find a point-slope form of the line satisfy- 
ing the conditions. Use the first point given for (x,y). 
Then convert the equation to slope-intercept form, and 
write the formula for a function f whose graph is the line. 


5, Slope —2.4, passing through (4, 5) 

6. Slope 1.7, passing through (—8, 10) 

7, Passing through (1, —2) and (—9, 3) 
8, Passing through (—6, 10) and (5, —12) 
9, x-intercept (4, 0), y-intercept (0, —3) 
10. x-intercept (—2, 0), y-intercept (0, 5) 


Exercises 11-14: Find the slope-intercept form for the line 
in the figure. 


11. y 


Exercises 15-20: Critical Thinking Match the given equation 
to its graph (a-f) shown in the next column. 


15. y= m(x-— x) + y,m>0,x, #0, y, 40 
16. y=m(x-— x1) + ym <0,x, 4 0,9, 40 


17. y = mx,m>0 


18. y = mx + b,m<Oandb>0 
19, x=k,k>0 
20. y=b,b<0 


a. y 


sy 


Cc y 
Vis yw 
x 
e y f; y 


Exercises 21-50: Find the slope-intercept form for the line 
satisfying the conditions. 


21. Passing through (—1, —4) and (1, 2) 
22, Passing through (—1,6) and (2, —3) 
23. Passing through (4,5) and (1, —3) 
24, Passing through (8, —2) and (—2, 3) 
25, y-intercept (0,5), slope —7.8 

26. y-intercept (0, -155), slope 5.6 

27. x-intercept (90, 0), y-intercept (0, 45) 
28. x-intercept (—6, 0), y-intercept (0, —8) 
29, Slope —3, passing through (0, 5) 

30. Slope i, passing through (i, -2) 
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31, Passing through (0, —6) and (4, 0) 


32. Passing through (—4,0) and (0, —3) 
33, Passing through (4, 3) and (f, 2) 


34, Passing through (-4, 5) and ( -2) 


35 


Parallel to y = 4x + 16, passing through (—4, —7) 


36, Parallel to the line y = —3(x — 100) — 99, passing 


through (1, 3) 


37. 


Perpendicular to the line y = 3 (x — 1980) + 5, 
passing through (1980, 10) 


38 


Perpendicular to y = 6x — 10, passing through 
(15, -7) 


39, Parallel to »y = bx + 3, passing through (0, —2.1) 


40. 


Parallel to y = —4x — 4, passing through (2,5). 
41, Perpendicular to y = —2x, passing through (—2, 5) 


42, Perpendicularto y = $y + 3 passing through 3,8 
7 7 


43 


Perpendicular to x + y = 4, passing through (15, —5) 


44, Parallel to 2x — 3y = —6, passing through (4, —9) 


45, Parallel to -3x + 4y = 12, passing through (—4, —6) 


46, Perpendicular to 4x — 8y = 8, passing through (4, 7) 


47, Passing through (5, 7) and parallel to the line passing 


through (1,3) and (—3, 1) 


48, Passing through (1990, 4) and parallel to the line 


passing through (1980, 3) and (2000, 8) 


49 


Passing through (—2, 4) and perpendicular to the line 


passing through (-5, 1) and (-3,3 


Passing through 3, 1) and perpendicular to the line 


passing through (—3, —5) and (—4, 0) 


50. 


Horizontal and Vertical Lines 


Exercises 51-58; Find an equation of the line satisfying the 
conditions. If possible, for each line write a formula for a 
linear function whose graph is the line. 


51. Vertical, passing through (—5, 6) 
52, Vertical, passing through (1.95, 10.7) 


53, Horizontal, passing through (—5, 6) 


54. Horizontal, passing through (1.95, 10.7) 

55. Perpendicular to y = 15, passing through (4, —9) 
56. Perpendicular to x = 15, passing through (1.6, —9.5) 
57. Parallel to v = 4,5, passing through (19, 5.5) 

58. Parallel to y = —2.5, passing through (1985, 67) 


Finding Intercepts 


Exercises 59-70; Determine the x- and y-intercepts on the 
graph of the equation, Graph the equation. 
59, 4x — 5y = 20 60, —3x — 5p = 15 


6l.x-y=7 62, 15x — y = 30 
63, 6x — Ty = —42 64, Sx + 2y = -20 
65. y — 3x =7 66, 4x — 3y = 6 


67. 0.2x +04y=08 68. 3y-x= 1 
69, y= 8x — 5 70, y = —1.5x + 15 


: . wt at 
Exercises 71-74: The intercept form of a line is} + sah 
Determine the x- and y-intercepts on the graph of the equa- 
tion, Draw a conclusion about what the constants a and b 
represent in this form, 


PH ie Ma Si 
MZ +5 1 Th > +53 1 
ax, 4y Sy 
Bata s! 4. and 


Exercises 75 and 76: (Refer to Exercises 71-74,) Write the 
intercept form for the line with the given intercepts, 
75. x-intercept (5,0), y-intercept (0, 9) 


76. x-intercept 3, 0), y-intercept (0, -§) 


Critical Thinking 


Exercises 77-82; Use the graph of y = {(x) to complete 

the following. 

(a) Identify the x- and y-intercepts, 

(b) Find the slope of the graph. 

(c) Give any zeros of f. 

(d) Identify the interval(s) where f is positive or negative. 

(e) Identify the interval(s) where f is increasing or decreas- 
ing. Is f ever increasing and negative on the same inter- 
val? Is f ever decreasing and positive on the same interval? 

(f) Find the slope-intercept form for py = f(x). Can you 
tell from the slope-intercept form if f is increasing or 
decreasing? Explain. 
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2010 | 2011 | 2015 | 
16 | 24 | 18 | 
(a) Use the four oldest data points to find a linear func- 


tion f that models these data. Does f model these 
data exactly or approximately? 


2008 
3 


Source: Business Insider, 


2009 
10 


Year 


Percentage 


(b) Use f to estimate this percentage in 2007. 


(c) Did your answer in part (b) use interpolation or 
extrapolation? Comment on your result. 


(a) Use f to estimate this percentage in 2015. 


(e) Did your answer involve interpolation or extrapo- 
lation? Comment on your results. 


88. Subscription and Streaming Music The following 
table shows digital music revenue in billions from 
subscriptions and streaming. 


81. 
Year} 2011 | 2012 | 2013 | 2014 


4 Revenue | 0.5 1.0 LS 2.0 


i Source: Statista 2016. 


Vp > (a) Write a linear function f in both point-slope form 


and slope-intercept form that models these data. 


J (b) Are there different answers for the slope-intercept 
form in part (a)? Explain. 


(c) Use f to estimate revenue in 2016. Did you use 


Interpolation and Extrapolation interpolation or extrapolation? 


Exercises 83-86: The table lists data that are exactly linear. 
(a) Find the slope-intercept form of the line that passes Applications 


through these data points. £3 89. Cost of College In 2005 the average annual tuition 
(b) Predict y when x = —2.7 and 6.3. Decide if these cal- and fees for attending a private college or university 
culations involve interpolation or extrapolation. was $21,000. This cost rose to about $32,000 in 2015, 


as illustrated in the figure. (Source: Cerulli Associates.) 


83... | 3 ] 2] -1 | 0 1 
y | 7.7 | -62 | -4.7 | -3.2 | -1.7 i 


¢ 
“iy ela tela le ea 
10.2 | 85 | 68 | 51 | 34 2 ai 
2 S 7001" (2005, 21,000) | 
1 ——,-__-__ - 
85, 5 8 / 
x 5 23 32 55 61 10,000 | - 
y | 947 | 569 | 38 [-10.3|-22.9 i 


0 an’ 
Woe 2010 2015 2020 


86. 


Year 
(a) Find the slope-intercept form of the line pass- 
ing through (2005, 21,000) and (2015, 32,000). 
Interpret the slope. 


~« |-u | - | 7 [3 [ 2 
y_|=16.1[-10.4| -8.5 | -09 | 8.6 


87. iPhone Revenues The percentage of smartphone A . 
revenues that were due to iPhones is shown in the (b) Use the equation to estimate the cost of attend- 


table at the top of the next column. ing a private college in 2013. 
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& 90. Distance A person is riding a bicycle. The graph 


shows the rider’s distance » in miles from an inter- 
state highway after x hours, 


Distance (miles) 


Time (hours) 
(a) How fast is the bicyclist traveling? 
(b) Find the slope-intercept form of the line. 


(c) How far was the bicyclist from the interstate 
highway initially? 


(a) How far was the bicyclist from the interstate high- 
way after | hour and 15 minutes? 


Water in a Tank The graph shows the amount of 
water in a 100-gallon tank after v minutes have elapsed. 


Water (gallons) 


012345678910 
‘Time (minutes) 


(a) Is water entering or leaving the tank? How much 
water is in the tank after 3 minutes? 


(b) Find both the x- and y-intercepts. Interpret each 
intercept. 


(c) Find the slope-intercept form of the equation 
of the line. Interpret the slope, 


(d) Use the graph to estimate the x-coordinate of the 
point (x, 50) that lies on the line. 


Cost of Driving The cost of driving a car includes both 

fixed costs and mileage costs, Assume that insurance 

and car payments cost $350 per month and gasoline, oil, 

and routine maintenance cost $0.29 per mile. 

(a) Find a linear function f that gives the annual cost 
of driving this car x miles, 


ee (b) What does the y-intercept on the graph of f 
: represent? 


93, U.S. Music Albums Sold In 2007 music sales were 
500 million albums and in 2015 sales were 240 million 
albums. (Source: RIAA.) 

(a) Find the slope-intercept form for a line passing 
through the points (2007, 500) and (2015, 240), 


oa (b) Interpret the slope of this line. 


(c) Estimate sales in 2011 and compare them with 
the true value of 330 million, Did your answer 
use interpolation or extrapolation? 


94, Toyota Vehicle Sales In 1998 Toyota sold 1.4 mil- 
lion vehicles and in 2007 it sold 2.3 million vehicles. 
(Source: Toyota Motor Division.) 

(a) Find the point-slope form for a line passing 
through the points (1998, 1.4) and (2007, 2.3). 


ie (b) Interpret the slope of this line. 


(c) Estimate sales in 2004 and compare them with 
the true value of 2.0 million vehicles, Did your 
answer use interpolation or extrapolation? 


95. Bankruptcies The table lists the number of bank- 
ruptcies filed in thousands for selected years. 


Year | 2006 | 2007 | 2008 | 2009 | 2010 


Source: Administrative Office of the United States. 
(a) Make a scatterplot of the data. 


(b) Find a formula in point-slope form for a linear 
function f that models the data. 


(c) Graph the data and the equation y = f(x) in the 
same xy-plane. 


AS (d) Interpret the slope of the graph of y = f(x). 


(e) Estimate the number of bankruptcies in 2014. 
Did your answer involve interpolation or 
extrapolation? 


96. College Tuition The table lists average tuition and 
fees in dollars at private colleges for selected years. 


Year | 1995 
Cost | 12,432 
Source: The College Board. 


2000 | 2005 | 2010 | 2015 
16,233 | 21,235 | 26,273 | 32,405 


(a) Make a scatterplot of the data. 


(b) Find a formula in point-slope form for a linear 
function f that models the data. 


(c) Graph the data and the equation y = f(x) in 
the same xy-plane. 


Interpret the slope of the graph of y = f(x). 


(e) Estimate the cost in 2020, Did your answers 
involve interpolation or extrapolation? 


97, Hours Worked in Europe The table lists the annual 
hours worked by the average worker in Europe for 
selected years. 


1970 | 1980 | 1990 | 2000 | 2010 
Hours | 2000 | 1860 | 1750 | 1690 | 1590 


Source: Gallup Research. 


(a) Let x represent the number of years after 1970. 
Find a formula in slope-intercept form for a 
linear function f that models the data. 


BS (b) Interpret the slope of the graph of y = f(x). 
(c) Estimate the annual hours worked in 2014. 


98, Green Building Material The table lists U.S. demand 
for green building materials in billions of dollars for 


selected years. 
2012 2013 
75 80 


Year| 2010 2011 
Demand 65 70 


Source; Freedonia Group. 


(a) Let x represent the number of years after 2010. 
Find a formula in slope-intercept form for a 
linear function f that models the data. 

> (b) Interpret the slope of the graph of y = f(x). 


(c) Estimate the demand in 2020, 


Perspectives and Viewing Rectangles 
fq 99. Critical Thinking Graph y = saqx + 1 in [0, 3, 1] 
by [—2, 2, 1]. 
(a) Is the graph a horizontal line? 


(b) Why does the calculator screen appear as it does? 


100. Critical Thinking Graph »y = 1000x + 1000 in the 
standard window. 
(a) Is the graph a vertical line? 


(b) Why does the calculator screen appear as it does? 


fa 101, Square Viewing Rectangle Graph the lines y = 2x 
and y = -3x in the standard viewing rectangle. 
(a) Do the lines appear to be perpendicular? 
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(b) Graph the lines in the following viewing 
rectangles. 
i. [-15, 15, 1] by [-10, 10, 1] 
ii. [-10, 10, 1] by [-3, 3, 1] 
iii, [-3, 3, 1] by [-2, 2, 1] 
Do the lines appear to be perpendicular in any 
of these viewing rectangles? 


(c) Determine the viewing rectangles where per- 
pendicular lines will appear perpendicular. 
(Answers may vary.) 


B 102. Square Viewing Rectangle Continuing with 
Exercise 101, make a conjecture about which view- 
ing rectangles result in the graph of a circle with 
radius 5 and center at the origin appearing circular. 

i. [-9,9, 1] by [-6, 6, 1] 

ii. [—5, 5,1] by [—10, 10, 1] 
iti, [—5, 5,1] by [—5, 5, 1] 
iv. [-18, 18, 1] by [-12, 12, 1] 
Test your conjecture by graphing this circle in each 
viewing rectangle. (Hint: Graph y, = V25 — x? 
and y, = —V25 — x° to create the circle.) 


Finding a Rectangle 


Exercises 103-106: (Refer to Example 10.) A rectangle is 
determined by the stated conditions. Find the slope-intercept 
form of the four lines that outline the rectangle. 


103. Vertices (0,0), (2,2), and (1, 3) 
104. Vertices (1,1), (5,1), and (5, 5) 
105. Vertices (4,0), (0,4), (0, -4), and (—4, 0) 


106. Vertices (1,1) and (2,3); the point (3.5, 1) lies 
on a side of the rectangle. 


Linear Regression 


Exercises 107 and 108: Find the line of least-squares fit for 
the given data points. What is the correlation coefficient? 
Plot the data and graph the line. 


107. (—2,2), (1,0), (3, -2) 
108. (—1,-1), (1,4), (2,6) 


B Exercises 109-112: Complete the following. 
(a) Conjecture whether the correlation coefficient r for the 
data will be positive, negative, or zero. 
(b) Use a calculator to find the equation of the least- 
squares regression line and the value of r. 
(c) Use the regression line to predict y when x = 2.4. 


109, 


110. 


111. 
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% 
x ]t[3 [5 ]7 [ 00 
y [| 58 | -24 |-10.7|-17.8 |-29.3 


/ Exercises 113-118: Mobile Device Usage The following 
table shows mobile device usage by Black Friday shoppers 
Jrom 2010 to 2015, The middle column lists the percentages 
of online site traffic due to mobile devices (rather than PCs), 
and the third column lists the percentages of online sales. 


113, 
114, 


115, 


116. 


117. 


118. 


fg 119. 


% of Site Traffic % of Sales 

5.6 
14,3 
24.0 


39,7 


Year 
2010 


Source: Business Insider, 1BM report. 


Identify the trends in mobile device usage. 


Is there any relationship between site traffic and 
sales? Explain, 


Let x be the year and y the percentage of site traffic. 
Use linear regression to find f(x) = ax + b that 
models the first two columns, Predict the percentage of 
site traffic in 2016. 


Let x be the year and y the percentage of sales. Use 
linear regression to find g(x) = ax + b that models 
the first and third columns. Predict the percentage of 
sales in 2016, 


Let x be the percentage of site traffic and y the 
percentage of sales. Use linear regression to find 
h(x) = ax + b that models the second and third 
columns. Predict the percentage of sales if the site 
traffic were to reach 70%, 


(Refer to Exercise 117.) For h(x) = ax + 3, inter- 
pret the value of a. 


Distant Galaxies In the late 1920s Edwin P. Hubble 
(1889-1953) determined both the distance to several 
galaxies and the velocity at which they were reced- 
ing from Earth. Four galaxies with their distances 
in light-years and velocities in miles per second are 
listed in the table. 


Galaxy Distance Velocity 

Virgo 50 990 
Ursa Minor 650 
Corona Borealis 950 
| Bootes 1700 


Source; A, Sharoy and 1. Novikov, Edwin Hubble: The Discoverer of 
the Big Bang Universe. 


(a) Let x be distance and y be velocity. Plot the points 
in [—100, 1800, 100] by [—1000, 28000, 1000}. 


(b 


~~ 


Find the least-squares regression line. 


(c) If the galaxy Hydra is receding at a speed of 
37,000 miles per second, estimate its distance. 


wy (a) Interpret the slope in the slope-intercept form from 


part (b). 


f@ 120. Airline Travel The table lists the numbers of airline 


passengers in millions at some of the largest airports 
in the United States during 2002 and 2006, 


2006 


Airport 
Atlanta (Hartsfield) 
Chicago (O’Hare) 
Los Angeles (LAX) 56.2 
Dallas/Fort Worth | 528 | 602 | 
Denver | 35.7 47.3 | 


Source: Airports Association Council International, 


(a 


ha] 


Graph the data by using the 2002 data for 
x-values and the corresponding 2006 data for 
y-values. Predict whether the correlation coef- 
ficient will be positive or negative. 


(b) Use a calculator to find the linear function f 
based on least-squares regression that models the 
data. Graph y = f(x) and the data in the same 
viewing rectangle. 


(c 


~ 


In 2002 Newark International Airport had 29.0 
million passengers. Assuming that this airport 
followed a trend similar to that of the five air- 
ports listed in the table, use f(x) to estimate the 
number of passengers at Newark International in 
2006. Compare this result to the actual value of 
36.7 million passengers, 


Writing about Mathematics 


121. Compare the slope-intercept form with the point- 


slope form, Give examples of each. 


122. Explain how you would find the equation of a line 


passing through two points. Give an example. 
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Learn ahout equations 
and recognize a linear 
equation 


Solve linear equations 
symbolically 


Solve linear equations 
graphically 


Solve linear equations 
numerically 


Solve problems involving 
percentages 


Solve for a variable 


Apply problem-solving 
strategies 


Introduction 
In Example 11 of the previous section, we modeled iPod sales y in millions during 
year x with the equation of a line, or linear function, given by 

f(x) = —4(x — 2008) + 55. 


To predict the year when iPod sales might decrease to 27 million, we could set the 
formula for f(x) equal to 27 and solve the following /inear equation for x. 


Linear function | 


2= 4(x — 2008) + 55 


Linear equation | 


See Example 5. This section discusses linear equations and their solutions, 


Equations 


An equation is a statement that two mathematical expressions are equal. Equations 
always contain an equals sign, 


Equations with Zero, One, or Two Variables 
x+15=9x-1, x? -2v+1 2x, 25 = 0, 


xptrx = yi tx, and 1+2=3 


wwe 


One variable | 


Two variables | Zero variables | 
We will concentrate on equations with one variable, 

To solve an equation means to find all values for the variable that make the equa- 
tion a true statement, Such values are called solutions, The set of all solutions is the 
solution set, For example, the solutions to the equation x? — | = O are | or —1, writ- 
ten as +1, Either value for x satisfies the equation. The solution set is {—1, 1}. Two 
equations are equivalent if they have the same solution set. For example, the equations 
x + 2 = Sand x = 3 are equivalent. 

If an equation has no solutions, then its solution set is empty and the equation 
is called a contradiction. The equation x + 2 = x has no solutions and is a contra- 
diction, However, if every (meaningful) value for the variable is a solution, then 
the equation is an identity, The equation x + x = 2x is an identity because every 
value for x makes the equation true, Any equation that is satisfied by some but 
not all values of the variable is a conditional equation, The equation x” — 1 = 0 is 
a conditional equation, Only the values —1 and 1, when substituted for x, make 
this equation a true statement. 

Like functions, equations can be either /inear or nonlinear, A linear equation is 
one of the simplest types of equations. 


| A linear equation in one variable is an equation that can be written in the form 
ax +b=0, 


where a and b are constants with a # 0. | 


If an equation is not linear, then we say that it is a nonlinear equation, Examples 
of linear and nonlinear equations are shown on the next page. 
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Example Explanation 
2x+5=0 Linear: Is written as ax + b = 0 with a = 2 and b = 5 
3x = -7 Linear: Can be written as 3x + 7 = 0 
S(v- 1) =4 Linear: Can be written as Sx — 9 = 0 
w+ 2x = 1 Nonlinear: Contains x” 
Ve=7 Nonlinear; Contains Vx 


Symbolic Solutions 


A linear equation can be solved symbolically, and the solution is avays exact. To 
solve a linear equation symbolically, we usually apply the properties of equality to the 
given equation and transform it into an equivalent equation that is simpler. 


Addition Property of Equality 
If a, b, and ¢ are real numbers, then 


a=b _ isequivalentto atc=b+te. 


| Multiplication Property of Equality 
If a, b, and ¢ are real numbers with c # 0, then | 


a=b_ isequivalentto ac = be. 


Loosely speaking, the addition property states that “if equals are added to equals, 
the results are equal.” For example, if x + 5 = 15, then we can add —5 to each side 
of the equation, or equivalently subtract 5 from each side, to obtain the following. 


x¥+5= 15 
= 15 5 m each 
x= 10 implif 


Equivalent equations § we 5 


Similarly, the multiplication property states that “if equals are multiplied by non- 
zero equals, the results are equal.” For example, if 5x = 20, then we can multiply each 
side by 4, or equivalently divide each side by 5, to obtain the following. 


5x = 20 Given equal 
5x _ 20 

Equivalent equations ( == ivide each si 
x=4 ive 


These two properties along with the distributive property are applied in the next 
two examples. We also check our answers. 


| EXAMPLE 1 | Solving a linear equation symbolically 


Solve the equation 3(x — 4) = 2x — 1. Check your answer. 


SOLUTION 


Getting Started First we apply the distributive property: a(b — ¢) = ab — ac. Thus 


Distributive property | 3(x — 4) =3+x-3°4= 3x - 12.) 


Finding ||ul| and 0 


FIGURE 8.42 


Finding a, and a 


49 = ||w|| sin 8 


a, =||w|| cos 0 
FIGURE 8.43 


EXAMPLE 3 


Finding (a, a) 


FIGURE 8.44 
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Finding magnitude and direction angle 


Find the magnitude and direction angle of u = (3, 2). 


SOLUTION FIGURE 8.42 shows the position vector for u = (3, —2). The magnitude 


of vector u is 
llul] = V3? + (-2)? = V13. 


To find the direction angle 0, start with tan 6 == — = 3, A calculator 
reveals that tan! (-3) ~ —33.7°. Adding 360° yields the positive direction angle 
0 ~ 326.3°. See FIGURE 8.42. 


Now Try Exorcine 27 


If the magnitude and the direction angle of a vector v are known, then horizontal and 
vertical components of y can be found by using the following equations. (Explain why.) 


HORIZONTAL AND VERTICAL COMPONENTS | 


The horizontal and vertical components for a vector y = (a, a2) having direction 
angle @ are given by 


a, =|\vlcos@ = and —a = lvl sind. 
That is, v = (lvll cos@, llvl| sing). 


Finding horizontal and vertical components 


Vector w in FIGURE 8.43 has magnitude 25.0 and direction angle 41.7°. Find the hori- 
zontal and vertical components. Round to the nearest tenth. 


SOLUTION Let ||w|| = 25.0 and 6 = 41.7°. 


a, = ||wl| coso dy, = ||w\| sin@ 
a, = 25.0 cos 41.7° dy = 25.0sin41.7° 
Cs a 18.7 a ~ 16.6 


Therefore w ~ (18.7, 16.6). The horizontal component is 18.7, and the vertical 
component is 16.6 (rounded to the nearest tenth). 


Writing vectors in the form (a), a2) 


Write each vector in FIGURE 8.44 in the form (a), 2). 


SOLUTION 


u = (5cos60°, 5 sin60°) = (5+ 1's . x3) = (3, 53) 
vy = (2 cos 180°, 2 sin 180°) = (2(-1), 2(0)) = (—2,0) 
w = (6 cos 280°, 6 sin 280°) ~ (1.04, —5.91) 


Now Try Exercises 30 and 43 


Using Two Points to Determine a Vector Ifa vector has initial point P with 
coordinates (a,b) and terminal point Q with coordinates (a, by), then vector 
PO is given by PO = (ay — m, by — by). See the next example. Note that vector 


OB = (a, — ay, b, — bp), and points in the opposite direction as PO with the same 
magnitude. 
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EXAMPLE 4 


Finding a vector graphically and symbolically 


Let point P have coordinates (—1, 2) and point Q have coordinates (3, 4), Find vector 
PG graphically and symbolically. Calculate the magnitude of PO 


Determining PQ from 2 Points 


SOLUTION To graph P@ plot the points P and Q, Then sketch a directed line segment 
from P to Q, as shown in FIGURE 8.45. We can see that the horizontal component is 4 
and the vertical component is 2, A symbolic representation of PQ is given by 


PO = (3 - (-1),4 - 2) = (4,2), 
The magnitude, or length, of PO is 


[Poll = V2 +2 = V20 ~ 4.47, EOS 


Operations on Vectors 


Ci 0.49 | 


Vector Addition Suppose that a swimmer heads directly across a river at 3 miles per 
FIGURE 8.45 hour, If the current is 4 miles per hour, then the person will be carried a distance down- 
stream before reaching the other side, as illustrated in FIGURE 8.46, We can use vectors to 
visually find the direction and speed that the swimmer will travel across the river, 


A Swimmer in a Current 


Ke ver Actual direction and | 
\\ fg speed ofswimmer = | 


\ Re 


wis 
Me » ‘ 
ie 
is : 
Current | 

FIGURE 8.46 
Let vector a represent the speed and direction of the swimmer with no current, 
vector b represent the direction and speed of the current, and vector ¢ represent the 
final direction and speed of the swimmer, We can find the length and direction of ¢ by 
applying the parallelogram rule, as shown in FIGURE 8.47. The speed and direction of 


the swimmer are represented by the diagonal ¢ of the parallelogram (rectangle), which 
is determined by a and b. Vector c is called the sum or resultant of vectors a and b, 


Vector Addition: «© = a + b 


b 
-— — 
cy 
a 4 a 
Fa 
< —_—_———+ 
b 
FIGURE 8.47 


We can represent the velocity of the swimmer with no current by a = (0,3), the 
velocity of the current by b = (4,0), and the velocity of the swimmer in the current 
by c = (4,3). Vector ¢ is the sum of vectors a and b and can be found as follows. 


Sum horizontal components } Sum vertical components | 
a+b= (0,3) + (4,0) = (04+4,3 £0) = (4,3) =e 


Since |le|] = V4? + 3? = 5, the swimmer moves 5 miles per hour in the direction of ¢, 


The Parallelogram Rule 


b 
FIGURE 8.48 


b 


Sum or 
resultant 
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FIGURE 8.48 illustrates graphically how to find ¢ = a + b in general by using the 
parallelogram rule. The following box defines vector addition symbolically. 


OR RIDE 
(ay, a) and b = (b;, by), then the sum of a and b is given by 
at b= (aay) + (by, by) = (ay + bya + by). 


Suppose that vector a represents a force of 80 pounds pulling on a water-ski tow- 
rope and b represents a force of 60 pounds pulling on a second towrope with an angle 
of 25° between them. See FIGURE 8.49. The resultant force ¢ = a + b is given by the 
diagonal of the parallelogram shown in FIGURE 8.50. Vector ¢ represents the net force 
and direction exerted by the two water skiers. 


[Ibl| = 60 1b | 


Net force 
isc. 


a tal = 08 | 


Cc 
FIGURE 8.49 FIGURE 8.50 


Applying the parallelogram rule 
Find the magnitude of the resultant force on the ski boat in the preceding discussion. 
SOLUTION The magnitude of the force equals the length of the diagonal AC in 


FIGURE 8.50. Angle BAD equals 25°. Since angle ABC is 180° — 25° = 155°, we find 
the length of the diagonal AC by applying the law of cosines. 


AC* = 607 + 807 — 2(60)(80) cos 155° ~ 18,701 
AC = 137 pounds 


Vector Notation Using i andj A second type of vector notation involves the 
unit vectors i = (1,0) and j = (0,1). A vector a = (a, a2) can be expressed as 


a= ait aj. 


For example, (3, —4) and 3i — 4j represent the same vector. 


MAKING CONNECTIONS 
imaginary unit / and unit yeetor i In an earlier chapter, we discussed the imaginary unit 
i, where i = V—1 and i? = —1. The vector i = (1,0) represents a different concept. 


Finding resultant forces 


Forces F, = 5i + 12j and F, = 4i — 3j act at the same point. Find the resultant force 
F and its magnitude. 
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Resultant Force SOLUTION The position vectors for F, = Si+ 12) and FE, = 4i — 3j and the 
resultant force F are shown in FIGURE 8.51. The resultant force F equals F, + Fy, 
F=F+5 
= (Si + 12j) + (di — 3)) Add j components | 


=(6 £4) + (12 #(-3))j 
= 01 + OF Add i components | 


It follows that ||F|| = V0? + 9? = V/162 ~ 12.7. 


Scalar Multiplication Scalar multiplication occurs when a vector y is multiplied by 


FIGURE 8.51 a real number, or scalar, k to form ky. Vectors y and ky are parallel if k A 0. Vector 


ky points in the same direction as y if k > 0, and ky points in the opposite direction of 
vif k < 0, The magnitude of ky is |k| times the magnitude of v. These ideas are shown 
by FIGURES 8.52 and 8.63 in the See the Concept, where vector v represents the wind, 


See the Concept: Scalar Multiplication 


© 20 mph wind | ¥ 
blowing toward - 
_the south : Sit » 
@ 10 mph wind SIA. 
blowing toward 
the south 
eA seieladd Xx 
i 10 
O-1v=(¢2,-2) 
y 2v | - 
FIGURE 8.52 | FIGURE 8.53 
@ Represent the wind byv = (0,—-10). @ Awind toward the northeast is modeled by v = (4,4), 
@ If the wind doubles in speed but does not change @ Then a wind in the opposite direction of v with half the 
direction, then the scalar multiple 2v models this speed is modeled by 
situation, 1 ; 1 
2v = 2(0,-10) = (2+0,2+(-10)) = (0, -20) av = = 3 (4d) = ( rele 4) = (-2,~2). 


nber, then the sealar multiple ky is given by 
ky = k(v, 2) = (ky, ky). 


peWidhove Performing operations on vectors 
Find each of the following expressions graphically and symbolically if a = (—3, 4) 
and b = (-1,-2). 
(a) [lal (b) -2b (c) a+ 2b 
SOLUTION 
(a) Graph a = (—3, 4), as shown in FIGURE 8.54, The length of a appears to be 
about 5. This can be verified symbolically. 


llall = V(-3P + GP = 5 


Finding |lall 


FIGURE 8.54 


(-3)? + (4% =5 | 
a ie a 
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(b) Graph b = (—1, —2). The scalar multiple —2b points in the opposite direction 
of b with twice the length. See FIGURE 8.55, where —2b = (2, 4). Symbolically, 
—2b = —2(-1,-2) = (-2+(-1), -2+(-2)) = (2,4). 
(c) Graph a = (—3,4) and 2b = (—2, —4). See FIGURE 8.56. By the parallelogram 
rule, the diagonal represents a + 2b = (—5, 0). This can be verified symbolically. 


a+ 2b = (-3,4) + 2(-1,-2) = (-3,4) + (-2, —4) = (-5,0) 


Finding — 2b Finding a + 2b 


Find the 
diagonal. 


| Vector —2b is twice as 
~~ long and points in the 
opposite direction as b. 
a is = nt 


CeCe 


FIGURE 8.55 FIGURE 8.56 


Now Try Exercise 79 


Vector Subtraction Subtraction can be defined both symbolically and graphi- 
cally, The difference a — b can be thought of as the sum a + (—b). Then, 


a-—b=a+(-b) 
= (a,@) + (-b,, -b2) 
= (a, + (-b)), a + (—bp)) 
= (a, — bya — be). 


Vector subtraction is defined symbolically as follows. 


Ifa = (a), a) and b = (by, by), then the difference of a and b is given by 
a—b = (a,a) — (by,b2) = (a, -— by — by). 


The difference a — b is shown graphically by FIGURE 8.57 in the See the Concept. 


See the Concept: Vector Subtraction (Graphical) 


To finda — b: 
@ Find —b. 


@ Add a + (—b) using the parallelogram 
tule. 


@ The resultant is a — b. Notice that by the 
parallelogram ruleb + (a — b) = a. 


| FIGURE 8.57 | 
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Operations on Vectors 
aera ee 
{~3,4}-{5,-6} 

-8 


10} 
2{-3,4}-3{5,-6} 
{-21 26 


FIGURE 8.58 


Robotic Arm 


rem . P nn ‘ 
PLE 8 | Adding and subtracting vectors 


Let a = (—3,4) and b = (5, -6). Find a + b,a — b, and 2a — 3b. 


SOLUTION To add two vectors, we add corresponding components. 
at+b= (-3,4) + (5,-6) = (-3+5,4+(-6)) = (2, -2) 
To subtract two vectors, we subtract corresponding components. 


a—b= (-3,4) — (5, -6) (=85 34 <(-6)) = (-8, 10) 


Subtract horizontal components | Subtract vertical components | 


To subtract scalar multiples of two vectors, we do the following. 
2a — 3b = 2(-3,4) — 3(5,-6) = (-6,8) — (15, -18) 
= (-6 — 15,8 — (-18)) = (—21, 26) 


| Now Try Exercises 63 and 83 | 


(TY (On some graphing calculators the list feature can be used to perform opera- 
tions on vectors, In FIGURE 8.58 a calculator has been used to evaluate the expressions 
in Example 8. On other calculators vectors can be represented by ordered pairs with 
parentheses, 


Performing operations on vectors 
Find —3a + 5b ifa = 2i + 3j and b = 61 — 7j. 


SOLUTION 

—3a + Sb = —3(2i1 + 3)) + 5(6i — 7) 
(—6i — 9j) + (301 — 35)) 
= (-6 + 30)i + (-9 — 35)j 
= 241 — 44j 


ll 


| Now Try Rxerctxe 81 | 


An Application from Robotics Robotic arms are sometimes modeled using vectors. 
Consider the planar hwo-arm manipulator in FIGURE 8.59. If BC = aand CA = b, then 


the position of the hand is given by BA = ce. Since c = a + b, we can easily locate the 
position of the hand if a and b are known, (Source: J. Craig, Introduction to Robotics.) 


Using vectors to locate a robotic hand 


Let a = (3.1, 1.5) and b = (1.4, 2.4) in FIGURE 8.59. 

(a) Find the position of the robotic hand. 

(b) Suppose the upper arm represented by a doubles its length and the forearm rep- 
resented by b reduces its length by half. Find the new position of the hand. 


SOLUTION 
(a) To find the position of the hand, evaluate a + b. 
a+b= (3.1, 1.5) + (1.4,2.4) = (4.5, 3.9) 
The hand is located at the point (4.5, 3.9). 
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(b) The new position is represented by 
aa + 3b = 2(31, 15) +5 (14,24) 
= (6.2, 3.0) + (0.7, 1.2) 
= (6.9, 4.2). 
The new coordinates of the robotic hand are (6.9, 4.2). 
Now Try 


An Application from Navigation Vectors are frequently used to describe air 
and fluid flow. The next example uses vectors to describe the motion of an airplane. 


bo. W2hoHER Using vectors in navigation 


An airplane is flying with an airspeed of 300 miles per hour and a bearing of 40° in a 

30-mile-per-hour west wind, 

(a) Find vectors v and u that model the velocity of the airplane and the velocity of 
the wind, respectively, 

(b) Use vectors to determine the groundspeed of the plane. 

(c) Find the final bearing of the plane in the wind. 


Bearing of an Airplane SOLUTION 
N wind | (a) Consider FIGURE 8.60, which shows vectors y and u graphically, Since u models a west 
\ wind, it points to the right with length 30 and can be represented symbolically by 
u = (30,0). Let a be the horizontal component and a» be the vertical component 
of y. Since |ly|] = 300, it follows that a; = 300 cos 50° and a = 300 sin 50°. Thus 


Set course | 


True | vy = (300 cos 50°, 300 sin50°) ~ (192.8, 229.8). 
a“ (b) The true course of the plane is given by e = v + u. 
e=vtu 
= = (300 cos 50°, 300 sin 50°) + (30,0) 
ae a = (300 cos 50° + 30, 300 sin 50°) 
FIGURE 8.60 The groundspeed of the plane equals |le. 


llell = V‘@Q00 cos 50° + 30)? + (300 sin 50°? ~ 320.1 
The groundspeed of the airplane is approximately 320 miles per hour. 
Since ec = (300 cos 50° + 30, 300 sin 50°), the direction angle 0 is determined by 
the vector ¢ and the positive x-axis (East). Thus tané = ee = 1,0313 
and 6 ~ tan! 1.0313 ~ 45,.9°, The final bearing of the plane in the wind equals 
90° — 45,9° = 44.1°. 


(c 


~ 


The Dot Product 


Thus far we have discussed addition, subtraction, and scalar multiplication of vec- 
tors. Another operation on vectors, called the dot product, is important because it can 
be used to find angles between vectors. The dot product has applications in computer 
graphics, solar energy, and physics, We begin by defining the dot product. 


r D071 | CT 
Let a = (aj, a) and b = (bj, by). The dot product of a and b, denoted a « b, is 
a real number given by 


| 
arb = aby + aby. | 
} 
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In the next example, we calculate dot products. Notice that the dot product of 
two vectors is a real number, rather than a vector. 


f | ‘ rey ‘ ‘ 
Poe Widhceee Calculating dot products 
| J I 


Calculate a + b. 
(a) a= (4,-3),b = (1,2) 
(b) a = 2i + 5j,b = —31 + 2 


SOLUTION 
(a) ac b= (4,—-3) + (-1,2) = @(-) + (—-3)Q) = -10 
(b) arb = Qi + 5) + (— 31 + 2) = @(—3) + MO) = 4 


| Now Try Exerctxox 87(a) and 91(a) | 


Angle Between Vectors In FIGURE 8.61 the angle between vectors a and b is 0, where 0° = 0 S 180°. If 
\ 0 = 90° the vectors are perpendicular, and if @ = 0° or 180° the vectors are parallel. If 
\ 0 = 0° the vectors point in the same direction, and if @ = 180° they point in opposite 
b directions. 


It is shown in Exercise 6 of the Extended Exercises at the end of this section that 


" for any two nonzero vectors a and b, 
a 
FIGURE 8.61 a+b = [lal [Ibll cos. 


This result can be used to find the angle @ between a and b. 


Ifa and b are nonzero vectors, then the angle @ between a and b is given by 
avb 
llall [loll 


Vectors a and b are perpendicular if and only if a+ b = 0. 


6 = cos"! 


| EXAMPL!} 2 13 | Finding the angle between two vectors 


Sketch the vectors a and b. Then find the angle @ between a and b, 
(a) a = 2i — 3j,b = 3i + 2j 
(b) a = (~4,3),b = (1, -2) 


SOLUTION 
(a) Vectors a and b appear to be perpendicular in FIGURE 8.62. Since 
a+b = (2)(3) + (—3)(2) = 0, 


the vectors are perpendicular and @ = 90°. 
(b) A sketch of the vectors is shown in FIGURE 8.63. They are neither perpendicular 
nor parallel, Since a + b = (—4)(1) + (3)(—2) = — 10, 


llall = V(-4? + GY = 5, 
and 


lb = Vay? + (2 = Vs, 


it follows that 


Calculating Work 
6 foot-pounds 


1 foot-pound 3ft 
Ift 

{{11b } (2b | 

FIGURE 8.64 
ae 

: y i" Je EF 4 
if 4 asl | vig es! * d a 

[Smee cco cn tm otal 


FIGURE 8.65 


Suppose a force vector F is perpen- 
dicular to D. How much work is 
done? Interpret your answer. 
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Perpendicular Vectors Finding Angle 0 


FIGURE 8.62 


Work 


In science a force does work only when an object moves. For example, a person push- 
ing against a brick wall does no work, whereas a person lifting a 2-pound weight does 
work. Work equals force times distance, provided the force is in the same direction as 
the movement of the object. If a 150-pound person climbs up a 20-foot rope, then the 
work W done is 


W = 150 X 20 = 3000 foot-pounds. 


A foot-pound equals the work required to lift 1 pound a vertical distance of 1 foot. 
See FIGURE 8.64. 

If the force is not in the same direction as the movement, then we must use 
trigonometry to determine work. Consider a person pulling a wagon, as shown in 
FIGURE 8.65, where F represents the force on the handle and D represents the distance 
and direction that the wagon is pulled. The force F can be expressed as the sum of 
a horizontal vector in the direction of D and a vertical vector perpendicular to D, 
as illustrated in FIGURE 8.66, Using the right triangle in FIGURE 8.67, we see that the 
horizontal component of F is given by ||F|| cos @ and the vertical component of F is 
given by ||F|| sind. 


Forces Pulling a Wagon 


Horizontal Ji S 
component / of 
4 Vertical . 
is Ef — component Well \|F|| sin 0 
4 of F ff 
Le Ze. 1 __ Force in direction of 
o¢ > oa D Fl cos @ — wagon movement 


FIGURE 8.66 FIGURE 8.67 


The work W done pulling the wagon is equal to the horizontal component 
||Fll cos@ times the distance the wagon moves, which is given by ||D]]. That is, 


W = |FI ||| cosa = F + D. 


Work equals the dot product of the force vector F and the displacement vector D. 


WORK | =a 


If a constant force F is applied to an object that moves along a vector D, then the 
work W done is 


W=F-D. 
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CONCEPT 
Vectors 


FIGURE 8.68 


ee 8.3 | Putting It All Together | It All Together 


PW ACH Calculating work 


Calculate the work done when a force F = (3,—2) moves an object from point 
P = (2, 1) to point @ = (3, -1), where force is measured in pounds and distance 
in feet. 


SOLUTION First we must find the displacement vector D = PO, where 
PG = (3 -(-2), -1-1) = (5, -2), 
The work W done can be calculated as follows. 
W=F+D = (3,-2) + (5, —2) = 15 + 4 = 19 foot-pounds 


Now Try Exercise 103 


IOP WAL) § Calculating work 


A 150-pound person walks 500 feet up a hiking trail that is inclined at 20°. Use vec- 
tors to compute the work done by the person, as illustrated in FIGURE 8.68, 


SOLUTION Vector D is 500 feet long and is given by D = (500) cos 20", 500 sin 20”), 
Since gravity pulls downward, the force exerted by the 150-pound person against 
gravity is given by F = (0), 150). The work done is 


W = F+ D = (0) (600 cos 20°) + (150) (500 sin 20°) ~ 25,650 foot-pounds, 


Now Try Exercise 125 


EXPLANATION 


Vector quantities denote both magnitude and a= (1,2) anda=i+ 2j represent the 
direction, A vector a can be expressed as either same vector, The magnitude of a is given by 
a= (4,49) ora = ai + ayj. Its magnitude llall = VP + 2 = V5 

is given by |lal| = Va;? + a2. The numbers ; 
a and a are called the horizontal and vertical 
components of a, respectively. 


y 


A vector with its initial point at the origin is called 
a position vector. The positive angle between the 
x-axis and the position vector is called the direction 
angle 0, where 0° < @ < 360°. If vector a has 
direction angle 0, then 


a = (|lall cos@, |lall sing). 


The horizontal component is 1, and the 
vertical component is 2. 
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EXPLANATION 


Operations on | Leta = (aj, a), b = (b,,62), and k bea real Leta = (4,1),b = (3,2). 
vectors number. 


a+b= (4,1) + (3,2) 
atb= (a,@) + (bb) = (7,3) 
= (a, + by, + by) Dun a—b= (4,1) — (3,2) 
a—b= (a, a) — (b1,b2) = (1,-1) 
= (a, ~ by, — by) Difference 3a = 3(4,1) = (12,3) 
ka = k(ay,a)) = (kay, kay) Scalar multiple 


Dot product If a = (aj, a) and b = (by, by), then Let a = (2,-2),b = (3,1 
a+b = ayby + aby. a+b = (2)(3) + (-2)(1) = 


Angle 6 If a= (ay, a) and b = (bj, by), then 
between two «sk 
vectors éSeos7 

Hlall [loll 

Vectors a and b are perpendicular (6 = 90°) if 
and only if a+ b = 0, 


If a = (4,-3) and b = (3,4), 
a+b = (4)(3) + (-3)(4) =0. 
Thus a and b are perpendicular. 


If a constant force F is applied to an object that If F = 3i — 4j and D = 10i — 20j, then 


moves along a vector D, then the work done is - 
W=F-D. W=F-D 


= (3)(10) + (—4)(—20) 
110 foot-pounds, 


where units are in feet and pounds. 


Exercises 


Representing Vectors and Their Magnitudes 3; 
Exercises 1-4: Use the graphical representation of v to 
complete the following. 

(a) Estimate integer values for components a, and ay so 


that Y = (a, a). 
(b) Calculate |\y\\. 


Exercises 5-10: Complete the following. 
(a) Sketch a vector y that models the situation. 
(b) Express v as (ai, a). 

& (c) Find 2v and — AL Interpret each result. 


5. A 20-mile-per-hour wind from the north 


6. A 10-mile-per-hour wind from the west 
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x 


. A 5-mile-per-hour wind from the northeast 


o 


. A 7-mile-per-hour wind from the southeast 


J 


. A 30-pound force upward 


10. A 15-pound force pulling at a 45° angle in standard 
position 


Exercises 11-18: Complete the following for vector y. 


(a) Find the horizontal and vertical components. 
(b) Calculate |\y\| and decide if y is a unit vector. 
(c) Graph y and interpret |ly\. 


I. y= (1,1) 12, v = (-1,0) 

13, y = (3, -4) 14, y = (-2, -2) 
15, v=i ibe 

17, v= Si + 12j 18, y= -3i - 4 


Direction Angles and Components 


Exercises 19-30: Find the magnitude and the direction 
angle 0 for the given vector, Let 0° S 0 < 360° and round 
6 to the nearest tenth when appropriate. 


19, (3,0) 20. és 
21, (-1,1) 22. (3 

23, (V3, -1) 24, (-1 ae 
25, (-5, -12) 26. (7, -24) 
27, (13, -84) 28, (—11, -60) 
29, (—20, 21) 30. (16, -63) 


Exercises 31-38: Checking Symbolic Skills Find the hor- 
izontal and vertical components for y, given magnitude |ly\| 
and direction angle 0. Round values to the nearest tenth. 


31. |lvll = 4,0 = 180° 32. |lvl] = 1,@ = 270° 
33. |lvl = V2,0 = 135° 34, [lvl = V2, 0 = 225° 
35, |lvll = 23,0 = 54° 36. |lvll = 71,0 = 163° 


37, |lvll = 34,0 = 312° — 38, ||vl] = 25,@ = 73° 


Exercises 39-42: Write the vector in the form (ay, a). 
39, y 


Exercises 43-46; Write the vector in the form (ay, a). 
Round values to the nearest hundredth. 
43. y 44, 


h 
| Vv ¥ x 
4 \3 
roe \ afi 130° 
A 40 P TS A 
45, y 46. } 
220° 
= —_L}1—_ + 
7 =35 x Y x 


Exercises 47-52: Checking Symbolic Skills A vector y has 
initial point P and terminal point Q. 


(a) bo ey 

(b) Write PO asv = (a, a2). 
(c) Find the magnitude of PO. 
47, P = (0,0), Q = (-1, 2) 
= (4, -6) 
49, P = (1, 2), 2 = (3, 6) 


48, P = (0,0), 


50. P = (-1,-2), Q= (4,4) 


51, P = (—2,4), = (3, —2) 


52. P=(0,-4), @= (1,3) 


Resultant Forces 
Exercises 53-56: Use the parallelogram rule to find the 


magnitude of the resultant force for the two forces shown 
in the figure (to the nearest tenth of a pound). 


53, A 54, 


40 Ib iy 

Aa? 85 Ib / 
60 Ib foi 
/\® 


oo01b 


55. & 56. ee 
= 0° 
15 1b s00RKON 
2 


ie 


_\—_—_——_> 
25 1b 


Exercises 57-62: Forces F, and Fy act at the same point. 
Find the resultant force F and its magnitude. 


57, K, = 31-44. = ~8i + 16) 

58, F, = -7i + 3b = At 12) 

59, F, = (8,9), = (1, -31) 

60. F, = (48,0), = (0, -55) 

61, F, = 0.51 + 0.7), = =1,51 - 5.7) 


oF = + ab h= itd 


Operations on Vectors 
Exercises 63-70: Evaluate each of the following. 
(ajat+h (b) a-b 
63. a = (0,2), p = (3,0) 
64, a= (1,1), b = (-2,3) 
65. a= 2th, b=i-2j 
66, a=i+ 2, b= -2i + 3) 
é7. w= (-V25)) = (V2, -4) 
ee) ee 2p 82 
68, a = (3-6): = (io) 


69. a= (cos n); + (sin ), b= (cos n)j + (sin a); 
14> ( 


cos 3a); + (sin 3a), b = (cos m)i + (sin 77) i 


Exercises 71-76: Use the figure to evaluate each of the 
following. 


(ajath (b)a-b (c) —Aa 
Th 
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Exercises 77-80: Evaluate each of the following graphi- 
cally and symbolically. 


(a) all (b) 2a (e) 2a F 3b 

71, a = 2, =itj 
2.a= i+) p=i-j 
79, a= (-1,2), b= (3,0) 
30. a= (-2,-1), p = (-3,2) 


Exercises 81-86: Given vectors a and b, evaluate each of 


the following. 
(a) —a + 4b (b) 2a — 3b 


81. a=i- 2, 
82. a= —6i +}, 
(1,-4), 
84. a = (-5, 13), 


83, a 


ll 


95. a= (-7,-2), 


g6. a= (5,1), 


Dot Product and Work 


= —Si t+ 2j 
b= 7i - 3) 
= (-3,5) 
b = (0,-1) 
p = (9,-1) 
p= (-2,-4) 


Exercises 87-94: Checking Symbolic Skills Complete the 


following for vectors a and b. 
(a) Find a b. 


(b) Approximate the angle @ between a and b to the near- 


est tenth of a degree. 


(c) State if vectors @ and b are perpendicular, parallel, or 
neither. If a and b are parallel, state whether they point 
in the same direction or in opposite directions. 
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87. a = (1, -2), b= (3,1) 
88. a = (4,5), b= (2, -2) 
89. a = (6,8), b= (-4,3) 
90. a = (1,-2), b= (-2,4) 
D1. a = Si + 6, b= 105 + 125 
92. a= 21 + 6j, b= 3i+j 
93, a =i + 3), b = 0.5i — 1.5] 
94. a= -12) + 16j, b= -3i + 4j 


Exercises 95-98: Find the work done in each situation, 
95. Lifting a 30-pound weight 5 feet upward 


96. Lifting a 15-pound bucket 8 feet upward 


97. Pushing a stalled car on level ground with a force of 


100 pounds for 1000 feet 


running up 5 flights of steps 
floors 


98. A 150-pound person 
with 10 feet between 


Exercises 99-102: Find the work done when a constant 
Jorce F is applied to an object that moves along the vector 
D, where units are in pounds and feet, Find the magnitude 


of F. 
99. F = (10,20), D = (15, 22) 
100. F = (64, 36), D = (22, -33) 
101. F = $j — 3j, D = 31 - 4j 
102, F = 7 - 24j, = -2i - 5; 


Exercises 103-106: Calculate the work done when the force 
F= Si+ 3j moves an object from P to Q. 


103. P = (—2, 3), Q = (1,6) 
104, P = (—2, -1), Q = (1, 3) 
105, P = (2, ~3), Q = (4, -5) 
106. P = (1, 1), 2=(-1,6) 
Applications 


107. Swimming in a Current A swimmer heads directly 
north across a river at 3 miles per hour, in a current 
that flows west to east at 2 miles per hour, as illus- 
trated in the figure at the top of the next column, 
Find a vector that models the resulting direction 
and speed of the swimmer, With what Speed is the 
swimmer moving in the river? 


Fa 108. Wind and Vectors A 


109, 


110 


111. 


112, 


113, 


114, 


2 mi/hr 3 oe 


wD 


° 


A ; 


wind can be described by 
Vv = 61 + 8], where vector j points north and repre- 
Sents a south wind of | mile per hour, 

(a) What is the speed of the wind? 


(b) Find 3y, Interpret the result, 
(c) Interpret the wind if it switches to u= —8i + 8]. 


Air Navigation (Refer to Example 11.) An airplane 
heads west at 400 miles per hourina 50-mile-per-hour 
northwest wind, Find a vector that models the 
resulting direction and Speed of the airplane, Find 
the groundspeed and bearing of the airplane in the 
wind, 


Air Navigation A plane with an airspeed of 240 
miles per hour is headed on a bearing of 110°, A 
wind is blowing from the north at 18 miles per hour, 
Find the groundspeed and the final bearing of the 
plane in the wind, 


Course and Groundspeed A plane flies 450 miles 
per hour on a bearing of 160°, A 20-mile-per-hour 
wind is blowing from the south. Find the ground- 
speed and the final bearing of the plane in the wind, 


Course and Groundspeed A plane flies on a bear- 
ing of 230° at 350 miles per hour, A wind is blowing 
from the west at 30 miles per hour, Find the ground- 
Speed and the final bearing of the plane in the wind, 


Force and Water-Ski Towropes (See Example 5.) 
Forces of 65 pounds and 110 pounds are exerted 
by two water-ski towropes. If the angle between the 
towropes is 19°, find the magnitude of the resultant 
force, 


pus. 


x, 
eS 116, 


Measuring Rainfall Suppose that vector R models 
the amount of rainfall in inches and the direction it 
falls, and vector A models the area in square inches 
and orientation of the opening of a rain gauge, as 
illustrated in the figure. The total volume V of water 
collected in the rain gauge is given by V = |R+ Al. 
This formula calculates the volume of water col- 
lected even if the wind is blowing the rain ina slanted 
direction or the rain gauge is not exactly vertical. Let 
R=i- 2 and A = 0.5i + }. 

(a) Find ||R|l and \\Al|. Interpret your results. 


(b) Calculate V and interpret this result. 


(c) For the rain gauge to collect the maximum 
amount of water, what must be true about vec- 
tors R and A? 


Solar Panels Suppose that the sun’s intensity (in 
watts per square centimeter) and direction are given 
by vector I, and a solar panel’s area (in square 
centimeters) and orientation are given by vector A, 
as illustrated in the figure. Then the total number 
of watts W that are collected by the solar panel is 
given by W = |I° A. Let 1 = 0.011 — 0.02) and 
A = 400i + 300j, 


N Pa 
\ 
SY 
\) 
(a) Find |[I|| and |All. Interpret your results. 


(b) Calculate W and interpret this result. 


(c) For the solar panel to absorb maximum watt- 
age, what must be true about vectors I and A? 
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117. Robotics (Refer to Example 10.) Consider the pla- 
nar two-arm manipulator shown in the figure. Let 
the upper arm be modeled by a = (3,2) and the 
forearm be modeled by b = (-2,2), where units 
are in feet. (Source: J, Craig, Introduction to Robotics.) 


y 


x 


(a) Find a vector ¢ that represents the position of 
the hand. 


(b) How far is the hand from the origin? 


i (c) Find the position of the hand if the length of 
the upper arm triples and the length of the fore- 
arm is reduced by half. 


118, Robotics A planar three-arm manipulator is shown 
in the figure, with joint angles measured relative to 
a positive horizontal axis, 


yy j 


(a) Find vectors a, b, and ¢ that represent each part 

of the robotic arm. 
ie (b) Find a vector d that represents the position of 
the hand. How far is the hand from the origin? 


119, Force and Water-Ski Towropes (See Example 5.) 
Forces of 30 and 40 pounds are exerted by two 
water-ski towropes. If the angle between the tow- 
ropes is 30°, find the magnitude of resultant force 
to the nearest tenth of a pound. 


120. Force and Water-Ski Towropes (See Example 5.) 
Forces of 35 pounds each are exerted by two water- 
ski towropes. If the angle between the towropes is 
45°, find the magnitude of resultant force to the 
nearest tenth of a pound. 
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121. Tension on a Cable A 100-pound weight is hanging 
by two cables, labeled A and B, as shown in the figure. 
Determine the magnitude of forces pulling on each 
cable to the nearest tenth of a pound, 


\ Jase 45°\, 


ee : 


| 100 Ib | 


122, Tension on a Cable (Refer to Exercise 121.) 
Suppose that the angle for cable A changes from 45° 
to 60°. Determine the magnitude of forces pulling on 
each cable to the nearest tenth of a pound, 


123, Rolling Force of a Car A 4000-pound car is parked 
on a street that has a slope of i or a 10% grade, 
Find the force required to keep the car from rolling 
downhill to the nearest pound, 


124, Rolling Force of a Car Repeat Exercise 123 if the 
car weights 3500 pounds and is parked on a hill with 
a7% grade, 


125. Work (Refer to Example 15,) A !45-pound person 
walks 1.5 miles up a hiking trail inclined at 15°. Use 
a dot product to calculate the work W7done (in foot- 
pounds), 


126. Work A wagon is pulled 500 feet using a force of 
10 pounds applied to the handle, which makes a 40° 
angle with the horizontal. See FIGURE 8.65. Use a dot 
product to calculate the work W done. 


127. Air Navigation A pilot would like to fly to a city 
that is 200 miles away and has a bearing of 135°, The 
wind is blowing from the north at 30 miles per hour, 
and the trip is to take | hour. Find the direction and 
Speed that the pilot should adopt to accomplish this 
flight. 


128. Work Calculate the work required to push an 1800- 


pound car up a 7° incline for 0.1 mile, 


Writing about Mathematics 


129. State the basic properties of a vector, Does a vector 
have position? Explain. Give two examples of how 
to write a vector, 


130, State one application of vectors, Give a specific 
example of a vector for this application and explain 
how the vector models that application. 


Extended and Discovery Exercises 


1. Computer Graphics Vectors frequently are used to 
determine the color of pixels on computer screens, 
For example, Suppose that we would like to color the 
right side of the screen blue and the left side yellow, 
where the boundary is positioned along vector PC, 
as illustrated in the figure below, 


s 
—I 


First find PR perpendicular to PO Then to 
determine if a pixel at point S should be blue or yel- 
low, consider the angle 0 between vectors PS and 
PR. If 0 is acute, then S must be on the same side of 
PQ as Rand is colored blue, as illustrated in the left 
figure below. If angle 9 is obtuse, then S is on the 
Opposite side of PO from R and is colored yellow, as 
shown in the right figure below, 


We can determine whether @ is acute or obtuse 
by calculating the dot product PS + PR, If the dot 
product is Positive, then 


_ a PRR 
sa i Fai) 


is acute and S$ should be blue. If the dot product is 
negative, then 0 is obtuse and S should be yellow, 

Let P be (—1, 2), 5 be (-2, 5), PO =i + 5), 
and PR = 51 — j. Determine the appropriate color 
at point S. See the figure below. 


2. Dot Products in Computer Graphics (Refer to 
Extended and Discovery Exercise LA computer 
Screen is gray to the left of vector PO = 2} — 3j 
and blue to the right, where vector PR = 3i + 2j is 


perpendicular to PG. Let point P be (2, 1). Determine 
the color of a pixel located at S. 
(a) S = (3, -2) (b) S = (2,2) 


3, Dot Products in Computer Graphics (Refer to 
Extended and Discovery Exercise 1.) A computer 
screen is to be blue above vector PQ = Si — j and 
white below, where point P is (2, 1). Determine the 
color of a pixel located at S. 

(a) S = (100, -10) (b) S = (—500, 50) 


4, Shadows in Computer Graphics Vectors are used 
frequently in computer graphics to simulate realistic 
shadows. For example, suppose an airplane is taking 
off from a runway, as illustrated in the figure. Let 
the length and direction of the airplane at takeoff 
be given by vector L, If the sunlight is assumed to 
be perpendicular to the runway, then the length of 
the airplane’s shadow cast on the runway equals 
|[L| cos@, From previous work, we know that if vec- 
tor R points in the direction of the runway, then 


L+ R = |{L| [Rll cosa. 


Solving for ||L|| cos @ results in 


L°R 
\[Ll| cos 8 = T=. 
(IR\l 
The expression aM represents the component of L 


in the direction of R. Find the length of the shadow 
on the runway for each L and R, Assume units are 
in feet. (Source: C. Pokorny and C, Gerald, Computer 
Graphics.) 


(a) L = 40i + 10}, R=i 
(b) L = 35i + 5j, R= 101+} 


(c) L = 100i + 8i, R = 301 + 2j 
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5, Velocity of a Star The velocity vector y of a star rela- 
tive to the sun can be expressed as the resultant vec- 
tor of two perpendicular vectors—the radial velocity 
y, and the tangential velocity v, where vy = v, + YW 
as illustrated in the figure. Ifa star is located near the 
sun and its velocity is large, then its motion across 
the sky will also be large. Barnard’s Star is relatively 
close to the sun with a distance of 35 trillion miles. 
Relative to the sun, it moves across the sky through 
an angle of 10.34” per year, which is the largest 
of any known star. Its radial velocity is v, = 67 
miles per second toward the sun, (Sources: A. Acker 
and C, Jaschek, Astronomical Methods and Calculations; 
M. Zeilik, Introductory Astronomy and Astrophysics.) 

(a) Approximate |ly,|| for Barnard’s Star in miles per 
second. (Hint: Use s = r.) 


(b) Compute lly}. 


Barnard’s Star 


y vi 
~ 
r ~ 
a Vv 
/ rs 
/ / 
/ /' 
/ v 
/ 
/ 
/ (Not to scale) 


Sun 


6. The Dot Product In the figure, 
a= (a.m), b= (bi,b2), and 
a-b= (a, — bm — hy). 


Apply the law of cosines to the triangle and derive the 
equation a + b = |lall {lbll cosd. 
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= Learn basic concepts 
about parametric 
equations 

« Convert and graph 
parametric equations 


" Use parametric equations 
to solve applications 


| EXAMPLE 


Introduction 


Sometimes a curve cannot be modeled by a function, For example, a circle cannot be 
described by a single function because a circle fails the vertical line test. Parametric 
equations represent a different approach to describing curves in the Xy-plane, They 
are used in industry to draw complicated curves and surfaces, such as the hood of an 
automobile, Parametric equations are also used in computer graphics, engineering, 
and physics, (Source: F, Hill, Computer Graphics.) 


Basic Concepts 


Some curves cannot be represented by y = f(x), but they can be represented by para- 
metric equations, See FIGURES 8.69-8.71, 


Curves That Are Not Functions 
[-6, 6, 1] by [-4, 4, 1] [-6, 6,1] by [-4,4,1] [-6, 6, 1] by [44,1] 


eae 
FIGURE 8,69 FIGURE 8.70 FIGURE 8.71 
We now define parametric equations of a plane curve. 


NETRI NS OF A PLANE CURVE 


A plane curve is a set of points (x, y) such that x = f() and J = g(0, where /and 
g are continuous functions on an interval a < ¢S b, The equations x = f(s) and 
| y = g(#) are parametric equations with parameter /, 


Parametric equations can be represented symbolically, numerically, graphically, 
and verbally. This is illustrated in the next example, 


Representing parametric equations 


Letx =¢+ 3and y = for -3 </ <3, 

(a) Make a table of values for x and ywith ¢ = —3,-2,-1,.., pe 

(b) Plot the points in the table and graph the curve, Add arrows to show how the 
curve is traced out. 

(c) Describe the curve. 


SOLUTION 
(a) Numerical Representation A numerical representation of the parametric equa- 
tions is shown in TABLE 8.1, For example, if ¢ = 2, then y = 2+3=5 and 
2 
yor =.4, 


Points (x, y) on a Plane Curve 


Parametert __[ [3 | 9 =1] 0 (1 2 | 3 
x=t+3{/. fy] 0 1 213 |) 4/5] 6 
y=e}——L¥] 9} 4] 1] oti} afo 


TABLE 8,1 
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(b) Graphical Representation Each ordered pair (x, y) in TABLE 8.1 is plotted in 
FIGURE 8.72, and then the points are connected to obtain the curve. 


Curve Defined Parametrically 


y The curve starts at (0, 9) and ends at 
(6, 9), as t increases from —3 to 3. 


ae 


FIGURE 8.72 


(©) Verbal Representation The curve in FIGURE 8.72 appears to be the lower portion 
of a parabola with vertex (3, 0). See Example 2. 


Graphing Calculators Graphing calculators are capable of using parametric 
equations to make tables and graphs. In addition to setting values for the viewing 
rectangle, we must specify the interval for ¢. A window setting, table, and graph for 
the parametric equations in Example | are shown in FIGURES 8.73-8.75. The variable 
Tstep represents the increment in the parameter ¢ and has a value of 0.1 in this case. 


Setting a Window Table of Points Plane Curve 
(-2, 10, 1] by [-2, 10, 1] 


FIGURE 8.73 FIGURE 8.74 FIGURE 8.75 


Converting and Graphing Equations 


We can verify symbolically that the curve in FIGURE 8.72 in Example | is indeed a 
portion of a parabola, as demonstrated in the next example. 


Pe Wwignawa Finding an equivalent rectangular equation 


Find an equivalent rectangular equation for x =f+3 and y= 17, where 
—3 <1 < 3, Note that these parametric equations were discussed in Example 1. 


SOLUTION Begin by solving x = ¢ + 3 for ¢ to obtain 1 = x }. Substituting for 
the variable ¢in y = 7 results in 


y= - 3), 


which represents a parabola with vertex (3, 0). When ¢ = —3 then x = 0, and when 
t = 3 then x = 6. Thus the domain is restricted to 0 = x = 6. See FIGURE 8.72. 
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| EXAMPL Finding equivalent rectangular equations 


Find an equivalent rectangular equation for each pair of parametric equations. Use 
the rectangular equation to help graph the parametric equation, Add arrows to show 
how the curve is traced out. 

(a) v=4,y=1-3;-~ <t<o 


() x= V4-?,y=4-2571852 


SOLUTION 
(a) Start by solving x = 41 for ¢ to obtain ¢ = ix. Substitute for in the given para- 
metric equation for y, 


Pet 


yore 3 


Because y = x — 3, these parametric equations trace out a line with slope 4 
and y-intercept —3. As / increases, x also increases, so this line is traced out from 


FIGURE 8.76 left to right, as illustrated in FIGURE 8.76, Note that / can be any real number, 
A Semicircle (b) Because y = 1, it follows that a rectangular equation is x = V4 — y?. To deter- 


mine the graph of this equation, square each side, 
ae | 
v= 4-y? 
x? + y =4 
The equation x? + y? = 4 is a circle with center (0, 0) and radius 2, Because 


V4 — y? is never negative, it follows that x = 0, Thus the parametric equation 
traces out only the right half of this circle, See FIGURE 8.77, Because y = /, this 
semicircle is traced from bottom to top as y increases from —2 to 2. 


FIGURE 8.77 | Now ‘Try Exercises 9antl13 | 


Parametric equations can model a circle, as shown in the next example. 


EX AIVIPLE 4 Graphing a circle with parametric equations 
Graph x = 2cos/ and y = 2 sin/ for 0 S$ ¢ S$ 27. Find an equivalent equation by 
using rectangular coordinates. 


SOLUTION Enter and graph these parametric equations, as shown in FIGURES 8.78 
and 8.79, Be sure to have the mode of the calculator set for parametric equations. 
(Note that Tstep = 0.1.) 


Enter Parametric Equations Graph Equations to Form a Circle (r = 2) The window must be square | 


[-3, 3, 1] by [-2, 2,1] ——————————- for a circle to appear circular, | 
rather than elliptical. H 


Plot! Plot2_ Plot3 
\X1 TEI 2cos(T 


t must increase from 0 to 27 | 


for entire circle to appear. | 


FIGURE 8.78 FIGURE 8.79 


FIGURE 8.80 


EXAMPLE 5 


EXAMPLE 6 
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To verify that this is a circle, consider the following. 
x2 + y? = (2c0s f? + (2 sin P 
= 4cos?t + 4sin?¢ ties of 
= 4(cos? ¢ + sin? 1) butive propert 
=4 cos? t+ sin? t= 1 


The parametric equations are equivalent to x? + y? = 4, which is a circle with 
its center at (0, 0) and having radius 2. 
Now Try Exercise 19 


In the next two examples, an equation written in terms of x and y is converted to 
parametric equations. 


Converting to parametric equations 


Convert x = y? — 4y + 4 to parametric equations. 

SOLUTION There is more than one way to convert this equation to parametric 

equations, One simple way is to let y = ¢ and then write the parametric equations as 
x=P-4+4 pHs 


where ¢ is any real number. To write a different pair of parametric equations, note 
that 


yeyp-4y+4=( - 2? 
Let ¢ = y — 2,or y =f + 2, and then another pair of parametric equations is 


x=ry=tt 2. 


Now Try Exercise 53 


Converting to parametric equations 


Given the equation x? + y* = 1, complete the following. 
(a) Find parametric equations for this equation. 
(b) What portion of the graph appears forO0 sts 7? 


SOLUTION 
(a) The graph of x? + y? = 1 is the unit circle. From trigonometry we know that 
on the unit circle x = cos ¢ and y = sin. Since cos? + sin? ¢ = 1 for all ¢, we 
have the following result. 
x? + y? = cos?¢ + sin? t = 1 
Thus parametric equations for the unit circle are 
x=cost, y=sing 0Os1s2zn. 


(b) When / increases from 0 to 7, the upper half of the circle is graphed, moving 
from the point (1, 0) to the point (-1, 0). See FIGURE 8.80. If a different pair of 
parametric equations had been found for this circle, such as x = sins, y = cost, 
0 <1 <2n, then a different portion of the circle could be traced out for 


0O=ftst. 
Now Try Exercise 49 


QQ The equations x = acoss, y = asint for0 = ¢ = 2m trace out a circle 
with radius r = a. If ris limited to an interval that is less than 27r in length, then only 
a portion of a circle will appear. 
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Golf Ball Hit at Three Angles 
[0, 600, 50} by [0, 400, 50] 


FIGURE 8.82 Degree Mode 


Angles Affect the Distance 
[0, 600, 50] by [0, 400, 50] 


FIGURE 8,83 Degree Mode 


Applications of Parametric Equations 


Parametric equations are used to simulate motion. If a ball or shot is thrown with a 
velocity of y feet per second at an angle @ with the horizontal, its flight can be mod- 
eled by the parametric equations 


cos @)t and ) sin @ 16f hy, 


where ¢ is in seconds and h is the initial height above the ground. The term —16/2 
occurs because gravity is pulling downward. See FIGURE 8,81, (These equations ignore 
air resistance.) 


Modeling the Path of a Shot 


FIGURE 8.81 


EXAMPLE 7 Simulating motion with parametric equations 


Three golf balls are hit simultaneously into the air at 132 feet per second (90 miles per 

hour), making angles of 30°, 50°, and 70° with the horizontal, 

(a) Assuming the ground is level, determine graphically which ball travels the 
farthest horizontally. Estimate this distance, 

(b) Which ball reaches the greatest height? Estimate this height. 


SOLUTION 

(a) The three sets of parametric equations determined by the three golf balls are as 
follows. Since h = 0, the only difference between the three balls is the angle of 
elevation. 


132 sin (30)T — 16T*2—— Hit at 30° | 
132 sin (S0)T — 16T*2— Hitat 50° | 
132 sin (70)T — 16T*2— uit at 70° 


X, = 132c0s(30)T, __Y, 
= 132 cos (S0)T, Y) 
X3 = 132 cos (70)T, Y; 


ws 
I 


Il 


The graphs of the three sets of parametric equations are shown in FIGURES 8.82 
and 8.83, where0 << 9,A graphing calculator in simultaneous mode has been 
used so that we can view all three balls in flight at the same time, From the second 
graph we can see that the ball hit at 50° travels the farthest distance. Using the 
trace feature, we estimate this horizontal distance to be about 540 feet. 

(b) Using the trace feature, the ball hit at 70° reaches the greatest height of about 
240 feet. 


| Now Try Exercise 71 } 


(CRITICAL THINKING) —_ Ss ie ee 
If a golf ball is hit at 88 feet per second (60 mi/hr), use trial and error to find the angle 
6 that results in a maximum distance for the ball. 


FIGURE 8.84 
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Modeling the flight of a baseball 


A baseball is hit from a height of 4 feet at a 30° angle above the horizontal. Its initial 

velocity is 128 feet per second, See FIGURE 8.84. 

(a) Write parametric equations that model the flight of the baseball. 

(b) Determine the horizontal distance that the ball travels in the air, assuming that 
the ground is level. 

(c) What is the maximum height of the baseball? 

(a) Would the ball clear a 4-foot-high fence that is 400 feet from the batter? 


SOLUTION 
(a) Let vy = 128,0 = 30°, and h = 4, Then the parametric equations become 
x = (128 cos 30°)¢ andy = (128 sin 30°)¢ — 1617 + 4. 
Since cos 30° = a and sin 30° = i, these equations can be rewritten as 


v= (4V3)1 and y = 641 ~ 167 + 4. 


To find how far the ball travels, we first determine the length of time that the ball 
is in flight. The ball hits the ground when y = 0. 


64 — 16 +4 =0 
1602 — 644 -—4=0 vrite quadratic 
64+ Vea — OED i 

2(16) side 
t = 4.0616 or 1 ~ —0,0616 


() 


~ 


The negative value for / corresponds to a time before the ball is hit, so it is not 
used, After 4.0616 seconds, the ball traveled horizontally x = 643(4.0616) = 
450.2 feet. 

The graph of y = 641 i602 + 4 isa parabola that opens downward. Using the 
vertex formula, we find that the maximum height of the ball occurs after 


(ec 


~ 


b 64 
(Sr = 


-——_ = 2 i 
BA X10) seconds 


The maximum height is y = 64(2) - 1602)? + 4 = 68 feet. 
Because ¥ = (64V3)t, we can determine how long it takes the ball to reach the 
fence by solving the equation (64V'3)1 = 400, 


@ 


nA 


(64V3) += 400, or t=7—% ~ 3.0! seconds 


After 3.61 seconds, the ball has traveled horizontally 400 feet and is 
y = 643.61) - 16(3.61)? + 4 = 27 feet 
high. The baseball easily clears the 4-foot fence. 


An Application from Computer Graphics Parametric equations are used 
frequently in computer graphics to design a variety of figures and letters. Computer 
fonts are sometimes designed using parametric equations. In the next example, we use 
parametric equations to design a “smiley” face consisting of a head, two eyes, and a 
mouth, (Source: F. Hill, Computer Graphics.) 
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EXAMPLE 9 Creating drawings with parametric equations 


Graph a “smiley” face using parametric equations, Answers may vary, 


SOLUTION 

Head We can use a circle centered at the origin for the head. If the radius is 2, then 
let x = 2cos/ and y= 2sint for 0</ < 27, These equations are graphed in 
FIGURE 8.85, 


Eyes For the eyes we can use two small circles. The eye in the first quadrant can be 
modeled by x = 1 + 0.3 cog and y= 1+ 03sin/for0 <7; < 2m. This repre- 
sents a circle centered at (1, 1) with radius 0.3. The eye in the second quadrant can 
be modeled by x = -1 + 03 cosfand y= 1+ 0.3sin/for0<;< 2a, which is a 
circle centered at (+1, 1) with radius 0.3. These equations are graphed in FIGURE 8.86, 


Start with the Head Add Eyes Add Mouth and Pupils 
{-3, 3,1] by [-2, 2,1] {~3, 3, 1] by [-2, 2,1] [~3, 3,1] by [-2, 2,1] 


CIN | ee 
J ‘s 


FIGURE 8.85 FIGURE 8.86 FIGURE 8,87 


Mouth For the smile we can use the lower half of a circle, Using trial and error, 


Modify the face in Example 9s0 We might arrive at x = 0,5 cos 41 and y = —0.5 — 0,5 sin 4y, This is a semicircle 


that it is frowning, Try to finda centered at (0, -0.5) with radius 0.5. Since we are letting 0 </ < 27, the term 


Way to make the right eye shut hy ensures that only half a circle (a semicircle) is drawn. The minus sign before 
rather than open, rm ae ; ie 
0.5 sin 5/ in the ¥-equation causes the lower half of the semicircle to be drawn rather 


than the upper half, The final result is shown in FIGURE 8,87, The pupils have been 
added by plotting the points (1, 1) and (-1, 1), and the coordinate axes have been 


turned off, 
Now Try Exerctno 69 


ce’ Putting It All Together 


Plane curve and A plane curve is a set of points (x, y) If x = 2/ and Y= for-l<;< 2, then 
parametric equations | such that » = S(O and y = g(), where the resulting graph is a portion of a parabola, 
f and g are continuous on an interval 
4515 b, The equations x = S(O and 
Y = g(¢ are parametric equations with 
parameter ¢, 


Writing parametric Solve one of the parametric equations for | If x = 7 and y= —2, solve x = is 
equations in terms of | ¢and substitute into the second equation, | for / to obtain 7 = xt, Substituting gives 
xyand y y=yA_ 2, 
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EXPLANATION 


Converting to 
parametric equations 


If possible, solve the equation for one of 
the variables, Let the other variable equal ¢. 
Now write the first variable in terms of 1. 
Answers may vary. 


If 4x = y’, solve the equation for x to obtain 
x = fy. Let y = 1. Then 


x=4e and y=. 


Another possibility is 


2 


x=? and y=21. 


8.4 | Exercises 


Graphs of Parametric Equations 


Exercises 1-8; Use the parametric equations to complete 16. x = Wi, ys 2s 152 
the following. 44 3 
c= f— = : -l<s 
(a) Make a table of values for t = 0, 1, 2, 3. 17 x= 1-2, Saad ee 
(b) Plot the points from the table and graph the curve 18, x = 21, y=Ptl -ls1s2 
for 0 St S 3, Add arrows to show how the curve is 
traced out. 19, x = 3sin4é, y=3cost} -mstsT 
(c) Describe the curve. ; 
(= = ° < 
fee Se a, y= 20. x = 4cos 4, y = 4sins; 0s(s2r 
(= 251 =- P <(s 
i ene t p=7-3 21, x = 2sin, y 2 cos f; 0Ost(s2r 
22. x = cos 21, = sin 2¢; OS's 
3x=1+2, y= (1-27 # 
13 23, x = 3cos 21, y = 3sin 26 0Os(s7 
4.x = 50, prt l 
24, x = 2cos? 4, y = 2sin? 4; Osr1sf 
5 x= VO-2, pot 
‘ Exercises 25-42: Graph the parametric equations. 
6x=1, your 25. x = 41, yHRttl -e<1<@ 
Wx=t y=vo-0 26. x =1+3, ypHU-l -w<1<o@ 
8. x= 3%, y=P+2 1.x = 0, y= 24 0 <7 <0 
Exercises 9-24: Checking Symbolic Skills Find a rect- 28. x = AG + 2), ypHtt2s -e<1<o 
angular equation for each curve and describe the curve. ? 
Support your result by graphing the parametric equations. 29, x = cost, y= sin; Osts7 
9 x = 31, =f- T “8 SiS @ : 
¥ 2 ! 30. x = 2sin/, y = 2cost; —-rsts0 
x= = 245 = < 
10. x =1+ 3, yr ao<i<aw at wand seed i 2 yet 
we ye = P = 
T= 3h, a OSS Bh, aim a yst-l -2s152 
. erga F _ ‘ 
1.,x=¢t 2+ 1, yH=t-l; ao<ct(<a gs x=?, y=lIng 0<1<2 
ys ca qi2 = = 
BeeVi-#, yah PStSl git emi =a yoes -15<1<15 
14, x = 4, y=V9-#; -35153 35. x = 0 — sing, y=1l-coss 0515 6r 
15. x = 1, y=es 25152 936 x= +3, yp=2cs, -ls1<l 
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fg 37. xX = 2+ cost, y=sine-—1l; OSts2r 
fg 38. x = —-2+ cost, y = sin + |; 0s<ts27r 
a 39, x = cos*s, y= sin; 0Os'(s2r 
fg 40. x = cos*y, y= sind s, 0<(<2 
i4i. x = [3 sing, y=(|3cos; OStsa 
fp 22. x = 3sin2z, y = 3cos f; 0Os't(s2r 


Exercises 43-54: Checking Symbolic Skills Convert the 
given equation to parametric equations, Answers may vary. 


43, 2x+yp=4 44, Sx — 4y = 20 


45, y=4- 3? 4.x =y?-2 


4. x=yt+y-3 48. 5x =y> + | 


9, r+ y= 50. 7 +? =9 


51, Iny = 0,1x? 52. e° = |1 - »| 


53, x= y?-2yp +1 54, x = 4y? + dy +1 


fq Exercises 55-60; Graph each pair of parametric equa- 
tions for 0 = ( S 2a. Describe any differences in the two 
graphs. 
55, (a) x = 3cos/, y = 3sin¢ 
yes 


(b) x = 3 cos2t, sin 2¢ 
56, (a) x = 2cos/, y = 2sint 
(b) x = 2cos/, y = —2siné 
57, (a) x = 3 cost, y = 3sin¢ 
(b) x = 3siné, y = 3cos/ 
58, (a) x = 1, y=? 
(b) x = 7, y=l 
59, (a) x = -I + cos/, y= 2 + sins 
(b) x = 1+ cost, y=2 + sins 


60. (a) x = 2costt, 
(b) x = 2cos/, 


y= 2sin}/ 
y = 2sin¢ 


Designing Shapes and Figures 


fg Exercises 61-64; Graph the following set of parametric 
equations for 0 = ¢ S 2: in the viewing rectangle (0, 6, 1] 
by [0,4,1]. Identify the letter of the alphabet that is 
graphed. 


61, x, = 1, Ma lt+t/a 
xX, = | + ¢/Gq), yo =2 
x3 = 1+ ¢/(Q7), y3 = 3 

62. x, = |, Yy=Hlt+t/a 
x) = 1 + ¢/G7), yy =2 
x3 = 1 + t/Qn), yae= 3 
x4 = 1 + t/Qn), y= 


63. x; = 1, y 
x2 = 1 + 1,3 sin(0.50, v2 


=1+¢/r 
2 + cos(0,5/) 


ll 


ll 


64. x; = 2 + 0.8 cos(0.85/), yy = 2 + sin (0.850) 
xy = 1.2 4 ¢/(1.37), yn = 2 


ll 


9 Exercises 65-68; Designing Letters Find a set of para- 
metric equations that results in a letter similar to the one 
shown in the figure. Use the viewing rectangle given by 
[ -4.7, 4.7, 1] by [-3.1, 3.1, 1] and aun off the coordi- 
nate axes, Answers may vary. 


fa 69. Designing a Face (Refer to Example 9.) Use parametric 
equations to create your own “smiley” face, This face 
should have a head, a mouth, and eyes, 


70. Designing a Face Add a nose to the face that you 
designed in Exercise 69, 


Applications 


fg7i. Flight of a Golf Ball (Refer to Example 7.) Two 
golf balls are hit into the air at 66 feet per second 
(45 mi/hr), making angles of 35° and 50° with the 
horizontal. If the ground is level, estimate the hori- 
zontal distance traveled by each golf ball. 


| 72, Flight of a Golf Ball Solve Exercise 71 if, instead of 
the ground being level, the ground is inclined with a 
slope of m = 0,1, 


Flight of a Golf Ball Ifa golf ball is hit at 88 feet per 
second (60 mi/hr), making an angle of 45° with the 
horizontal, will it go over a fence 10 feet high that is 
200 feet away on level ground? 


fa 73 


| 74, Simulating Gravity on the Moon (Refer to 
Example 7.) If an object is thrown on the moon, the 
parametric equations of flight are 


y = (vsind)e — 2.6677 +h. 


Estimate the horizontal distance that a golf ball hit 88 
feet per second (60 mi/hr) at an angle of 45° with the 
horizontal travels on the moon if the moon’s surface 
is level, 


x = (vcos0)t and 


75. Flight of a Baseball (Refer to Example 8.) A base- 
ball is hit with an angle of elevation of 45°, from the 
top of a ridge that is 50 feet above an area of level 
ground, The initial velocity of the ball is 88 feet per 
second, or 60 miles per hour. Find the horizontal 
distance traveled by the ball in the air. 


76. Flight of a Baseball A baseball is hit from a height of 
3 feet at a 60° angle above the horizontal. Its initial 
velocity is 64 feet per second. 

(a) Write parametric equations that model the flight 


of the baseball. 


(b 


~S 


Determine the horizontal distance traveled by the 
ball in the air. Assume that the ground is level. 
(c) What is the maximum height of the baseball? At that 
time, how far has the ball traveled horizontally? 

(d) Would the ball clear a 5-foot high fence that is 100 
feet from the batter? 


Exercises 77 and 78: Path of aShot (Refer fo FIGURE 8.81) 
A shot is thrown from a height h feet, with a velocity v feet 
per second, at an angle 0. Find the distance that the shot 
travels and its maximum height to the nearest tenth of a foot. 


77, h = 8,v = 40,0 = 45° 78, h =7,v = 35,0 = 65° 


fg Exercises 79-82; Lissajous Figures Lissajous figures 
occur in electronics and may be used to find the frequency 
of an unknown voltage. (See Extended and Discovery 
Exercises 1-4.) Graph the Lissajous figure for 0 = t = 6.5 
in the viewing rectangle [—6, 6, 1] by [-4, 4, 1] 


79, x = 2cost, y = 3sin2¢ 
80. x. = 3 cos2zr, y = 3sin3¢ 
81. x = 3 sin4s, y = 3cos3t 
82. x = 4sin4, y = 3sin Se 


Writing about Mathematics 


83. Describe the basic form of parametric equations. 
Give an example. Explain how graphs of parametric 
equations can differ from graphs of functions. 


84, Suppose that a function is defined by y = f(x), where 
the domain of f isa = x = b., Explain how we could 
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represent f with parametric equations. Apply your 
method to f(x) = x? + 1, where -2 = x <2, 


Extended and Discovery Exercises 


B Exercises 1-4: Electronic Technology Parametric equa- 
tions have applications in electricity. If two sinusoidal 
voltages, denoted by x = V(t) and y = V2(0), are applied 
to an oscilloscope, a stationary pattern called a Lissajous 
figure may appear, as shown in the figure below. If the 
frequency F, of V; is known and the frequency Fy of V2 
is unknown, then a Lissajous figure may be used to find 

= fis i s 
Fy. The ratio E is equal to the ratio of the corresponding 
number of tangents to the enclosing rectangle. The number 
of tangents along a vertical side of the rectangle corre- 
sponds to Fy, and the number of tangents along a horizontal 
. ‘ Fy 

side corresponds to F,. In this figure E = 3, Therefore 
Fy, = 2A, Determine Fy given the Lissajous figure and 
the frequency F, in cycles per second. (Source: R. Smith and 
R. Dorf, Circuits, Devices, and Systems.) 


1. F, = 150 


3. F; = 400 = 1200 


CHECKING BASIC CONCEPTS FOR SECTIONS 8.3 AND 8.4 


1, Let the point P be (—1, 3) and the point Q be (3, 7). 


Find the following. 
® lvl ©@Pd+ OP 


@v=PC 
2. Let y = 2i — jandu = —3i + 2j. Find the following 
graphically and symbolically. 


(a) 2v+u (b) 2v (c) y — 3u 


3, Leta = (3,-2) andb = (—1, 3). Find the following, 
(a) avb 


(b) The angle 0 between a and b rounded to the near- 
est tenth of a degree 


4, Graph the parametric equations given by x = 1 + 1 
and y = (¢ — 1)? for -1 = 4 < 5, Write these para- 
metric equations in terms of x and y. 


728 CHAPTER 8 Further Topics in Trigonometry 


= Learn the polar coordinate 


system Introduction 
« Graph polar equations Many times a change in a frame of reference can have a profound effect on the solu- 
= Graph polar equations tion of a problem. Thus far we have graphed functions only in the xy-plane. Many 
with graphing calculators interesting curves, such as a spiral, cannot be represented by a function since these 
« Solve polar equations curves fail the vertical line test. 


Creating a new coordinate system makes some types of equations simpler, For 
example, the equation x? + y? = 1 describes the unit circle in the rectangular coordinate 
system, Every point lying on the unit circle is | unit from the origin. If we specify a new 
variable r that represents the radius of the circle, then r = | also describes the unit circle 
in the polar coordinate system. A change of variable has resulted in a simpler equation. 


The Polar Coordinate System 


In the vy-plane we are accustomed to identifying points using (x, y), where x and y 
are real numbers, However, using the xy-plane is not the only way to locate a point in 
a plane. The polar coordinate system uses r and @ instead of x and y to locate a point 
P, as shown in FIGURES 8,88 and 8.89 in the following See the Concept. 


See the Concept: Polar Coordinates 


@ The pole corresponds to 
Oris positive. | , (0, 0) in the xy-plane. 


@ 6 Is positive and | ¥ 
in standard 
position, 


© The polar axis corresponds 
to the positive x-axis. 


@ The terminal side of @ passes 
through the point P. 


oO st © |r| is the distance from the 
/| x * f pole to the point P. 
Pole | P ft For the given 0, 
| 2 OPolaraxis} = @ ° Bias a “negative” | @ For-—r, P lies ona ray pointing 
| nr 4) distance from pole, | in the opposite direction of 
"FIGURE 8.88 | FIGURE 8.99 the terminal side of 6. 


Using FIGURE 8.88 and trigonometry, we can establish the following relationships 
between rectangular and polar coordinates. 


these coordinates are related as follows. (Both r and 6 can be negative.) 


x = rcosé, y=rsind 


P= x+y, tand= * (x # 0) 


> de Wivaoey Plotting points in polar coordinates 
Plot the points (r, @) on a polar grid. 


(a) (2, 45°) (b) (—3, 150°) (c) (35, -2) 
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SOLUTION 

(a) Let r = 2 and @ = 45°. Plot a point 2 units from the pole on the terminal side of 
6 = 45°, as shown in FIGURE 8.90. Note that @ is in standard position. 

(b) Since r = —3 < 0 and 6 = 150°, begin by locating the terminal side of 6 in the 
second quadrant. Next plot a point 3 units from the pole in the opposite direction 
of the terminal side of 0, as shown in FIGURE 8.91. 

(c) Since r = 3.5 and @ = —4 (radians), the point is in the fourth quadrant with a 
distance of 3.5 from the pole. See FIGURE 8.92. 


r>0Oand0>0 r<Oand@>0 r>0Oand0 <0 


180° 0° 180° 


270° 270° 


FIGURE 8,90 FIGURE 8.91 FIGURE 8.92 


Now Try Exercises 1 and 3 


MAKING CONNECTIONS 
Vectors and Polar Coordinates If a vector v = (a,b) has magnitude |ly|] and 
direction angle 0, then 


a=|lvl|cos@ and b= |lyilsing, 


where [lvl] = Va? + Band tan = 2a # 0. See FIGURE 8.93. 
Similarly, if a point has rectangular coordinates (a, b) and polar coordinates 
(r, 0) with r > 0, then 


a =rcosé and b= rsiné, 
where r = Va? + Band tan 0 = 4,a # 0. See FIGURE 8.94. 


Vector v Polar Coordinates (r, 0) 


FIGURE 8.93 


FIGURE 8.94 


Unlike xy-coordinates, polar coordinates are nof unique. For example, the 
What can be said about a point '@-coordinates of (2, 0°), (2, 360°), (2, -360°), and (—2, 180°) all represent the same 
(r, 0) if r = 0? point. 


In the next example, we convert polar coordinates to rectangular coordinates. 
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| EXAMPLE 3 


v4, Converting to rectangular coordinates 


Convert each point from polar coordinates to rectangular coordinates. 


(a) (5, 180°) O) (3, -) 


SOLUTION 
(a) Te (5, 180°) to rectangular coordinates, use the equations x = 1 cos0 
and y = rsin@ with r = 5 and 6 = 180”. 
x = 5cos(180") = —5 
y = 5sin(180") = 0 
The corresponding rectangular coordinates are (— 5, ()). 


(b) To convert (3, —%) to rectangular coordinates, let r = 3 and @ = —, where 
soe . 3 8 ss 
@ is in radians, 


, ; : s 1/3 
x= se0s( 4 ae, P= ssin( =) = ~ —2.6 
; ; 


The rectangular coordinates are (}, — *“). 


| Now Try Exercises 11 and 16 } 


In the next example, points expressed in rectangular coordinates are converted to 
polar coordinates. However, this conversion is not unique because, unlike rectangular 
coordinates, polar coordinates are not unique. 


i Expressing a point in polar coordinates 


Given the point (1, V3) in rectangular coordinates, find polar coordinates (1, @) 
that satisfy each condition. 


(a) r>0, 0° <0 < 360° 
(b) r>0, 360° <0 <0? 
() r<0, 0° <0 < 360° 


SOLUTION 
(a) » > 0, 0° = 0 < 360° Because 1? = x? + y’, let r = V1 + 3 = 2. The point 
(a, V3) is located in the first quadrant of the xy-plane. Therefore tan 6 = Ea = ws 


and 6 = tan”! V3 = 60°. Let (r, 0) = (2, 60°). See FIGURE 8.95. 


Polar Coordinates Are Not Unique 


(2, 60°) (2, 240°) 
M3|-=9 V3|--#% 
2/! /\ 
The polar coordinates (2, 60°), (2, -300°), Ve 40° ‘ Loo? 
and (—2, 240°) all identify the point that has a / 240" 17 \; 
rectangular coordinate (1, V3). I a / 1 oe 
— 300° )2 
o 
240) 
FIGURE 8.95 FIGURE 8.96 
(b) ; 0, —360° = 0 < 0° Rather than let 6 = 60°, we can use 6 = —300°, so 
(, 0) = (2 300°), See FIGURE 8.95. Notice that 60° and —300° are coterminal 
angles. 
(On 0, 0° 0 100° We can let r = —2, but then we need to let angle 
4 


@ = 60° + 180° = 240°. Thus (r, 0) = (—2, 24()°), as illustrated in FIGURE 8.96. 


i| 


| Now’ try Exerci 


EXAMPLE 4 


FIGURE 8.97 


180° 


270° 
FIGURE 8.98 


Cardioid 
90° 


180° 


270° 
FIGURE 8.99 
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Graphs of Polar Equations 


When we graph y = f(x) in the xy-coordinate system, we are graphing a function. A 
vertical line can intersect the graph of a function at most once, As a result, many shapes 
such as circles, hearts, and leaves cannot be represented by a function. Like parametric 
equations, polar equations can be valuable for representing a variety of curves. 


Representing polar equations 

Make a table of values and graph each curve. Then describe the curve. 
(a) oat (b) r=3 © r=2 + 2cosd 

SOLUTION 


(a) Numerical Representation Since 0 = 4, every point lying on this graph is of the form 
(r, t) , where can be any real number. Five of these points are listed in TABLE 8.2, 


TABLE 8.2 


Graphical Representation A graph of 6 = t and the points in TABLE 8,2 are 
shown in FIGURE 8.97. 


Verbal Representation The graph is a line with slope | passing through the pole. 


(b) Numerical Representation A table of values is shown in TABLE 8.3, 


r=3 


[| @ |__| 0° | 120° | 180° | 240° | 300° 
Perf 3 [3 {33 [313 | 


TABLE 8.3 


Graphical Representation A graph, with these points, is shown in FIGURE 8,98, 
Verbal Representation The polar equation represents a circle with radius 3. 


(©) Numerical Representation A table of values for r = 2 + 2cos@ is shown in 
TABLE 8.4, For example, when @ = 60°, then 


r = 2+ 2cos60° = 2 + 2(0.5) = 3. 


240° | 300° | 360° 
1 3 4 


Graphical Representation To help graph the equation we can plot the points in 
TABLE 8.4, See FIGURE 8.99. Notice that since the cosine function has period 360°, 
the graph repeats after 360°. 


r=2+2cos0@ 
0 | 0° | 60° | 120° | 180° 
r 4 3 1 0 
TABLE 8,4 


Verbal Representation The polar equation represents a heart-shaped graph called 
a cardioid. 
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| EXAMPLE 5 | Graphing in polar coordinates 


Graph each polar equation. 

(a) r = 2sin0 (b) r = 2 + cosé 

SOLUTION 

(a) Rather than plotting points, the polar equation + = 2 sin@ can be converted to 
rectangular coordinates by first multiplying each side of the equation by r. 


r= 2sin0 

re = 2y sind 
= 2) 
x? + y? - 2y =0 
wrt yr - Ayr i =i 
r+(y-1P =1 


This final equation represents a circle with center (0, 1) and radius 1. The graph 
FIGURE 8,100 of r = 2 sin@ is shown in FIGURE 8.100. 
(b) To graph this polar equation, start by making a table of values as shown in TABLE 8.5, 


Limagon 
where values are rounded to the nearest tenth, (Degree measure could also be used.) 


TABLE 8.5 


The points in TABLE 8,5 and the equation r = 2 + cos@ are graphed in FIGURE 8.101. 
The graph is called a limagon without an inner loop. 


' 
| Now ‘ry Exorcisos 47 and 61 | 


FIGURE 8.101 a , ‘ 
Rose Curves Polar equations in the form r = a sin nO or r = acos nO, where n is a 


natural number, result in graphs of rose curves. It can be shown that when 1 is odd 
there are 7 leaves and when u is even there are 2n leaves. 


| EX AMPLE 6 | Graphing a four-leaved rose 
Graph r = 3 cos 20. 
SOLUTION 
To graph this polar equation by hand, start by making a table of values like the one 


shown in TABLE 8.6, Degree measure has been used, and values for r have been rounded 
Four-Leaved Rose to the nearest tenth. Notice that the values repeat themselves starting at 180°. 


90° 
15° 
= 3cos 20 
105° 120° 135? 150° 165° 180 
—2.6 1.5 2.6 


270° Plotting these points in order gives the graph, called a four-leayed rose. Note in 
FIGURE 8.102 FIGURE 8.102 that the graph is developed with a continuous curve, beginning with the 


30° = 60° | 75° < 90° 


-1.5 | a) 


= 3 cos20 


TABLE 8.6 


EXAMPLE 7 


Logarithmic Spiral 


30 
2 
FIGURE 8.103 
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upper half of the right horizontal leaf and ending with the lower half of that leaf. 
As the graph is traced, the curve passes through the pole four times. Each leaf has 
length 3. 


fry Exercise 56 | 


ee 
| Nov 


Writing polar equations in rectangular form 
Write the polar equation in terms of x and y. Describe its graph. 


2 
(a) r = 3csc0 (b) t= Aeosd = 3 sind: 


SOLUTION 
(a) Begin by applying a reciprocal identity. 
= 3csc0 1 equation 
ie 3 j | identit ; 
sind ; enn in 
rsin@ = 3 Multiply by sin 0 
ee rsing 
Its graph is a horizontal line. 
(b) Start by cross multiplying. 
2 


"= 4cosd — 3sind 
4r cos@ — 3 sind = 2 Cross multi, 


4x — By =2 
vt 
3" 3 7 


Its graph is a line with slope 3 and y-intercept (0, -%), 


Logarithmic Spiral In 1638, René Descartes described a /ogarithmic spiral using the 
complicated equation y = x tan (In (x? + y’)). This curve, shown in FIGURE 8.103, 
cannot be represented by a function. With polar coordinates, this rectangular equation 
reduces to the much simpler equation r = e”/?, Johann Bernoulli was so entranced by 
this remarkable curve that he ordered it carved on his tombstone. (Source: H. Resnikoff 
and R. Wells, Mathematics in Civilization.) 


Graphing Calculators and Polar Equations 


Technology can be used to make tables and graphs in polar coordinates, The table 
and graph in Example 4(c) are shown in FIGURES 8.104 and 8.105. 


Cardioid 
[-6, 6,1] by [-4,4,1] 


112 +2cos(6) 
FIGURE 8.104 Degree Mode FIGURE 8.105 
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f 
| EXAMPLE 


Four-Leaved Rose 
[-6, 6,1] by [-4, 4, 1] 
r1=3cos(26) 


FIGURE 8.106 


Distances and Eccentricities 
Planet 


Jupiter 


Saturn 
Uranus 
Neptune 
Pluto 
TABLE 8.7 


| EXAMPLE 9 


As is the case with rectangular and parametric equations, a viewing rectangle 
must be selected before graphing a polar equation, First choose whether the graph 
should be plotted in radian or degree mode, Next determine an interval for 6, Many 
times the interval 0° = @ = 360° is sufficient to have the entire graph generated. 
Then select a square viewing rectangle, if possible. 


Representing polar equations 


Graph each curve. Then describe the curve. 
(a) r = 3cos20 (b) r = 1 — 2sind 


SOLUTION 

(a) This equation was graphed by hand in Example 6, In FIGURE 8,106 a graphing calcula- 
tor has been used to create a graph of = 3 cos 20, Turn on the polar grid and try 
tracing the graph to see how each leaf of the rose is generated by the polar equation, 
Notice, for example, the location of the point (—1,5, 60°) in FIGURE 8,106. 


Limagon with Inner Loop 


[-6, 6, 1] by [-4, 4,1] 


180° 


270° 


FIGURE 8.107 FIGURE 8.108 


(b) A graph of r = | — 2 sin@ is shown in FIGURE 8.107. The graph is called a lima- 
gon with an inner loop. A graph with better resolution is shown in FIGURE 8,108, 
Notice that the inner loop occurs when 30° S 0 S 150° andr S 0. 


| Now Try Exercises 79 and 83 | 


Polar Equations of Conics The polar equation 


ad = ¢) 

"T+ ecosd 
can be used to model the orbits of planets and comets, where a is the average distance of 
the celestial body from the sun in astronomical units and ¢ is a constant called the eccentric 
ity, (Smaller values of ¢ indicate that an orbit is more circular, whereas larger values indi- 
cate a more elliptical orbit. Note that values for ¢ vary between 0 and 1, One astronomical 


unit equals 93 million miles.) The sun is located at the pole. TABLE 8.7 lists @ and e for the 
outer planets and Pluto, (Source: H. Karttunen et al., Fundamental Astronomy.) 


Determining orbits 
Use graphing to determine if Pluto is always farther from the sun than Neptune is. 


SOLUTION The orbital equations, given below, are graphed in FIGURE 8.109, 
30.1(1 — 0.009?) 
1 + 0.009 cosé 
39.4(1 — 0,249) 


ll 


Neptune: r 


Pluto: rg = 


8.5 Polar Equations 735 


The graph shows that their orbits pass near each other. By zooming in we can 
determine that the orbit of Pluto actually passes inside the orbit of Neptune. See 
FIGURE 8.110. Therefore there are times when Neptune—not Pluto—is farther from 
the sun. However, Pluto’s average distance from the sun is considerably greater than 
Neptune’s average distance. Neptune was farther from the sun than Pluto was for a 
20-year period that ended in 1999. 


Orbits of Neptune and Pluto A Magnified View 
[-60, 60, 10] by [-40, 40, 10] (27, 33, 1] by [-2, 2,1] 


Neptune - Iept 
Neptune Neptune 


Pluto is closer 
to the sun. 


Pluto 


5 


FIGURE 8.109 FIGURE 8.110 


Solving Polar Equations 


We can solve polar equations symbolically, graphically, and numerically. 


>a NidAoMUM Solving a polar equation 


Find values for 6 where the circle r = 3 intersects the cardioid r = 2 + 2 cos@. 
Assume that 0° = @ = 360°. 
SOLUTION 
Symbolic Solution Begin by setting the two equations equal and solve for 0. 
3 =2+2cos@ t 


1 
= cos? = 60° ce = 2 


: 0 = 60° or 300° «ead uitl 


(Be sure to check symbolic solutions.) 


Graphical Solution Using the intersection-of-graphs method, let r, = 3 and let 
1, = 2 + 2 cos@. Their graphs intersect when @ = 60° and 300°, as shown in FIGURES 
8.111 and 8.112. 


Solving 2 + 2 cos @ = 3 Graphically and Numerically 
[-6,6, 1] by [-4,4, 1] [-6, 6, 1] by [-4, 4, 1] 


FIGURE 8.111 Degree Mode FIGURE 8.112 Degree Mode FIGURE 8.113 Degree Mode 


Numerical Solution Numerical support is shown in FIGURE 8.113, where r; = r, = 3 
when @ = 60° and 300°. 
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lee =! 8.5 | Putting It All Together It All Together 


EXAMPLES AND EXPLANATIONS 


Polar coordinates A point is determined by r and 6. To convert between rectangular and polar 
coordinates, use x = rcos0, y = r'sin@, tan 6 = %, andr? = x? + y’, 


y=rsind 


Graphs in polar coordinates Circle Cardioid 
r=a y=atasind or r=a +t acoso 


Rose Curve 
r=asinnO or r= acosnd 
The number of leaves equals n when n is odd and is twice n when n is even, 


Limagon (b # a) 
+ bsind or r=a +t bcosd 
a < b; one inner loop 


8.5 | Exercises 


Polar Coordinates 
Exercises 1-4: Plot the points (1, 0). 3. (a) (2, =) (b) (-3, -%) ©) (0, az) 
1, (a) (2, 0°) (b) (3, 120°) (c) (-1, 135°) 4. (a) (4,7) (b) (1 7) 10) (-3, -32) 


2. (a) (—2, 60°) (b) (1, 120°) (c) (2, 270°) 


Exercises 5-10; Determine if the pair of polar coordinates 
represents the same point. 


5, (2, 180°), (2, -180°) 
7. (3, 45°), (3, -45°) 


6. (1, 90°), (—1, 90°) 
8. (—2, 135°), (2, -135°) 
9. (0, 40°), (0, 50°) 10. (—3, 30%, (3, 210°) 


Exercises 11-20; Change the polar coordinates (r,0) to 
rectangular coordinates (x, y). 


11, (3, 45°) 12. (—4, 225°) 


13, (10, 90°) 14, (-1,3) 
15, (5, 2m) 16. (3, -3) 
17, (-3, 60°) 18. (4,7) 


3a 2m 
19, (-2, -3Z) 20. (10, 24) 
Exercises 21-26: For the point given in rectangular 
coordinates, find equivalent polar coordinates (r, 0) that 
satisfy the conditions. 


(a)r>0, 0° = 0 < 360° 
(b)r<0, 180° < 0 < 180° 

21, (0, 3) 22. (—3, 0) 
23, (-1, -V3) 24. (V3, -1) 
25, (3, —3) 26. (2, 2) 


Exercises 27-30: For the point given in rectangular coor- 
dinates, find equivalent polar coordinates (r, 0) that satisfy 
r > 0 and 0 S 0 < 2a. Approximate @ to the nearest 
hundredth of a radian. 


27. (7, 24) 
29, (—5, 12) 


28. (3, —4) 
30. (11, —60) 


Graphs of Polar Equations 


Exercises 31 and 32: Graph the equation. 
31, 0 = 60° 32, 0 = —135° 


Exercises 33-40: Complete the following. 


(a) Make a table of values with @ = 0°, 90°, 180°, 270°. 

(b) Plot the points from the table and graph the curve for 
0° < 6 S 360°. 

33. r= 2 34. r= 1 

35. r = 3sin0 36. r= 2 — 2sin@ 

37, r= 2+ 2sin0 38. r = 3 — 2cos0 

39, r = 2 — cosé 40, r=2+ sind 


Exercises 41-58: Graph the polar equation by hand. 
41, 0 = 60° 42.0=-F 


43, r= 3 44, r =cosé 
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45, rsin@ = 3 46. rcos@ = —2 
47, r = 2cosé 48. r = —2sin0 
49. r = sin20 50. r = cos20 

51. r = 3 + cosé 52. r = 3 — sind 
53. r= 1 —2sin0 54. r = 1 + 2cosé 
55. r = 3sin20 56. r = 2.cos20 


57, r = 2.c0s30 58. r = 4sin30 


Exercises 59-66: Checking Symbolic Skills Write the 
equation in polar form. 


59. y=3 60. x = —5 
@. y= -V3 


64, x7 + y? = 36 


61. y=x 
6B. + y =9 
65, x? + y? = 2x 66. x? + y? = —4y 


Exercises 67-74: Checking Symbolic Skills (Refer to 
Example 7.) Write the polar equation in terms of x and y. 


67. r= 3 68, r= 5 

69. r = 2secd 70. r = 2cscd 

eee, Caren eee Seat 
2cosé + 4sin@ 5cosé — sin @ 

73. r = cos0 74, r = 2sin0 


Exercises 75-88: Graph the curye. 
75. r = 3 + 3. cos@ (cardioid) 


76. r = 2 — 2sin@ (cardioid) 
i a 


ll 


3 — 2 sin@ (limagon) 


78. r = 4 + cosé@ (limagon) 


ll 


79. r = 2 — 4cos@ (limagon with a loop) 


80. r = 1 + 2siné@ (limagon with a loop) 


81. r = 4sin0 (circle) 


82. r = 2.cos36 (three-leaved rose) 


83. r = 2cos 56 (five-leaved rose) 
84. 


3 sin 40 (eight-leaved rose) 
85. r= 4 (spiral) 

86. + = e”/* (logarithmic spiral) 
87. +? = 2 sin26 (lemniscate) 


88. 1? = 4cos20 (lemniscate) 
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Solving Equations in Polar Coordinates 


Exercises 89 and 90: Find values for @ that satisfy the equa- 
tion r; = 12, where 0° S @ S 360°. Check any solutions. 


89. ry = 3,7. = 2+ 2sind 


90° 


180° 


90. r, = Lr, = 2c0s0 


180° 


270° 
Exercises 91-94; Solve the polar equation r, = 12, where 
0° <= 6 < 360°, 

(a) symbolically, (b) graphically, and (c) numerically. 
91. nr; = 3,rp = 2 — 2sin0 

92. ry = 3,% = 2 - sind 
93. r, = 1,r, = 2 sin 


94, ry 


ll 


2 — sin@,r. = 2 + cosé 


Applications 


Exercises 95 and 96; Planetary Orbits (Refer to Example 9 
and TABLE 8.7.) Graph the planetary orbits in a square viewing 
rectangle using polar coordinates, 


95, Saturn and Uranus 96. Jupiter and Neptune 


fa Exercises 97 and 98: Planetary Orbits (Refer to Example 9.) 


| Planet 

| Mercury 
Venus 
Earth 


Source; H, Karttunen et al., Fundamental Astronomy. 


97. Graph the orbits of the four inner planets in the same 
square viewing rectangle. 


i 98. NASA is planning future missions to Mars, Estimate 
graphically the closest distance possible between Earth 
and Mars. 


Exercises 99 and 100; Broadcasting Pattems Many times 
radio stations do not broadcast in all directions with the same 
intensity. To avoid interference with an existing station to the 
north, a new station may be licensed to broadcast only east 
and west. To create an east-west signal, two radio towers are 
sometimes used, as illustrated in the figure. Locations where 
the radio signal is received correspond to the interior of the 
curve defined by 1? = 40,000 cos 20, where the polar axis 
(or positive x-axis) points east. (Source: R. Weidner and R. Sells, 
Elementary Classical Physics, Vol. 2.) 


N 
Hh s why 
—~hy4 s 
en to 
Se as 


My 99, Graph 1? = 40,000 cos 20 for 0° < 6 < 360°, where 


units are in miles. Assuming the radio towers are 
located near the pole, use the graph to describe the 
regions where the signal can be received and where 
the signal cannot be received. 


jy 100. (Refer to Exercise 99.) Suppose a radio signal pat- 


tern is given by 1? = 22,500 sin20. Graph this pat- 
tern and interpret the results, 


Writing about Mathematics 


101. Critical Thinking Explain why the ordered pairs 
(r, 0) and (—r, @ + 180°) represent the same points 
in polar coordinates. Give two examples, 


102. Critical Thinking Give an example of a curve other 
than a circle that is more convenient to express in 
polar coordinates than in rectangular coordinates, 
Give an example of a curve that is more convenient 
to express using rectangular coordinates. Explain 
your reasoning, 


Extended and Discovery Exercises 


1, Checking Symbolic Skills FIGURE 8,103 shows a 
logarithmic spiral that can be described in rectangu- 
lar coordinates by y = x tan (In (x? + y?)) and can 
be described in polar coordinates by the simpler equa- 
tion r = e”/?, Show that the first equation reduces to 
the second equation by assuming that -F <0< ¥. 
(Hint: Let tan 6 = % and 7? = x? + y) 


2. Critical Thinking Consider the graphs ofr = a cos n0 
and r = asinn@, where n is a positive integer and @ is 
given by 0° = @ < 360°. 

(a) How many times are these graphs traced over 
when 7 is even? 


(b) How many times are these graphs traced over 
when n is odd? 


Learn trigonometric form 


Find products and 
quotients of complex 
numbers 


Apply De Moivre's 
theorem 

Find roots of complex 
numbers 
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Introduction 


One of the earliest encounters with the square root of a negative number was in A.D. 


50, when Heron of Alexandria derived the expression V81 — 144, Square roots 
of negative numbers resulted in the invention (or discovery) of complex numbers, 
As late as the 16th and 17th centuries, mathematicians felt uneasy about negative 
numbers and square roots of negative numbers. The famous mathematician René 
Descartes rejected complex numbers and coined the term “imaginary” numbers. 

In the historical development of our present-day number system, the introduc- 
tion of new numbers was often met with resistance. Today, complex numbers are 
readily accepted and play an important role in the design of airplanes, ships, fractals, 
and electrical circuits, See Exercises 67 and 68. (Sources: M. Kline, Mathematics: The Loss 
of Certainty; Historical Topics for the Mathematics Classroom, Thirty-first Yearbook, NCTM.) 


Trigonometric Form 


Complex numbers were introduced in an earlier chapter, Any complex number can be 
expressed in standard form as a + bi, where a and b are real numbers. The real part 
is a and the imaginary part is b. 

Real numbers can be plotted on a number line, Since complex numbers are deter- 
mined by both the real part a and the imaginary part b, we use the complex plane to 
plot complex numbers, The horizontal axis is the real axis and the vertical axis is the 
imaginary axis, For example, 2 + 3/ can be plotted in the complex plane as the point 
(2, 3), and 3 — 4 can be plotted as the point (3, —4). See FIGURE 8.114. 


The Complex Plane Finding Trigonometric Form 
Imaginary axis 


y a=rcos@ 
bersind 


at bi 


FIGURE 8.114 FIGURE 8.115 


A second form for complex numbers is called trigonometric form, which uses the 
variables r and @ to locate a complex number. In FIGURE 8,115 we see that 


b 
cos@ = z and sind = — 


Solving cos 6 = $ and sin 0 = e for a and b gives 
a=rcos@ and hb=rsin@, ol 
As a result, we can write the complex number a + bi as follows. 


Telacnoietde at bi=rcosé + (rsin0)i 
form = r(cosé + isin@) 


By the Pythagorean theorem, r = Va? + b*, It also follows that 


b 
tan@ = = (a # 0). 
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| The expression 
r(cos@ + isin@) 
| is called a trigonometric form of the complex number a + bi, where a = rcos@ 
and b = rsin@, The number r = Va? + 0? is the modulus of a + bi, and @ is the 
argument of a + bi. 


(XEN) The expression cos@ + i sind can be written as cis 8. The expression |a + bil 
is sometimes used to denote the modulus of the complex number a + bi, The modulus 
equals the distance in the complex plane between the point a + bi and the origin. 


{i EXAMPLE! 1 Converting standard form to trigonometric form 


Find the trigonometric form for each complex number, where 0° = @ < 360°. 


(a) 1 +i (b) -1 -iV3 


SOLUTION 
(a) Plot 1 + / in the complex plane, as shown in FIGURE 8,116, The modulus r is 


r=VP+P=\ 


We can see that tan @ = 4 = +, Therefore @ = tan“! 1 = 45°, The trigonometric 
form is 


»(cos45° + isinds®), 


Converting to Trigonometric Form 


Imaginary axis Imaginary axis 
1 + iis written as 5 
V2(cos 45° + isin 45°) 2 
in trigonometric form. I ol+i 
i— A —+-> Real sho 
| 2 axis 2 axis 
-l 
—1 - 1 V3 is written as 
2(cos 240° + isin 240°) 
2 in trigonometric form. 
FIGURE 8.116 FIGURE 8.117 
(b) Plot — 1 — #\/3, as shown in FIGURE 8.117. The modulus r is 


r= V(-1) + (-V3)? =2. 
The argument @ is in quadrant III and satisfies tan 0 = = = V3. The refer- 


ence angle for @ is 0x = tan! (V3) = 60°. Thus @ = 60° + 180° = 240° and 
the trigonometric form is 2 (cos 240° + fsin 240°). 


| Now 1 rcison 14 and 19 | 


Graphing Calculators Some calculators have the capability to convert the complex 
number a + bi to trigonometric or polar form. This is illustrated in FIGURES 8.118 
and 8,119, where the first computation gives the modulus and the second gives the 
argument for | + i and —1 — iV3. See Example |. Notice that angles of 240° and 
—120° are coterminal angles. The value of @ is not unique in a trigonometric form. If 
0; and 0, are coterminal angles, then 


r(cosO, + isin@,) — and r(cos0, + isin 62) 


represent equivalent trigonometric forms. 
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Converting to Trigonometric Form 


if 
RePr(-1, ~V(3)) 


RbPr(1,1) 
Modulus r 1.414213562 Modulus 7 
RePA(-1, ~V(3)) 
1.414213562 “120 
RmPO(1,1) Argument 0 
Argument 0 45 
FIGURE 8.118 Degree Mode FIGURE 8.119 Degree Mode 


Vectors, Polar Coordinates, and Trigonometric Forms The following are equivalent 


concepts. 


1, Finding the magnitude ||y|| and direction angle @ for v = (a,b) 
2. Finding polar coordinates (r, @), where r > 0, for the point (a, b) 
3. Finding the trigonometric form r(cos 6 + isin 0) for a + bi 


For example: 


1. Given v = (3,4), then |lvll = V3? + 4 = 5 and @ = tan"! 4 ~ 53,1°. It fol- 
lows that y ~ (5cos 53.1°, 5 sin 53,1°). See FIGURE 8.120. 

2. Given the point (3, 4), then r = V3? + 4 = 5 and 0 = tan! 4 ~ §3.1°. It 
follows that P ~ (5, 53.1°) in polar coordinates, See FIGURE 8.121, 

3. Given 3 + 4i, thenr = V3? + 4 = Sand@ = tan! 4 =~ 53.1°. It follows that 
3 + 47 ~ S(cos 53.1° + isin 53.19) in trigonometric form. See FIGURE 8.122. 


See also Extended and Discovery Exercises 1-4 at the end of this section. 


Vector Polar Coordinates Trigonometric Form 
90° Imaginary 
(3,4) axis 
344i 
9 
1 
180° FA 
1 
er Real 
3 


axis 


r(cos 6 + i sin @) 


P~ (5, 53.1° 
a: ) = 5(cos 53.1° + i sin 53.1°) 


og © 5g ° 
v = (5 cos 53.1°, 5 sin 53.1°) 270° 


FIGURE 8.120 


FIGURE 8.121 FIGURE 8.122 


EXAMPLE 2 Converting trigonometric form to standard form 
Write the complex number as a + bi, where a and b are real numbers, 
(a) 4 (cost +i sin) 
(b) V3(cos 150° + / sin 150°) 
SOLUTION 
(a) 4 (cos¥ + isin) = 4(00 + i(1)) = 47 
(b) V3 (cos 150° + isin 150°) = V3(-“2 + 4i) = 
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Products and Quotients of Complex Numbers 


If two complex numbers, z, and z2, are expressed in trigonometric form, it is straight- 
forward to find either their product or their quotient. To see this, let 


z, = r(cos@, + i sind) and = 1(cos@, + isin A). 
Then 


2122 = r(cosO, + i sin8;) + r(cos@, + isin) 


112(cos A, cos0 + i cosO sinO, + i sin@, cosO, + i? sin O, sin.) 


112((cos 6, cosO, — sin6, sins) + i(cos, sinO, + sin 0, cos), 
Using the sum identities for cosine and sine, we can simplify the last expression to 
2 %2 = ryrelcos(O, + 02) + fsin(A, + O)). 


Using similar reasoning, it can be shown that 


1 — 0). 


" 
= (cos(0, — 03) + isin(O 
2 "2 


These results are summarized in the following box. 


212) = 1 1(cos(0, + 0) + isin(0; + 5) 


fl 4 os (0, — 0) + isin (0; — 0), 1 4 0. 
22 I7 


ioe Widhoxy Finding products and quotients 
Find the product and quotient of 
z, = 4(cos45° + isin4S°) and ~—z) = 2(cos 135° + isin 135°). 


Express the answer in standard form. 


SOLUTION 
ZZ) = 4(cos45° + isin 45°) + 2(cos 135° + /sin (35°) 
= (4+ 2) (cos(45° + 135°) + i sin(45° + 135°)) 
8(cos 180° + isin 180°) 
8(-1 + 0/) 
= -8 
2y 4(cos 45° + isin 45°) 
22 2(cos 135° + isin 135°) 


Product 


i] 


4 
Gone) = = (cos(45° — 135°) + #sin(45° — 135°)) 
juotient v4 


= 2(cos (—90°) + isin (—90°)) 
= 2(0+ -1i) 
= -2i 


Now Try Exercise 35 


FIGURE 8,123 


92 49 
y+ 2g 


(.5i)42+(.5i) 
= 25 
Ans42+(.5i) 


~.18754+.25i 
~.02734375+.406... 


FIGURE 8.124 
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Fractals and Complex Numbers During the past 40 years, computer graphics 
and complex numbers have made it possible to produce many beautiful fractals. 
In 1977, Benoit B. Mandelbrot first used the term fractal. Largely because of his 
efforts, fractal geometry has become a new field of study. A fractal is an enchanting 
geometric figure with an endless self-similarity property, repeating itself infinitely 
with ever decreasing dimensions. If you look at smaller and smaller portions of the 
figure, you will continue to see the whole—much like when you look into two parallel 
mirrors that are facing each other. Not only do fractals have aesthetic appeal, they 
also have applications in science. An example of a fractal is the Mandelbrot set shown 
in FIGURE 8.123. (Source: B. Mandelbrot, The Fractal Geometry of Nature.) 


Analyzing the Mandelbrot set 


The fractal called the Mandelbrot set is shown in FIGURE 8.123. To determine if a 
complex number z = a + bi is in the Mandelbrot set, we can perform the following 
sequence of calculations. Let 


2 = 2 
— | 
2, = Zo + 2% 
2 = zy? + 2 
23 = 22 + 29 
and so on. If the modulus of any z ever exceeds 2, then z is not in the Mandelbrot 
set; otherwise, z is in the Mandelbrot set. Determine if the complex number belongs 


to the Mandelbrot set. (Source: F. Hill, Computer Graphics.) 
(a) z=1+i (b) z = 0.57 


SOLUTION 
(a) Let z = 1 + i. Then 
y= (+P+ (+) =14 37. 
Since the modulus of z; is 
[1 + 3] = VP + 3? = Vi0 > 2, 


the complex number | + / is not in the Mandelbrot set. 
(b) Let zp = 0.57. Then 


z = (0.5/? + 0.51 = -0.25 + 0.57 
Zo = (-0.25 + 0.51)? + 0.51 = —0.1875 + 0.25/ 
23 = (—0.1875 + 0.25i? + 0.51 ~ —0.0273 + 0.406. 


The modulus of each consecutive z, never exceeds 2, Thus 0.5/ is in the Mandelbrot 
set. You may find it helpful to use a calculator to perform these calculations. See 


FIGURE 8.124. 
Now Try xercixos 63 and 65) 


De Moivre’s Theorem 


If a complex number z is expressed in trigonometric form, then z” for any positive 
integer 7 can be computed easily, Let z = r(cos@ + isin @) and consider the following. 


2 


z’ = r(cos@ + isin@) + r(cosé + isin@) 
= /°(cos(@ + @) + isin(@@ + @)) 
= 1’ (cos26 + isin26) 

z= zz? 


ll 


r(cos@ + isin@) + 1?(cos26 + isin20) 
r’(cos3@ + isin3@) 


ll 
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In general it can be shown that 
z" = yr" (cosnO + isinnd). 


This result is summarized in the following theorem, which is due to Abraham 
De Moivre (1667-1754), a French Huguenot who was a close friend of Isaac Newton. 
This theorem has become a keystone of analytic trigonometry. (Source; H. Eves, An 
Introduction to the History of Mathematics.) 


MOIV) I 
| Let z = r(cos@ + i/sin@) and n be a positive integer, Then 


z" = ¢"(cosnO + isinné), | 


Finding a power of a cormplex number 


Use De Moivre’s theorem to evaluate (1 + )® and express the result in standard 
form, 


SOLUTION From Example l(a), the trigonometric form of z = 1 + 7 is 
z= V2 (cos 45° + isin 45°), 
By De Moivre’s theorem, 
2° = (V2)" cos(8 + 45°) + isin(8 + 45°) 
16(cos 360° + i sin 360°) 


16(1 + 0A) 
16, 


Now 7) ry Exercise 47 | 


Roots of Complex Numbers 

A number w is the nth root of a number z if w” = z. De Moivre’s theorem can be used 

to find roots of complex numbers. To see this, let the trigonometric forms of w and z be 
w = s(cosa + isina) and z= r(cosé + isin). 

Then, by De Moivre’s theorem, \" = z implies that 


"(cos na isinna) = 1 (cos@ i sin@), 
Thus s" = r, ors = Wr, Furthermore, the following two equations must be satisfied. 
cosiia = cosé and sinna = sind 


Since the cosine and sine functions have period 360°, na = @ + 360°+ k for some 
integer k, or 
6 + 360°: k 
as a ener: 


Substituting these results in the trigonometric form for 1 gives 
6 + 360°°k 60 + 360° +k 
We = Vi (cos = + isin ; ) 


We obtain a unique value of sw, for k = 0,1, 2,..., — 1. This discussion is sum- 
marized in the following box. 


EXAMPLE 6 


(¥(3) +i)43 
(“¥(3) +i) 43 


(-2i)43 


FIGURE 8.125 


8.6 Trigonometric Form and Roots of Complex Numbers 745 


ROOTS OF A COMPLEX NUMBER - 


= = ™ | 
Let z = r(cos@ + isin@) be a nonzero complex number and n be any positive 
integer. Then z has exactly » distinct nth roots given by 


F 6 + 360°: . 0+ 360° k 
we = Wr (cos SS iain 3) 
n n 
where k = 0, 1, 2,..., — 1. If radian measure is used, then let 


0 + Ink 0 + 2k 
We Vi (cos + isin Zr 


> 


Finding cube roots of a complex number 

Find the three cube roots of 8/. Check your results with a calculator. 

SOLUTION 

Getting Started First write the complex number 8/ in trigonometric form. 
8i = 8(cos90° + isin90°) 


The three cube roots of 8i can be found by letting n = 3,1 = 8,0 = 90°, and 
k= 0,1,2.> 


e+ ro e+ eed 
Wo = Ws (cos + 30"* < 2 of fe AE we ) 
= 2(cos30° + isin30°) 


=V3+i 
° 4. 360° + 1 ° 4. 360°» | 
Ww) = Va (cos + 37 = Saige ST. ~ ) 
[sail = 2(cos 150° + isin 150°) 


-V3 +i 
0 o ° 4 360° 
WwW, = WB (cos Z ~ 2 + jain ar ) 


3 
= 2(cos270° + isin270°) 
k=25 
=20-/ 


= -2i 


ll 


The three cube roots of 8i are V3 + i, -V3+ i, and —2i. These can be checked 


using a calculator, as shown in FIGURE 8.125. 


Graphical Interpretation Ifthe three cube roots of 8/ are plotted in the complex plane, 
they lie on a circle of radius 2, equally spaced 120° apart, as shown in FIGURE 8.126 on the 
next page. In general, the nth roots of a complex number z = r(cos@ + /sin@) will lie 
equally spaced on a circle of radius Vr. 
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CRITICAL THINKING 


One cube root of the complex 


number z= —I is w=-l. 
Find the other two cube roots 
of z graphically. 


The Cube Roots of 81 
Imaginary axis 


\ Real 
} axis 
120° : 
# The cube roots of 8) 
ae are evenly spaced on 
any a circle of radius 2 in 


the complex plane. 


FIGURE 8.126 


| EXAMPLE 7 | Finding square roots of a complex number 


Find the two square roots of | + iV3. 


SOLUTION First write the complex number | + iV3 in trigonometric form, 


1+iV3= 2( cos + isin®) 


The two square roots of | + iV3 can be found by letting n = 2,r = 2,0 = %, and 


k=0,1. 
E+ n+l) 
Wy = V2 oe + isin 


Tw 5 IE 
—+ —_ 
cos isin) 


yr 

Il 

° 

ll 

S 
FO ON OOS 


=V2 2 T7! 
M6, V2, 
2 2 


2 2 2 


k=1 = V3 (cos + isin) 


- vi(-2 :, 1,) 


E+ a: E+ wl E+ me 
a w= V3 (coss =" * + ising") 


2 
V6 4, V2 V6 _ v2 


Thus, the two square roots of 1 + iV3 are“ + “5*/ and -¥o els 


Now Try Exercise 65 


‘es 8.6 } Putting It All Together | It All Together 


CONCEPT 


Trigonometric 


and tan @ = 2a # 0). The modulus is r and 


the argument is 0. 


If z = a + bi, then its trigonometric form is 
form z = r(cos@ + isin@), where r = Va? + b? 


Ifz=1+ iV3, then 

= VP + (WP =2 
and 6 = tan"! vi = 60°. 
Thus z = 2(cos60° + /sin 60°). 


CONCEPT 


Products and 
quotients 


De Moivre’s 
theorem 


Roots of 
complex 
numbers 
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Let z; = 1; (cos@; + isin6,) and 
22 = 1)(cos@, + isin6,), Then 


2129 = r"'2(cos(® + 02) + isin(@, + )) 
and for r. # 0, 


r 
21 = "V(cos(0, — 63) + isin(6 — 0)). 
22 "9 

Let z = r(cosé + isin@), Then 


z" = "(cosn@ + isinné). 


Let z = r(cos@ + jsin@) and n be any positive 
integer. Then the nth roots of z are given by 


We = Wr (cos@+ 260k + j sin +360"), 


where k = 0,1,2,...,2 — 1, 


If z; = 3(cos66° + isin 66°) and 
2) = 2(cos22° + isin22°), then 


2122 = 6(cos88° + /sin88°) 
and 


A = 3 oO H |) 
a 7 (cos44 + isin 44°), 


If z = 2(cos7° + isin7°), then 
2 = 8(cos21° + isin21°). 


The three cube roots of 8 = 8(cos0° + i sin0°) 
are as follows, 


9 = WB (cos + 360°-0 + sou" 20 4 sin + 36-0 se : a) 
=2 

Wp = W8 (cos + 360" # 3m" 14 jin + 36" 1 en : 1) 
= 2(cos 120° + isin 120°) = -1 + iV3 

Wy = W8 (cos + 30" ~2 $302 + j gin +32 2) 
= 2(cos 240° + isin240°) = -1 — iV3 


8.6 | Exercises 


The Complex Plane 
Exercises 1-4: Plot the numbers in the complex plane. 17, 47 18, -i 
a AD atte aS 19, -1 + 1V3 20, -V2 - iV2 
2. (a) —2i 241 ec) 2-21 
i se mu. V3+i 22, MB +43 
3. (a) -3 (b) 4 — 2i () -1-3i 
Exercises 23-26: Write the number in trigonometric form. 
4, (a) -l-i (b) 4+ 37 © 4 Let 0 <0 <2n. 
23; 32: 24, 4i 
Trigonometric Form oe 
Exercises 5-12; Find the modulus of the number. as ae ML tiNS 
Sli 6.3 - 4i Exercises 27-34: Write the number in standard form. 
712-5) 8. 24 +71 27, 5(cos 180° + isin 180°) 
9. <6 10. 15i 28, 3(cos90° + isin90°) 29, 2(cos45° + isin 45°) 
1. 2 - 3i 12. 11 — 60/ 30. cos150° + isin 150° 31, 2(cos™ + isin) 


Exercises 13-22; Write the number in trigonometric form. 
Let 0° S @ < 360°, 


13, -l +7 
15, 5 


14, 1-7 
16; =3 


32, 4(cos3# + isin*#) 


33, 3(cos2m + isin 27) 


34, 5(cos3# +i sin3z) 
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Exercises 35-40; Find 22, and A. Express your answer in 
standard form. 
35. 2, = 9(cos45° + isin 45°), 

2) = 3(cos 15° + isin 15°) 


36. 2; = 5(cos90° + isin 90°), 
22 = 2(cos30° + isin 30°) 


37. 2, = 6 (cos 3 + isin aa), 
Zz = cosf + ising 
38, z; = 4(cos300° + i sin300°), 
29 = 2(cos60° + i sin 60°) 
39, z; = cos 15° + isin 15°, 
2Zy = COS (-z) + isin (- 7) 
40. 2) = 11 (cos + isin2Z), 
zy = 22(cos 30° + isin 30°) 


Powers of Complex Numbers 


Exercises 41-46; Use De Moivre's theorem to evaluate the 
expression. Write the result in standard form. 


41, (2(cos30° + i sin30°))? 
42. (3(cos45° + isin 45°))4 


a 
ety 


. (cos 10° + # sin 10°)36 
44, (cos 1° + isin 1°) 

45. (5(cos60° + i sin 60°)? 
46, (2(cos90° + isin 90°))5 


Exercises 47-50; Use De Moivre's theorem to evaluate the 
expression, Write the result in standard form and check it 
using a calculator, 


47. (1+ 08 
49, (V3 + 15 


48, (31)! 
50. (2 - 2i)° 


Roots of Complex Numbers 


Exercises 51-62: Checking Symbolic Skills Find the 
Sollowing roots and express them in standard form. Check 
your results with a calculator, 


51, The square roots of 4(cos 120° + / sin 120°) 
§2. The cube roots of 27(cos 180° + isin 180°) 
53, The cube roots of cos 180° + / sin 180° 

54, The fourth roots of 16(cos 240° + isin 240°) 


55. The square roots of i 


56. The cube roots of | 

57. The cube roots of —8 
58. The square roots of —4/ 
59, The cube roots of 64/ 
60. The fourth roots of —1 


61. 


= 


The fourth roots of 81 


62. The square roots of —1 + iV3 


Fractals 


i Exercises 63-66: Mandelbrot Set (Refer to Example 4.) 


Determine if the complex number belongs to the Mandelbrot 
sel. 


63. —0.4i 64.0.5 +7 
65.2+i 66. —0.2 + 0.27 
Applications 


67. Electrical Circuits Impedance is a measure of the 
opposition to the flow of current in an electrical 
circuit. It consists of two parts called the resistance 
and the reactance, Light bulbs add resistance to an 
electrical circuit, and reactance occurs when elec- 
tricity passes through coils of wire like those found 
in electric motors, Impedance Z in ohms (Q) may 
be expressed as a complex number, where the real 
part represents the resistance and the imaginary part 
represents the reactance. For example, if the resistive 
part is 3 ohms and the reactive part is 4 ohms, then the 
impedance could be described by the complex num- 
ber Z = 3 + 4i. The modulus of Z gives the total 
impedance in ohms. In a series circuit like the one 
shown in the figure, the total impedance is the sum 
of the individual impedances. (Source: R. Smith and 
R. Dorf, Circuits, Devices and Systems.) 


(a) Thecircuit contains two light bulbs and two electric 
motors. If it is assumed that the light bulbs repre- 
sent resistance and the motors represent reactance, 
express impedance as Z = a + bi. 


(b) Find total impedance in ohms by calculating the 
modulus of Z. 


68, Electrical Circuits (Continuation of Exercise 67.) 
In the parallel electrical circuit shown in the figure, 
impedance Z is given by 

z= 1 
at St 1? 
Zatz 
where Z; and Z, represent the impedances for the 
two branches of the circuit. (Source: G. Wilcox and C, 
Hessel berth, Electricity for Engineering Technology.) 


(a) Find Z. 


(b) Find total impedance to the nearest tenth of an 
ohm by calculating the modulus of Z. 


Writing about Mathematics 


69, Explain how to find a trigonometric form of a complex 
number a + bi. Give an example. Is trigonometric 
form unique for a given complex number z? Explain. 


70, Critical Thinking Suppose that one fourth root w of 
a complex number z is known. Explain how to find 
the other fourth roots of z graphically. 


8.6 Trigonometric Form and Roots of Complex Numbers 749 


Extended and Discovery Exercises 
Exercises 1-4; Critical Thinking Complete the following. 
Choose angles in [ 0°, 360°) and round to the nearest tenth. 


(a) Write the vector (a,b) in terms of its magnitude and 
direction angle. 

(b) Write the point (a, b) in polar coordinates. 

(c) Write the complex number a + bi in trigonometric form. 


1. (V3, 1),(0V3, 2, V3 +i 
. (5, 12), (5, 12), 5 + 127 


» N 


. (4, -3), (4, -3), 4 - 3i 


> 


. (7, 24), (-7, 24), -7 + 247 


5, Fractals The fractal called the Julia set is shown 
in the figure. To determine if a complex number 
z= a+ bi belongs to this set, repeatedly compute 
the sequence of values 


z=2-1, n=zr- I, z= 2-1, 


and so on, If the modulus of any of the resulting com- 
plex numbers exceeds 2, then the complex number z is 
not in the Julia set. Otherwise z is in this set. Determine 
if the complex numbers belong to the Julia set. 


(a) z=0+0i (b) z=1 +i 


(c) z= -0.2i 


CHECKING BASIC CONCEPTS FOR SECTIONS 8.5 AND 8.6 


1, Plot the following points (7, 0) on a polar grid. 
(a) (2, 30°) (b) (3, -60°) (c) (-4, 120°) 


2. Graph the equation. 
(a) r=2 
(c) r= 3 + 3cosd 


@) 0=-§ 
(d) + = 3cos20 


3. Plot the numbers in the complex plane. 
(a) -3 + 2i (b) —4 - 3i 


4, Find the trigonometric form of 1 + iV3. 


5. Find the three cube roots of i. 
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| NCEPT LANATION 


Section 8.1 Law of Sines 


Law of Sines sine  sinB — siny a b c 
>» oF : ; Fi 
a b ¢c sine sinB — siny 


The law of sines can be used to solve triangles given ASA, AAS, or SSA, The case 
SSA is called the ambiguous case and can have zero, one, or two solutions, 


Example; Given B = 32°, y = 46°, and c = 10, find b 
We are given AAS, as illustrated in the figure. 


b ¢ foe 10 sin 32° 
= = =— _impliesthat b = ——— = 7.37. 
sinB — siny sin 46' 
Cc 
\ 
\> 
\ 46° 
b = 7.37 \ 
\ 32°77 
A 10 B 
Section 8.2 Law of Cosines 
Law of Cosines & = b? + ce — 2becosa 
= + ¢ = 2accosB 
=a + = 2abcosy 


The law of cosines can be used to solve triangles given SAS or SSS, Each situation 
results in a unique solution, 


Example: Given a = 5,b = 6, and c = 7, find a. 
We are given SSS, as illustrated in the figure. 


@& = b’ + & = 2becosa implies that iC 
Poe 24.72 92 vA 
ge te me oe ~0O714 N 
2be 2.(6)(7) / a 
Thus a ~ cos! (0,714) = 44.4°, B 7 
Section 8.3 Vectors 
Vectors A vector is a directed line segment that has both magnitude (length) and direction, 


Three different representations for a vector are 
v=(a,a@), v=aitaj, and y= PO, 
Horizontal component = ay; vertical component = dy 
Magnitude: |\v\| = Va; + a? 
Direction angle: The positive angle 6 (0° S @ < 360°) between the x-axis and the 
position vector y, where 
vy = (|lvllcos 9, |lvil sin @). 


The horizontal component is |ly|| cos @ and the vertical component is |y|| sin 6. 
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The last equation, 0 = 0, is an identity. Its presence usually indicates infinitely 
many solutions. Use the second equation to write y in terms of z. 


Solve second equation y= 3-32 
for y. 
Next, substitute (3 — 3z) for y in the first equation and write x in terms of z. 


x—-( - 3z)+5z=5 tute ( 
x—-34+32+52=5 


ae) Q- 
C= Fo BZ 


All solutions can be written as the ordered triple (8 — 82,3 — 32, =), where zis 
any real number. There are infinitely many solutions. Sometimes we say that all 
solutions can be written in terms of the parameter z, where z is any real number. 
For example, if we let z = 1, then y = 3 — 3(1) = 0 and x = 8 — 8(1) = 0. 
Thus one solution to the system is (0), 0, 1). 


Gaussian Elimination 


The methods of elimination and substitution can be combined to create a state- 
of-the-art numerical method capable of solving systems of linear equations that 
contain thousands of variables. Even though this method, called Gaussian elimina- 
tion with backward substitution, dates back to Carl Friedrich Gauss (1777-1855), 
it continues to be one of the most efficient methods for solving systems of linear 
equations. 

If an augmented matrix is not in row-echelon form, it can be transformed into 
row-echelon form using Gaussian elimination. This method uses the following three 
basic matrix row transformations, 


] 


row transformations result in an equivalent system of linear equations. 


1. Any two rows may be interchanged. 

2. The elements of any row may be multiplied by a nonzero constant. 

3. Any row may be changed by adding to (or subtracting from) its elements a | 
multiple of the corresponding elements of another row. 


a i] 


When we transform a matrix into row-echelon form, we also are transforming a 
system of linear equations. The next two examples illustrate how Gaussian elimina- 
tion with backward substitution is performed. 


Transforming a matrix into row-echelon form 


Use Gaussian elimination with backward substitution to solve the linear system of 
equations. 


xty+ z=1 
—xty+ z=5 
yt2z=5 


SOLUTION 
Getting Started The goal is to apply matrix row transformations that transform the 


given matrix into row-echelon form. Then we can perform backward substitution to 
determine the solution. > 
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The linear system is written to the right to illustrate how each row transformation 
affects the corresponding system of linear equations. Note that it is nof necessary to 
write the system of equations to the right of the augmented matrix. 


Augmented Matrix Linear System 
Peel yd xty+ z=1 
= 1 1/5 —xty+ 2=5 
0 1 2/5 ytiz=5 


We can add the first equation to the second equation to obtain a 0 where the coef- 
ficient of x in the second row is highlighted. This row operation is denoted Ry + Rj, 
and the result becomes the new row 2, 


mn iad Basan | Fa ae Oe | xytyt+ z=l1 

e row that is changin; 

is written first. bie — Ry + Ri] 0 12 216 ay + 2z = 6 
0 1 245 yt2z=5 


To have the matrix in row-echelon form, we need the highlighted 2 in the second 
row to be a I. Multiply each element in row 2 by 5 and denote the operation 5Ro. 


» 2 . § Ld) Tt xty+ z=1 
rows t eto 1 13 Siar 
0 1 245 yt 2z=5 


Next, we need a 0 where the | is highlighted in row 3. Subtract row 2 from row 3 
and denote the operation R; — R. 


fi iil xtytz=1 
sacle 01 13 ytz=3 
changing. A, R, 0041/2 a 


The matrix is now in row-echelon form, and from the third equation we see that 
2. Backward substitution may be applied now to find the solution, Substituting 
= 2 in the second equation, y + z = 3, gives 


NON 
I 


yt2=3, or p=. 


Finally, let »y = | and z = 2 in the first equation, x + y + z = 1, to find x. 
x+1+2=1, or x= 
The solution to the system is given by x = —2, y = 1, and z = 2, or (—2, |, 2). 


| Now Try Exercise 41 | 


Transforming a matrix into row-echelon form 
Use Gaussian elimination with backward substitution to solve the linear system of 
equations. 
2x+4y+4z2= 4 
x+3y+ z= 4 
—x + 3y + 2z = -1 


SOLUTION The initial linear system and augmented matrix are written first. 


Augmented Matrix Linear System 
24 4) 4 x+4y+4z2= 4 
L 3 1) 4 xv+3y+ z= 4 
13 2)51 x + 3y + 2z=-1 
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First we obtain a 1 where the x-coefficient of 2 in the first row is highlighted, This 
can be accomplished by either multiplying the first equation by 5 or interchanging 
rows | and 2, We multiply row | by 5 This operation is denoted sR. 


OI, > 122) 2 x+2yp+2z= 2 
13 1] 4 x+3y+ z= 4 
= 3 2|-! —x + 3y + 2z=-1 


The next step is to eliminate the v-variable in rows 2 and 3 by obtaining zeros in the 
highlighted positions. To do this, subtract row | from row 2, and add row | to row 3. 


12 2\2 x + 2y + 22 =2 
R,- Rk, >| 0 1 -1)2 y- 2=2 
Ry +R >LO B 4)1 Sy + 4z = 1 


Since we have a | for the y-coefficient in the second row, the next step is to 
eliminate the y-variable in row 3 and obtain a zero where the y-coefficient of 5 is 
highlighted. Multiply row 2 by 5, and subtract the result from row 3, 


12 2 2 X¥+2p+2e= 2 

G1 -l| 2 yrz= 2 

R, - 5R,—>{0 0 | -9 9z = -9 
Finally, make the z-coefficient of 9 in the third row equal | by multiplying row 3 by i 

L722) 2 N+2y+2z= 2 

' ot -1| 2 y- z= 2 

R;,>L0 0 I{-1 z=-l 


9 
The final matrix is in row-echelon form, Backward substitution may be applied 
to find the solution, Substituting z = — 1 in the second equation gives 


y-(-)=2, or yl 
Next, substitute y = | and z = ~1 in the first equation to determine x, 
x + 2(1) + 2(-1) = 2, or x=2 


The solution to the system is (2, 1, — 1). 


Transforming a system that has no solutions 

Solve the system of linear equations, if possible. 
x— 2yp+3z=2 
2x + 3y +22 =7 
4x -— y+8z=8 


SOLUTION Because it is not necessary to write the linear system next to the matrix, 
we write the matrices in a horizontal format in this example. 


[= 312 L =2. 3|2 T =2;  33:| 2 

MB 3 2/7 R, - 2R; >] 0 27 443 0 7 -4!) 3 

4 -1 8|8 R;- 4k; ~LO WF -4|0 R,-R,.7L0 0 O|-3 
The last row of the last matrix represents 0x + Oy + 0z = —3, which has no solu- 


tions because 0 # —3. There are no solutions, 
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A Geometric Interpretation The graph of a single linear equation in three vari- 
ables is a plane in three-dimensional space. For a system of three equations in three 
variables, the possible intersections of the planes are illustrated in FIGURE 9.41. The 
solution set of such a system may be either a single ordered triple (x, y, z), an infinite 
set of ordered triples (dependent equations), or the empty set (an inconsistent system). 


a 
{> D> 


One point in common Points of a line in common All points in common 
No points in common No points in common No points in common 
FIGURE 9,41 


Reduced Row-Echelon Form Sometimes it is convenient to express a matrix in 
reduced row-echelon form. A matrix in row-echelon form is in reduced row-echelon 
form if every element above and below a | on the main diagonal is 0. 


\ 10 0 ' 00 10 3 100 3 i 0 4 8 

Matrices in reduced | | ; ; 
row-echelon form | FE | [é a 010 ls ‘ =| o10 1 0% =1\2 
001 0.0 1 =! 00 00 


If an augmented matrix is in reduced row-echelon form, solving the system of 
linear equations is often straightforward. 


BO.aWithove Determining a solution from a matrix in reduced row-echelon form 
| J 


Each matrix represents a system of linear equations, Find the solution. 


100] 3 

6 
(a) eel (b) |} 0 1 Of -1 
001{ 2 
10 0|4 1 0 -2|-3 
() |0 1 043 @ {out 2] 1 
00 0|2 00 of] o 


SOLUTION 
(a) To see how the matrix in reduced row-echelon form provides immediate access to 
the solution to the related system of linear equations, we write the corresponding 
system of equations next to the given matrix. 
Given Matrix Linear System 
E Hd e ly + Oy 6 or x= 
0 11-5 Ov+1ly=-S or y= -—5 


The solution is (6, —5). 


ll 
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(b) The top row represents Lx + Oy + Oz = 3, or x = 3. Using similar reasoning for 
the second and third rows yields y = —1 and z = 2. The solution is (3, 1, 2). 

(c) The last row represents 0x + Oy + 0z = 2, which has no solutions because 
0 ~ 2. Therefore there are no solutions to the system of equations. 

(d) The last row simplifies to 0 = 0, which is an identity and is always true. The 
second row gives y + 2z = 1, or y= —2z + 1. The first row represents 
x — 2z = -3,orx = 22 — 3. Thus this system of linear equations has infinitely 
many solutions. Every solution can be written as an ordered triple in the form 
Q: 4, —22 + 1,2), where z can be any real number. 


| Now Try Exercises 63, 65, 67 and 69 | 


Gauss-Jordan Elimination Matrix row transformations can be used to transform 
an augmented matrix into reduced row-echelon form. This approach requires more 
effort than transforming a matrix into row-echelon form, but often eliminates the 
need for backward substitution. The technique is sometimes called Gauss-Jordan 
elimination. 


i Transforming a matrix into reduced row-echelon form 


Use Gauss-Jordan elimination to solve the linear system. 
ax+ yt2z= 10 
x +2z= 5 
x-2y+2z= 1 


SOLUTION The linear system has been written to the right for illustrative purposes. 


Augmented Matrix Linear System 
2 1 2/10 2x+ y+2z= 10 
hh 0. 2)-S x +2z= 5 
1 =2: 2) 1 X— Dy + 2=— I 


Obtain a | in the highlighted position in row 1 by interchanging rows | and 2. 


R,—|1 O 2] 5 xe +2z= 5 
R,—>|2 1 2410 2x+ y+2z= 10 
Mm -2 2| 1 x-—2y+2z= 1 


Next subtract 2 times row | from row 2. Then subtract row | from row 3. This 
eliminates the x-variable from the second and third equations. 


i. i0° 2) 3 x +2z= 5 
R; 2k; | 0 1 -2] O y-22z= 
R R; 0 = 0} -4 —2y = -4 


To eliminate the y-variable in row 3, add 2 times row 2 to row 3. 


10 2] 5 x +22= 5 
01 -2] 0 prs 
R, +2R,>10 0 =4]-4 —42 = -4 


To obtain a | in the highlighted position in row 3, multiply row 3 by -}. 
10 AIS F +2z=5 
0 1 -2)0 y—2z=0 
00 tl z=1 
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| EXAMPLE 9 | 


Finally, the matrix can be transformed into reduced row-echelon form by sub- 
tracting 2 times row 3 from row |, and adding 2 times row 3 to row 2. 


R 2R, 1 0 0/3 x=3 
R; 2R3 0 1 042 ypo2 
00 1f1 z=] 


This final matrix is in reduced row-echelon form. The solution is (3, 2, 1). 


| Now Try Exercise 73 | 


Solving Systems of Linear Equations 

with Technology 

If the arithmetic at each step of Gaussian elimination is done exactly, then it may 
be thought of as an exact symbolic procedure. However, when calculators and 
computers are used to solve systems of equations, their solutions often are approxi- 
mate. The next three examples use a graphing calculator to solve systems of linear 
equations, 


Solving a system of equations using technology 
Use a graphing calculator to solve the system of linear equations in Example 8. 


SOLUTION To solve this system, enter the augmented matrix 


2 It 2) 10 
A=iI @ 2) Sk 
1 =2 2] 1 


as shown in FIGURE 9.42-9.44. 


me MATH 


A 3x4 


FIGURE 9.42 FIGURE 9.43 FIGURE 9.44 


A graphing calculator can transform matrix A into reduced row-echelon form, 
as illustrated in FIGURE 9.45 and 9.46, Notice that the reduced row-echelon form 
obtained from the graphing calculator agrees with our results from Example 8, The 
solution is (3, 2, 1). 


NAMES EDIT 
pee all 


FIGURE 9.45 FIGURE 9.46 


Now Try Exerci 
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Transforming a matrix into reduced row-echelon form 


For three food shelters operated by a charitable organization, three different quantities 
are computed: monthly food costs Fin dollars, number of people served per month N, 
and monthly charitable receipts R in dollars. The data are shown in TABLE 9.8. 


Food Shelter Operations 


Food 
Costs (F) 


Charitable 
Receipts (R) 


Number 
Served () 


TABLE 9.8 


(a) Model these data by using F = aN + bR + c, where a, b, and c are constants. 
(b) Predict the food costs for a shelter that serves 4000 people and receives charitable 
receipts of $12,000. Round your answer to the nearest hundred dollars. 


SOLUTION 
(a) Getting Started TABLE 9.8 provides several values for F, N, and R in the equa- 
tion F = aN + bR + c. The goal is to write a system of linear equations whose 
solution gives the values of a, b, and ¢. » 
Since /’ = alV + bR + ¢, the constants a, b, and c satisfy the following equations. 


3000 = a(2400) + b(8000) +e 
4000 = a(2600) + b(10,000) + ¢ 
8000 = a(5900) + b(14,000) + ¢ 


This system can be rewritten as 


2400a + 8000b + c = 3000 
2600a + 10,0006 + c = 4000 
5900a + 14,000b + c = 8000. 


The associated augmented matrix is 


2400 8000 1] 3000 
A=] 2600 10,000 1] 4000 
5900 14,000 1] 8000 


FIGURE 9.47 shows the matrix A. The fourth column of A may be viewed by 
using the arrow keys. In FIGURE 9.48, A has been transformed into reduced 
row-echelon form where a ~ 0.6897, b ~ 0.4310, and c ~ —2103. Thus let 
F = 0.6897N + 0.431R — 2103. 


Ut 

2400 8000 
2600 10000 
[5900 14000 


FIGURE 9.47 FIGURE 9.48 
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(b) To predict the food costs for a shelter that serves 4000 people and receives chari- 
table receipts of $12,000, let N = 4000 and R = 12,000 and evaluate F. 


F = 0,6897(4000) + 0.431(12,000) — 2103 = 5827.8. 
This model predicts monthly food costs of about $5800. 


| Now Try Exercise 87 | 


Determining a Quadratic Function The introduction to this section discussed 
how three points can be used to determine a quadratic function whose graph passes 
through these points. The next example illustrates this method. 


/EXAMPLE 11 Determining a quadratic function 


More than half of private-sector employees cannot carry vacation days into a new 
year, The average number y of paid days off for full-time workers at medium to large 
companies after x years of employment is listed in TABLE 9.9. 


Paid Days Off 


x (years) | 15 30 
y@days)| 9.4 | 18.8 | 21.9 | 


Source: U.S, Department of Labor, 
TABLE 9.9 


(a) Determine the coefficients for f(x) = ax? + bx + cso that f models these data. 

(b) Graph f with the data in [—4, 32, 5] by [8, 23, 2]. 

(c) Estimate the number of paid days off after 3 years of employment. Compare it to 
the actual value of 11.2 days. 


SOLUTION 
(a) For f to model the data, the equations f(1) = 9.4, f(15) = 18.8, and f(40) = 21.9 
must be satisfied. See TABLE 9.9. 
JG) =a? +60) +ce= 94 
f(5) = a5? + BUS) +e = 18.8 
10) = aQvy + bG0) + e = 21.9 


The associated augmented matrix is 


27 41 1] 94 
15? 15 1] 188 
FIGURE 9.49 02 30 «1:4 21.9 


FIGURE 9.49 shows a portion of the matrix represented in reduced row-echelon 
form, The solution is a ~ —0,016026, b ~ 0.92785, and c ~ 8.4882. 

(b) Graph y; = —0.016026x? + 0.92785x + 8.4882 together with the points 
(1, 9.4), (15, 18.8), and (30, 21.9). The graph of f passes through the points, as 
expected. See FIGURE 9.50. 

(c) To estimate the number of paid days off after 3 years of employment, evaluate f(3). 


-_ F(3) = —0.016026(3)? + 0.92785(3) + 8.4882 ~ 11.1 
FIGURE 9,50 This is quite close to the actual value of 11.2 days, 


(-4, 32, 5] by [8, 23, 2] 


| Now Try Exercise 95 
L 
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eee Putting It All Together 


AUGMENTED MATRIX 
A linear system can be represented by an augmented matrix. 
2 © =3| 2 2x, -3z= 
—| 2 -2)-5 -x + 2p -2z= 
Le #25 1 | a, Roe Byeo Z 
ROW-ECHELON FORM 
The following matrices are in row-echelon form. They represent three possible situations: no solutions, one solution, 
and infinitely many solutions. 
Nie #32 
0 1 1 
0 0 0 0 
No solutions One solution Infinitely many solutions 
(1, 1, 1) (6 — 5z,3 — 2z, 2) 
BACKWARD SUBSTITUTION 


Backward substitution can be used to solve a system of linear equations represented by an augmented matrix in 
row-echelon form, 


12.71/90 1, =2, 1/0 
2|3 0 iL 2/3 
1] 1 0 0 0j0 


Row-Echelon Form 
From the last row, z = 2. 


Substitute z = 2 in the second row: y — 2(2) = —3, ory = 1. 
Let z = 2and y = 1 in the first row: x — 2(1) + 2 = 3, orx = 3, 
The solution is (3, 1, 2). 


REDUCED ROW-ECHELON FORM 


The Gauss-Jordan elimination method can be used to transform an augmented matrix into reduced row-echelon 
form, which often eliminates the need for backward substitution. The following matrices are in reduced row-echelon 
form, The solution is given below the matrix. 

10 0|4 10 3/2 

0 1 0/5 OL 23 

0 0 042 00 0}0 


No solutions One solution Infinitely many solutions 
(1, 2, 3) (2 - 3z,3 - 2z,2) 


Mm Exercises 


Dimensions of Matrices and Augmented 


Matrices 1 1 1 38 <3 
Exercises 1-6: State the dimension of each matrix. 5 7 5 6 )1 -1 1 2 
1 4 0 4 510) =i 
abe 
1, | 2 2. [ a2 | Exercises 7-10: Represent the linear system by an aug- 


mented matrix, and state the dimension of the matrix. 


3 0 7. Sx=—2y> 3 8 3x+ y=4 
3.[ ] 4.[-1 1 -x+3y=-1 —-x + 4y=5 
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9.. —3x + 2p =-410. xw+2y- z= 2 
= 9 2x°+ yp Qz 3 
Ixt+ y- z= 7 


+ 


Exercises 11-14: Write the system of linear equations that 
the augmented matrix represents, 


3: D304 =—2 11s 
[oils] = 1 sla 

ae 4] 0 | 3) 2 
3.)0 § 8 ee! 14, | —2 1 1} +2 

Oo & =F] 1 =! oO =2) I 


Row-Echelon Form 


Exercises 15 and 16: Is the matrix in row-echelon form? 


1 4 -1{0 
15. (a) [3 ale (b) }0 -1 143 
6 2 Ty 
[1 6 -8] 5 
@ |0 1 7] 9 
li 0 Ifill 
= 1 3 -1/8 
2 
16. (a) : ala (b) }O0 1 543 
me 0 0 ojo 
fo oO 1 
@ |0 1 7] 9 
L1 2 -1]1l 


Exercises 17-30: The augmented matrix is in row-echelon 
form and represents a linear system. Solve the system by 
using backward substitution, if possible. Write the solution 
as either an ordered pair or an ordered triple. 
3 ] 
=2 


1 144 1 0.5 
‘| ws. [) 


si Lo 1 
19, |! a 1 20. 


21. 


[ 
[ 
o(i 7] «E42 
| 
| 


22. 


1 1 -1/4 1 -2 -1/0 
a./0 1 -1/2 26./0 1 -3]1 
Lo o t]1 0 oO 1f2 
fi 2 -1]5 1 -1 2/8 
a7.;0 1 -2]1 2./0 1 -4/2 


ie ifs 10 -4| ¢ 
2/0 1 -3/ 5] 30}/0 1 2] 1 
0 0 o| 4 0 0 0}-3 


Solving Systems with Gaussian Elimination 


Exercises 31-34; Perform each row operation on the given 
matrix by completing the matrix on the right. 


2 -4 6| 10 ]4R 1 
31. | -3 a 31 2 =3 $ 3) 2 

4 8 4|-8]iR 1 

L <2 21 § I =2 1] 3 
32. | 1 4 O]-1] R R 6 

2 O 1] SJA R mi 

i 1/2 L =] 1}2 
33;, | 2 -2/0)/ I 

1 7 O;S5I]R I 

I =2. 216 1-2 3) 6 
34, 2 1 4/57R 2R 

“ge § FLZIR 3h 


Exercises 35-50; Checking Symbolic Skills Use Gaussian 

elimination with backward substitution to solve the system of 

linear equations. Write the sohition as an ordered pair or an 

ordered triple whenever possible. 

35. xt+2y=3 
“Eo pT 


36. 2x + 4y = 10 
x- 2p = -3 


37, 2x+3y= 6 
x= 2p = —4 


39, x—-3y=-2 
25> Ye 4 


414. x+2yt+z= 3 
wt yoz= 3 
“Mo Qype ZS H5 


43, x+2y- z= -1 
2x- y+ z= 0 
—“e- pease 7 
4. 3x+ yt+3z= 1446 xv+3y-2z= 3 
x+ y+ z= 6 Lm Iyer e= -2 
=2x — Dy 4:32 7 2x, — Tp 2 1 
47, 2x + S5y+z2=8 48. xt+ pt 2 =3 
x+2y—z=2 N+ pt2z=4 
3x + Ty =5 2x + 2y + 3z2=7 
49. -x+2y+4z2= 10 50. 4n—-2y+4z2=8 
3x — 2y — 2z = -12 3x — Ty + 62 =4 
x + 2y + 62 8 x-— Spy+2z2=7 


Exercises 51-62: Checking symbolic Skills Solve the 


system, if, possible. 


51. x - ytz=l 52, x y-d=—H 

yt 2-252 y-d- 2=7ll 

yous = —-x+ y+3z= 14 

53, 2x — 4y +22 = MN 54, x-4y+ 2= 9 

xt 3y — 22 = -9 ay = i | 

4x —2y + 2 7 —% + z= 0 
55, 3x — 2y + 22 = —18 56,2x- yr z= 0 

—x + 2y- 42 = 16 x= ¥> z= 7-2 

4y — 3y — 22 = 21 3x - 2y — 22 = 2 
57, x—4yt+32= 26 58. 4x — y-2z=0 
—y + 3y — 22 = —19 4x — 2y =0 
-y+ 25 10 2x +z2=1 

59, Sx +42=7 60. yrz= =5 

2x — Ay =6 3x —2z = —6 

ay + 32 = 3 —x — 4y = ll 

61, 5x - 2yt 2= 5 6h wx 4 z= 2 


en y- 22 = -2 
4x —3y + 32= 7 


Exercises 63-70: ( Refer 
matrix is in reduced 


to Example 7.) The augmented 
row-echelon form and represents a 


system of linear equations. If possible, solve the system. 


1 ol t2 1 -1\1 
sas [ i | ee fF 0|0 
1 0 0|-2 1 0 0| 7 
65.\0 1 0| 4 66.\0 1 0|-9 
00 1 3 0 0 1| 3 
10 2) 4 1 0 1|-2 
glo t apa] om eT? 5 
0 0 0| 0 0 0 0| 0 
1 0 0| § 1 0 0| 10 
6. /0 1 0\-! 7.)0 1 Of 21 
0 0 0\ 3 0 0 0|-2 


Exercises 71-78: Reduced Row-Echelon Form Use 
Gauss-Jordan elimination to solve the system of equations. 


Nox-y=l 12, 2x+3y= 1 
x+y = x —2y = 73 
713, xbapt 2= 3 TA xX +2 
oe z= -2 x-yrz 

—x — dy + 22 = 6 Ox ty 
15. xoyt = 7 16, 2x — 4y — 6 
dx ty - 42 = 727 x-—3yt 2 
-xty- z= 0 x + yt 32 


_ 
uUnnr 
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1, 26 tO z=2 18, -2x- yt z=3 
x-2y+ 2=0 xt yo 3a l 
x Sy z=4 x-2y-42=2 


Exercises 79-84: Technology Use technology to find the 
solution. Approximate yalues to the nearest thousandth. 


719. 


80. 


81. 


82. 


83. 


5x — Ty + 92 = 40 
~Tx + 3y — Tz = 20 
5x — By — 5z 15 


Ml 


lox — 4y - 72 = 8 
gy — 6y +92 = 7 
34x + Oy — 22 = 5 


2.Ax + 0.5y + 1.72 = 49 
2x + L.Sy — 172 = 3.1 
58x — 4.6y + 0.82 = 9.3 


53x + 95y + 122 = 108 
Bix — Sly — 242 = ~92 
_ox + lly — 782 = 21 


O.lx + 0.3y + 1.72 = 0.6 
0.6x + O.Ly — 3.12 = 6.2 
24y + 0.92 = 35 


84, 103x — 886y + 4312 = 1200 
—55x + 98ly = 1108 
—327x + 42ly + 3372 = 99 
Applications 
85, Pumping Water Three pumps are being used to 


86. 


empty a small swimming pool. The first pump is 
twice as fast as the second pump. The first two 
pumps can empty the pool in 8 hours, while all three 
pumps can empty it in 6 hours, How long would 
it take each pump to empty the pool individually? 
(Hint: Let x represent the fraction of the pool that 
the first pump can empty in | hour. Let y and z rep- 
resent this fraction for the second and third pumps, 
respectively.) 


Pumping Water Suppose in Exercise 85 that the 
first pump is three times as fast as the third pump, 
the first and second pumps can empty the pool in 
6 hours, and all three pumps can empty the pool in 
8 hours. 

(a) Are these data realistic? Explain your reasoning. 


(b) Makea conjecture about a solution to these data. 


(c) Test your conjecture by solving the problem. 


. Food Shelters (Refer to Example 10.) For three food 


shelters, monthly food costs F in dollars, number of 
people served per month N, and monthly charitable 
receipts R in dollars are as shown in the table. 


continued on next page 
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Food Number Charitable 
Costs (7) Served (4) Receipts (R) 

1300 1800 5000 

5300 3200 12,000 


(a) Model these data using F = qn + 5R + c, where 
4, b, and care constants, 


(b) Predict the food costs for a shelter that serves 
3500 people and receives charitable receipts of 
$12,500. Round your answer to the nearest hun- 
dred dollars, 


88, Estimating the Weight of a Bear i he following 


W (pounds) 
100 17 
272 


Source: M, Triola, Elementary Statistics 


(a) Find values for a, b, and ¢ so that the equation 
W=a+bN + eC models these data, 


(b) Estimate the weight of a bear with a 20-inch neck 
and a 31-inch chest size, 


6? (© Explain why it is reasonable for the coefficients b 
i and ¢ to be positive, 


fg 89. Electricity In the Study of electrical Circuits, the 
application of Kirchoff’s rules frequently results in 
Systems of linear equations, To determine the current 
T (in amperes) in each branch of the circuit shown 
in the figure, Solve the system of linear equations, 
Round values to the nearest hundredth, 


h=h+h 
IS + 4h = 141, 
10 + 4% = 51, 50 140 


fa 90. Electricity (Refer to Exercise 89.) Find the current 
(in amperes) in each branch of the circuit shown in 
the figure by Solving the system of linear equations, 
Round values to the nearest h undredth, 


I =h+ L 40 1, 1, 
200 = 4 +74 
10 + 7; = 61, 20v 60 


91. Investment A sum of $5000 is invested in three 
mutual funds that pay 8%, 11%, and 14% annual 


(a) Write a system of equations whose solution gives 
the amount invested in each mutual fund. Be sure to 
state what each variable represents, 


(b) Solve the system of equations, 


92. Investment A sum of $10,000 is invested in three 

accounts that pay 3%, 4%, and 5% interest, Twice as 

much money is invested in the account paying 5% as 

in the account paying 3%, and the total annual inter- 

est from all three accounts is $42], 

(a) Write a system of. equations whose solution gives the 
amount invested in each account. Be sure to state 
what each variable represents, 


(b) Solve the system of equations, 


F: fy Exercises 93 and 94: Traffic Flow The JSigure shows three 


one-way streets with intersections A, B, and C. Numbers 

indicate the average traffic flow in vehicles per minute. The 

variables x, y, and z denote unknown “ffic flows that need 

10 be determined Jor timing of stoplights, 

(a) If the number of vehicles ber minute entering an inter- 
section must equal the number exiting an intersection, 
verify that the accompanying system of linear equa- 
tions describes the trdffic flow, 

(b) Rewrite the system and solve, 

(¢) Interpret Your solution, 


93, Aix+S=y47 
Biz+6=y7+4+3 
Cy+3=7244 


ro. 
cars/min “\ 


cars/min 


Exercises 95-98: Each set of data can be modeled by the 
quadratic function f(x) = ax? + bx + ¢. 
(a) Write a linear system whose solution represents values 
of a, b, and ¢. 
(b) Use technology to find the solution. 
P (c) Graph f and the data in the same viewing rectangle. 
rs a (d) Make your own prediction using f. 


95, Estimating iPad Sales (Refer to the introduction to 
this section.) The table lists total iPad sales y in mil- 
lions x quarters after its release. 


Source: Apple Corporation. 


96. Head Start Enrollment The table lists annual enroll- 
ment in thousands for the Head Start program x 


years after 1980, 


[x] 0 | 10 | 35 | 


Source: United States Department 
of Health & Human Services. 


97, Chronic Health Care A large percentage of the U.S. 
population will require chronic health care in the 
coming decades. The average age of caregivers is 
50-64, while the typical person needing chronic care 


is 85 or older. The ratio y of potential caregivers to 
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those needing chronic health care will shrink in the 
coming years x, as shown in the table. 


[1990 [2010 
Pi fw | 6 | 


Source; Robert Wood Johnson Foundation, Chronic Care in 
America: A 21st Century Challenge. 


98. Carbon Dioxide Levels Carbon dioxide (CO) is a 
greenhouse gas. The table lists its concentration y 
in parts per million (ppm) measured at Mauna Loa, 
Hawaii, for three selected years x. 


[ x] 1958] 1973 | 2003 | 


Source: A, Nilsson. Greenhouse Earth. 


Writing about Mathematics 


99, Critical Thinking A linear equation in three vari- 
ables can be represented by a flat plane. Describe 
geometrically situations that can occur when a sys- 
tem of three linear equations has either no solution 
or an infinite number of solutions. 


100. Give an example of an augmented matrix in row- 


echelon form that represents a system of linear equa- 
tions that has no solution, Explain your reasoning. 


Extended and Discovery Exercises 
Exercises 1 and 2: Solve the system of four equations with 
four variables. 
1 owt xt+t2- z= 4 
w+ xt+at z= 5 
—w+3x+ y-—2z=-2 
3wt+x+ y+3z= 3 


2. 2w — 5x + 3y — 22 = -13 
3w + 2x + 4y — 9z 
4w + 3x — 2y — 42 
Sw—- 4x —-3y+3z= 0 


ol 
1d 
— 
Ww oo 


CHECKING BASIC CONCEPTS FOR SECTIONS 9.3 AND 9.4 


1. If possible, solve the system of linear equations. 
(a) x-2y+ z=-2 (b+) x- 2+ z=-2 
x+ yp+2z= 3 x+ yt2z= 
WH fo w= 5 = yt3e= 1 
@ x- yr2z=-2 
st ypt+2e= 32 
a- yt 3z= 5 


2. Tickets Sold Two thousand tickets were sold for a 
play, generating $19,700. The prices of the tickets were 
$5 for children, $10 for students, and $12 for adults. 


There were 100 more adult tickets sold than student 
tickets. Find the number of each type of ticket sold. 


3. Solve the system of linear equations using Gaussian 
elimination and backward substitution. 
x +z2=2 
x+ y-z=l 
-x-2y-z=0 


4. Use technology to solve the system of linear equations 
in Exercise 3. 
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« Learn matrix notation 


« Learn how matrices are Introduction 
used in social networks In the movie trilogy The Matrix, the reality that most humans perceive is nothing 
« Find sums, differences, more than a simulated reality constructed by machines. Although these films are 
and scalar multiples of works of fiction, matrices make it possible for programmers to create popular, mul- 
matrices tiplayer virtual reality games for the Internet, Matrices are also vitally important in 
« Find matrix products social networks and Internet browsing, In this section we discuss properties of matri- 
» Use technology ces and some of their applications. 


Matrix Notation 
The following notation is used to denote elements in a matrix A. 


My a2 Ay3° 4 


My 2 M3 ay a 
[ eal ; 4, 422, an Ang canes fs a2 «4 | 


ay, 42 © ay 4: 
Ay, Ag 31-432, 433, 34 ig 7) ey 


431 432, 433 a3, 32 
441 42g gg 
A general element is denoted by ay, This refers to the element in the ith row, jth 
column, For example, «,, would be the element of A located in the second row, third 
column. Two m by n matrices A and B are equal if corresponding elements are equal, 
If A and B have different dimensions, they cannot be equal. For example, 


a-3 7 a = 9 
2 6 -2/=/2 6 -2 Equal matri 
4 2 5. 4 2 5 
because al/ corresponding elements are equal. However, 
1 4 1 4 
—-3 2)/#/-3 2 Jnequal matric 
4-7 5 7 


because 4 # 5 in row 3 and column 1, and 


[; 2 3 [ 2 i is 
456] L4 5 Sitipnu dian 
>x~ 3 2x2 


because the matrices have different dimensions. 


Determining matrix elements 


Let a denote a general element in A and bj a general element in B, where 


ie | 3: ae /F 
A=|]1 6 -2 and B=]1 6 -2 
4 2 5 45 2 


(a) Identify ay2, by, and a3. 
(b) Compute ay, by3 + a32b3 + 3333. 
(c) Is there a value for x that will make the statement A = B true? 


SOLUTION 
(a) The element a) is located in the first row, second column of A, Thus, a. = —3. 
Ina similar manner, we find that by = 5 and a3 = 7. 


EXAMPLE 2 
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(b) 31b13 + a32b23. + 53633 = (4)(7) + (2)(-2) + (5)(2) = 34 
(©) No, since ay, = 2 # 5 = by and ay = 5 A 2 = b33. Even if we let x = —3, 


other corresponding elements in A and B are not equal. 
Now Try Exercise 1 


Matrices and Social Networks 


People with Internet access often choose to participate in at least one social network 
such as Facebook, Pinterest, or Twitter. Mathematics is essential to the success of 
these social networks, and matrices play an important role in processing social net- 
work data. Consider the diagram in FIGURE 9.51, which represents a simple social 
network of four people. 


Simple Social Network 


FIGURE 9.51 


The arrows in FIGURE 9.51 show the social relationships among these people. For 
example, an arrow from Person | to Person 4 indicates that Person | likes Person 4, 
But Person 4 does not like Person | because there is no arrow pointing in the opposite 
direction, On the other hand Person 2 and Person 3 like each other, which is indicated 
by a double arrow between them. In the next example we see how a matrix can rep- 
resent this social network. 


Representing a social network with a matrix 


Use a matrix to represent the social network shown in FIGURE 9.51. 


SOLUTION A social network with four people can be represented by a 4 X 4 square 
matrix. Because Person | likes Person 4, we put a | in row | column 4. Similarly, 
Person 4 likes Person 2, so we put a {| in row 4 column 2. When no arrow exists to 
indicate that one person likes another, we place a 0 in the appropriate row and 
column of the matrix. Using this process results in the following matrix. 


0011 

Social network in FIGURE 9.51 
0010 represented as a matrix | 
1 100 —— - 
0110 


Sums, Differences, and Scalar Multiples of Matrices 


An Application As a result of an FCC mandate, all television stations are now 
required to broadcast digital signals. HDTVs display digital images with a resolution 
of 1920 X 1080 pixels. Matrices play an important role in processing digital images. 


Matrix Addition and Subtraction To simplify the concept of a digital image, 
we reduce the resolution to 3 X 3 pixels and have just four gray levels, rather than 
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colors, We will let 0 represent white, | light gray, 2 dark gray, and 3 black. Suppose 
that we would like to digitize the letter T shown in FIGURE 9.52, using the gray lev- 
els shown in FIGURE 9.53, Since the T is dark gray and the background is white, 
FIGURE 9.52 can be represented by 


222 

A=]0 2 0 

FIGURE 9.52 020 
Suppose that we want to make the entire picture darker. If we changed every 
Gray Levels element in A to 3, the entire picture would be black. A more acceptable solution 


would be to darken each pixel by one gray level. This corresponds to adding | 
to each element in the matrix A and can be accomplished efficiently using matrix 
0 1 2 3 notation. 


63 
EIGUEE 2 Matrix Addition: Add Corresponding Elements 
2 2 + 2+12+ 1 33 3 
| 4 I MS t1 2+1 O+1/7=]/1 3 1 
2 0 1 1 O+F1 2+1 041 ro 4 
To add two matrices of equal dimension, add corresponding elements, The result is 
shown in picture form in FIGURE 9.54. Notice that the background is now light gray 
and the T is black. The entire picture is darker. 
To lighten the picture in FIGURE 9.54, subtract | from each element. To subtract 
hyo matrices of equal dimension, subtract corresponding elements. 
Matrix Subtraction: Subtract Corresponding Elements 
FIGURE 9.64 ce. 1 i 1 1 2.2 


POW aoky §~Adding and subtracting matrices 


7 8 =1 $ =2 10 F 
IfA = [; er | and B= Ee > 4 } find the following, 


(a) A+B (b+) B+A () A-B 


I 


SOLUTION 


7 8 31 5 -2 10 
@ a+a=[? = al+[ 2 a 


2 

3 

5 -2 Acar ae 
=3. 2. -4,|—.0..=1 —6 

5+7 -2+ 8 tee 
3+0 2+(-l) 4+ 6 


2|2 6 9 
-3 1 10 


Notice that A + B = B + A, The commutative property for matrix addition 
holds in general, provided that A and B have the same dimension. 
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Hewlob as 

If matrices A and Bhave the same aaa 0-1 6] L-3 2 4 

dimension, does A-~B=B~A? = [? -~ 5 8g-—(-2) -1- 10 
0-(-3) -l- 2 6- 4 


-[? 10 —ll 
a ee 


An Application Increasing the contrast in a digital image causes light areas to 
become lighter and dark areas to become darker. As a result, there are fewer pixels 
with intermediate gray levels. Changing contrast is different from making the entire 
picture lighter or darker. 


Applying matrix addition to a digital image 

Less Contrast Increase the contrast of the + sign in FIGURE 9.55 by changing light gray to white and 
dark gray to black. Use matrices to represent this computation. 

SOLUTION FIGURE 9.55 can be represented by the matrix A. 

1 


2 
1 


& 

ll 

') 
RN N 


FIGURE 9.65 To change the contrast, we reduce each 1 in matrix A to 0 and increase each 2 to 3. 
The addition of matrix B can accomplish this task. 


Matrix Addition for Changing Contrast 


E24 =1 1, ll 03 0 
A+B=|2 2 2]{+ Li t)/=|]3 3 3 
1.20 =I 1-1 03:0 


The picture corresponding to A + B is shown in FIGURE 9.56. 


More Contrast 


FIGURE 9.56 


"Now Try Exercises 23 and 25_ 


Multiplication of a Matrix by a Scalar The matrix 


can be used to darken a digital picture. Suppose that a photograph is represented by a 
matrix A with gray levels 0 through 11. Every time matrix B is added to A, the picture 
becomes slightly darker. For example, if 


A= 


ouc 
ono 
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| EXA IMPLE § 


then the addition of A + B + B would darken the picture by two gray levels and 
could be computed by 


050 Lif itd 272 
A+B+B=|5 5 5/+/1 1 1f/+})1 1 1.}5]7 7 7 
03 0 hi} RD-d 27% 


A simpler way to write the expression A + B+ Bis A + 2B. Multiplying B by 
2 to obtain 28 is called scalar multiplication, 


Scalar Multiplication: Multiply Each Element by the Scalar 


Scalar ive a 2(1) 2(1) 2(1) 2 9 9 
Pie 11 1}=/2(1) 20) 20) ]=]2 2 2 
2: 2; 2 


11 F, (1) 2(1) 2(1) 7 


Every element of B is multiplied by the real number (scalar) 2. 

Sometimes a matrix B is denoted B = [by], where bj, represents the element 
in the ith row, jth column. In this way, we could write 2B as 2[ by] = [2b,]. This 
indicates that to calculate 2B, multiply each by by 2. Ina similar manner, a matrix A 
is sometimes denoted by [aj]. 

Some operations on matrices are now summarized, 


| Matrix Addition | 


The sum of two m X 1 matrices A and B is the m X n matrix A + B, in which 
each element is the sum of the corresponding elements of A and B. This is written 
as A+ B= [ay] + [by] = [ay + by]. If A and B have different dimensions, 
then A + B is undefined. 


Matrix Subtraction 

The difference of two m X n matrices A and B is the m Xn matrix A — B, in 
which each element is the difference of the corresponding elements of A and B, 
This is written as A — B = [ay] — [by] = [ay — by]. If A and B have different 
dimensions, then A — B is undefined. 


Multiplication of a Matrix by a Scalar 

The product of a scalar (real number) k and an m X n matrix A is the m Xn 
_ matrix kA, in which each element is & times the corresponding element of A. This 

is written as kA = k[ay] = [kay]. 


Performing scalar multiplication 


2% iw 
IfA=|-1 3 —S |, find —44, 
0 $ -2 
SOLUTION 
27 ii \(2) \(7) 4(11) —8 -—28 —44 
1A=-d4/-1 3 -5/= \(-1) \(3) (-5S)|=] 4 -12 20 


oO =-2 1(0) \(9) \(—12) 0 -36 48 


| Now Try Exercise 11(b) | 
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E | Performing operations on matrices 


If possible, perform the indicated operations using 


1-1 -1 -3 
a=|' a)2-[ 9 }}e- 0 7\,andD=] 9 -7}. 
-4 2 1 8 


(a) A+3B (b) A-C (©) -2C- 3D 
SOLUTION 
(a) A+ 3B= [ 

-2 


fc Les! & a 


(b) A — C is undefined because the dimension of A is 2 X 2 and unequal to the 
dimension of C, which is 3 X 2. 


1 -l =! =3 
() -2C-3D=-2) 0 7)|-3) 9 -7 
-4 2 L #8 
=2) 2 =3 9 
= 0 -14|- | 27 -21 |= 
8 -4 3 24 


Matrix Products 


Addition, subtraction, and multiplication can be performed on numbers, variables, 
and functions, The same operations apply to matrices. Matrix multiplication is dif- 
ferent from scalar multiplication. 


An Application Suppose two students are taking day classes at one college 
and night classes at another, in order to graduate on time. TABLES 9.10 and 9.11 
list the number of credits taken by the students and the cost per credit at each 
college. 

The cost of tuition is computed by multiplying the number of credits and the 
cost of each credit. Student 1 is taking 10 credits at $60 each and 7 credits at $80 


each. The total tuition for Student | is 10($60) + 7($80) = $1160, In a similar 
manner, the tuition for Student 2 is given by 11($60) + 4($80) = $980. The infor- 
mation in these tables can be represented by matrices. Let A represent TABLE 9.10 
and B represent TABLE 9.11, B is called a column matrix because it has exactly one 


Credits Taken 
College | College 
A B 
Student 1 10 i 
Student 2 11 4 
TABLE 9,10 
Credit Cost 
Cost per Credit 
College A $60 
College B $80 
TABLE 9,11 


Column matrix | 


column, 
10 7 60 
i 4 a os HH 


The matrix product AB calculates total tuition for each student, 


' 160 
980 


Matrix Multiplication 


z i 7 i‘ Lae + 7(80) 
~ Lil 4 JL80 11(60) + 4(80) 
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Generalizing from this example provides the following definition of matrix 
multiplication. 


MULTI! 


5 - . ; The product of an m X n matrix 4 and an n X k matrix Bis the m X k matrix 
phils ir). | 4B, which is computed as follows. To find the element of 4B in the ith row and jth 
i Columns in A | F column, multiply each element in the ith row of A by the corresponding element 

mxn nxk ' A e . * een a | 

owes — in the jth column of B. The sum of these products will give the element in row j, | 


column j of AB. 


ate (QV In order to compute the product of two matrices, the number of columns in 
Dimension of AB the first matrix must equal the number of rows in the second matrix, as illustrated in 
FIGURE 9.57 FIGURE 9.57. 


| EXAMPLE 7 | Multiplying matrices 


If possible, compute each product using 


1-1 ii 2 
A=|0 3 a- | he=[) : j jana = 0 3 -2 
4-2 —3 4 5 


(a) AB (bl) CA. SDC OM cD 


SOLUTION 
(a) The dimension of A is 3 X 2 and the dimension of Bis 2 X |. The dimension of 


Dimension Dimension AB is 3 X |, as shown in FIGURE 9.68. The product AB is found as follows. 
ofA of B 
Col ind | ) 
a 27 Columns in | ae I i (i(—1) + (= 1)(-2) 1 
| Rows in B — AB=| 0) 3 =] O-) + ©&)-2) | =} -6 
| Must be 4 -2 (4)(- 1) + (—2)(—2) 0 
equal (b) The dimension of Cis 2 x 3 and the dimension of A is 3 X 2. Thus CA is 2 X 2. 
3x1 | | 
Dimension of AB CA= a 231], : 
FIGURE 9.68 45 6 ; ’ 


z Ee + 2(0) + 344) 1(—1) + 2(3) + 3( 4 
4(1) + 5(0) + 6(4) 4(-1) + 5Q) + 6(—2) 


- e -1 
28 -1 
(c) The dimension of D is 3 X 4 and the dimension of Cis 2 X 3. Therefore DC is 


undefined. Note that D has 3 columns and C has only 2 rows, 
(a) The dimension of Cis 2 X 4 and the dimension of Dis 3 X 3. Thus CD is 2 X 3. 


1 1 ) 

co=[! 2 | 0 3 ) 
4 5 6 

3 4 5 

= he (0) +33) 1-1) + 20) +3@) 1) + 2-2) + a | 
4(1) + 5(0) + 6-3) 4(-1) + 5Q) + 6(4) 42) + 5(—2) + 6(5) 
=| -8 17 S| 
~ L=-14 35 28 
| Now Try Exercises 27, 31, 33, and 43 | 
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The Commutative Property and Matrix Multiplication Example 7 shows that 
CD # DC. Unlike multiplication of numbers, variables, and functions, matrix 
multiplication is nof commutative. Instead, matrix multiplication is similar to function 
composition, where for a general pair of functions feg # gof. 


Square matrices have the same number of rows as columns and have dimension 
n X n for some natural number 7. When we multiply two square matrices, both hav- 
ing dimension n X n, the resulting matrix also has dimension n X n. 


Multiplying square matrices 


1 0 7 4-6 7 
If A = 3 2 -1J;andB=|8 9 10 |, find AB. 
-5§ -2 5 o 1 = 
SOLUTION 


AB 


i} 
Ww 
Ny 

| 
i) 
a} 
- 
So 


=5) 32, SLO 1 <3 
1(4) + 0(8) + 70) 16) + 09) + 70) 1(7) + 0(10) + 7-3) 
3(4) + 2(8) -— 10) 36 + 29) — 10) 3(7) + 2010) — 1¢-3) 
—5(4) — 2(8) + 5(0) —S-6) — 2(9) + S(1) —5(7) — 2010) + 5(-3). 


4 1 -14 
=| 28 -1 44 
-36 17 -70 


An Application People can navigate from one web page to another by clicking a link. 
FIGURE 9.59 shows the links connecting four web pages. An arrow from one web page to 
another indicates a link. For example, it is possible to navigate from Page | to Page 3 
in a single click, but it is not possible to navigate from Page 2 to Page 4 in a single click. 


Web Page Links 


FIGURE 9.59 


These web page links can be represented by a 4 X 4 square matrix. Because there is a 
link from Page | to Page 2, we put a | in row | column 2. Similarly, a link exists from 
Page 4 to Page 3, so we put a | in row 4 column 3. When no link exists from one web 
page to another, we place a 0 in the appropriate row and column of the matrix. Using 
this process results in the following matrix. 


0 


a — 
oooo 


1 
00 
10 
01 


822 
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| EXAMPLE 9 


(AMPLE 10 | 


In the next example we use matrix multiplication to find all of the 2-click paths 
between web pages. 


Finding 2-click paths between web pages 


Use matrix multiplication to find all 2-click paths among the web pages in FIGURE 9.69 
on the previous page. 


SOLUTION 
The computation 4? can be used to determine if it is possible to get from web page i 
to web page jin 2 clicks (links). 


0110 0.14 0 100 0 
B= 0000) }0 00 0 _{9 000 
1000 1000 Yt 71 2 
0110 0110 100 0 


The | in row 3 column 2 of A? indicates that there is a 2-click path from Page 3 to 
Page 2 (Page 3 to Page | to Page 2.) The other I’s in 4? can be interpreted similarly. 


3 | 


(9 In Example 9, computing 4’ would give all 3-click paths between the web 
pages, Similar statements can be made for A”, where n is a positive integer, 

Real numbers satisfy the commutative, associative, and distributive properties 
for various arithmetic operations, Matrices also satisfy some of these properties, pro- 
vided that their dimensions are valid so the resulting expressions are defined, 


| Now Try Exercises 81, 


Let A, B, and C be matrices. Assume that each matrix operation is defined. 
1A+B=Bt+A Commutative property for matrix addition; (No 


[2 (A+ B)+C=A4(B4+Q Associative 
3. (AB)C = A(BC) iat 
| 4, A(B + C) = AB + AC Distributi 


for matrix multiplication) 
for matrix addition 


for matrix multiplication 


Technology and Matrices 


Computing arithmetic operations on large matrices by hand can be a difficult task. 
Many graphing calculators have the capability to perform addition, subtraction, multi- 
plication, and scalar multiplication with matrices, as the next two examples demonstrate. 


Multiplying matrices with technology 
Use a graphing calculator to find the product AB from Example 8. 
SOLUTION First enter the matrices A and B into your calculator, as illustrated 


in FIGURES 9.60 and 9,61. Then find their product on the home screen, as shown in 
FIGURE 9.62, Notice that the answer agrees with our results from Example 8. 


MATRIX[A] 3 X3 MATRIX[B] 3 X3 


FIGURE 9.60 FIGURE 9.61 FIGURE 9,62 


| Now ‘Try Exercise 45 | 
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ioe igaowee Using technology to evaluate a matrix expression 


( Evaluate the expression 2A + 3B°, where 
3 =1 2 1-2 5 
A=]-1 6 -l and B=|3 1 -l 
2k 9 5 2 I 


[358 


SOLUTION In the expression 2A + 3B°, B? is equal to BBB. Enter each matrix 
into a calculator and evaluate the expression. FIGURE 9.63 shows the result of this 


computation. 
FIGURE 9.63 
es 9.5 } Putting It All Together | It All Together 


MATRIX ADDITION 
| ears: 0 alee ae 0 3+ lait ee 
| 567 9 -2 10] [s+ 9 6+(-2 7+10)° L144 17 


The matrices must have the same dimension for their sum to be defined. 


| MATRIX SUBTRACTION 
| 1-5 -4-1 
3-3 4-6 

C) 2-8 7-(-9) 


The matrices must have the same dimension for their difference to be defined. 
SCALAR MULTIPLICATION 
[} | 2 bee | = $] 
0 1 300) 3(1) 5 
MATRIX MULTIPLICATION 


> alle = L254 cate 2054 caxo] ~ [5 as] 


For a matrix product to be defined, the number of columns in the first matrix must equal the number of 
rows in the second matrix. Matrix multiplication is not commutative. That is, AB * BA in general. 


9.5 | Exercises 
Elements of Matrices 


Exercises 1 and 2: Let ay and by be general elements for 


the given matrices A and B. 9 ae : : = : pe ; : = 
(a) Identify aya, by, and by. 9 -2 I 7 -2 1 
(b) Compute ayyby, + ay2bx, + a43b31- 
( ) (c) If possible, find a value for x that makes A = B. Exercises 3-6: If possible, find values for x and y so that 
i 3 =—4 1x —-4 the matrices A and B are equal. 


1A=(3 0 7], B=|3 0 7 3.a=[ 22], s=[ 3? 
ae | 3 1-1 2 1 2 y 
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lL wey. 8 1 2 3 
4A=|4 -1 6], BH=/4 -1 6 
3 T -2 3 yp 2 

; 1 y 0 
s4=[* Ei) B=|6 -2 0 
0 00 

4 -2 4 =2 2 

6 A=|3 -4], B=|3 -4 -4 
yoy 7 8 8 


Addition, Subtraction, and Scalar Multiplication 


Exercises 7-10; For the given matrices A and B find each 
of the following. 


(a) A+B (b)B+ A (c) A~-B 
4-1 -1 4 
na=[ rit o=[4 4 
2 -4 5 0 
8 A4=|-1 4], B=| 3 3 
3 - -11 
3 4 -1 ll 5 ~2 
94=] 0-3 2), B=| 4-7 12 
-2 5 10 6 6 6 
161 -2 100 9 
104=]0 13 S|, B=/ 3 1 0 3 
001 -2 -1 4 1-2 


Exercises 11-16; Checking Symbolic Skills J/ possible, 
Jind each of the following. 


(a) A+B (b) 3A (ec) 2A - 3B 
2 -6 -1 0 
u. a=} i a=|7) “| 
[1 -2 5 0-1 -5 
mA! a -4 jh a-[ 3 I ] 
f 1-1 0 
3A=| 1 5 94, a=[? e | 
|-4 8 —-5 
[6 29 1 0-1 
14,.4=] 3 -2 0], B=|3 0 7 
-1 48 0 -2 -5 
{[-2 -1 2 -1 
15.A=]-5 1], B=/3 1 
[| 2 -3 7-5 


0 1 
16.4=|3 2], aa|? = aH 
4 -9 
Exercises 17-22: Evaluate the matrix expression. 
2 >I 5 0 9 -4 
17,2)}5 1/+/]7 -3}/-|4 4 
0 3 1 1 1 6 


>t 6 “> 2 2 
2... | —2 1 12)=- z-| 2 

S 2 F 2 2-1 

os a | L232 
zL.2)-1 2 =1|/4+3)2 1 3 

=} =<) Z : a ae 

10 3 =] -! 00 4 
22,3)0 1 2 -1/-4 O -1 3 2 

a Se ae | 2 OT =1 


Matrices and Digital Photography 


Exercises 23-26: Digital Photography (Refer to the 
discussion of digital images in this section.) Consider the 
following simplified digital image, which has a 3 X 3 grid 
with four gray levels numbered from 0 to 3. It shows the 
number 1 in dark gray on a light gray background. Let A 
be the 3 X 3 matrix that represents this image digitally, 


23, Find the matrix A. 


24, Find a matrix B such that adding B to A will cause 
the entire image to become one gray level darker. 
Evaluate the expression A + B. 


25. (Refer to Example 4.) Find a matrix B such that add- 
ing B to A will enhance the contrast of A by one gray 
level. Evaluate A + B. 


26. Find a matrix B such that subtracting B from A will 
cause the entire image to become lighter by one gray 
level. Evaluate the expression A — B. 

Matrix Multiplication 


Exercises 27-44: Checking Symbolic Skills Jf possible, 


find AB and BA, 
=2) 3 
a=| 1 | 


| | 
nm an(t 


[-3 5 -1 2 
m,a=(3 5) o=([~4 3| 
{5 -7 2 E 8 7 
ae eh) det ee ee 
[21-1 1 0 
30. 4=]02 14, B=|2 -1 
[3 2 -1 3 1 
[ 3 -l 
31.A=| 1 O01], a 4 
-2 -4 
= 2 -2 
32, A= B e A B=|5 -l 
= 0 1 
Fi -1 0 
33,.4=]2 -1 5], a=|7) Re =| 
[6 1 -4 
as ee 1 2 
34 4=| 4-1 6], B=|-1 -1 
[-2 0 9 2 0 
35 au\* ei r| 4 
soe oa * 
1 
[3 -l 
36. A=|2 -2], p=|_| a >| 
[0 4 
[2 -1 3 f 15 -l 
37,.A=|0 1 0}, B=| 01 3 
[2 -2 3 {-12 1 
fi -2 eee 
38 A4=[1 0 -21, B=|-3 0 1 
[1 3 2 [ 510 
_|f2 -1 fi 
9.4=15 | f B=|, 
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40. 4=[5 —3] s=(3| 


3 
=3 1 10 —2 
a.a=[3 _j} e=(4e a] 
6 1 0 [ 10 
42,A=|-2 5 11], B=| 20 
4 -7 10 30 
1 0 -2 fol 
43,.A=]3 -4 14], B=|- 
2 0 5&5 3 
1-1 3 -2 : oe 
444A=]}1 03 4], B= 2 3 
220 8 
[-5 4 
Technology and Matrices 
B Exercises 45-48: Use the given A and B to evaluate each 
expression. 
3-2 4 ti ~§ 
A=|5 2 -3|, B=|-1 0 -7 
7 5 4 ~6 4 3 
45, AB 46. BA 
47. 34 + 2B 48, B? — 34 


| Exercises 49-52: Properties of Matrices Use a graphing 


calculator to evaluate the expression with the given matrices 
A, B, and C. Compare your answers for parts (a) and (b). 
Then interpret the results. 


2-1 3 6 2 7 
A=|1 3 -5|,B=|3 -4 -5], 
iO 25-4 7 1 0 
14-3 
c=|8 1 -1 
46 -2 
49. (a) A(B + C) (b) AB + AC 
50. (a) (A — B)C (b) AC — BC 


51. (a) (A — BY (b) 42 — AB — BA + B? 


52. (a) (AB)C (b) A(BC) 


826 CHAPTER 9 Systems of Equations and Inequalities 


Applications 


Exercises 53-56: Social Networks (Refer to Example 2.) 
The following graph shows a simple social network. 


ha>+—_—>- 


53, Use a matrix to represent this social network, 

54, Which person is the most liked person in the network? 
55. Which person is the least liked person in the network? 
56. Which person likes the most people in the network? 
Exercises 57-60: Social Networks (Refer to the previous 


Sour exercises.) The following matrix represents a simple 
social network, 


0010 
0000 
1 100 
{010 
57. Draw a graph of this network. 


58. Row 2 in the matrix contains only 0’s, What does this 
tell us about Person 2? 


59, Column 4 in the matrix contains only 0’s. What does 
this tell us about Person 4? 


60. If a column of a social network matrix contains only 
l’s (except on the main diagonal), what can be said 
about the person represented by that column? 


Exercises 61-64: Social Networks We can calculate social 
distances between people using matrices. For example, peo- 
ple you like are a social distance of 1 from you. People your 
Jriends like are a social distance of 2 from you. A person can 
be a social distance of 1 and 2 from you if you like them and 
have a friend who also likes them. 


0 1 0 0 0 
100 0 0 
a= het f kt 
1000 1 
100 1 0 


61. A? computes social distances of 2. Compute A?. 


4 64, What would 43 compute? 


65. Negative Image The negative image of a picture inter- 
changes black and white. The number 1 is represented 
by the matrix A. Determine a matrix B such that 
B— A represents the negative image of the picture 
represented by A. Evaluate B — A. 


3 0] 

A=/]0 3 0 

3 0] 

66. Negative Image (Refer to the previous exercise.) 

Matrix A represents a digital photograph. Find a 
matrix B that represents the negative image of A. 

03 0] 

A=]/13 1 
2 3.2] 


Exercises 67 and 68: Digital Photography The digital 
image represents the letter F using 20 pixels in a 5X 4 
grid. Assume that there are four gray levels from 0 to 3. 


67. Find a matrix A that represents this digital image of 
the letter F. 


68. (Continuation of Exercise 67) 
(a) Find a matrix B such that B — A represents the 
negative image of the picture represented by A. 


(b) Find a matrix C such that A + C represents a 
decrease in the contrast of A by one gray level. 


Exercises 69-72: Digitizing Letters (Refer to Exercise 65.) 

Complete the following. 

(a) Design a matrix A with dimension 4 X 4 that repre- 
sents a digital image of the given letter, Assume that 
there are four gray levels from 0 to 3. 

(b) Find a matrix B such that B — A represents the nega- 
tive image of the picture represented by matrix A from 
part (a). 


69. Z 70. N 


71. L 72, O 


Exercises 73-76; Tuition Costs (Refer to the discussion 

after Example 6.) 

(a) Find a matrix A and a column matrix B that describe 
the following tables. 


ee 62, There is a 1 in column | row 4 of A. Interpret this. 
3 (2 (b) Find the matrix product AB, and interpret the result, 


63. There is a 3 in column | row 3 of A?. Interpret this, 


e 


73. 


74, 


College A 


College B 


Student 1 
Student 2 


College A 
College B 


Student 1 
Student 2 


College A 
College B 


a Cost per Credit 
Gotege A [$60 
CollgeB | _870__| 


771, Auto Parts A store owner makes two separate orders 
for three types of auto parts: 1, Il, and II, The num- 
bers of parts ordered are represented by the matrix A, 


Iu iil 
a={3 4 8 | Order | 
5 6 2) Order 2 


For example, Order | called for 4 parts of type II. 
The cost in dollars of each part can be represented 
by the matrix B. 
Cost 

10 | Part I 

20 | Part IT 

30 | Part IIL 


Find AB and interpret the result. 


B 


t, 
CoB. 
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Car Sales Two car dealers buy four different makes 
of cars: I, Il, II, and IV. The number of each make 
of automobile bought by each dealer is represented 
by the matrix A. 


I IWIV 
Dealer | 


a=|) 38 4 
3 5 7 0 Dealer2 


For example, Dealer 2 bought 7 cars of type IIT. The 
cost in thousands of dollars for each type of car can 
be represented by the matrix B. 
Cost 
15 
21 


Make I 
Make II 
Make IIT 
Make IV 


Find AB and interpret the result. 


2) 
Sy Exercises 79-84: Web Page Links (Refer to Example 9 


and the application preceding it.) The 


following graph 


shows web page links. 


79. 
80. 


81, 
82. 


83. 


84, 


sss >_> ast 


Create a matrix A that represents this situation. 


Which page can be reached in a single click from 
every other page in the network? 


Compute A’. 


Which two pages cannot be reached using a 2-click 
path from any other page in the network? 


There is a2 in row 2. column 3 of A2, What does this tell 
us? 


There is a 1 in row 4 column 4 of A2. What does this 
tell us? 


Writing about Mathematics 


85. 


86. 


Critical Thinking Discuss whether matrix multi- 
plication is more like multiplication of functions or 
composition of functions. Explain your reasoning. 


Describe one application of matrices. 
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Extended and Discovery Exercises both of these systems, color intensities vary between 0 and |. 
(Sources: I, Kerlow, The Art of 3-D Computer Animation and 


h ay Exercises 1-4: Representing Colors Colors Sor computer Imaging: R. Wolff.) 


monitors are often described using ordered triples. One 


model, called the RGB system, uses red, green, and blue Cc 1 R 
fo generate all colors. The Sigure describes the relation- M/=/1]-leé 
ships of these colors in this system. Red is (1,0, 0), green y I B 


is (0, 1, 0), and blue is (0, 0, 1). Since equal amounts of red 


and green combine to form yellow, yellow is represented 1. In the RGB model, aquamarine is (0.631, 1, 0.933), 
by (1, 1, 0). Similarly, magenta (a deep reddish purple) is Use the matrix equation to determine the mixture of 
@ mixture of blue and red and is represented by (1,0, 1). cyan, magenta, and yellow that makes aquamarine in 

Cyan is (0, 1, 1), since it is a mixture of blue and green. the CMY model. 
Blue = (0, 0, 1) Cyan = 0, 1, 1) 2. In the RGB model, rust is (0,552, 0.168, 0.066), Use 
Magenta = (1, 0, 1) A> the matrix equation to determine the mixture of cyan, 
| White = (1, 1, 1) magenta, and yellow that makes rust in the CMY 

Black = (0, 0,0) 1 | model, 
peer iin 8: 1,0) 

Red = (1, 0,0) Yellow = (1, 1, 0) 3. Use the given matrix equation to find a matrix equa- 


tion that changes colors represented by ordered 
triples in the CMY model into ordered triples in the 
RGB model, 


Another color model uses cyan, magenta, and yellow, 
Referred to as the CMY model, it is used in the Sour-color 
printing process for textbooks like this one. In this system, 


cyan is (1, 0, 0), magenta is (0, 1, 0), and yellow is (0, 0, 1). 4. In the CMY model, (0.012, 0, 0.597) is a cream color, 
In the CMY model, red is created by mixing magenta and Use the matrix equation from Exercise 3 to determine 
Yellow. Thus, red is (0, 1, 1) in this system, To convert the mixture of red, green, and blue that makes a 
ordered triples in the RGB model 10 ordered triples in the cream color in the RGB model, 


CMY model, we can use the following matrix equation, In 


ee 


* Understand matrix * or 
inverses and the identity Intr oductio n 
matrices 


An earlier section discussed how the inverse function f~ will undo or cancel the com- 
* Verify and interpret an putation performed by the function J. Like functions, some matrices have inverses, 

inverse matrix The inverse of a matrix 4 will undo or cancel the computation performed by 4, For 
* Find inverses symbolically example, in computer graphics, if a matrix A rotates a figure on the screen 90° clock- 


« Represent linear systems wise, then the inverse matrix will rotate the figure 90° counterclockwise, Similarly, if a 
with matrix equations matrix B translates a figure 3 units right, then B~! will restore the figure to its original 

« Solve linear systems with position by translating it 3 units left, This section discusses matrix inverses and some 
matrix inverses of their applications. 


Understanding Matrix Inverses 


An Application In computer graphics, the matrix 


1 0h 
A=/0 1 4X f | 
oO 0.1 


is used to translate a point (x, ») horizontally / units and vertically ( units. The 
translation is to the right if h > 0 and to the left ifh < 0, Similarly, the translation is 


Translating a Point 
y 


FIGURE 9.64 
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upward if k > 0 and downward if k < 0. A point (x, y) is represented by the 3 x 1 
column matrix 


The third element in X is always equal to 1. For example, the point (— 1, 2) could 
be translated 3 wits right and 4 units downward by computing the following matrix 
product. 


Translating (—1, 2) Right 3 Units and Downward 4 Units 


1 0 3 I 2 
AX=|0 1 4 2/=|]-2|/=Y 
0 0 I 1 1 
Its new location is (2, —2). In the matrix A, = 3 and k = —4, See FIGURE 9.64, 


(Source: C, Pokorny and C. Gerald, Computer Graphics.) 

If A translates a point 3 units right and 4 units downward, then the inverse 
matrix translates a point 3 units left and 4 units upward. This would return a point 
to its original position after being translated by A. Therefore the inverse matrix of A, 
denoted A“, is given by 


1 0 3 
At=|0 1 4 
0 0 1 
In Ah = —3 and k = 4. The matrix product A!Y results in 


Translating (2, — 2) Left 3 Units and Upward 4 Units 


1 0 3 2 -1 
A'y=|0 1 1 || -2] = z= xX 
00 1 1 1 


The matrix 47! translates (2, — 2) to its original coordinates of (— 1, 2). The 
two translations acting on the point (—1, 2) can be represented by the following 
computation. 


10 -3][1 0 s\f-1 f1 0 olf-1 -1 
f14X=|0 1 slo 1 { 2l=lo10\| 2]=] 2|=x 
0 0 1j,0 0 1 1 001 1 1 


That is, the action of A followed by A~! on the point (—1, 2) results in (—1, 2). Ina 
similar manner, if we reverse the order of A” and A to compute AATLY, the result 
is again X. 


1 0 yi} 1 0 3 || -1 10 0j]/ -1 -1 
14'X¥=/0 1 $}}0 1 4 2/=|/0 1 0 2\= 2/=X 
0 0 1 || 0 0 1 1 0 0 1 1 1 


Notice that both matrix products A7'A and AA” resulted in a matrix with 1’s on 
its main diagonal and 0’s elsewhere. 


The Identity Matrix 


Ann X n matrix with 1’s on its main diagonal and 0’s elsewhere is called the n x n 
identity matrix. This matrix is important because its product with any 1 X n matrix 
A always equals A. 
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j 


The n X un identity matrix, denoted J,, has only 1’s on its main diagonal and 0’s 
| elsewhere. 


Some examples of identity matrices are shown here, 


Identity Matrices 
1000 
1 
a=([3° gules and ee lee ie 
wie ald he il 4“lo 010 
000 1 


If A is any n X n matrix, then J,4 = A and Al, = A. For instance, if 


2: 13 
a=[j ‘| 


wa-[o te slo s]- 
we alle t]-L s]-« 


Matrix Inverses 


then 


I 
BS 


and 


Next we formally define the inverse of an n X n matrix A, whenever it exists, 


| Let A be ann X n matrix. If there exists ann X 1 matrix, denoted A7!, that satisfies 
A'A=1], and AA'=], 


| then A7! is the inverse of A. 


If A” exists, then A is invertible or nonsingular, On the other hand, if a matrix A 
is not invertible, then it is singular. Not every matrix has an inverse, For example, the 
zero matrix with dimension 3 X 3 is given by 

000 
0,=|0 0 0 
000 


The matrix O3 does not have an inverse, The product of O, with any 3 X 3 matrix B 
would be 03, rather than the identity matrix J. 


| EXAMPLE 1 Verifying an inverse 


q 


Determine if B is the inverse of A, where 


5s 3 2 8 
a=[3 Bi and b=| 2 SI 


Rotating a Point About 
the Origin 


FIGURE 9.65 


CRITICAL THINKING 


What will the results be of the com- 
putations AAX and A~! A7!X? 


9.6 Inverses of Matrices 831 


SOLUTION For B to be the inverse of A, it must satisfy AB = I, and BA = 1, 


w-[$ 312 3)-L 
mL? EE Ed 


Thus Bis the inverse of A, That is, B= A. 


An Application The next example discusses the significance of an inverse matrix in 
computer graphics. 


Interpreting an inverse matrix 


The matrix A can be used to rotate a point 90° clockwise about the origin, where 


010 0-1. 0 
A=|-100 and At=/1 0 0}. 
001 0 01 


(a) Use A to rotate the point (—2, 0) clockwise 90° about the origin. 
(b) Make a conjecture about the effect of A on the resulting point. 
(c) Test this conjecture. 


SOLUTION 
(a) First, let the point (— 2, ()) be represented by the column matrix 


Xx= 0 
1 
Then compute 
010 2 0 
AX=|-1 0 0 O,/=/2);=Y 
001 1 1 
If the point (— 2, )) is rotated 90° clockwise about the origin, its new location 


is (0, 2). See FIGURE 9.65. 

(b) Since A! represents the inverse operation of A, A”! will rotate the point located 
at (0, 2) counterclockwise 90°, back to (—2, 0). 

(c) This conjecture is correct, since 


0 -1 olfo 2 
A'y=|1 0 0f/2]/= 0 )=x 
0 o 114i 1 


Now Try Exorcixo 67 | 


Finding Inverses Symbolically 


The inverse matrix of an n X n matrix A can be found symbolically by first forming 
the augmented matrix [A|J,] and then performing matrix row operations, until the 
left side of the augmented matrix becomes the identity matrix. The resulting aug- 
mented matrix can be written as [J,| A~'], where the right side of the matrix is A! 

In the next example, we find 4~! from Example 2 by hand. 
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| EXAMPH) 


Finding an inverse symbolically 


Find A” if 


SOLUTION 
Getting Started Begin by forming the following 3 X 6 augmented matrix with the 
3 X 3 identity matrix on the right half. 
Augmented Matrix (A|J;] 
SF ll & 8 
-1 0 0/0 1 0 
0 0 1/0 0 1 


Next use row transformations to obtain the 3 X 3 identity on the left side. 


To obtain a | in the first row and first column, we negate the elements in row 2 
and then interchange row | and row 2, The same row transformations are also 
applied to the right side of the augmented matrix, 


Oo 1 Oj}! 0 0 R 1 0 O;¢ { 0 
-l 0 0/0 1 0 R, 0 1 0j1 0 0 
0 0 1/0 0 1 R 0 0 10 0 


Because the left side of the augmented matrix is now the 3 X 3 identity, we stop. The 
right side of the augmented matrix is A~!. Thus 

0 1 0 
A'=|1 0 0 
0) 0 f 


and our result agrees with the information in Example 2. 


| Now Try ise 211 | 


Many times finding inverses requires several steps of row transformations. In the 
next two examples, we find the inverse of a 2 X 2 matrix and a 3 X 3 matrix, 


Finding the inverse of a2 x 2 matrix symbolically 
1 4 
an[t 4), 
29 
SOLUTION Begin by forminga 2 x 4 augmented matrix. Perform matrix row operations 


to obtain the identity matrix on the left side, and perform the same operation on the right 
side of this matrix. 
ri 


Hea ee 1 0] R, — 4R, ee 
29/0 1] R 2R 0 1{-2 1 0 1 


Since the 2 X 2 identity matrix appears on the left side, it follows that the right 
side equals A~!. That is, 
9 \ 
ain[ 3 4] 
2 [ 


Furthermore, it can be verified that A714 = I = AA”, 


Find A* if 


| Now Try Exercise 15 
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Finding the inverse of a3 x 3 matrix symbolically 
Find A" if 
101 
A= 2 1 34; 
=I ‘Ld 
SOLUTION Begin by forming the following 3 X 6 augmented matrix. Perform 


matrix row operations to obtain the identity matrix on the left side, and perform the 
same operation on the right side of this matrix. 


10 1}1 00 101} 100 
21.310 T° 0 R, — 2R, 0 Tf 1)/2 10 
-111)001 R, + R, 012} 101 
101) 1 00) Rk -R 1 0 0,-2.1 = 
01 1/-2 1 0) R, R O1.0)—-5 2 1 
R,-R,—> (0 0 1] 3 -1 1 OO tn asf, 
The right side is equal to A~!. That is, 
—2 t =1 
A't=/-5 2 -1 
31. 4 


It can be verified that A!A = , = AAT. 


(GEV Ir it is not possible to obtain the identity matrix on the left side of the aug- 
mented matrix by using matrix row operations, then 47! does not exist. 


Representing Linear Systems with Matrix Equations 


In this chapter linear systems were solved using Gaussian elimination with backward 
substitution. This method used an augmented matrix. A system of linear equations 
can also be represented by a matrix equation. 


3x — 2y+4z=5 
2x. (pot 3z 


—x + 5y-—2z=5 


Let A, X, and B be matrices defined as 


Coefficient Matrix Variable Matrix Constant Matrix 
3 -2 4 x ) 
A= 2 1 3 |, X=/]y 4, and B= |9% 
a | 5 —2 Zz 5 


The matrix product AX is given by 


3-2 @ ila 3x + (-2)y + 42 3x — 2y + 42 
AX=| 2 1 3) y l= 2x + ly + 3z |=] 2x+ yt 3z]. 
“1 5 -2]L2 (-1)x + Sy + (-2)z =H + Sy = 2z 
Thus the matrix equation AY = B simplifies to 
3x — 2y + 4z 5 
Qv+ y+3z]=|9 
sae Sy 22 5 


This matrix equation AX = B is equivalent to the original system of linear equa- 
tions. Any system of linear equations can be represented by a matrix equation. 
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EXAMPLE 7 


| Representing linear systems with matrix equations 


Write each system of linear equations in the form AX = B. 
(a) 3x-4y= 7 (b) % 3. Sy = 2 
—x + 6y = -3 —3x+2y+ 2=-7 
4x + Sy + 6z = 10 


SOLUTION 


(a) This linear system comprises two equations and two variables. The equivalent 
matrix equation is 


el alae 


(b) The equivalent matrix equation is 


I =5.:0.|| x 
AX=|-3 2 1]/ »]= 
4 5 64Lz 


Solving Linear Systems with Inverses 


The matrix equation AX = B can be solved by using A“, if it exists. 


AX=B Lines stem 
A'AX = A'B  Milktiply each side by 
1,X = A"B A=] 
X=A'B 1X for any n X 1 matri 


To solve a linear system, multiply each side of the matrix equation AY = B by 
A", if it exists. The solution to the system is unique and can be written as ¥ = AB, 


Since matrix multiplication is not commutative, it is essential to multiply 
each side of the equation on the /ef by A”. That is, ¥ = A'B + BA™! in general. 


Solving a linear system using the inverse of a 2 x 2 matrix 

Write the linear system as the matrix equation AY = B. Find A~! and solve for X. 
x+4y=3 
2x + 9y = 5 


SOLUTION The linear system can be written as 


ae=[2 ]-E)-2 


The matrix A~! was found in Example 4. Thus we can solve for X as follows. 


er? B-L 


The solution to the system is (7, —1). Check this. 
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Technology and Inverse Matrices In the next two examples, we use technology to 
solve the system of linear equations. Technology is especially helpful when finding AI, 


Solving a linear system using the inverse ofa 3 X 3 matrix 
Write the linear system as the matrix equation AX = B. Find A” and solve for X. 
x+3y- z= 6 
—-dy+ z=-2 
—x¥+ yp 32 


Il 
a 


SOLUTION The linear system can be written as 


1 3 -1]fx 6 
AX=| 0-2 Ii] y|=]-2]=B. 
-1 1 -34JLz 4 


The matrix A7! can be found by hand or with a graphing calculator, as shown in 
FIGURE 9.66, The solution to the system is given by x = 4.5, y = —0.5, and z = —3. 
See FIGURE 9.67. 


FIGURE 9.66 FIGURE 9.67 


| Now Try Exercise 59 


jm W A Modeling blood pressure 


In one study of adult males, the effect of both age A in years and weight W in pounds 

on systolic blood pressure P was found to be modeled by P(A, W) = a + bA + cW, 

where a, b, and ¢ are constants, TABLE 9.12 lists three individuals with representative 

blood pressures, 

(a) Use TABLE 9.12 to approximate values for the constants a, b, and c, 

(b) Estimate a typical systolic blood pressure for an individual who is 55 years old 
and weighs 175 pounds, 


SOLUTION 
(a) Determine the constants a, b, and ¢ in P(4, 1”) = a + b4 + el by solving the 
following three equations, 


P(39, 142) = a + b(39) + c(142) = 113 

P(53, 181) =a + b(53) + c(i8t) = 138 

P(65, 191) = a + b(65) + c(191) = 152 
These three equations can be rewritten as follows. 
a+ 39b + 142¢c = 113 

a+ 53b + 181e 

a+ 65b + 191e = 152 


138 


ll 
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This system can be represented by the matrix equation AX = B. 


[A]-'«[B] 
"(8624390244 19 1a2]a] firs 
[.3170731707] ] AX=]1 53 181 |} b] =] 98 |=B 
1 65 191 |Le 152 


The solution, ¥ = AB, is shown in FIGURE 9.68, The values for the con- 
stants are a ~ 32.78,b ~ 0.9024, and c ~ 0.3171. Thus it follows that P is 
given by the equation P(A, W) = 32.78 + 0.90244 + 0.3171W. 

Evaluate P(S5, 175) = 32.78 + 0.9024(55) + 0.3171(175) ~ 137.9. This model 
predicts that a typical (male) individual 55 years old, weighing 175 pounds, has a 
systolic blood pressure of approximately 138. Clearly, this could vary greatly among 


FIGURE 9.68 


(b 


~ 


individuals, 


Now Try Exercise 73 


esi 9.6 | Putting It All Together | It All Together 


CONCEPT 


Identity matrix The n X n identity matrix J, has only 1’s on 
the main diagonal and 0’s elsewhere. When 
it is multiplied by any n X n matrix A, the 


result is A. 


If ann X n matrix A has an inverse, it is 
unique, is denoted A~!, and satisfies the 
equations Ad aT, and Ald = Tes 
Matrix inverses can be found by using 
technology. They can also be found with 
pencil and paper by performing matrix row 


Matrix inverse 


operations on the augmented matrix [A | J,] 
until it is transformed to [J,| 47]. 


Systems of linear equations can be written 
by using the matrix equation AX = B. If 
A is invertible, then there will be a unique 
solution given by Y = A7'B, If A is not 
invertible, then there could be either no 
solution or infinitely many solutions, In 
the latter case, Gaussian elimination should 
be applied. 


Matrix equations 


lo alles] [0 sJene 
le silo t= [f sh 


1 0 
oly 


3 i; | 5 
|, then 4 -|3 


-[3 ‘| 5 | _ F 
3 SJL-3. 2. 0 
ia | a | 1 
it - 
aml ale d-[ 
The linear system 2x — y = 3 


xv+2y=4 
can be written as AX = B, where 


a [2 lpe=fffome= Eh 


The solution to the system is given by 


xa a= | oe allel - [ih 


The solution is (2, 1). 


where J, = 
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Inverse and Identity Matrices 


1000 5§ -2 6 -3 
Exercises 1-6; Determine if B is the inverse matrix of A by ‘4 RS 0100 qu G La=t 
calculating AB and BA. oe 0010/7 -§ 79 8 
4 3 [ 4 -3 0001 0 0. 3.0 
1 A= = 
: ‘ is B=|-s i 
7 Calculating Inverses 
a ot ie “ll B= [-4 4 Exercises 15-28; Checking Symbolic Skills (Refer to 
L-3 8 L-2 0.5 Examples 3-5.) Let A be the given matrix. Find A“ without 
fi “{ 2 2 2-1 a calculator. 
3.4=|0 1-1], wah 0 1 15, [; 4 16. [; | 
Ll o 2 [-1 -1 1 1 3 1 = 
peep pe stp oft 2] [8] 
4A=|-1 0 -1], B=]-1 -2 1 3-5 25 
L 02 -1 [-2 -4 1 r = 
19, i 7 20. | s ‘| 
P21 -1 fo 1 -2 21 “5 9 
5 A=] 30 2], B=]1 -3 7 lo 01 100 
b-h 0. 1 LO -1 3 2. }1 0 0 22/1 1 0 
fi -1 1 f2 3 -1 Lo 10 oll 
6, A=1]0 EO B= 0 fi 0 f 101 => 1:0) 
LI 1 2 L-l -2 1 23,| 213 24.| 101 
Exercises 7-10: Find the value of the constant k in A”. Lat 1 “110 
ais i) ra aed fio2-1 2 84 
LI 2 =l. ok s:'| 2 6 @ 2. |1 3 2 
r -1 -1 2 4-2 4 
= = kL: 
s «| i a= I 4 
L 1 -2 0.5 -1 ge 1 -1 1 
a ee. al k 1S a7.) 0 21 
; L-1 =s |’ -0.5 —0.5 L 1 -2 21 
B Exercises 29-38: Let A be the given matrix. Find A, 
f-2 5 Ba: 
ifs } alt OF - e 15 <i ke 0.5 
L-3 4 k -3 “Lo2 -0.5 oh 3 8 
Exercises M-l4: Predict the results of I,A and Al, Then [ 1 2 0 2 01 
verify at ar a 31. i #4 32. 5-4 1 
=2 
tps = L 2-1 0 1 -2 0 
ll, Lo 4! A L4 4 
a = {2-2 1 20 2 
10 0 1-4 3 33/0 5 8 34.| 1 5 0 
12.,=|0 1 0], A=]1 95 lo 0 -1 102 
Lo 0 1 [3 -5 0 
z ie ; -1 -1 2-3 1 
10 0 ee 35 ae 36. | 5 -6 3 
13.=]0 1 0}, A=|000 eee 5°90 
[0 01 0 0 0 
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{<j @- 26 3100 $9. 3.x +19p—- 2«= 1:99 
6.3x — 9.92 = —3,78 
=i 5S =] 0 13 10 ; 
Ol yg cp | le | t —x+15y+ T= 53 
0 @ =I ! 0:0 - 8 60. 17x — 22y — 192 = —25,2 
3x + 13y - 92 = 105.9 
Matrices and Linear Systems w= 2p 61g = —23,55. 
Exercises 39-46; Represent the system of linear equations 61. 3x- pt z= 49 
in the form AX = B, 5.8% — 2.1p = =3.8 
39. 2x 3p =7 40. -x+3y= 10 =*¥ +292 = 38 
—3x — 4y =9 2x — 6y = -1 
62. 12x — 0.3y — 0.72 = -0,5 
41, gx -fy=h 42, -L.1x + 3.2y = -2.7 -0.4x + 13y + 0.42 = 0.9 
—x +2y =5 5.6x — 3.8y = —3.0 L7x + 0.6y + Liz= 13 
43. x-—2p+ 2=5 44. 4x - 3y +22 =8 Interpreting Inverses 
: eS = 7 ae ways He ia 2 At Exercises 63 and 64; Translations ( Refer to the discussion 
Sx — 4y —7z =0 2x -3z=2 ahr ; ; 
in this section about translating a point.) The matrix product 
45. 4x -— pt3z=-2 46 yx-2yt z= 12 AX performs a translation on the point (x, y), where 
x + 2y + 5z= I 4y + 32 = 13 10h x 
2x 3y xe ate =a A=]0 1k} and Y=] y}, 
001 1 


Solving Linear Systems 

(a) Predict the new location of the point (x,y) when it 
is translated by A, Compute Y = AX to verify your 
prediction, 

(b) Make a conjecture as to what A~'Y represents. Find A7! 
and calculate A~' to test your conjecture. 


Exercises 47-54: Complete the following. 

(a) Write the system in the form AX = B. 

(b) Solve the system by finding A~ and then using the 
equation X = A™'B, (Hint: Some of your answers 


Jrom Exercises 15-28 may be helpful.) (c) What will AA“! and An'A equal? 
47, x + 2y =3 48. xt p= 4 102 0 
i it alk melee 63. A=|0 1 31,9) =@,1,andx =| 1 
49, -xt+2y= 5 50. x +3y=-3 001 1 
3x — Sy = -2 2x + Sy = -2 
10 -4 4 
) a Z= =] $2. —2e + =-5 64.4=]0 1 5 |. (xy) = (4,2),and ¥ =| 2 
2x + y + 3z = -13 x + 2g <5 00 1 1 
Mt Pr ZS 4 5 a -4 . 
= : _ A Exercises 65 and 66; Translations (Refer to the discussion in 
oe * aay a 52 as 2 54. i — apt 2 = | this section about translating a point.) Find a 3X 3. matrix 
ax + Sy a -1 x + 3y + 22 = 3 A that performs the following translation of a point (x,y) 
“x— yptaz= 0 4x — 2y + 42 = 4 represented by X, Find A~ and describe what it computes, 
f@ Exercises 55-62: Complete the following for the given sys- 65. 3 units to the left and 5 units downward 


tem of linear equations, 
(a) Write the system in the form AX = B. 
(b) Solve the linear system by computing X = A~'B with 67, Rotation (Refer to Example 2.) The matrix B rotates 


66. 6 units to the right and | unit upward 


a calculator, Approximate the solution to the nearest the point x, y) clockwise about the origin 45°, where 
hundredth when appropriate. I Ly 1 1 9 
55. 1.5. +3.7y = 0.32 56, 31x + 18p= 64,1 v2 V2 v2 V2 
—0.4x — 2.1y = 0.36 5x — 23y = —59.6 ey ee eee SU) xl) 2b, all; 
J Me B Ve va O| and B a vio 
57, 0,08. — 0.7y = —0.504 0 0 1 0 0 1 
l.lx — 0,05y = 0.73 
. (a) Let XY represent the point (-v42, -V?), Compute 
58, —23lx + 178y = —439 Y= BX. 


525x — 329y = 2282 &. ; 
¢ (pb) Find BY. Interpret what B7' computes, 


E68. 


fe 69. 


fg70. 


Rotation (Refer to Exercise 67.) Predict the result of 
the computations BBY and B™'BX for any point 
(x, y) given by X. Explain this result geometrically. 


Translations The matrix A translates a point to the 
right 4 units and downward 2 units, and the matrix B 
translates a point to the left 3 units and upward 
3 units, where 


10 4 I 0 =3 
A=|0 1-2] and B=/0 1 3 
00 1 00 1 


(a) Let X represent the point (1, 1). Predict the result 
of Y = ABX. Check your prediction. 


(b) Find AB mentally, and then compute AB. 
(©) Would you expect AB = BA? Verify your answer. 
(@) Find (4B)! mentally. Explain your reasoning. 


Rotation (Refer to Exercises 63 and 67 for A and B.) 


(a) Let X represent the point (0, v2). If this point 
is rotated about the origin 45° clockwise and then 
translated 2 units to the right and 3 units upward, 
determine its new coordinates geometrically. 


(b) Compute Y = ABX, and explain the result. 


é fe (c) Is ABX equal to BAX? Interpret your answer. 


(d) Find a matrix that translates Y back to X. 


= 


Applications 


fg7l. 


72. 


Cost of DVDs A music store marks its DVDs as A, 
B, or C to indicate one of three selling prices. The 
last column in the table shows the total cost of a 
purchase, Use this information to determine the cost 
of one DVD of each type by setting up a matrix equa- 
tion and solving it with an inverse. 


Traffic Flow (Refer to Exercises 93 and 94 in the 
fourth section of this chapter.) The figure at the 
top of the next column shows four one-way streets 
with intersections A, B, C, and D. Numbers indicate 
the average traffic flow in vehicles per minute. The 
variables xj, x2, x3, and xy denote unknown traffic 
flows. 
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vel 
cars/min | 


(a 


ha] 


The number of vehicles per minute entering an 
intersection equals the number exiting an inter- 
section. Verify that the given system of linear 
equations describes the traffic flow. 


Ary, +5=4+6 
Cxyt4=x47 


B: xp + 6 = x, +3 
D:6+5 = 4x3 + % 


(b) Write the system as AX = B and solve using A, 


ty 
(©) Interpret your results, 


Home Prices The table contains data on sales of 
three homes. Price P is measured in thousands of 
dollars, home size S is in square feet, and condition 
Cis rated ona scale from | to 10, where 10 represents 
excellent condition. The variables were found to be 
related by the equation P = a + bS + cC. 


(a) Use the table to write a system of linear equa- 
tions whose solution gives a, b, and c. Solve this 
system of linear equations. 


(b) Estimate the selling price of a home with 1800 
square feet and a condition of 7. 


. Tire Sales A study investigated the relationship 


among annual tire sales T in thousands, automobile 
registrations A in millions, and personal disposable 
income / in millions of dollars. Representative data 
for three different years are shown in the table. The 
data were modeled by T= aA + bI + c, where 
a, b, and c are constants. (Source: J. Jarrett, Business 
Forecasting Methods.) 


continued on next page 
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(a) Use the data to write a system of linear equations 
whose solution gives a, b, and c. 


(b) Solve this linear system. Write a formula for T, as 
T=aA+ bl +e. 


(c) If A = 118 and J = 311, predict 7. (The actual 
value for T was 11,314.) 


75, Leontief Economic Model Suppose that a closed 
economic region has three industries: service, electri- 
cal power, and tourism. The service industry uses 
20% of its own production, 40% of the electrical 
power, and 80% of the tourism, The power company 
uses 40% of the service industry, 20% of the electrical 
power, and 10% of the tourism. The tourism industry 
uses 40% of the service industry, 40% of the electrical 
power, and 10% of the tourism, 

(a) Let S, 2, and T be the numbers of units produced 
by the service, electrical, and tourism industries, 
respectively, The following system of linear equa- 
tions can be used to determine the relative num- 
ber of units each industry needs to produce. (This 
model assumes that all production is consumed 
by the region.) 


0.28 + 0.4E + 087 = S 
0.48 +0.2E +017 = £ 
0.45 + 048 + 017 = 7 


Solve the system and write the solution in terms of 7. 


(b) If tourism produces 60 units, how many units 
should the service and electrical industries produce? 


fa 76, Plate Glass Sales Plate glass sales G can be affected 
by the number of new building contracts B issued 
and the number of automobiles A produced, since 
plate glass is used in buildings and cars, To forecast 
sales, a plate glass company in California collected 
data for three consecutive years, shown in the table, 
All units are in millions. The data were modeled by 
G= aA + bB + c, where a, b, and ¢ are constants. 
(Source: S. Makridakis and S, Wheelwright, Forecasting 
Methods for Management.) 


(a) Write a system of linear equations whose solu- 
tion gives a, b, and c. 


(b) Solve this linear system. Write a formula for G. 


(c) For the following year, it was estimated that 
A = 7,75 and B = 47.4, Predict G. (The actual 
value for G was 878.) 


Writing about Mathematics 


77, Discuss how to solve the matrix equation AX = B if 
A exists. 


78. Critical Thinking Give an example of a 2 X 2 
matrix A with only nonzero elements that does 
not have an inverse. Explain what happens if one 
attempts to find A! symbolically, 


Extended and Discovery Exercises 


1, To form the transpose of a matrix A, denoted A", 
let the first row of A be the first column of A’, the 
second row of A be the second column of A’, and so 
on, for each row of A, The following are examples of 
A and A", If A has dimension m X n, then AT has 
dimension n X m. 


3-3. 3 1 4 
A=|/1 6 -2], AT 3 6 2 
4 2 5 T =-2.5 
1 2 
A=]3 4], a=[) ‘ | 
5 6 
Find the transpose of each matrix A. 
3 3 ol -2 
(a) A=|2 6 (b) A= 2 § 4 
4 2 -43 9 
a oy 
1 -7 
QA) 6 4 
-9 


Exercises 2 and 3; Least-Square Models The table shows 
the average cost of tuition and fees y in dollars at 4-year 
public colleges. In this table x = 0 represents 1980 and 
xX = 20 corresponds to 2000, 


0 5 io | 15 | 20 
y | 804 | 1318 | 1908 | 2860 | 3487 


Source: The College Board. 


These data can be modeled by using linear regression. 
Ideally, we would like f(x) = ax + b to satisfy the follow- 
ing five equations. 
f() = a0) +b= 804 
f(5) = a5) + b = 1318 
{(10) = a(10) + b = 1908 
f(1S) = a(15) + b = 2860 
{(20) = a(20) + b = 3487 


Since the data points are not collinear, it is impossible for 
the graph of a line to pass through all five points. These five 
equations can be written as 


01 804 
51 1318 
AX =|10 1 [f]- 1908 | = B. 
15 1 2860 
20 1 3487 


The least-squares solution is found by solving the normal 
equations 


ATAX = A'B 
for X. The solution is X = (A™A)'A'B, Using technology, 
we find a = 138.16 and b = 693.8. Thus f is given by the 


formula f(x) = 138.16x + 693.8, The function f and the 
data can be graphed. See the figure. 


[-5, 25, 5] by [0, 4000, 1000 } 
ag T[A])-1[A]T[B 
[ [138.16] 


[693.8 }] 


y = 138.16 + 693.8 
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Solve the normal equations to model the data with the line 
determined by f(x) = ax + b. Plot the data and f in the 
same viewing rectangle, 

2. Tuition and Fees The table shows average cost of 
tuition and fees y in dollars at private 4-year colleges. 
In this table x = 0 corresponds to 1980 and x = 20 to 
2000. 


0 5 10 15 | 20 
3617 | 6121 | 9340 | 12,216 | 16,233 


Source: The College Board. 


3. Early Satellite TV The table lists the number of satel- 
lite television subscribers y in millions. In this table 
x = 0 corresponds to 1995 and x = 5 to the year 
2000. 


Source: USA Today. 


CHECKING BASIC CONCEPTS FOR SECTIONS 9.5 AND 9.6 


1, Perform the operations on the given matrices A and B. 


101 =1 12 
A=|-1 12], B=} 0 41 
13 0 1 2.0 


(a) A+B (b) 24-B (c) AB 
2, Find the inverse of the matrix A by hand. 


001 
A=|1 10 
101 


3. Write each system of linear equations as a matrix 
equation AY = B. Solve the system utilizing 47!. 


(a) x — 2y = 13 (b) x-ytz= 2 
2x + 3y= 5 —xtyt+tz= 4 
y-z=-l 
BO 31x — 5.3y = —2.682 
—0.1lx + 18y = 0.787 
2.-+3 § 


4. Find AT ifA =| 4 -3 2 


it 5 =4 
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« Define and calculate 
determinants 


» Apply Cramer's rule 
« Use determinants to find 


areas of regions 


Introduction 


Determinants are used in mathematics for theoretical purposes. However, they also 
are used to test if a matrix is invertible and to find the area of certain geometric 
figures, such as triangles, A determinant is a real number associated with a square 
matrix. We begin our discussion by defining a determinant for a 2 x 2 matrix. 


Definition and Calculation of Determinants 


Finding the determinant of a matrix with dimension 2 X 2 is a straightforward arith- 
metic calculation. 


The determinant of 


is a real number defined by 
det A = ad — cb. 


Later we define determinants for any n X n matrix. The following theorem can 
be used to determine if a matrix has an inverse. 


WV] BLE MA 


A square matrix A is invertible if and only if det A 4 0. 


Determining ifa 2 * 2 matrix is invertible 
Determine if 47! exists by computing the determinant of the matrix A. 
| 32 32 
= A= 
a & i ) & a 
SOLUTION 
(a) The determinant of the 2 X 2 matrix A is calculated as follows. 


d = Q)() - (—5\(-4) =7 


Since det A = 7 # 0, the matrix A is invertible and 4”! exists. 
(b) Similarly, 


det A = det 


3 
-—5 


52 32 
det A = act - 
65 4) 


| = (52)(— 40) — (65)(—32) = 0. 


Since det A = 0, A”! does not exist. Try finding A~!. What happens? 
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We can use determinants of 2 x 2 matrices to find determinants of larger square 
matrices. In order to do this, we first define the concepts of a minor and a cofactor. 


MINORS AND COFACTORS- ———s =| 
The minor, denoted by Mj, for element aj in the square matrix A is the real num- 
ber computed by performing the following steps. 

STEP 1; Delete the ith row and jth column from the matrix A, 


STEP 2; Compute the determinant of the resulting matrix, which is equal to Mj, 
The cofactor, denoted Ajj for ay is defined by Ay = (—1)!*/My. 


oe Widhovey Calculating minors and cofactors 


Find the following minors and cofactors for the matrix A. 


2-3-1 
A=|-2 1 0 
0-1 4 


(a) My, and My, = (b)_ Ay, and Ay, 


SOLUTION 
(a) To obtain the minor M;, begin by crossing out the first row and first column of A. 
—3-1 
A=|- 1 0 For My), cross out 
af a row | and column | 


The remaining elements form the 2 x 2 matrix 


o-[_| {} 


The minor 7; is equal to det B = (1)(4) — (— 1) = 4. 
M), is found by crossing out the second row and first column of A. 


8h‘) 
A=| - -+—9 For Mo»), cross out 
ea a row 2 and column 1. 


Pa} 1 
a=(7 i 
Thus M,,; = det B = (—3)(4) - (- DQ) = - 11. 
(b) Since Ay = (—1)'/ My, Ay, and Ay, can be computed as follows. 
Ay = (“1M = (-I)*4) = 4 
A, = (-1)**! My = (-D(- 1) = 


The resulting matrix is 


Now Try Exercise 5 


Using the concept of a cofactor, we can calculate the determinant of any square 
matrix, 
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| Fora square matrix A, multiply each element in any row or column of the matrix 
| by its cofactor. The sum of the products is equal to the determinant of A. 


To compute the determinant of a 3 X 3 matrix A, begin by selecting either a row 
or a column, 


ay M2 a3 


a 
ll 


43, 432, 33 

For example, if the second row of A is selected, the elements are «,,, /»), and «,,. Then 
det A = ay, Ao, + dp)Aog + do3Aay 

On the other hand, utilizing the elements of @j,, ay), and a3; in the first column gives 
det A = ay, Aqy + a) An, + 43) A31. 


Regardless of the row or column selected, the value of det A is the same. The 
calculation is easier if some elements in the selected row or column equal 0. 


er ra 5 Pa] ‘ ‘ : ay ee 9 tri 
| EXAMPLE 3 | Evaluating the determinant of a3 * 3 matrix 


Find det A if 


a3 4 
A=/-2 10 
0-1 4 


SOLUTION To find the determinant of A, we can select any row or column. If we 
begin expanding about the first column of A, then 


det A = ay, Ay, + 1 Aa) + 43) Ag). 


In the first column, a), = 2, dz, = — 2, and a3, = 0. In Example 2, the cofactors Ay, 
and A, were computed as 4 and 11, respectively, Since A; is multiplied by a3, = 0, 
we do not need to calculate its value. Thus 


det A = ayy Aq, + a Ar + 3) A31 


= 2(4) + (-2)(11) + (Aan 
= -14, 


We could also have expanded about the second row. 
det A = dy, Aq, + Go) Ax. + G3 An 
= (—2)Aa + (1)An + (423 


_ ee To complete this computation we need to determine only A), since Az, is known to 
_CRITICAL THINKING | __ be 11 and A; is multiplied by 0. To compute A», delete the second row and column 


If a row or column in matrix 4 Of A to obtain Mp. 


contains only zeros, what is det A? 


04 


Thus det A = (— 2)(11) + (1)(8) + (0)A23 = —14 and the same value for det A is 
obtained in both calculations. 


| =8 and Ay = (-1)#7(8) =8 


| Now Try Exercise 17 | 
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Instead of calculating (—1)'/ for each cofactor, we can use the following sign 
matrix to find determinants of 3 X 3 matrices. The checkerboard pattern can be 
expanded to include larger square matrices. 


Sign Matrix 
+ - + 
+ + 
For Example, if 
2 3 7 
A=|-3 -2 -1], 
4 0 2 


we can compute det A by expanding about the second column to take advantage of 
the 0. The second column contains —, +, and — signs. Therefore 


cpaat[3 “!] + avaee[? 2] - rane 2 7] 


—3(—2) + (-2)(—24) — (0)(19) 
= 54, 


det A 


(XE We could have computed det A by expanding about any row or column. 
However, computation can be simplified by taking advantage of any 0’s in the matrix. 
For the matrix above, the 0 can be used by expanding about either the second column 
or the third row. 


Graphing calculators can evaluate determinants, as shown in the next example. 


ioe Widnorl Using technology to find a determinant 


Find the determinant of A. 


ye eo 
(a) A=|-2 10 (b) A= 

nee 5 4 97 

=. 32 30 


SOLUTION 

(a) The determinant of this matrix was calculated in Example 3 by hand. To use tech- 
nology, enter the matrix and evaluate its determinant, as shown in FIGURE 9.69, 
The result is det A = —14, which agrees with our earlier calculation. 


Finding Determinants with a Calculator 


det([A]) det([A]) 
—14 966 


FIGURE 9.69 FIGURE 9.70 


(b) The determinant ofa 4 X 4 matrix can be computed using cofactors. However, it is 
considerably easier to use technology. From FIGURE 9.70 we see that det A = 966, 
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Cramer's Rule 


We can solve /inear systems in two variables using determinants and a method called 
Cramer’s rule. Cramer’s rule for linear systems in ¢hree variables is discussed in the 
Extended and Discovery Exercises at the end of this section, Although Cramer’s rule can 
be used to solve linear systems with more than three variables, it is not practical to do so, 


The solution to the linear system 
axtbhy=c | 
Mx + by = ey | 


is given by x = & and y= £ where 
} 


b 
E= aet| ‘| F= aet| a, and D= aet| ‘l #0. 
2 by a 2 a by 


(3 If D =0, then the system does not have a unique solution. There are either 
no solutions or infinitely many solutions, 


E KAMPLE 5 | Using Cramer's rule to solve a linear system in two variables 
Use Cramer’s rule to solve the linear system 
4x + y = 146 


x+y = 66, 


SOLUTION In this system a, = 4,b, = 1, ¢; = 146, ay = 9, by = 1, and ce, = 66, 
By Cramer’s rule, the solution can be found as follows, 


E = det E a a da 46 | = (146)(1) — (66)(1) = 80 


05 By 66 

alt Ge aa 4 146] _ _ a 
P= det| a aes | (4)(66) — (9)(146) = — 1050 
— a b | 41] _ an a 

p= ae | = aet|§ | |= on (y(t) = —5 


80 p 
xo $= S =-16 and yot 


ll 


Triangular Region 


Area of Regions 


Determinants may be used to find the area of a triangle. If a triangle has vertices 
(@, 4), (@, $2), and (v, 4,), as shown in FIGURE 9.71, then its area is equal to the 
absolute value of D, where 


1 ay dy ay 
D= 3 det hb, by by 
| a | 


Tf the vertices are entered into the columns of D in a counterclockwise direction, then 
FIGURE 9.71 D will be positive. (Source: W. Taylor, The Geometry of Computer Graphics.) 
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i> WiAMia Computing the area ofa parallelogram 


( Use determinants to calculate the area of the parallelogram in FIGURE 9.72. 


SOLUTION To find the area of the parallelogram, we view the parallelogram as 
comprising two triangles. One triangle has vertices at (0, 0), (4, 2), and (i, 2), and the 
other triangle has vertices at (4, 2), (5, 4), and (1, 2). The area of the parallelogram is 
equal to the sum of the areas of the two triangles. Since these triangles are congruent, 
we can calculate the area of one triangle and double it. The area of one triangle is 


equal to D. 
1 04 1 1 
D= 5 det 022 =50 =3 
1 
i i Since the vertices were entered in a counterclockwise direction, D is positive. The 
0125 & & 6° * area of one triangle is equal to 3 square units. Therefore the area of the parallelogram 
FIGURE 9.72 is twice this value, or 6 square units. 


Now Try Exercise 36 
(CRITICAL THINKING | THINKING 


Suppose we are given three distinct vertices and D = 0. What must be true about the 
three points? 


|e 9.7 | Putting It All Together | It All Together 


DETERMINANTS OF 2 x 2 MATRICES 
The determinant of a 2 X 2 matrix A is given by 


det A = det k A = ad — cb. 


d 
Example: det i a = (0(7) — B)(-2) = 48 


DETERMINANTS OF 3 x 3 MATRICES 
Finding the determinant of a 3 X 3 matrix A can be reduced to calculating the determinants of three 2 x 2 
matrices. This calculation can be performed using cofactors. 
a b gy 
det A =det] m by 
a by cy 


a by ey | ke a & a 
a det ie = a det ae + a3 det ae 
= 2 


1 3 
Example: det} 4 5 —I1 | = (I)det ie sod (4) det ie 3 + (-3) aet| 3 
sa ee 7 8 78 5 -l 


= (1)(47) — 4(-37) — 3(-13) = 234 
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Calculating Determinants 


Exercises 1-4: Determine if the matrix A is invertible by 
calculating det A. 


Exercises 5-8; Find the specified minor and cofactor for A, 


| ~f .3 
5. My and Ayif A=} 2 3 -2 
Oo wt $ 
12 =] 
6. Mo and Ay ifdA=|4 6 -3 
23 9 
7-8 1 
7, My and Ay if A =| 3 -5 2 
I § = 
0 oO -l 
8. My, and Ay ifA =|] 6 -7 1 
6 =9 =] 


Exercises 9-12; Let A be the given matrix. Find det A by 
expanding about the first column. State whether A* exists. 


1 4-7 028 

910 2 -3 10, | -1 3 5 

0-1 3 041 
rs 1 6 3.23 
11,]0 -2 0 12,}2 2 2 
0 40 1 3.4 


Exercises 13-20; Checking Symbolic Skills Let A be the 
given matrix, Find det A by using the method of cofactors. 


[2 00 002 
13,/0 3 0 14,]/0 3 0 
lo 0 5 500 
00 O i 135 
15, | -8 3 -9 16, | -3 -3 0 
L155 9 7 00 
3-1 2 30-1 
7%) 8 7 18/2 3 -4 |= 
1 0-1 6-5 1 


LS. 32 Lt 2 
%)}-7 it 3 ap -2 TF 
0 4 -2 Il L =i 


a Exercises 21-24: Let A be the given matrix. Use technology 


to calculate det A. 


17-4 3 
2. fe ed 22; 11 5 15 
7 =9 23 
23 S§1 28 : es = = 
23,] 12 45 88] 24 
-0.4 -0.8 -12 Se ee 
7 1 3 6 


Cramer's Rule 


Exercises 25-32: Use Cramer’s rule to solve the system of 
linear equations. 


25, -x + 2y=5 26. 2+ yp=-3 
3x + 3y = 1 —4x - 6y = -7 
27, —2x + 3y = 8 28. Sx -3y =4 
4x -— Sy = 3 —ax — Ty = 5 
29. 7x + 4y = 23 30, -7x + Sy = 8.2 
lly — Sy = 70 6x + 4y = -0.4 


31, 1.7n-2.5y=-0.91 32, —2.7x + 1.5y = -1.53 
—0.4x+0.9y = 0.423 1.8x — 5.5py = —1.68 


Calculating Area 


Exercises 33-36: Use a determinant to find the area of the 
shaded region. 


Critical Thinking 


Exercises 37-40: Use the concept of the area of a triangle 
to determine if the three points are collinear. 


37. (1, 3), (-3, 11), 2, D 

38, (3, 6), (—1, —6), (5, 11) 
39, (—2, —5), (4, 4), (2, 3) 

40. (4, —5), (—2, 10), (6, -10) 


Equations of Lines 


Exercises 41-44: If a line passes through the points (x1, ¥1) 
and (Xa, 2), then an equation of this line can be found by 
calculating the determinant. 

Pe ee 

det} x) y,) 1) =0 

No joa | 
Find the standard form ax + by = ¢ of the line passing 
through the given points. 
41, (2, 1) and (-1, 4) 


43. (6, —7) and (4, —3) 


42, (—1, 3) and (4, 2) 
44, (5, 1) and (2, —2) 
Writing about Mathematics 


45, Critical Thinking Choose two matrices A and B with 
dimension 2 X 2, Calculate det A, det B, and det (AB). 
Repeat this process until you are able to discover how 
these three determinants are related. Summarize your 
results, 


46, Critical Thinking Calculate both det A and det 4! 
for several different matrices. Compare the determi- 
nants, Try to generalize your results. 


Extended and Discovery Exercises 


Exercises 1-6; Cramer's Rule Cramer’s rule can be applied 
to systems of three linear equations in three variables. For 
the system of equations 


ax t+ by + az = d 
Mx + byy + coz = dy 
ax + byy + 32 = ds, 
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the solution can be written as follows. 


a b GC db gy 
D=det}] a by |, E=det])d, by 
a by 63 ad, b; ¢3 
a dq oy a b dy 
F=det]|a@ d |, G=det]|a b ad 
a a &% a bs & 


If D # 0, a unique solution exists and is given by 


ee ee. 
ep iD D 
Use Cramer’s rule to solve the system of equations, 
1 xtyt+ z=6 2. ytz= 1 
2x+y+2z=9 eS pa PS =] 
yt3z= BE pow 3 
33x + e=2 4. xt+ pt2z= 1 
x+y =0 SH Dy 82 = 2 
yt+2z=1 po 37= 3 
5. xX +2z=7 6. wt2yt3z= 1 
—xty+ z=5 2x —-3y- z= 12 


2x -—y+2z=6 


Exercises 7-10: Equations of Circles Given three distinct 
points on a circle (x4, y1), (Xo, 2), and (x3, 3), we can 
find the equation of the circle by using the following 4 x 4 
determinant equation. 

vty? oy yp 
xPpty? ox yy 
xy + yy? x2 Vo 
xy ty? x3 Ys 
Find the equation of the circle through the given points. 

7. (0, 2) (2, 0), and (—2, 0) 


det 


8. (0, 0), (4, 0), and (2, —2) 
9. (0, 1), (1, —1), and (2, 2) 
10. (1, 0), (-1, 2), and (3, 2) 


CHECKING BASIC CONCEPTS FOR SECTION 9.7 


1. Find the determinant of the matrix A by using the 
method of cofactors. Is A invertible? 

1 =f 2 

A=|2 31 

0 +25 


2. Use Cramer’s rule to solve the system of equations. 
3x -—4y =7 
—4¥ FIPS 5 
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Section 9.1 Functions and Systems of Equations in Two Variables 


Functions of z = f(x, y), where x and y are inputs to f 
Two Variables 
Example: f(x, y) = 2x — 3y 
f(4, -) = 24) - 3-D = 


System of Linear General form: ax + bby = cy 
Equations in Two (x + boyy = cy 
Variables 


A linear system can have zero, one, or infinitely many solutions, A solution can be 
written as an ordered pair. A linear system may be solved symbolically, graphically, 
or numerically. 


Examples x -— yp =2 


axtyp=7 
Types of Linear Consistent system: Has either one solution (independent equations) 
Systems with Two or infinitely many solutions (dependent equations) 
Verlovies Inconsistent system: Has no solutions 
One Solution Infinitely Many Solutions No Solutions 


y 


Consistent System Consistent System Inconsistent System 
Independent Equations Dependent Equations 


Method of Substitution Can be used to solve systems of linear or nonlinear equations 
for Two Equations 
Examples x — y = —3 
x+4y= 17 


Solve the first equation for x to obtain x = y — 3. Substitute this result 
for x in the second equation and solve for y. 


(y — 3) + 4y = 17. implies that y = 4. 


Then x = 4 — 3 = | and the solution is (1, 4). 


Method of Elimination Can be used to solve systems of linear or nonlinear equations 
Example: 2x — 3y = 4 
x + 3y = 11 
3x = 15, or x=5 


Substituting x = 5 in the first equation gives y = 2. 
The solution is (5, 2). 


31 


32. 


ww 
wo 


44, 


45, 


4 a eenmeeeeD 
1 + tan(y + y) tany 


Exercises 47 and 48; Solve Example 9 by using the given 


1 + tant 

+4) =-——— 

tan (1 + §) 1 — tan¢ 
1 — tané 
Pas (4) 2 tees 
tan(45 ) 1 + tané 


cos(y — y) 1 + tanxtany 
cos(y + y) 1 - tanx tany 


sin(y — y) _ tany — tany 


sin(y + py) tanx + tany 
cos(a@ — 

opal? st = tana + cotB 
cosa sinB 


cos(@ + 0) = 1 — 2sin?0 

sin2¢ = 2 sin¢ cost 

cos 2 = cos*/ — sins 

sin(a + B) + sin(a — B) = 2sinacosB 

cos(a@ + B) + cos(a — B) = 2cosacosB 

tan(@ — 0) = —tan@d 42, tan(@ + a) = tané 


2(tanx — tany) 


tan(y — ») — tantly — x)= 
( » G ) 1 + tanx tany 
sin(y — y) . cos(v — y) siny 

siny cosy siny cosy 


sin(x + y) 


= tany + tany 
cos.v cosy 


tan(y + y) = tany = 


information, 


47. 
48. 


tana = § and tanB = 3 


cota = & and cotB = u 


Lines and Slopes 


Exercises 49-52: Suppose two lines, |, and th, intersect the 
x-axis making angles a and B, as shown in the figure, Then 
the slopes of |, and ly satisfy m, = tana and m, = tanB, 
respectively, If | and h intersect with angle 8 as shown, then 


it follows that B = a + 0, or equivalently, 0 = B — a, 


my = tan ay 

AJ 
S94) my = tan B 
a /\8 


7.4 Sum and Difference Identities 651 


49, Use a difference identity for tangent to show that 


my — m 


tand = ——_., 
1+ myn 


50, Is the formula in Exercise 49 valid if B is an obtuse 


angle? Explain. 


51, Find 0 for two intersecting lines given by y = 2x — 3 
and y = 3y + 1, 


52. 


Find 6 for two intersecting lines given by y = 5x +1 
andy =3- x. 


Applications 


53, Back Stress (Refer to Example 7.) Answer the fol- 
lowing if F = 2,89Wcos@. 
(a) Suppose a 200-pound person bends at the waist 


so that 0 = {. Estimate the force F exerted by 
the person’s back muscles, 


(b) For a 200-pound person, approximate the value 
of @ that results in the back muscles exerting a 
force F of 400 pounds, 


# 54, Sound Waves Sound is a result of waves applying 
pressure to a person’s eardrum. For a particular sound 
wave radiating outward, the trigonometric function 
P = %cos(mr — 10001) can be used to express the 
pressure P at a radius of r feet from the source after 
t seconds. In this formula, a is the maximum sound 
pressure at the source, measured in pounds per square 
foot, (Source: L. Beranek, Noise and Vibration Control.) 

a (a) Leta = 0.4,/ = 1, and graph the sound pressure 
for 0 <r S 20, What happens to the pressure P 
as the radius r increases? 


(b) Use a difference identity to simplify the expression 
for P when r is an even integer, 


eI 55, Modeling Musical Tones (Refer to Example 8.) Let 
the pressure exerted by two sound waves in grams per 
square meter be given by P,(‘) = 4 cos(220m/) and 
P,(0) = 3 sin(2207), where ¢ is in seconds, 
(a) Graph the total pressure P = P,; + P, in the 
window [0, 0.02, 0.001] by [-6, 6, 1]. 


(b) Use the graph to estimate values for @ and k such 
that P = a sin(220qr + k). 


(c) Use an identity for sine to verify that 
asin(220mt + k) ~ 4cos(2207) + 3sin(2207/). 


fg 56. Electricity When voltages V; = 50 sin(1207) and 
Vx = 120 cos(1207/) are applied to the same circuit, 
the resulting voltage V is equal to their sum. (Source: 
D. Bell, Fundamentals of Electric Circuits.) 
(a) Graph V = V, + Vp in the viewing rectangle 
[ 0, 0.05, 0.01 ] by [—160, 160, 40]. 


continued on next page 
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(b) Use the graph to estimate values for a and k so 
that V = asin(120mr + k). 


(c) Use a sum or difference identity for sine to verify 
part (b). 


Writing about Mathematics 


57, Are sin(45° + 30°) and sin 45° + sin30° equivalent 
expressions? Explain your answer. 


58, Are the expressions cos(@ — B) and cosa — cosB 
equal? Give an example to justify your answer. 


Extended and Discovery Exercises 


Modeling Musical Beats Musicians sometimes tune instru- 
* ments by playing the same tone on two instruments and 
listening for a phenomenon known as bea/s. The human ear 
hears beats because the sound pressure slowly rises and falls 
when two tones vary slightly, When the two instruments are 
in tune, the beats will disappear. The pressure P on an ear- 
drum can be modeled by P = asin (22 F1), where F is the 
frequency of the tone, / is time in seconds, and P is in pounds 
per square foot, (Source: J. Pierce, The Science of Musical Sound.) 


fg 1. Consider two tones with two frequencies of F, = 440 


and F, = 443 cycles per second and two pressures 

P, = 0.006 sin (88077) and Py = 0.004 sin (88677). 

(a) Graph thesum P = P, + Pin (0.15, 1.15, 0.05 ] 
by [—0.01, 0.01, 0.001 }, where P is the total pres- 
sure exerted by the tones on an eardrum. How 
many beats are there in this 1-second interval? 


(b) Repeat part (a) with frequencies of 220 and 224, 


(c) Determine a way to find the number of beats 
per second if the frequencies of the tones are F; 
and F), 


B Exercises 2 and 3: Music and Beats (Refer to Exercise 1 


above.) Given two musical tones P, and P», graph their sum in 
(0.2, 1.2, 0.05 ] by [-0.01, 0.01, 0.001. ] Count the num- 
ber of beats in 1 second. 


2. P, = 0.007 sin (45077), P, = 0,005 sin (45471) 
3. P; = 0.004 cos (8302), P, = 0.005 sin (83671) 


CHECKING BASIC CONCEPTS FOR SECTIONS 7.3 AND 7.4 


1, Find the reference angle of each angle. 


5 
(a) 225° (b) 
2, Solve each equation for @ in [ 0°, 360°). 
(a) cosé =} (b) sind = ~%3 


3, Find all solutions where ¢ is a real number, 
(a) sint = —cos/ (b) 2sin?s = 1 — cos/ 


4. Use a sum or difference identity to find cos 75. 
5, Verify the identity sin(¢ — a) = —sin/ symbolically. 


If you have a graphing calculator, give graphical or 
numerical support. 


7.5 Multiple-Angle Identities 653 


Learn and use the double- 
angle identities 


Learn and use power- 
reducing identities 

Learn and use the half- 
angle formulas 

Solve equations 

Learn and use product-to- 


sum and sum-to-product 
identities 


Introduction 


In 1831, Michael Faraday discovered that when a wire is passed near a magnet, a 
small electric current is produced in the wire. By rotating thousands of wires near 
large electromagnets, massive amounts of electricity can be produced. In | year, utili- 
ties in the United States generate enough electricity to power a 100-watt light bulb 
for over 3 billion years! 

Voltage, amperage, and wattage are quantities that can be modeled by sinusoidal 
graphs and functions. To model electricity and other phenomena, trigonometric func- 
tions and identities are used. This section introduces several important multiple-angle 
identities. (Sources: R. Weidner and R. Sells, Elementary Classical Physics, Vol. 2; J. Wright, 
The Universal Almanac.) 


Double-Angle Identities 


The double-angle identities for sine, cosine, and tangent can be derived using the sum 
identities with a = 0 and B = 8. 


Sine Double-Angle Identity 
sin20 = sin(@ + 0) 
= sin@ cos@ + cosé sind i 


2 sin 6 cos 0 mplif 


Cosine Double-Angle Identities 
cos20 = cos(0 + 0) 
cos@ cos@ — sin@ sin® ‘ 3) B — sina sinB 


= cos*@ — sin?6 jap 


Applying the Pythagorean identity sin?@ + cos*@ = 1, we can write the expres- 
sion cos?@ — sin?0 as 


cos?@ — sin? = cos?@ — (1 — cos?) nO 


= 2c0s’0 - | impl 

or as 

cos’@ — sin?@ = (1 — sin?6) — sin?@ 0 in’0 
= 1-2sin’a, implify 


Tangent Double-Angle Identity 
tan20 = tan(6 + 6) 
tan@ + tan@ ’ n 
~ T= tané tané , | — tana tar 
_ 2 tan@ 
~ 1 tan?0 
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A summary of these double-angle identities is given below. 


DOUBLE-ANGLE IDENTITIES | 


2 tand 


sin 20 = 2sin0 cos cos20 = cos*@ — sin?0 tan20 = ———— 
1 — tan“o 


or 


= 29 — ; 
cos28'="2c08'8 — Ps There are three 
| or identities for cos20 | 


cos20 = | — 2sin?@ 


The next example illustrates that sin20 ~ 2 sind, 


Using double-angle identities 

Verify symbolically and graphically that sin 20 and 2 sin @ are not equivalent expressions, 

SOLUTION 

Symbolic Verification The expressions sin 20 and 2 sin6 are not equivalent; rather, 
sin20 = 2sinOcosO * 2sin0. 


Graphical Verification Graph y = sin20 and y = 2 sin@, as shown in FIGURE 7,58 
and 7.69, Notice that the graphs are different. 


Graphs Showing That sin20 # 2 sin 0 


FIGURE 7.58 FIGURE 7,69 


Pow try 


ose 


MPLE 2 


Using double-angle identities 


0 in Quadrant II Given cos@ = -# and sin@ > 0, find sin 20, cos 20, and tan 20, Use a calculator to 
support your result. 


SOLUTION 


6 Symbolic Solution Since cos6 = —+* < Oand sind > 0,0 is contained in quadrant IT, 
‘- x One possibility for @ is shown in FIGURE 7.60. We see that sind = 5 Using double- 
pec angle identities, we obtain the following results. 
: : 5 12 120 
sind > 0 sin20 = 2sin@cos@ = 2+ ——+ = 
13 13 169 
f , 12\? 5\? 119 
HIQURE 60 cos20 = cos?@ — sin?@ = ) = —— 
13 13 169 
si sin 20 - 120/169 120 Using tan@ = -% and | 
tan 0s 20 119/169 119 the double-angle identity for 


tan 20 gives the same result. 
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Calculatov Support Since @ is contained in quadrant II, we can support these results 
by letting 0 = cos~!(—12) = 157.38° and performing the calculations shown in 
FIGURE 7.61 and in FIGURE 7.62. 


Let @ = cos~(—12/13) 
tan(2cos-1(-12/13 
))>Frac 

—-120/119 


Cc 
—120/169 


cos71(-12/13 
119/169 


FIGURE 7.61 FIGURE 7.62 


| Now ‘Try Exerc 


Evaluating expressions with double-angle identities 
Use a double-angle identity to evaluate each expression. 


(a) cos (2 sint) (b) sin(2 cos'(-2)) (c) sin(2 tan”!y), x > 0 


SOLUTION 
(a) If we let 0 = sin 4, then it follows that sin@ = 1, The expression cos (2 sin“! 4) 
can be evaluated as follows. 


cos( 2sin : ‘) = cos(2/)) 


= 1-2sin’0 ble-angle identit 
2 
0 in Quadrant II Sis 2(+) i aad 
suk 
9 implif 
(b) Begin by letting @ = cos!(—3) and sketching angle 6 in standard position, 
as shown in FIGURE 7.63. Notice that cos? = — = and that @ is a second 


quadrant angle. From FIGURE 7.63 it follows that sin@ = 4. The expression 
sin (2 cos!(— 3) can be evaluated as follows. 


FIGURE 7.63 sin(2 cos i( a) = sin (20) 


6 in Quadrant I 2 sin@ cos 


ll 

iS) 
aS 
| & 
SEE 
a 
na) we 


x (c) Begin by letting @ = tan”! x and sketching angle @ in standard position, as shown 
in FIGURE 7.64. Since x > 0, we have drawn a first quadrant angle @ whose 
tangent function equals 1 That is, tan@ = x. From FIGURE 7.64 it can be con- 
cluded that sin@ = Ti “and cos@ = ‘___, The trigonometric expression 


+ x 1 
FIGURE 7.64 sin (2 tan!) can be evaluated as follows. 


continued on next page 
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sin(2 fan!) = sin(20) 6 = tan 
= 2sin@ cosé Double-angle identity 
x 1 
= 2( - —) (| —— :) Substitute 
Vit PF A\VI + x? 
2x . 
ire a  innplify 


Now Try Exercises 25, 27, and 31 


In the next example, we verify an identity by using a double-angle identity. 


oP WAY Verifying an identity 
2 


sec’ @ 


—,~ = sec 20, 
1 — tan? 


Verify the identity 


SOLUTION Begin by applying a reciprocal identity. 


sec?) 1 
1 — tan? cos?0 (1 - tan?@) Fee see Seay 

= a Sn Quotient identity 

cos? o(1 7 ue) 
cos’@ 

= ae Distributive property 
cos’ — sin’@ : 

— Double-angle identity 
cos 20 

= sec20 Reciprocal identity 


Now Try Exercise 67 
[EXAMPLE 5 | Deriving a triple-angle identity 


Write cos 30 in terms of cos@. 


SOLUTION 
cos 30 = cos(20 + 0) 39 = 20+ 0 
= cos 20 cos@ — sin20 sind Sum identity for cosine 
= (2 cos’ — 1) cos@ — (2 sin@ cos0) sind Double-angle identities 
= 2cos*@ — cos — 2 sin’ cosd Multiply 
= 2cos*@ — cos@ — Ai — eos’) cosd Apply sin? + cos?@ = 4 
= 2cos*@ — cos@ — 2cos@ + 2cos*0 Distributive property 
= 4cos*@ — 3 cos0 Combine like terms 


Now Try Exercise 71 


Power-Reducing Identities 


Power-reducing identities for sine, cosine, and tangent can be derived using the 
double-angle identities. 


Sine Power-Reducing Identity We can solve cos20 = | — 2 sin?@ for sin26 to obtain 


1 — cos20 
si? @ = ——<* 
2 
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Cosine Power-Reducing Identity Solving cos20 = 2cos?@ — | for cos?6 gives 


1 + cos20 
cos?@ = - “i 7 


Tangent Power-Reducing Identity We can use the power-reducing identities 


1 — cos20 1 + cos20 
sin?) = ce and = cos*@ = —— 
to derive 
tanto sin?@ — (1 — cos20)/2 _ 1 — cos26 
n 


cos?@ (1 + cos20)/2 1 + cos26 


A summary of these identities is given in the box below. 


POWER-REDUCING IDENTITIES 
_ 1 = cos 26 


1 + cos20 
2 = = 
ae 1 + cos20 


iN se TA 2 
2 ci 2 tan°6 


In the next example, we write known identities in terms of inputs other than 0. 


ima WiyAo Writing identities 


Complete each statement. 

(a) sin?@ = La 90828 so sin? 4¢ = 
ts 20 1 

(b) tan?0 = TFenwe so tan?(4x) = 

(c) sin20 = 2sin@ cos@, so sin 8¢ = 


SOLUTION 
(a) Substitute 4/ for 6 on each side of the given equation. 
1 — cos(2 + 4¢ 1 — cos2 
sin?4t = i! ite =A =e 
2 2 
Let @ = 4t ee ss cos 8¢ 
as 2 


(b) Substitute 3x for 6 on each side of the given equation. 


1 — cos(2+4x eae 
tan*(4x) _ b= eos(2+ 3x) tan’6 = 520 


1 + cos (2 ’ ty) 
woe Sy SNCS: 
ei Sl 1 + cosx 
(c) Let 20 = 8/, so 0 = 41. Thus sin20 = 2 sin@ cosé@ implies 


Let 0 = 4t {+—— sin8r = 2 sin41cos4t. in20 = 2 sin@ cos@ 


Now Try Exercises 1, 3, and 5 


I 


| EXAMPLE 7 | Using a power-reducing identity 


Find the exact value of sin? 22.5°. Use a calculator to support your results. 


658 CHAPTER 7 Trigonometric Identities and Equations 


Degree Mode 


(2-\(2))/4 
1464466094 
(sin(22.5))A2 


-1464466094 


FIGURE 7.65 


Wattage W 
(0, 0.04, 0.01] by [-200, 3000, 200] 


FIGURE 7.66 Radian Mode 


Voltage V 
[0, 0.04, 0.01] by [—200, 200, 50] 


a 
Jy = 160sin (207%) 


FIGURE 7.67 Radian Mode 


SOLUTION Let @ = 22.5° and 20 = 45° and apply the sine power-reducing identity. 


1 — cos 45 
GDR Ee a= t 
sin” 22.5 7 
1= V272 
= 2 
_2-V2 
4 


Support for this result is shown in FIGURE 7.65. 


| Now Try Exerci#o 46 | 


An Application Next we apply a power-reducing identity to electrical circuits. 


Using a power-reducing identity to analyze wattage 


Amperage /is a measure of the amount of electricity passing through a wire, and volt- 

age Vis a measure of the force “pushing” the electricity. The wattage W consumed by 

an electrical device can be calculated using the equation W = VI. (Source: G, Wilcox 

and C, Hesselberth, Electricity for Engineering Technology.) 

(a) Voltage in a household circuit is given by V = 160 sin(1207/, where / is 
in seconds, Suppose that the amperage flowing through a toaster is given by 
I = 12 sin (12077). Graph the wattage W consumed by the toaster in [ 0, 0.04, 0.01 | 
by [—200, 3000, 200]. 

(b) Write the wattage as W = acos(ka) + d, where a, k, and d are constants. 

(c) Compare the periods of the voltage, amperage, and wattage. 

(d) The wattage of this toaster equals half the maximum of W. Find the wattage. 


SOLUTION 
(a) Since W = VI, graph the equation Y; = Y; * Y2, where Y; = 160 sin(1207X) 
and Y) = 12 sin(1207rX), as shown in FIGURE 7.66, where radian mode is used. 
(b) W=T1 
= 160 sin( 12077?) * 12 sin(12077) bstitute for 7 
= 1920 sin’ (120s) 


cos (240a 
{52h 2 = Seen Power-reducing identity 


= 960 — 960 cos (24077) implif 
Thus let a = —960, k = 240, and d = 960. Then the wattage can be written as 
W = —960 cos(24071) + 960. 


(c) The period for both V and J is be = Aj second, and the period for W is 


rie = Do second, This result is supported in FIGURE 7.67, where the graph of V 


ll 


requires twice as much time as W to complete one oscillation. 
(d) The maximum wattage is 1920 watts whenever cos(240a/) = —1. Half this 
amount is 960 watts, which is the wattage rating for the toaster. 


i ‘fro Fiayvoiaa 420. 
| Now Try Exercise 129} 


Half-Angle Formulas 
We obtain half-angle formulas by using the power-reducing identities. For example, 


15 1 — cos2x 
sax = Power-reducing identi 
2 
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: 1 — cos 2x 
sinx = iam: eine Square root property 


9 1 — cos0 a 
sin—~ = t4/— Let x = fand 2x = 8 
2 2 2 


The following box gives some half-angle formulas. (The second and third half- 
angle formulas for tangent are ver! ified in Exercises 83 and 84.) 


pe fi — cos0 64 
2 2 
Le 1 — cosé ees a 1 — cosé anee sind 
aa \ 1 + cosé 2 sind 2 1+ cos 


To decide whether a positive or negative wis should be used in a half-angle formula, 
we must determine the quadrant containing 7 4. This is illustrated in the next example. 


There are three 
identities for tan 3. 


ee igaacy Using a half-angle formula to find an exact value 


Find the exact value of sin (-15°). 


SOLUTION We use the fact that cos(—30°) = “a to find sin(-15°). If 6 = —30°, 
then $ is in quadrant IV. 


sin(-15°) = sn(=*) Let 2 15° and 0 30° 


1 — cos(—30°) 0 [i — cos 


ae ( ) 
Sine is negative in 2 . ’ : 
quadrant IV. ie V3 /2 - 
\ 


=— Multiply numerato and denominator by 2 


Now Try Exercise 49 


EXAMPLE 10 MUG half-angle formulas to find exact values 


If cos0 = -3 and 90° = @ < 180°, find sin§, cos, and tan. 


SOLUTION If 90° = 05 180°, then 45° = $ < 90°, That is, $ is in quadrant I. 


wae & I = cost +36 V5 
2 ci a 
All trigonometric agate 1+ ct “i 5 ol 
functions are oa ae 
ae 
ae 


positive in 
= aie 
1 + cos6 1-3/5 


ss 


quadrant \ 


Now Try Exercise 59 
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Solving Equations 
When trigonometric functions are used in modeling to make predictions, there is 
often a need to solve trigonometric equations, 
/EXAMPLE 11 | Solving a trigonometric equation 
Solve the trigonometric equation cosé — sin 20 = 0 symbolically, graphically, and 
numerically for 0° = 9 < 360°, 
SOLUTION 
Symbolic Solution We begin by applying the identity sin29 = 2 sin cos@, 
cos@ — sin20 = 0 Given equation 
cos@ — 2sinPcosd =0 Double-angle identi 
cosd(1 — 2sin@) = 0 
cosé = 0 or 1 — 2sin@=0 ro-product 


1 
cosd = 0) or sin@ = 2 


6=90°,270° or 9= 30°, 150° lve for @ 
On the interval [0°, 360°), the solutions are 30°, 90°, 150°, and 270°, 


Graphical Solution Graphical support is given in FIGURE 7.68, where the graph of 
Y; = cos (X) — sin (2X) is shown. Note that the four Y-intercepts 30°, 90°, 150°, and 
270° correspond to the four symbolic solutions, 

Numerical Solution Numerical support is shown in FIGURE 7,69, 


Degree Mode Degree Mode 
[0, 352.5, 30] by [-2, 2, 1] 


On the inveral 


{ 
[0°, 360°), the | 

== solutions are | 
{ 

| 


30°, 90°, 150° 
and 270°, 


FIGURE 7,68 FIGURE 7.69 


I r 
| Now Try Exercise 96 ) 


| EXAMPLE 2, Solving a trigonometric equation 
Solve the equation 4cos$ —2=0for0 < 6 < 2p, 


SOLUTION Begin by solving 4 cos2 — 2 = 0 for cos, 
gin by ig 2 2 


4cos—-2= 
colt f 
a) “ 

Sim we Be 
3° 3 2° 3 oe 
o= 72 or o= 2 Multiply | 


The only solution on [0, 2) is an 


Vow Try Exercise 99 
| Now Try Exercise 19 | 
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Solving trigonometric equations 


Find all solutions, expressed in radians. 
(a) cos2t + 2cos?s¢=0 (b) 2sin2¢ = V3 


SOLUTION 
(a) Begin by applying the double-angle identity cos 2 = 2cos*t — 1. 


(b) 


cos 2t + 2cos?t = 0 
2cos*t — 1 + 2cos*s =0 
4cos*r-1=0 bine term 


2 
cos*t = — I 
4 
1 
cost = +> 
2 
On the interval [0, 27), there are four angles whose cosines equal either ; or — 5. 


They are 3, 2m 4x and 2, Since cos ¢ has period 2rr, all solutions can be written 
y are 95°39 3 3 Pp 


as follows, where n is an integer. 


All Solutions Written as Four Expressions 


7 Qa 4a Sar 
3 + 2an, ae + 2an, 3 + 2an, or 3 + 2am 


Note that since 4a — § = mr, the two solutions + 27 and Me + 2nn can be 


combined and written as q + an. Similarly, the two solutions an + 2an and 
aa + 2arn can be written as on + an. Asa result, all solutions can also be written 
as follows. 


All Solutions Written as Two Expressions 


T 2a 
= Fam or > +7 
3 3 


Begin by dividing each side by 2. 


2sin2r = V3 1 equ 1 
sin 2¢ = M3 I 
2 
Let 6 = 2¢ and find all values of @ on the interval [0, 27), where sind = 3, 


Because the reference angle for 0 is 0g = sin ¥3 = § and the sine function is 


positive in quadrants I and II, it follows that 6 = 3 or 0 = ae Thus all possible 
solutions in terms of @ can be written as 


6= = + 2arn or 6= = + 2a7n. 


Since @ = 27, we can write the solutions to the given equation in terms of ¢. 


7 2 
21 = + 2a or 2t= ay 2an 
3 3 
To solve for f, divide each term by 2. 
t= tan or t= tan 


6 3 


r= “ 
| Now 7 ry Exe) 
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Product-to-Sum and Sum-to-Product Identities 


The sum and difference identities for sine and cosine can be used to derive several 
identities that make it possible to rewrite a product as a sum, For example, adding 
the identities for cos(@ + B) and cos(@ — £) results in the following. 


cos(a + B) = cosacosB — sina sing 
cos(a — B) = cosa cos + sina sing 
cos(a + B) + cos(a — B) = 2 cosa cosB 


Rewriting gives cosa cosB = 5 (cos (a + B) + cos(a — B)). Four product-to-sum 
identities are given below. The other three identities are derived in a similar manner, 


cosa cosB = £ (costa + B) + cos(a — f)) 


| sing sinB = (cos( — B) — cos(a + B)) 


sina cosB = (sin (a + B) + sin(a — B)) 


cosa sinB = F(sin (a + B) — sin(a — B)) 


.E 14 Using a product-to-sum identity 


Write the product cos 50 cos 30 as a sum, 


SOLUTION We begin aac substitution @ = 50 and B = 30, in the product-to- 
sum identity cosa cosB = 7 (cos (a + B) + cos(a — f)). 


1 
cos 50 cos 30 = 7 (cost 50 + 30) + cos(50 — 390)) 50, B 


1 
7 (eos 80 + cos20) 


By rewriting the four product-to-sum identities, we can derive four sum-to-product 
identities. If we let « = « + Band) = & — £, it follows that 


ath_atBta-Bp_o aud a-h (a + B)-(@ - B) : 
5 a: ae a a , 2 B. 


Now, multiplying both sides of the identity 


1 
cos cos (3 = 7 (os (a + B) + cos(a — f)) 
by 2 and substituting yields 
ith a h 


a 
2 cos > cos = cosu + cosh, 


The other three sum-to-product identities can be derived in a similar manner, 
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SUM-TO-PRODUCT IDENTITIES : == 
+ =b 
cosa + cosh = 2cos” e cos “ % 
2 2 
cosa — cosb 2sin“ aie sin 4 8 
2 2 
+ —b 
sina + sinb = 2 sin oat cos <= 
sina — sinb = 2cos# ay b ih f 3 E 


For example, we can write the sum cos 70° + cos 40° as follows. 


cos70° + cos 40° = 2 cos cos a = 2cos 55° cos 15° 


An Application from Telephone Technology Each number on a touch-tone 
phone produces a unique pair of frequencies, For example, when | is pressed, fre- 
quencies of 697 hertz and 1209 hertz are simultaneously transmitted. A hertz (Hz) is 
equal to one cycle per second. When 2 is pressed, the pair of frequencies transmitted 
is 697 hertz and 1336 hertz. Asa result, 2 has a different tone from 1. TABLE 7.2 shows 
the frequency pairs for the numbers 0 through 9. 


Frequencies Used in Touch-Tone Phones 


Neel OT ite Te ta se le | ee 8 
Frequency 1 (Hz)| 941 697 697 7710 
1336 [147 


TABLE 7.2 


A tone with frequencies F; and F, can be modeled by 
ay cos (27F jf) + aycos (27F >I). 


If both tones have the same intensity, then we can let a4; = a = 1. 


oe winAcwis Analyzing touch-tone phones 


For a touch-tone phone, assume that a, = a = 1. 
(a) Write an expression that models the sound of a 5 on a touch-tone phone. 
(b) Rewrite the expression in part (a) as a product of trigonometric expressions. 


SOLUTION 
(a) From TABLE 7.2 we can see that for number 5, F; = 770 and F, = 1336. Thus 
y = cos(15407/) + cos (267271). 
(b) Let a = 154071 and b = 2672zt in the first sum-to-product identity. 
cos 15407t + cos 26727 


154071 + 267271 1540at — 267271 
cos 
2 2 
= 2cos(210671) cos(— ste cos (—6) = cos0 | 


= 2cos (210671) cos (56671) 


2 cos 
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yey Putting It All Together 


IDENTITY OR FORMULA 
Double-angle sin20 = 2 sin@ cosé 
cos20 = cos?@ — sin?@ = 2cos*@ — 1 = 1 — 2sin*@ 
2tand 
1 — tan’@ 


+ Ss 
Power [site IDEM ag LESS atom FS 
+ 1 + cosé 
2 


sae = 
2 
ra) _ 1 = cosé fain = sind 
2 sind 2 1+cosd 


tan20 = 


Half-angle 


Product-to-sum cosa cosB = 5 (cosa + B) + cos(a — B)) 


sina sinB = (costa — B) — cos(a + B)) 
sina cosB = 5 (sin (a@ + B) + sin(a@ — B)) 


cosa sinB = (sin (a + B) — sin(a@ — B)) 


+b —b 
Sum-to-product cosa + cosb = 2cos# 2 oo 


ers . wo 8 
cosa — cosh = —2 sin a) 


+ - 
sina + sinb = 2sin g 5) cos & 5) z 


+b -5b 
sina — sinb = 2.cos” 2 sin “S— 


Exercise 


Writing Identities 

Exercises 1-8: Complete each statement. 7, tang =? a so tan Sx = 

1, sin?6 = L_ges2t so sin"10¢= 8. tang = yo, so tan 4/ = 

2. cos?9 = 1+ $988, so cos*8x = Double-Angle Identities 

3. tan?6 = pe, sotan?5;= Exercises 9-14: If possible, evaluate expressions (a) and 
8 is oo. 


4 

§, sin20 = 2 sin@ cos@, so sin 20. = : : : 
10. (a) sin 45° +sin 45° (b) sin 90° 

6. 


. CoS20 = cos?@ — sin?4, so cos 16/ = 


11. (a) cos60° + cos 60° (b) cos 120° 


12. (a) cos90° + cos 90° (b) cos 180° 
13, (a) tan45° + tan45° (b)_ tan 90° 
14, (a) tan30° + tan30° = (b)_ tan 60° 


Exercises 15 and 16: (Refer to Example 1.) Verify graphically 
and symbolically that the two expressions are not equivalent. 


15, tan 20, 2 tané 16. cos30, 3cos0 


Exercises 17-24: (Refer to Example 2.) Do the following. 


(a) Find sin 20, cos 20, and tan 20. 
(b) Use a calculator to support your results. 


17, cos? = t and sind = 3 
18. sind = i and cos0 = * 
19, sind = -# and cos@ > 0 
20. cos@ = -% and tan@ > 0 
21, sind = -H and sec@ > 0 
22, csc? = —2 and secd > 0 
23, tan@d = i and cos@ < 0 


24, cot@ = 5 and sind > 0 


Exercises 25-34: (Refer to Example 3.) Use an identity to 
evaluate the expression. 


25. sin(2 cos7!1) 26. cos (2 sin”! ) 
27. cos (2 sin! 3) 28, sin (2 tan“'3) 
29. cos (3 sin 5) 30. tan (2 tan'4) 
31, sin(2 tan! y), x < 0 
32. cos(2 sin™!x), x > 0 


33, cos(sin™!2 — sin-!4) (Hint: Let a = sin7!3, 
5 5 5 
p= sin”, and apply a difference identity.) 

5 


34, sin (tant + cos! 12) 


Exercises 35-40: Rewrite using a double-angle identity. 
35, 2cosé sin@ 36, 2 sin 20 cos20 

37. sin@ cos@ 

38. (sin@ — cosé@)(sin@ + cosé) 

39. 2cos? 20 — 1 40, 1 — 2 sin? 30 


Exercises 41-44: Write the expression as one term. 
41, sin?30 + cos?30 42. 1 + tan?20 


43, csc? 5x — | 44, sin?8x + cos?8x 
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Power-Reducing Identities 
and Half-Angle Formulas 


Exercises 45-48; Find the exact value of the expression. 
Use a calculator to support your result. 


45, cos?22.5° 46. sin?15° 


47. tan? 75° 48. csc? 105° 


Exercises 49-52: Use a half-angle formula to find the exact 
value of the expression. Use a calculator to support your 
result. 


49, (a) cos 15° (b) tan(—15°) 
50. (a) sin 67.5° (b) cos (—67.5°) 
51. (a) tan} (b) sin (—2) 
52. (a) cosa (b) cos (-5) 


Exercises 53-58: Use a half-angle formula to simplify the 
expression. Use a calculator to support your result. 


1 — cos 60° 1 + cos 60° 
53. ae Gia 54, <= 

1 + cos 50° 1 — cos 50° 
55. ,| 9 56. 4 | > 

{1 — cos40° /1 + cos26° 
ats 1 + cos 40° i 1 — cos26° 


Exercises 59-64: (Refer to Example 10.) Find sing, cos, 
and tan. 


59, cosd = $and 0° < 6 < 90° 

60. cos@ = + and 0° < @< 90° 

61, tan = 75 and -90° < 0 < 0 
62, secd = —2 and 90° < @ < 180° 
63. cscd = 33 and 90° < 6 < 180° 
64, sind = ¢ and 0° < 6 < 90° 


Verifying Identities 


Exercises 65-74: Checking Symbolic Skills Verify the 
identity. Give graphical or numerical support. 
65. 4sin2x = 8 sinx cosx 


66. cos40 = 1 — 2sin?20 


5 =<eects 
67, —— = cos2x 
sec?x 
68. (sinx + cosx)? = sin2x + 1 
1 


69. sec2x = eras”, ie 
1 — 2sin*x 


70. 2csc 2t = csct sect 
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71. sin30 = 3sin@ — 4sin°0 


2 tanx ; 
. ———_ 4 = sin2x 
1 + tan*x 
73. sin40 = 4 sin@ cos@ cos 20 
74, cos4t = 8 cos! — 8 cos*/ + 1 


Exercises 75-84: Verify the identity. 


; sa = 2cos0 76. 2sin?40 = | — cos80 
sin @ 
77) 2.cos*$ = 1 + cos 
32 
20 
78, —"<" _ = 2sin?9 79. costo — sin’@ = cos 20 
1 + cos 20 
1 = tan?x 
80. ees =cos2x 81. csc 2/ = Sef 
1 + tan’x 2 cost 
82. tan@d + cot@ = —— 
uM 9 sin 20 
os 
x sin.x x sing 
3, tan = ———— [ Hint: Let tan = —, 
8 tansy [+ wax (21 Let tan> me) 
84, tan} = Heese (Hint: Use the identity in Exercise 83.) 


Product-to-Sum and Sum-to-Product Identities 
Exercises 85-88; Write each expression as a sum or difference 
of trigonometric functions, 


85, (a) cos 50° sin 20° (b) cos 2x cos x 


86. (a) 2 sin 74° sin 24° = (b)_ 8 sin 18x cos 13x 


87. (a) sin 70 cos 30 (b) sin 8x sin 4x 


88. (a) 2 cos 5x cos 7x (b) 4 cos 96 sin 20 


Exercises 89-92; Write each expression as a product of 
trigonometric functions. 


89. (a) sin40° + sin30° = (b)_ cos 45° + cos35° 


90. (a) cos 104° — cos24° (b) sin32° — sin 64° 


91. (a) cos60 + cos40 (b) sin7x + sin4x 


92. (a) sin3x — sinSx (b) cos3@ — cosé 


Solving Equations 

Exercises 93-96: Find the solutions to the equation in the 
interval (0°, 360°) 
(a) symbolically, 
93. cos26 = 1 


(b) graphically, and (c) numerically. 
94, sin20 = 4 
v3 
2 


95. sin20 + cosd = 0 96. cos$ = 


Exercises 97-102; Find the solutions to the equation in the 
interval [0, 27). 
97. sing =1 98. cos20 + coséd = 0 
99, V2sin$ -1=0 

100. 2cos$ + 1=0 


101. cos2@ + sin20 = 3 102. cos@ — sin20 = —5 


Exercises 103-118: Find all solutions, expressed in radians. 
103. 2cos2r = V3 104, 2sin2/ = -1 


105, sin2/ + sins = 0 106. sin¢ — cos2¢ = 0 


107. 2sing — 1 =0 108, sin2¢ = 2cos*/ 
109. cos2/ = sins 110. cos2¢ — cos = 0 
11. tan2¢ = 1 112. cot2r = V3 
113, 2cos5 = | 114, tany = | 


115. cos2/ = 2 sin/ cost 

116. 2cos?2s = | — cos2/ 
117, 2 sin?2s + sin2s - 1 =0 
118, 2cos} + 1=0 


Exercises 119 and 120; Approximate to the nearest thou- 
sandth all solutions on [0, 2m). 


119, sin/ + sin2¢ = cost 
120. sin3¢ + sin2¢ = 2 cost 


Solving Trigonometric Inequalities 


Exercises 121-128: Checking Symbolic Skills Solve the 
equation and inequality on the interval [0, 2a). As an aid, 
you may want to use a graph. 


121. (a) sin2¢ = 0 (b) sin2e = 0 

122. (a) cos2/ = 0 (b) cos2t = 0 

123, (a) cos2¢ = 1 (b) cos2¢< 1 

124, (a) sin2¢— cost =0 (b) sin2s — cost > 0 
125. (a) tandy = 1 (b) tang¢> 1 

126. (a) cot;t = -1 (b) cotzt < -1 

127. (a) sin?2r = 0 (b) sin?2s < 0 

128. (a) cos?2/ = 0 (b) cos?2r = 0 
Applications 


B 129, Electricity (Refer to Example 8.) Suppose that the 
voltage in a 220-volt electrical circuit is modeled 


130 


FTO) 


by V(d) = 310 sin(1207/) and that the amperage 

flowing through a heater is (1) = 7 sin(12070). 

(Source; G. Wilcox and C. Hesselberth, Electricity for 

Engineering Technology.) 

(a) Graph the wattage W = VI consumed by the 
heater in [0, 0.04, 0.01 ] by [—500, 2500, 500]. 


(b) Find values for the constants a, k, and dso that 
W=acos(ka) +d. 


Electricity If a toaster is plugged into a common 
household outlet, the wattage W used varies accord- 


2 
ing to the equation W = Ee, where V is the voltage 


and R is a constant that measures the resistance of 
the toaster in ohms, (Source: D, Bell, Fundamentals of 
Electric Circuits.) 

Graph Wif R = 15 and V = 163 sin(1207r/) in 
(0, 0.05, 0.01] by [—500, 2000, 500]. 


(b) Approximate the maximum wattage consumed 
by the toaster, 


(c) Use a power-reducing identity to express the 
wattage as W = acos(2407/) + d, where aand 
d are constants, 


Exercises 131 and 132; Electricity Let the voltage in an 
electrical outlet be given by V(t) = 320 sin (12070) at time t 
in seconds, Find the times when V equals the following values, 


131, 160 volts 
132, 160 V3 volts 


133, Highway Curves When an automobile travels 


along a circular curve, objects like trees and build- 
ings situated on the inside of the curve can obstruct 
the driver’s vision. If the cars in the figure are a 
safe stopping distance apart, then the distance d 
that should be cleared on the inside of the curve is 
d=r (1 = cos), where r is the radius of the curve 
and B is the central angle between the cars, (Source: 
F, Mannering and W. Kilareski, Principles of Highway 
Engineering and Traffic Analysis.) 


135 


136, 


137, 


138, 
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(a) Find dif B = 80° and r = 600 feet. 
(b) Use the figure to justify this formula, 


(c) Is the given formula equivalent to the formula 
d= r( a bcos)? Explain, 


Highway Curves The figure represents a circular 
curve with radius r and central angle 0, The tangent 
length 7 is an important distance used by surveyors, 
(Source; F, Mannering.) 


(a) Show that T= r tang. 


(b) Find 7 for a curve with a 1500-foot radius and 
0 = 80°. 


Touch-Tone Phones (Refer to Example 15,) For the 

numbers 3 and 4 on a touch-tone phone, complete 

the following, 

(a) Write formulas, f for 3 and g for 4, that are the 
sum of two cosine functions and that model the 
tone generated by each number. 


(b) Write the formulas for each tone from part (a) 
as a product of two trigonometric functions, 


Musical Tones and Beats If two musical tones 

with nearly the same frequency are played simul- 

taneously, a phenomenon called beats occurs. Let 

P; = 0.04 cos(1107/) and Pz = 0,04 cos(1167/) 

represent these tones. 

(a) Graph P = P, + P, in the viewing rectangle 
(0.2, 1.2,0.2] by [-0.08, 0.08, 0.01]. How 
many beats are there? 


(b) Use a sum-to-product identity to write P; + P, 
as a product of trigonometric expressions. 


Writing about Mathematics 


Suppose a student believes that an equation is an 
identity but cannot verify it symbolically, Discuss 
techniques that the student could use to support this 
belief. 


Does the equation sin?30 + cos?20 = 1 represent 
an identity? Explain your reasoning. 
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CHECKING BASIC CONCEPTS FOR SECTION 7.5 


1, Find values for sin 20 and cos 26 if cos@ = -# and 3. Find sin and cos 4 if sind = fand 0 is acute. 
sind = 55. 20 
a 4. Verify that os = 2 - sec6. 
cos*6 


2. Use a half-angle formula to find the exact value of ; 
sin 22.59. 5. Solve sin20 = 2cos@ for 0 = @ < 27. 


| CONCEPT EXPLANATION AND EXAMPLES | 


Section 7.1 Fundamental Identities 


1 1 
sing = —— ey = —— 
Reciprocal Identities sin 00 cos0 sob tand Sate 
it 1 1 
0 = — =e oe oes 
ee sind mee cos6 Pay tand 


Example: If sind = 3 then csc@ = 3, 


r ind 
Quotient Identities iOS  -eouo cose, 
cosé sind 
Example: If sind = —3 and cos@ = 4, then tang = => = -3 
xample: sind = —$ and cos@ = §, then tand = G75 = —}. 
Pythagorean Identities sin?@ + cos?0=1 1 + tan?@ = sec?@ ‘1 _-+ cot?@ = csc? 


Examples: sin? 30° + cos? 30° = | 


Oe 2 sale 
I + tan’G = sec*Z 


Negative-Angle Identities sin(—0) = —sin@ cos(—0) = cos@ tan(—@) = —tan@ 
csc(—0) = —csc@  sec(—0) = sec@ cot (—0) = —cot@ 
Note: Cosine and secant are even functions, having graphs that are symmetric 


with respect to the y-axis, Sine, cosecant, tangent, and cotangent are odd func- 
tions, having graphs that are symmetric with respect to the origin. 


Examples: cos(—45°) = cos 45°, sin(—60°) = —sin 60° 
Section 7.2 Verifying Identities 


Verifying Identities To verify an identity, simplify one side of the equation until it equals the other 
side of the equation. Make use of the fundamental identities from Section 7.1. 


1 — sin? 
E le: = Verif —_ = 0. 
example: erify that axe cos 
1—sin?@ _ cos?0 
cosé cos @ 


| CON 
CONCEPT 
| J\\h 
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Section 7.3 Trigonometric Equations 


Reference Angle 


Trigonometric Equations 


The reference angle 6g for an angle @ in standard position is the acute angle 
between the terminal side of 6 and the x-axis. 


Example: The reference angle for 0 = 120° is 0g = 60°. 


Unlike polynomial equations, which have a finite number of solutions, 
trigonometric equations can have infinitely many solutions. 


Example: Find all solutions to 2 sin@ — 1 = 0, 


2sind-1=0 
2sind = 1 

a at 8 iol 

sind = Y 


Since 0g = sin!} = 30° and the sine function is positive in quadrants I and II, 
the solutions to sin@d = 5 for 0° = @ < 360° are 30° and 150°. 


Since sin 6 has period 360°, all solutions to the equation can be written as 
6 = 30° + 360°*n or 6 = 150° + 360°+n, where v is an integer. 


Section 7.4 Sum and Difference Identities 


Cosine Sum and Difference 


Sine Sum and Difference 


Tangent Sum and 
Difference 


Cofunction Identities 


cos(a + B) = cosacosB — sina sinB 
cos(a — B) = cosacosf + sina sinB 


Example: —cos(60° — 45°) = cos 60° cos 45° + sin 60° sin 45° 


sin(a + B) = sina cosB + cosa sinB 


sin(a — B) = sina cosB — cosa sinB 


Example: — sin(60° — 45°) = sin 60° cos 45° — cos 60° sin 45° 


tana — tanp 


tan(a + B) tana + tanB 
an SS 
i 1 + tana tanp 


~ 1 = tane tanp’ 


tan(a — B) = 


tan 60° — tan 45° 
1 + tan 60° tan 45° 


7 ; roe Ac 

cos(Z = ‘) = sint sin( = ‘) = cost 
T T 

cot (z = ‘) = tant tan(Z = ‘) = cotr 
T T 

ese (z as ') = sect see(% o ‘) = eset 


Example: tan tan( -2) cot = 
as 3 2 6 6 


Example: — tan(60° — 45°) 
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ONCEPT 


Section 7.5 Multiple-Angle Identities 


Double-Angle Identities sin2@ = 2sin@cos@ cos20 = cos*@ — sin? tan20 = er 
— tan 
or 
cos20 = 2.cos*@ — | 
or 
cos20 = | — 2sin’0 
Example: — sin 120° = sin(2 + 60°) = 2 sin 60° cos 60° 
Sex . | = 20 1 - 
Power-Reducing Identities sin?@ = sos eagtd on Oe a tan?6 = ead 
2 2 | + cos 20 
Example: — sin?30° = {eos ett 
7] = 0 0 I of 0 
Half-Angle Formulas sin= = + a s08 cos~ = + | = 
2 2 2 2 
jan +. {1 — cos@ fant | — cos0 inne sind 
2 ~Vi1+cosé 2 sind "2 1+ cosd 


Example: cos 15° = cos (Wee $s 30 


Product-to-Sum Identities cosa cosB = 5 (cos (a + B) + cos(a — £)) 
sine sinB = 5 (cos (a — B) — cos(a + B)) 
sina cosB = 5(sin(a + B) + sin(a — B)) 
cosa sinB = Losin(a + B) — sin(a — p)) 


Example: cos 45° cos 60° = 3 (cos (45° + 60°) + cos (45° — 60°)) 


a+b a-b 
—cos———— 


Sum-to-Product Identities cosa + cosh = 2 cos 5) 
+b b 
cosa — cosh = —2sin 4 sin 2 
2 2 
» Ot b = 6 
sina + sinb = 2sin a cos a 
2 2 
. ‘ +h, a-~b 
sina — sinb = 2.cos” sin 4 7 


0 ° ° ane 
Example: cos 60° + cos30° = 2 cos 0 + 30" cos z 20 


ATT 


at 
phe rie , : y 


Exercises 1 and 2: Determine the quadrant that contains 8, 
1. sec@ < 0 and sin@ > 0 


2. cot@ > 0 and cosé < 0 


Exercises 3-6: Use the given information to find the other 
trigonometric functions of 8. 


3. sind = 2 and cosé = -4 
4, secd = -B and csc@ = -B 
5. tanéd = -4 and cos = i 


6. cotd = —tand sind > 0 


Exercises 7-10; Use a negative-angle identity to write an 
equivalent trigonometric expression involving a positive 
angle. 


7. sin(—13°) 


9, sec (-32) 


8. cos(—106°) 
10. tan (- $n) 


Exercises 11-16: Simplify each expression. 
11, sec@ coté sind 12, sin@ cscé 


secO — sin® 


13, (sec?# — 1)(csc? ; 4 

3. (sec?s — 1)(csc?s— 1) 14 masa Tears 

is cscd sind cos” 
"sec "1 = sind 


Exercises 17-20: Use a calculator to approximate the other 
trigonometric functions of 0 to four decimal places. 


17, tan@ = 1.2367 and @ is acute 

18, sind = —0.3434 and @ isin quadrant IV 
19, cosd = —0.4544 and 6 is in quadrant II 
20. tan@ = —0.8595 and @ is in quadrant IV 


Exercises 21-24: Factor the trigonometric expression. 
21. sin?@ + 2sind + 1 


22. 2cos’t — 3cost + 1 
23. tan?@ — 9 
24, 2 sec? — 3secd — 5 


Exercises 25-38: Verify the identity. 
25. (secO — 1)(sec@ + 1) = tan’ 


26. (cos@ + sind) + (cos@ — sing)? = 2 


27. (1 + tans? = secs + 2 tans 
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28. (1 — cos?/)(1 + tan?/) = tan?¢ 
29, sin(x — m) = —sinx 
30. cos(a@ + x) = —cosx 


31. sin8x = 2 sin4x cos4x 


4 


32. costx — sintx = cos2x 
33. sec 2x = oe 
‘ ° 2cos?x — I 
1 + tan?x 
34, = sec? x 


sin? x + cos? x 
35. cos’ x sin? x = (cost x — cos®x) sinx 
36. sintx = Q - 5cos 2x + gcos4x 
37. sec'@ — tanto = 1 + 2 tan? 


1 + cosé sin 0 
q ; + 
sin 0 1 + cosé gone 


Exercises 39-42; Find the reference angle for 0. 
39. @ = 240° 40. 6 = 320° 


= 
41. 9 = 


Exercises 43 and 44: Use the graph to estimate any solutions 
to the trigonometric equation for (0,22). Then solve the 
equation symbolically. 


43. cos?@—2cos@=0 44, 2sintcost — cost = 0 


/~ 
2 / \ 
1 \ 
+ +++ +—t+—> 0 
-1 7 T X Qa 
-2 
-3 


Exercises 45 and 46: Solve the given trigonometric equa- 
tion for 0° = @ < 360°. 

45. (a) tand = V3 -V3 

(b) cos@ = -1 


46. (a) sind = 1 


ll 


(b) coté 


Exercises 47-52: Solve the equation for 0 = t < 2m. 
47. 2cost-—1=0 48. cot?s = 1 


49, 2sin?s + sint — 3 =0 


50. sin?s + 2cos¢ = 1 
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51, tan’s — 2tan¢ + 1=0 


52, 2sin¢ = V3 


Exercises 53-56; Find all solutions to the equation. Express 
your results in both degrees and radians. 


53. 3tan?7- 1 =0 54, 2sin?s — sins - 1 =0 


55, sin2¢ + 3cos/ = 0 56. cos2/ = | 


Exercises 57 and 58; Use a half-angle formula to find the 
exact value for the expression. Use a calculator to support 
your result, 


57. cos 105° 58, sin 5 


fa Exercises 59 and 60; Estimate any solutions in the interval 


[ -2<r, 2] graphically to two decimal places, 
59, tanv=xtl 60, sin(cos) = tanx 


Exercises 61 and 62: Find the following. 


(a) sin(a + B) (b) cos(@ + B) 
(c) tan(@ + B) (d) The quadrant containing a + B 


61. cosa = 2 and cosB = i, where @ and B are both in 
quadrant I. 


62, sina = -2 and tanB = -4, where @ and B are 
both in quadrant IV, 


Exercises 63 and 64: Complete the following. 


(a) Find sin 20, cos 20, and tan 20, 
(b) Use a calculator to support your results. 


63. sind = 4 and tan@d = -4 


64, sind = -i and cos@ = -*§ 


Exercises 65 and 66; Complete the following. 
(a) Find sin§, cos$, and tan$, 

(b) Use a calculator to support your results, 
65. cos0 = j and 0° <6 < 90° 

66, tand = -- and —90° < 0 < 0° 
Exercises 67 and 68: Evaluate the expression. 


67. cos (2 tant) 68, sin(2 sin”! y), x > 0 


Applications 


69, Daylight Hours The number of daylight hours y at 
20° S latitude can be modeled by 


y= 1.2.008( Ze = 01) + 12.1, 


where x = | corresponds to January 1, x = 2 to 
February 1, and so on. Estimate when the number of 
daylight hours equals 11.5 hours, (Source: J, Williams.) 


fg 70. Music and Pure Tones A pure tone is modeled by the 
graph of P(/) = 0.006 cos(507/), where P represents 
the pressure on an eardrum in pounds per square foot 
at time / in seconds. (Source: J. Roederer, Introduction to 
the Physics and Psychophysics of Music.) 
(a) Graph Pin [0,0.1,0.01 ] by[—0.008, 0.008, 0.001]. 


(b) Estimate all solutions to the equation P = 0 on 
the intervalO <7 0.1, 


Modeling Musical Tones Let the pressure exerted 
on the eardrum by two sound waves in pounds per 
square foot be given by 


P\() = 0.006 cos (10077) 
P2(t) = 0,008 sin (10077). 


Graph the pressure on the eardrum P = P; + Py 
in [0, 0.06, 0.01] by [-0.012, 0.012, 0.002], 


fg7l. 


and 


(a 


.— 


(b 


~ 


Use the graph to find values for a and k such that 
P = asin(100m + k). 


(c) Use a sum or difference identity for sine to verify 
your result in part (b). 


Electricity Suppose the voltage in an electrical heater 

is given by V() = 17 sin(120a/) and the amperage 

flowing through the heater is 7() = 2 sin(12070), 

where / is in seconds. (Source: G. Wilcox and C, 

Hesselberth, Electricity for Engineering Technology.) 

(a) Graph the wattage W = VI consumed by the 
heater in [0, 0.04, 0.01] by [—40, 40, 10]. 


fg 72 


(b) Use a power-reducing identity to express the 
wattage in the form W = acos(ka/) + d, where 
a, k, and d are constants. 


: ig 73. Electromagnets Let the wattage consumed by an 


electromagnet be given by W(/) = 7 cos?(2407/) and 
the voltage be given by V() = 50 sin(24070), where 
tis in seconds, Express W(¢) in terms of the sine func- 
tion. When V is maximum or minimum, what is the 
value of W? Explain. 


74, Average Temperatures Let the monthly average high 
temperature y in degrees Fahrenheit at a location be 
given by y = I5sin (E(x al 4)) + 60, where x is the 
month and x = | corresponds to January. Estimate 
when the monthly average high temperature is 60° F, 


75 


Back Stress The force exerted by the back muscles of 
a 100-pound person can be estimated by F = 289 cos. 
Find @ in degrees and radians when F = 250 pounds. 


76, 


Electricity Let V() = 80 sin(1207/) denote the volt- 
age in an electrical outlet at time ¢ in seconds, where 
‘is a real number. Find all times when the voltage is 
40 volts. 


Law of Sines 

Law of Cosines 
Vectors 

Parametric Equations 
Polar Equations 


Trigonometric Form 
and Roots of Complex 
Numbers 


Further Topics 
in Trigonometry 


M ost of us have flown at some time in our lives. In fact, on average, more than 
8 million people fly every day, and in 2016, total passenger numbers reached 
3.8 billion. As a result, airports typically have more than one runway, which are 
numbered between 01 and 36. These numbers not only identify the runway but 
also inform the pilot about the direction that the plane is headed. Runway num- 
bers not only correlate to compass bearings, but also to whether a pilot turns left 
or right onto a runway. In order for a pilot to fully understand runway bearings, 
it is necessary to understand angles. (See Example 6 in the first section of this 
chapter.) Bearings are also used in other situations, such as locating ships and 
forest fires. 

Angles, triangles, vectors, and complex numbers help make new technolo- 
gies such as the Global Positioning System, aerial photography, and navigation 
possible. In this chapter, we use these mathematical concepts to solve a variety 
of applications. 
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Law of Sines 


» Learn about oblique 


triangles Introduction 
« Derive the law of sines In a previous chapter, we solved right triangles. Solving a triangle involves finding 
« Solve triangles the length of each side and the measure of each angle in the triangle. In many areas 
» Solve the ambiguous case of study, triangles without right angles often occur. For example, the height of the 


Gateway to the West Arch in St. Louis can be found from the ground by using oblique 
triangles without right angles. (See Exercise 67.) To solve these oblique triangles, we 
will use the law of sines and the law of cosines. In this section, the law of sines is 
derived and used to solve several problems. 


Oblique Triangles 


Ifa triangle is not a right triangle, then it is called an oblique triangle. There are four 
different situations, or cases, that can occur when attempting to solve an oblique 
triangle. 


1, SSS: All three sides are given. This situation determines a unique triangle and is 
referred to as SSS. FIGURE 8.1, Note that the length of any one side must be less 
than the sum of the lengths of the other two sides. 

2. SAS: Two sides and the angle included (between them) are given, This situation 
determines a unique triangle and is referred to as SAS. See FIGURE 8.2. 

3. AAS or ASA: One side and two angles are given. This situation determines a 
unique triangle and is referred to as AAS or ASA, See FIGURE 8.3, Note that 
whenever two angles of a triangle are known, the third angle can be found by 
using the fact that the sum of the measures of the angles equals 180°. 

4, SSA: Two sides and an angle opposite one of the sides are given, This situation 
does not ahvays determine a unique triangle and is referred to as SSA. There may 
be zero, one, or two triangles that can satisfy SSA. As a result, we call SSA the 
ambiguous case. See FIGURES 8,4-8.6. 


Cases 1-3: One Triangle Possible 


(Unique) 
Cc 
¢ 
3 
50° 
A a B A 4 B A B 
FIGURE 8.1 Case 1: : FIGURE 8.2 Case 2: SAS. FIGURE 8.3 Case 3: AAS or ASA 


Case 4: Zero, One or Two Triangles Possible 
(Ambiguous Case) 


A B 
FIGURE 8.4 Case 4: 554 FIGURE 8.5 Case 4: 554 FIGURE 8.6 Case 4:55 
(No Triangles) (One Triangle) (Two Triangles) 


Cases | and 2 are solved in the following section using the /aw of cosines, and 
Cases 3 and 4 are solved in this section using the /aw of sines. 


Standard Labeling 


FIGURE 8.7 


B 


h 


| 
| 
| 
| 
| 
| 
| 
L 
. 


iz \ 
A Cc 
FIGURE 8.8 
EXAMPLE 1 
c 
Ya 
b\ 110 =< 
es _20°T—~ 
; B 
FIGURE 8.9 
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Solving Triangles with the Law of Sines 


We will label triangles as shown in FIGURE 8.7 and refer to this labeling as the standard 
labeling, For example, angle a is located at vertex A and side a is opposite angle a. 
Note that angle y need not be a right angle. 


Derivation of Law of Sines The law of sines can be derived using the oblique 
triangle shown in FIGURE 8.8. 


‘ h : 

sna=—, or h=csina 
c 

. h . 

sny=-, or h=asiny 


Since /; = csin a and /) = asin y, it follows that 
csina@ = asiny, 
or, if we divide each side by ac, 
sina  siny 
“ee 
Ina similar manner it can be shown that 


sina  sinB 


a b! 


This discussion supports the following result. 


> 


F a c 
» orequivalently, —— => = 7—. 
sina sinB  siny 


We usually use these 
equations to find angles 


We usually use these 
equations to find sides 
a, b, orc. 


Apply the Law of Sines In the next example we solve a triangle by using the law 
of sines, 


Solving a triangle (ASA) 
Solve the triangle shown in FIGURE 8.9 
SOLUTION In FIGURE 8.9, a = 110°, B = 20°, and c = 5. To solve this triangle we 


need to find a, b, and angle y located at vertex C, Because we are given ASA, we can 
apply the law of sines. 


Find y The sum of the measures of the angles in a triangle equal 180°, so it follows 
that a + B + y = 180°. 


y = 180 -a-B Ive for 
= 180° — 110° — 20° i 


= 50° innplit 
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Cc Find « and b We can find a and b by writing the law of sines so that a is the only 
\ey a unknown in one equation and b is the only unknown in the other equation. 
\ 
b\ 
\ 110° " Find Side a Find Side b 
Dy ; 
A 5 B O35 & b ee 
FIGURE 8.9 (Repeated) sina sin y sinB sin 
l ) b ) 
sin 110° sin 50° sin 20° sin 5()° 
5 sin 110° j 5 sin 20° lye { ‘al 
SS  erReT SS rat 
sin 50 sin 50° 
«a = 6.13 bh = 2,23 pproxity 
| Now Try Exorciso 3 | 
| EXAMPLE 2| Solving a triangle (AAS) 


If B = 85°, y = 40°, and b = 26, solve triangle ABC. 


SOLUTION Sketch triangle ABC as shown in FIGURE 8.10. Because the three angles 
in a triangle sum to 180° and two of the angles are given, we can find a. 


aw = 180° — £ — y = 180° — 85° — 40° = 
Side a can be found by using the law of sines. 
G 
IN a b 
~\ wre i re | of sin 
40°. Write the law of sines so that a sin sin B 
\ is the only unknown, | a 26 
a ee sin 55° sin 85° 
: _ 26 sin $5° aa 
al 2 ; sin 85° iis tie ae 
(aN 
B c A a= 214 
FIGURE G10 Side c can be found in a similar manner. 
b 


@ 
Write the law of sines so that c or y ~ sin B 7 


is the only unknown. | 
c 26 


sin 40° sin 85° 
26 sin 40° 

sin 85° 
16.8 


R 


| Now 1 ry Exercise 27 | 


Applications The next two examples demonstrate how the law of sines is used in 
applications. 


Using aerial photography to find distances (ASA) 


FIGURE 8.11 depicts a situation in which a camera lens has an angular coverage of 
75°. As a picture is taken over level ground, the airplane’s distance is 4800 feet from a 
house located on the edge of the photograph and the angle of elevation of the airplane 
from the house is 48°. Find the ground distance @ shown in the photograph. (Source: 
F. Moffitt, Photogrammetry.) 
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Aerial Photography SOLUTION In this example we are given two angles and the side included (ASA), so 
xh, let w = 75°, B = 48°, and c = 4800, as shown in FIGURE 8.12. To find the third angle 
A y we can use the fact that the angles sum to 180°. 
y = 180° —e-B 
= 180° — 75° — 48° 


= 57° 


Side a corresponds to the ground distance shown in the photograph and can be found 


FIGURE 8.11 by using the law of sines. 


a ce 


sina sin y 


a 4800 
sin 75° ~ sin 57° 
4800 sin 75° 
= sin 57° 
uw = $528 


FIGURE 8.12 . 
About 5528 ft | The photograph will show about 5528 feet of ground distance from one edge of the 


photograph to the other. 
W Try ExorciKe / 


15 


| Noi 


> awiohoee Estimating the distance to the moon (ASA) 


Since the moon is a relatively close celestial object, its distance can be approximated 

using trigonometry. To find this distance, two photographs of the moon were taken 

at precisely the same time from two locations, The lunar angles of elevation dur- 

ing a partial solar eclipse at Bochum in upper Germany and at Donaueschingen in 

a ehahiinidioncani lees uy lower Germany were measured as a = 52.6997° and @ = 52.7430°, respectively. See 

(Nottoscale) FIGURE 8,13. If the two cities are 398.02 kilometers apart, approximate the distance to 

the moon, Disregard the curvature of Earth in this calculation. (Source: W. Schlosser, 
Challenges of Astronomy.) 


SOLUTION 

— Getting Started Consider triangle ABC shown in FIGURE 8.14, where a = 52,6997°, 
: 0 = 52.7430°, and c = 398.02. Because a + y and 6 are both supplements of angle 
Donaueschingen B, it follows that a + y = @ and so 


Bochum 


E 8.13 
— y = 0 — a = 52.7430" — 52,6997° = 0.0433". 
c The distance to the moon can be approximated by finding either a or b, Why? » 
We find a by applying the law of sines. 


(Not to scale) Ln 0.0433° | a c 


a Pad 52.6997" | sina sin y 
- a 398.02 
we :— 52.7430° | sin 52.6997° sin 0).0433° 
- ete 
398.02 sin 52.6997° 


A c B o= 


FIGURE 814 ~ sin 0,0433° 
398.02 km | 


« = 419,000 km 


The distance to the moon on that day was about 419,000 kilometers, 
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| EXAMPLE 5 


Be-Jo------ 


Ranger stations | 


FIGURE 8.17 


Bearings Bearings are used in both surveying and aerial navigation to determine 
directions. If a single angle is used for a bearing, then it is understood that the bearing 


is measured clockwise from due north, See FIGURE 8,15, 


Examples of Bearings 
N N N 


yy, . 130° 
\ 


FIGURE 8.15 


In the next example, we locate a fire by using bearings. (Source: I, Mueller and 


K, Ramsayer, Introduction to Surveying.) 


Determining the location of a forest fire 


A fire is spotted from two ranger stations that are 4 miles apart, as illustrated in 
FIGURE 8,16. From station A the bearing of the fire is 35°, and from station B the bear- 
ing of the fire is 335°, Find the distance to the nearest hundredth of a mile between 


the fire and each ranger station if station A lies directly west of station B, 


Finding the Distance to a Fire 


4 miles 


FIGURE 8.16 


SOLUTION Seetriangle ABCinFIGURE8.17, wherea = 55°, B = 335° — 270° 
and c = 4. Thus 


y = 180° — 55° — 65° = 60°. 


Using the law of sines, we can find a. 


a _ e¢ 
sina sin Y 
a _ 4 
sin 55° sin 60° a 
_ 4sin 55° 
~~ sin 60° 
« = 3.78 mi Approxim 


65°, 
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Ina similar manner, we can find b. 


b c 
sinB sin y slated 
b = 4 icon 
sin 65° sin 6()° : 
4 sin 65° 
= Sin 60° Multiply by sin 65 
b= 4.19 mi Approximate 


The fire is 4.19 miles from station A and 3.78 miles from station B. 


Now Try Exercise 49 


An Application about Airport Runway Numbers Airport runways are often 
numbered from 01 to 36. This runway number is associated with a bearing for the 
direction of the runway. It is assumed that a 0 is appended to each number. For exam- 
ple, if a runway is numbered 22, as shown in FIGURE 8.18, then the pilot knows that 
the bearing of the plane is 220° at takeoff and the plane is initially headed (roughly) 
southwest. Similarly, a runway number of 4 indicates that the runway bearing is 40°, 
or roughly northeast, which would be in the opposite direction (a difference of 180°) 
of the runway shown in FIGURE 8.18. Note that one difference from ordinary bearings 
and runway bearings is that north is 360° rather than 0°. 


N 
360 


270 A 90 


180 


FIGURE 8.18 


Sometimes runways are labeled with both |. and t. For example, suppose that a 
runway is labeled 251-07, as shown in the photo. This means that if a plane turns 
left onto the runway, its bearing is 250°, and if it turns right, its bearing is 70°. 


ime Widhoe Determining airport runway bearings 


Suppose that at take off you notice that the runway is labeled |21, but you miss 
what the corresponding t number is. The pilot turns right onto the runway. 

(a) What would be the number on the sign? Explain your reasoning. 

(b) What direction is the plane headed at takeoff? 
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SOLUTION 

(a) The right bearing is in the opposite direction from the left bearing, so the right 
bearing must differ from the left bearing by 180°. Therefore the |. and lt numbers 
always differ by 18 and they are numbered from 01 to 36. It follows the right 
runway number is 12 + 18 = 30, or the sign must have been 121-302. 

(b) If the pilot turns right onto the runway with 401, then the bearing is 300°, and 
the plane is headed in (roughly) a northwest direction, 


The Ambiguous Case (SSA) 


If we are given two sides and an angle opposite one of the sides (SSA), there may be 
zero, one, or two triangles that satisfy these conditions. For this reason 3. is called 
the ambiguous case. 


See the Concept: The Ambiguous Case (SSA) 


sin B>1 sin B= 1 sin B <1 (a> b) sin B < 1 (a < b) 
Cc ce 6 
| 5 | ; No | 
45 Sy Pa 
_ : 
As” f A* { I \) 
‘A A Fa B A Jt B 
No B exists. | B= 90 | B| Bz 180° — py | By; acute | 


No Triangle; Side 
a = 5§ is too short to 


One Triangle: 
B = 90°, soitisa 


One Triangle: Side a = 9 is 
longer than side b = 7, 


Two Triangles: Side a = 6 is 
shorter than side b = 8 but 


reach side c, right triangle. long enough to reach side c in 


two ways. 


The following box summarizes the steps needed to recognize and solve each situation 
of the ambiguous case, where we are given two sides and an angle opposite one side, 


Given SSA, the following steps can be used to determine whether there are zero, 
one, or two triangles that satisfy the conditions. For simplicity, assume that a, b, 
and q@ are given. 


STEP 1; Use the law of sines to find sin 8, where B is the unknown angle opposite b. 
No Solutions; —_If sin B > 1, there are no possible triangles. 
One Solution; If sin B = 1, then B = 90°. Find y and ec. 
STEP 2: If sin = k, where k < 1, calculate B; = sin"! k and B, = 180° — py. 
Note that B, and B, are the two possible solutions to sin B = k. 
One Solution; If @ + By = 180° (ora > b), there is one triangle deter- 
mined by f. Find y and c. 
Two Solutions: If a + By < 180° (ora <b), there are two triangles. 
Let y,; = 180° — a — B, and y2 = 180° — a — f>, Find 
¢, and ¢. 


8.1 LawofSines 681 


Solving the ambiguous case (no solutions) 
Let a = 62°,a = 6, and b = 10. If possible, solve the triangle. 
SOLUTION 


STEP 1; We begin by using the law of sines to find sin B. 


7B 8 sin @ 
No Triangle Exists Write the law of sines b a 
so that sin B is the only er F, i 
unknown, sin B__ sin 62 evita 
Sa - 6 
in B 10 sin 62° 
mes 1 
6 
sn B ~ 147> 1 imate sin [ 


Since the sine function is never greater than 1, there are no solutions for B. 
No such triangle exists. See FIGURE 8.19. 


FIGURE 8.19 Now Try Exercise 37 
An Application from Construction Trusses are used in construction to support 
A Bridge Truss roofs, radio towers, bridges, and aircraft frames. Many times the smaller shapes 
I7ft p within a truss are triangles. See FIGURE 8.20. In the next example, we determine that a 
2Ko \ particular truss design results in a unique truss. (Source: W. Riley, Statics and Mechanics 
‘) of Materials.) 
BEX 
A 
FIGURE 8.20 


Solving the ambiguous case (one solution) 


Suppose that an engineer has designed the truss in FIGURE 8.20 and specified that in 
triangle ABC, BC = 17 feet, AC = 22 feet, and angle ABC = 32°. Determine the 
length of AB to the nearest tenth of a foot. Is this value for AB unique? 


SOLUTION 


STEP 1; Triangle ABC from the truss in FIGURE 8.20 is shown in FIGURE 8.21, Using 
standard labeling, let a = 17, b = 22, and B = 32°. Start by finding sin a. 


Cc sina sin B 
ab 
¢ sina _ sin 32° 
Bak 17 22 
: = 17 sin 32° 
sin @ 2 
A ; 
FIGURE 8.21 sina =~ 0.4095 \ te sin a 


STEP 2: There are two values possible for angle @ when sina ~ 0.4095. Angle a lies in 
either quadrant I or II with reference angle az ~ sin™! (0.4095) ~ 24.2°. Thus 


a, ~ 180° — 24.2° = 155.8°. 


However, if a, ~ 155.8°, then a, + B = 155.8° + 32° = 180°, which is 
not possible in a triangle. Therefore a, ~ 24.2° is the only possibility and 


ay ~ 24.2° and 


y = 180° — 24.2° — 32° = 123.8°, 


There is only one triangle possible and one solution. 
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One Solution The law of sines allows us to find AB, or side c. 
B 
A} ee. aw b 
y Vee siny  sinB 
Z 
CO 228°/ ‘ 22 
acca | Anton ue Sadan 
/ sin 123.8° sin 32' 
/ 34.5 ; Ca 
oR / 6s 22 sin 123.8 
i 14.2 sin 32° 
/ 
/ c = 34.5 ft 
V ; ‘ eee 
A Thus AB is about 34.5 feet long, and this value is unique. A sketch of the solved 
FIGURE 8.22 triangle is shown in FIGURE 8.22. 


P TEAS, 
| Now Try Exercise 33 | 


£9 Solving the ambiguous case (two solutions) 


Let a = 55°, b = 8.5, and a = 7.3, Solve the triangle. Round to the nearest tenth. 


SOLUTION 


STEP 1: Begin by finding sin B. 


First Triangle 
Cc 
A\ 
52.5° 
8.5 ta 
tg F285 
LS L 
A WA B 


FIGURE 8.23 Solution | 


Second Triangle 
1s) 


pA / ; 
107.5° 
55° 
V7] 
A 27 B 


FIGURE 8.24 Solution 2 


sinB _ sina 


b a 
sin B x sin 55° 

5 13 
. , _ 8.5 sin 55° : 
sin B = ca 


sin B ~ 0.9538 »proximat 


STEP 2: Two angles that satisfy sin B ~ 0.9538 in quadrants I or II are 


B, ~ sin™! (0.9538) ~ 72.5° and By = 180° — 72.5° = 107.5°. 


Both of these values for B are valid, since they do not result in the sum of the 
angles exceeding 180°. There are fvo solutions. (Note that a < b.) 


Solution 1 Let By ~ 72.5°, Then y,; ~ 180° — 72.5° — 55° = 
c, can then be found. 


5°, Side 


ca a 
siny, sing 
aT 7.3 sin 52.5 
! sin 55° 
q = 71 


A sketch of first triangle ABC is shown in FIGURE 8.23. 


Solution 2. Let Bo ~ 
Then side c, can be found. 


°. Then y2 ~ 180° — 107.5° — 58° = | 


C2 a 
siny, sing 
_ 7.3 sin 17.5 
sin 55° hia 
Cy ~ 2.7 proximat 


A sketch of second triangle ABC is shown in FIGURE 8,24. 


| Now Try Exercias 29 | 
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mm Putting It All Together 


The law of sines can be expressed as either 
sing _ sinB _ siny a b c 
ab «@ sina sinf siny 


When using the law of sines, a good strategy is to select an equation with the 
unknown variable in the numerator. We can use the law of sines to solve triangles 
when we are given ASA, AAS, or SSA. The cases ASA and AAS occur when two angles 
are given. In these cases a unique triangle is determined. The case where we are given 
SSA is called the ambiguous case, since there may be zero, one, or two triangles that 
satisfy the conditions. The ambiguous case is shown in the accompanying table, 

THE AMBIGUOUS CASE 


No solutions for triangle ABC 


a 


sin B > | (wacute) sin B > | (a obtuse) 
One solution for triangle ABC 


sin B = | (@acute) 


sin B < | and sinB < 1 and 
a > b(eacute) a > b (a obtuse) 


| Two solutions for triangle ABC 


sin B < 1 anda < b(eacute) 


Exercises 


Solving for Unique Triangles 


Exercises 1-4: Solve the triangle. Approximate values to 
the nearest tenth, 


3, 4, c 
G 
1, c 2. c RZ 
bs 8 10 
a an pve 60°, /\ 
/\ # A B A 25 B 


( 50°”. 
A B 
Exercises 5-12: Solve the triangle. Approximate values to 
aX the nearest tenth. 
A 4 B 5, a = 40°, B = 60°,c = 10 


6. a = 35°, B = 75°,¢ = 8.1 
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7. a = 25°, y = 40°,a = 9.7 
8. B = 30°, y = 72°,b = 6 
9. B = 40.2°,y = 60.7°,a = 5.5 
10. a = 15.7°, y = 23°,¢ = 7.2 
Il, a = 27°, y = 49°, b = 67 
12, B = 39°, y = 67°,a = 79 
Recognizing the Ambiguous Case (SSA) 


Exercises 13-20: Let triangle ABC have standard labeling. 
Given the following angles and sides, decide if solving the 
triangle results in the ambiguous case. 


13, a, B, anda 14. a, y, and c 


15, a,b, ande¢ 16. a, a, and b 
17, B,b, ande 18. a,b, ande 


19, y, a, and ec 20, B, b, and a 


Solving the Ambiguous Case 


Exercises 21-26: Solve the triangle, ifpossible. Approximate 
values to the nearest tenth, 


i. c 22. 
/ y 
ae 
A \6 
/ \ WY \, 
As \ J \ 
A B / \ 
ps0" \ 
| 
A B 
23. ¢ 24, c 
/ . o /3 
| x 30° 
/ A B 
/ 52% ‘ 
A B 
25. c 26. 
A 
ff \ 
12/ 10 ; 
J \ / 
‘50° 12! X of | 
/8 
A B / 
/ / 
X sqo 
/ \57 / 
A B 


Solving Triangles 


Exercises 27-44: Checking Symbolic Skills Solve the tri- 
angle, if possible. Approximate values to the nearest tenth 
when appropriate. 

27, a = 32°, B = 55°,b = 12 

28. B = 20°,y = 67°,c =9 


29, a = 20°.b=9,a=7 


ll 


30. a = 20°.b=7,a=9 
31, b = 10, B = 30°,c = 20 


32, a = 13.5,a = 46°, c = 27.8 


33, y = 102°, ¢ = 51.6,a = 42.1 
34, B = 43°, b = 22.1, ¢ = 30.7 
35. a = 55,2°,y = 114.8°, b = 19.5 


36. ¢ = 225, a = 103.2°, B = 62.5° 
37. b = 6.2,c = 7.4, B = 73° 
38. w = 45°,a = 5,b = 5V2 
39, a = 35°15',a = 5,b = 12 


40, y = 71°35',¢ 


ll 


6,b=9 
41. B = 46°45',a = 6,b =5 


42. a = 54°12',c = 12,a = 10 


43. a = 56°30', B = 23°45’, c = 100 
44, B = 56°48’, y = 10°12’,a = 55 
Applications 


45. Aerial Photography (Refer to Example 3.) The plane 
shown in the figure is taking an aerial photograph 
with a camera lens that has an angular coverage of 
70°. The ground below is inclined at 7°. If the angle 
of elevation of the plane at B is 52° and distance BC 
is 3500 feet, estimate the ground distance AB (to the 
nearest foot) that will appear in the picture, (Source: 
F, Moffit, Photogrammetry.) 


Sh 


y TRO 


3500 ft, 


46. Aerial Photography As a picture is taken over level 


& 47, 


48 


49 


50 


51. 


ground, the airplane’s distance from a_ building 
located at the edge of the photograph is 7500 feet 
and the angle of depression to the building is 56°. See 
the figure. Find the ground distance b shown in the 
photograph to the nearest hundred feet. 


Distance to the Moon (Refer to Example 4 and 
FIGURE 8.13.) Suppose that the lunar angle at Bochum 
in upper Germany had been measured as a = 52.6901° 
instead of 52,6997°, Determine the effect that this 
would have on the estimation of the distance to the 
moon, Interpret the result. 


Distance to the Moon (Refer to Example 4 and 
FIGURE 8.13.) Suppose that the distance between two 
locations is 452.45 kilometers and that their angles 
of elevation to the moon are a = 47.8981° and 
0 = 47.9443°. Estimate the distance to the moon (to 
the nearest thousand kilometers), 


Locating a Ship The figure shows the bearings of a 
ship from two observation points located on a straight 
shoreline. The bearing from the first observation point 
is 54,3°, and the bearing from the second observation 
point is 325.2°. If the distance between these points is 
15 miles, how far is it from the ship to shore? Assume 
that the first observation point is directly west of the 
second observation point. 


N N 
t Gamim, | 
| c | 
| | 
| | 
\ \ 
| 54,3° | 
| 325,2° 

A aan | 


Distance A ship is traveling west on Lake Superior at 18 
miles per hour. The bearing of Split Rock Lighthouse is 
285°, After 1 hour, the bearing of the lighthouse is 340°. 
Find the distance between the ship and the lighthouse 
when the second bearing was determined. 


Airport Runway Bearings (Refer to Example 6.) 
Suppose that a runway is numbered 22L. If the pilot 
turns right onto the runway and takes off, what runway 
number must be associated with R? Find the bearing of 
the plane and its direction. 
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52. Airport Runway Bearings (Refer to Example 6.) 


Suppose that a runway is numbered 18R. If the 
pilot turns left onto the runway and takes off, what 
runway number must be associated with L? Find the 
bearing of the plane and its direction. 


53. Airport Runway Bearings (Refer to Example 6.) 
Give the bearing and direction that the plane is 
headed at takeoff. 


54. Airport Runway Bearings (Refer to Example 6.) 


Explain the 35R on the runway in terms of bearing 
and direction. 


55. Truss Construction For the truss shown, AB is 24.2 


feet, angle ABD is 118°, and angle BDF is 28°. Find 
the length of BD. 
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56, 


57. 


58, 


59, 


60, 
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Truss Construction Use the results of Example 8 to 
solve triangle ACD in FIGURE 8.20 if angle BAD is 90°. 


Distance across a River To find the distance AB 
across a river, a distance BC = 354 meters is mea- 
sured off on one side of the river. See the figure. It 
is found that angle ABC = 112°10' and that angle 
BCA = 15°20’, Find the distance AB. 


354m c 


} L/ a 
15° 20' 


Distance across a Canyon To find the distance RS 
across a canyon, a distance TR = 582 yards is mea- 
sured off on one side of the canyon. See the figure. 
It is found that angle TRS = 102°20' and that angle 
RTS = 32°50’, Find the distance RS, 


| 
| 
| 


Height of a Helicopter A helicopter is sighted at the 
same time by two ground observers who are 3 miles 
apart on the same side of the helicopter. See the 
figure. They report angles of elevation of 20,.5° and 
27.8°. How high is the helicopter? 


¢ (20.5° , ( 27.8° 


ager = 


Height of a Hot-Air Balloon Two observation points 
A and B are 1500 feet apart. From these points the 
angles of elevation of a hot-air balloon are 43° and 
47°, as illustrated in the figure. Find the height of the 
balloon to the nearest foot. 


61. 


62. 


63. 


(4 _ 447° 
A 1s00f B 


Height of a Balloon A balloonist is directly above a 
straight road 1.5 miles long that joins two towns, as 
illustrated in the figure. She finds that the town closer 
to her is at an angle of depression of 35° and the far- 
ther town is at an angle of depression of 31°. How high 
above the ground is the balloon? 


@ 


(Not to scale) 
Soars so!) of 
x ! = 


1.5 mi 


Highway Construction Ina reverse curve, or S-curve, 
two circular curves are used to connect two straight 
portions of highway that are offset, as illustrated 
in the figure. Angles a and f will not be equal if 
the two straight portions of highway have differ- 
ent directions, Typically the same radius r is used 
for both portions of the reverse curve, If r = 480 
feet, a = 38°, B = 15°, and 0 = 75°, find the dis- 
tance between A and B to the nearest foot, (Source: 
P, Kissam, Surveying Practice.) 


E 
@ 


r= 480 ft, /0= 75°. 


Surveying To find the distance between two points 
A and B on opposite sides of a small pond, a surveyor 
determines that AC is 97,3 feet, angle ACB is 55,1°, 
and angle CAB is 75,7°, as illustrated in the figure. 
Find the distance between A and B, 
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66. Airplane Navigation An airplane takes off with a bear- 
ing of 55° and flies 480 miles, after which it changes its 
course to a bearing of 285°. Finally the airplane flies 
back to its starting point with a bearing of 180°. Find 
the total mileage flown by the airplane. 


67. Height of the Gateway Arch The tallest monument 
in the world is the Gateway to the West Arch in St. 
Louis. From point A, the top of the arch has an angle 
of elevation of 64.91°, and from point B the angle of 
elevation is 60.81°. See the figure. If distance AB is 57 
feet, find the height of this monument to the nearest 
foot. (Source: The Guinness Book of Records.) 


64, Trigonometric Leveling In surveying it is often 
necessary to determine the height of an inaccessible 


point P, as illustrated in the figure. Points A, B, and r) 
C lie on level ground. (Source: P. Kissam, Surveying i 
Practice.) it 
(a) If angle ABP is 50°, angle PAB is 53.3°, and AB ji 
is 102 feet, find PB. / i h ' 
(b) If angle PBC is 47° and C is directly below P, (i 


find PC. 


Hy 


rade Tetsemess a 


68. Height of a Tower A vertical tower supporting a 
cable for chairlifts to transport skiers up a mountain 
is located on a ski slope inclined at 28°, as illustrated 
in the figure. If the length of the tower’s shadow is 21 
feet along the mountain side when the angle of the 
sun is 57° with respect to the ski slope, calculate the 
height of the tower. 


65. Locating a Ship From two observation points A and 
B, a sinking ship is spotted at point C. Angle CAB 
and angle ABC are measured as 28° and 60°, and the 
distance AB is about 4.12 miles, as illustrated in the 


figure. 


‘f 


Writing about Mathematics 


4. 
Pai ate 69. In your own words, describe two situations where the 
y sue law of sines can be applied. Give an example of each 
situation. 
(a) How far is the ship from point A, to the nearest 


hundredth of a mile? 70. Critical Thinking Suppose that you are given a, a, 


and b for triangle ABC. If a is obtuse, what is the 


(b) If the coordinates of A are (0, 0) and the coordi- 
nates of B are (4, 1), find the bearing of the ship 
from point A to the nearest degree. 


maximum number of triangles that could satisfy 
these conditions? What is the maximum number if a 
is acute? Explain your reasoning and give examples. 
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Extended and Discovery Exercises 
1, Aerial Photography Aerial photography from 


satellites and planes has become important to many 
applications such as map-making, national security, 
and surveying. If a photograph is taken from a plane 
with the camera tilted at an angle 0, then trigonom- 
etry can be used to find the ground coordinates of 
the object, as illustrated in the figure. If an object’s 
photographic coordinates in inches are (1x, ), then its 
ground coordinates (X, Y) in feet can be computed 
using the formulas 


(a) Find the distance between the house and the fire 
i= aX on the photograph to the nearest hundredth of 
fsecO — ysind’ an inch, 
ay cos0 


f seco — ysind’ 
where f is the focal length of the camera in inch- 
es and a is the altitude of the airplane in feet. 
Suppose the photographic coordinates of a house 
and nearby forest fire are (xj, yy) = (0.9, 3.5) and 
(xp, ¥p) = (2.1, —2.4), respectively. (Source: F. Moffitt, 


(b) 


If the photograph was taken at 7400 feet by a 
camera with a focal length of 6 inches and a 
tilt of @ = 4.1°, find the ground distance in feet 
between the house and the fire. (Note that focal 
lengths used for aerial photographs are very 
large compared to most cameras.) 


EBD haw of cos 


Photogrammetry.) 


« Derive the law of cosines 
* Solve triangles 
« Find areas of triangles 


Introduction 


Surveying has been used for centuries in construction and in the determination of 
boundaries, Today the Global Positioning System (GPS) is being used to determine 
distances on Earth, The signal from a GPS satellite contains the information neces- 
sary for hand-held receivers to calculate both the position of a GPS satellite and 
its distance from the receiver. This information can be used to accurately calculate 
distances and angles between points on the ground. The law of cosines, which is a 
generalization of the Pythagorean theorem, is used in GPS calculations, In this sec- 
tion, the law of cosines is introduced and used to solve several applications. (Source: 
J, Van Sickle, GPS for Land Surveyors.) 


Derivation of the Law of Cosines 


The law of cosines can be used to solve a triangle given either all three sides (959) or 
two sides and the angle included (SAS). In both cases a unique triangle is formed, as 
illustrated in FIGURES 8.25 and 8.26. 


Law of Cosines Solves $95 and SAS 


f 5 
| 10 


/ Ne \ Ae’ 


9 r 


FIGURE 8.25 Given 55%: FIGURE 8.26 Giyen SAS 


General Triangle 


Bay) 


C0.) 
FIGURE 8.27 


CRITICAL THINKING 


Let y = 90° in the formula 
C =P +b — 2abecosy 


and simplify, Discuss the rela- 
tionship between the law of 
cosines and the Pythagorean 
theorem, 


EXAMPLE 1 


FIGURE 8.28 
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Next consider triangle ABC shown in FIGURE 8.27, with point B having coordi- 
nates (x, y). Using the definitions of sine and cosine, we find 


2 ee 
cos y = 7 and siny =", 


or equivalently, 
xX = acos y and y=asiny. 


As a result, the coordinates of B are (w cos y, « sin y). Since the coordinates of point 
A are (4, ()), the distance c between points A and B can be found. 


(a Vu cosy — bP + (asin y — 0? Distance formul 

¢ = (acosy — bY + (asin y — 0) juare each sid 

2 =a cosy — 2abcosy + BP + a sin?y — Expand each expression 
2 = a (cos*y + sin? y) — 2ab cos y + b? Distributive property 
e =a +b - 2abcosy cos’y + sin?-y = 1 


This result is valid for any triangle ABC and is known as the /aw of cosines, Since 
the vertices in FIGURE 8.27 could be rearranged, three possible equations are associ- 
ated with the law of cosines. 


LAW OF COSINES _ 

Any triangle with standard labeling satisfies 
= +e — 2becosa 
P= + 2 — 2accosB 

= @ +b? — 2abcosy. 


Solving Triangles 


In the first example we use the law of cosines to find the missing side, given SAS, 


Applying the law of cosines (SAS) 
Find the missing side in the triangle shown in FIGURE 8.28. 


SOLUTION We are given SAS, so let @ = 52°,b = 5,andec = 11, The unknown 
side is side a. We will use the first equation for the law of cosines. 


he 5? 4 112 — 2(5)(11) cos52° — Substitut 
~ 78.277 


Thus a ~ V 78.277 ~ 8.85. 


Use this equation al =f + 2 — 2becosa of cosine 


I 


Surveying A common problem in surveying is to find the distance between two 
points A and B situated on opposite sides of a building, as illustrated in FIGURE 8.29 
on the next page. This distance can be found by applying the law of cosines. 
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Finding Distance AB 


Finding the distance between two points (SAS) 


The surveyor in FIGURE 8.29 determines that CA is 75 feet, CB is 58 feet, and angle 
ACB is 83°. Find distance AB to the nearest foot. 


SOLUTION Note that CA = b,CB =a, and angle ACB = y. So let b = 75, 
a = 58, and y = 83°. To find ¢, apply the law of cosines. 


XN 
eis of = @ +P — 2abcosy Law of cosinc 
2 
a Use this equation | = (58)? + (75)? — 2(58)(75) cos 83° Substitul: 
to find c. 
FIGURE 8.29 at 799 Approximate 
c ~ 89.04 Take the square root 


The points A and B are about 89 feet apart. 


Global Positioning System In the next example, the distance between two GPS 
receivers is found. Finding the distance between two points might be important to 
surveyors or to search parties looking for lost hikers, The distance between two GPS 
receivers is sometimes called the baseline. 


Using GPS to find a baseline distance (SAS) 


A search party and an injured hiker both have hand-held GPS receivers, as illustrated 
in FIGURE 8.30, The distance from the satellite to the search party is b = 20,231.15 
kilometers, and the distance from the satellite to the hiker is c = 20,231.57 kilome- 
ters. If it is determined that a = 0.01456°, estimate the baseline a between the search 
party and the hiker to the nearest hundredth of a kilometer. 


FIGURE 8.30 (Not to scale) 


SOLUTION We can use the law of cosines to find a. 


C= +e — 2becosa 
= (20,231.15)? + (20,231.57)? — 2(20,231.15) (20,231.57) cos 0.01456° 
~ 26.61 


a = 5.16 


The distance between the search party and the hiker is about 5.16 kilometers, 
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In the next example we use the law of cosines to find a missing angle, given SSS, 


> Widhoee Applying the law of cosines (SSS) 


c Find angle y in the triangle shown in FIGURE 8,31. 
6-38 
i a SOLUTION We are given SSS, so let a = 6, b = 8, and and c = 13, Angle y is 
B 13 A opposite side c. We use the third equation for law of cosines that contains cos y and 
FIGURE 8.31 solve for cosy. 
Use this equation ame c= + B? = 2ah cos Y Law of cosin 
to find angie’y- I oaheosy = at +b - 2 Rewrite the equ 
e?+h-e 
sy = ivide by 2ab 
2ab 
6 4:8? — 13? re 
és = = Substitute 
268) 


cosy = —0,71875 innplify 
Thus y = cos \(—0,71875) ~ 136.0°. 


Now Try Exercise 11 


An Application from Construction Trusses are frequently used to support roofs 
on buildings, as illustrated in FIGURE 8.32, The simplest type of roof truss is a triangle, 
as shown in FIGURE 8,33, One basic task when constructing a roof truss is to cut the 
ends of the rafters so that the roof has the correct slope, (Source: W, Riley, Statics and 
Mechanics of Materials.) 


Designing a Triangular Roof Truss 


FIGURE 8.32 FIGURE 8.33 


me Widhom Designing a roof truss (SSS) 


Find B to the nearest degree for the truss shown in FIGURE 8,33. 
SOLUTION Begin by letting @ = 22,b = 12, and ¢ = 18, and then use the law of 
cosines to find B, 
P= t+ ce = 2ac cos B l of cosin, 
2ac cos B =P+e— Rewrite the equation 


ePt+e-p 
cos B = ————— Di by 2ac 
: 2ue : 
p= 22? + 18? — 12? 
Cs ee =... ae 
‘ 2(22)(18) 
cos B * 0,8384 pproxima 


Thus B ~ cos”! (0.8384) ~ 33°, 


Now Try Exercise 63 


692 


EXAMPLE 6 


Because cosy is negative. 
yy must be an obtuse angle. 
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Solving a triangle (SSS) 


Find a, B, and y in triangle ABC to the nearest tenth of a degree if a = 5,b = 6, 
and ¢ = 9, 


SOLUTION 
Getting Started When solving SSS, always start by finding the largest angle. The larg- 
est angle, y, is opposite the largest side, which is c, We start by finding y. » 


2 =a +B = 2ab cos y La 


Quh cosy = a + B= Transpose term 
P+h-¢ 
cosy = Divide | 
2ab 

\ F469? 

tay = arn ta >, b 6, and c 
2(5)(6) 
Oe ease er 

cosy 3 Impur 


Thus y = cos“!(—!) =~ 109.5°. The law of cosines could be used again to find either 
a or B. However, we use the law of sines to find a. 
sina _ siny 


a c 


asiny 
¢ 
Fi 5 sin 109.5° 
Ka Let a 


9 
sina * 0,5237 


sina = Multiply by 


109,5' 


Because y is the largest angle, it follows that a must be an acute angle and that 
a ~ sin™! (0.5237) ~ 31.6°. To find B we use the fact that the measures of the angles 
sum to 180° in a triangle. 


B = 180° — 109.5° — 31.6° = 38,9° 
Now Try Exercise 21 


In solving the case SSS, first find the largest angle, which is opposite the lon- 
gest side. There can be at most one obtuse angle in a triangle, and the law of cosines 
finds an obtuse angle, if it exists, because the cosine of an obtuse angle is negative. 


See the Concept: Applying the Law of Cosines 


SAS 


® Find a: 
a2 = 5? + 8? — 2(5)(8)cos60°, 
soa = Vva9 = 


SSS 
@ SAS Given two sides and the angle 
between, find the side opposite the given 
angle. 
sl a = b’ + c? — 2bccosa 
See @ SSS Given three sides, first find the angle 
es ae opposite the longest side. 
8 B 
cosa = bit ta a a e — a 
© Find a: 2bc 
tae! 52 + 8? — 10? 
as we! 
so « = cos '(—0.1375) ~ 97.9°. 


A b 
FIGURE 8,34 


B 42 ft 
FIGURE 8.35 


EXAMPLE 7 


A 


EXAMPLE 8 
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Area Formulas 


One task that is frequently performed by surveyors is to find the acreage of a lot using 
a technique called triangulation. Triangulation divides a parcel of land into triangles. 
The area of the lot equals the sum of the areas of the triangles. We begin our discus- 
sion by developing some area formulas for triangles. 


The area K of any triangle is given by K = 5bh, where b is its base and / is its 


height. Using trigonometry, we can find a formula for the area of the triangle shown 
in FIGURE 8.34, 


. h 5 
sina =-, or h = csina 
c 
Thus the area equals 
1 
==—bh= 3 be sin @. 
Since the labels for the vertices in triangle ABC could be rearranged, three area for- 


mulas can be written as follows. Notice that these formulas can be applied when we are 
given SAS. (We use K for area rather than A so as not to cause confusion with vertex A.) 


AREA OF A TRIANGLE Se - 
For any triangle with standard labeling, the area K is given by 


We | gal. Se : aide us 
K= 3% sin y, K= hae sin B, or K= be sin a. 


Finding the area of a triangle (SAS) 


Find the area of triangle ABC in FIGURE 8.36 to the nearest square foot. 


SOLUTION We are given 3 = 55°, « = 34 feet, and « = 42 feet. Thus the area K 
is given by the following. 


1 1 
= ave sin B= 3 64)(42) sin 55° ~ 585 square feet 


Heron's Formula The next formula can be used to find the area of a triangle when 
the lengths of three sides are known. It is named after the Greek mathematician Heron, 


If a triangle has sides with lengths a, b, and c, then its area Kis given by 
K= Vs(s — a\(s — b)(s - 0), 


where s = 3a +b +c) and sis called the semiperimeter. 


Finding the area of a triangle (SSS) 
Approximate the area of triangle ABC with sides a = 4,b = 5, and c = 7. 
SOLUTION 
Getting Started Begin by calculating s = La +5+7)=8.> 
Then by Heron’s formula, the area is 
K= V8@-4@— 5@— 7 = V96 ~ 98. 
| Now Try Exarcise 30 
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An Application from Surveying One method for finding the area of a lot is called 
the distance method. This method can be used to find the area of an irregular lot, as 
illustrated in the next example. The distance method does not measure angles—it 
measures only distances between points, Triangulation and Heron’s formula can be 
used to find the area of the lot. (Source: From Introduction to Surveying by I, Muellere, 
K, Ramsayer. Copyright @ 1979 by F, Ungar Publishing Company.) 


WIAA Applying the distance method to find the area of a lot 
Find the area of the parcel of land determined by ABCDE in FIGURE 8.36, 
SOLUTION For triangle ABE, s = }(60.5 + 68.4 + 61,7) = 95.3, and its area is 


K, = V95.3(95.3 — 60.5)(95,3 — 68.4)(95.3 — 61,7) = 1731, 
For triangle BCE, s = 5 (78.9 + 108.2 + 68.4) = 127.75, and its area is 


Finding Area of a Lot 


Sec Ky = V127.75(127.75 — 78.9) (127,75 — 108.2) (127.75 — 68.4) ~ 2691, 
For triangle CDE, s = }(68.4 + 52.3 + 108.2) = 114.45, and its area is 
A 60.5f B Ky = V114.45 (114.45 — 68.4) (114.45 — 52.3)(114.45 — 108.2) = 1431, 
FIGURE 8.36 
The area of the lot is 
K, + K, + Ky, = 1731 + 2691 + 1431 = 5853 square feet, 
i 8.2 | Putting It All Together | It All Together 


CONCEPT 
Law of cosines P=)? +e — Abecosa If b = 3,¢ = 4, and a = 60°, then 
B= @ +e — 2accosB @ = 3% + 4 — 2(3)(4) cos 60° = 13 


=a +b — 2abcosy and = A/0. 
Can be used to solve a triangle 
given either SSS or SAS 


Area formulas (SAS) K= hab sin y If a = 2 feet, b = 3 feet, and y = 30°, then the 
area of the triangle is 


K= hac sin B 
K = tbesina K = $(2)(3) sin 30° = 1.50. 


Can be used to find the area of a 
triangle given SAS 


CONCEPT EXPLANATION 


Heron’s formula (SSS) 


Can be used to find the area of a 


triangle given SSS 


Vs(s — a)(s — b)(s - ©), 


where s = ha +b+c) 
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If a = 3 feet, b = 5 feet, and c = 4 feet, then 
s=3G4+5+4) =6, 


and the area of the triangle is 


K = V6 — 3)(6 — 5)(6 — 4) = 6ft’. 
B 


Exercises 


Determining a Method to Solve a Triangle 
Exercises 1-8: Critical Thinking Assume triangle ABC 
has standard labeling and complete the following. 


(a) Determine if AAS, ASA, SSA, SAS, or SSS is given. 
(b) Decide if the law of sines or the law of cosines should 
be used first to solve the triangle. 


1. a,b, and y 2. a, y, and ¢ 


3. a,b, anda 4. a,b, andec 


5. a, B, and c 6. a,c,anda 


7. B,a, andy 8. b,c, anda 
Solving Triangles 


Exercises 9 and 10: Find the length of the remaining side 
of each triangle. Approximate to the nearest tenth when 
appropriate. 


Exercises 11 and 12; Find the value of @ in each triangle. 
Approximate to the nearest tenth when appropriate. 


11. 12. 
a) : 
14 o ; 


Exercises 13-18; Solve the triangle. Approximate values to 
the nearest tenth, 


13. (c} 14. c 
4 
5 
A 6 B YO 
A 3B 
15. c 16, c 
10 
4 
10 12 
A 8 B 
A 10 B 
17 Cc 18. C 
wi 5 
90 
A 9 B 
55° 
A 100 B 


Exercises 19-30; Checking Symbolic Skills Solve the tri- 
angle. Round values to the nearest tenth when appropriate. 


19, a = 45, y = 35°,b = 24 
20. ¢ = 7.9, B = 52°,a = 9.6 
2. a=24,b=17,c=14 
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ll 


22. a = 43,b = 4l,c = 34 


23, @ 


10.5°, b = 24.1,¢ = 15.8 
24. a = 12.8, b = 15.8, y = 36° 


25. 10.6, b = 25,8, ¢ = 20.6 


2 
Il 


26. a = 104,b = 121,e= 111 
27, B = 122°,a = 20,¢ = 15 
28. b = 9.1, a = 43.5°,¢ = 12.5 
29, a = 5.3,b = 6.7,¢ = 7.1 
30, a = 4.2,b = S.l,e = 3.7 


Does This Triangle Exist? 


Exercises 31-36: Critical Thinking Decide if a triangle 
exists that satisfies the conditions. Justify your answer. 


3L. a = 10,b = 12,¢ = 25 
32. a= 10,8 = 51°,c = 5 


33, a = 89°, b = 63, y = 112° 


34, a = 2,b = 10, a = 50° 


Hl 


35. y = 54°, b = 63, a = 63° 


36. a= 5,b=6,c =8 


Area of Triangles 


Exercises 37-40; Approximate the area of the triangle to 
the nearest tenth. 


37, ‘ | 38. ‘ 


18 | ’ 
\ 
, | 9.7\ 
PA | \ Hs? 
Pat CY 
15 Tl 
wg , 40. 
\ \ 90 
6 50\ 
\ 
\ 
60 


Exercises 41-52: Approximate the area of the triangle to 
the nearest tenth. 


41. a = 10,b = 12, y = 58° 
42, a = 40°, b = 5.8, ¢ = 8.8 
43, B = 78°,a = 5.5,¢ = 6.8 
44, w = 23°,y = 47°, b = 53 


ll 


45, B = 31°, a = 54°,a = 2.6 


46. a=7,b=8,c=9 


a 

= 

a 
I 


= 5,5,b = 6.7,¢ = 9.2 
48, a = 104,b = 98, ¢ = 112 


> 
=, 
a 
I 


= 11,5 = 13,¢ = 20 


wn 

= 

EY 
I 


= 13,b = 14,¢ = 15 
51. a = 21,a = 42°,¢ = 16 
52, b = 35, ¢ = 38, y = 50°48’ 


Applications 


53, Obstructed View (Refer to Example 2.) In the figure, 
a surveyor is attempting to find the distance between 
points A and B. A grove of trees is obstructing the 
view, so the surveyor determines that AC is 143 feet, 
BC is 123 feet, and angle ACB is 78°35’, Find the 
distance between A and B to the nearest foot. 


54, Distance across a Lake Points A and B are on oppo- 
site sides of a lake. From a third point, C, the angle 
between the lines of sight to A and B is 46.3°. If AC is 


350 meters and BC is 286 meters, find AB. 


55. Ship Navigation Two ships set sail with bearings of 
52° and 121°, traveling at 20 miles per hour and 14 
miles per hour, respectively. See the figure. Find the 


approximate distance between the ships after 1,5 hours. 


N 
20 mi/hr 


14 mi/hr 


56. Distance Between Two Boats Two boats leave a 
dock together. Each travels in a straight line. The 
angle between their courses measures 54°10’, One 
boat travels 36.2 kilometers per hour and the other 
45.6 kilometers per hour. How far apart will they be 
after 3 hours? 


57. 


58. 


59. 


60. 


61, 


62. 


63. 


64, 


Diagonals of a Parallelogram One side of a parallelo- 
gram is 3.5 feet and another side is 5.2 feet. The angle 
between these two sides is 56°. Find the lengths of the 
diagonals to the nearest tenth of a foot. 


Diagonals of a Parallelogram The sides of a paral- 
lelogram are 4.0 centimeters and 6.0 centimeters. One 
angle is 58° while another is 122°. Find the lengths of 
the diagonals, 


Air Navigation An airplane flies in the triangular 
course shown in the figure. To the nearest degree, 
find the bearings of the plane while traveling from A 
to Band from B to C. 


N 
c 
500 mi 
410 mi K 
e B 
Ae 400 mi 


Flight Distance Airports A and Bare 450 kilometers 
apart, on an east-west line. A pilot flies in a northeast 
direction from A to airport C, From C, the pilot flies 
359 kilometers on a bearing of 128°40' to B. How far 
is C from A? 


Area ofa Lot A surveyor measures the sides of a trian- 
gular lot to be a = 145,2, b = 136.8, and c = 95.3, 
where measurements are in feet. 

(a) Approximate angles a, B, and y. 


(b) What is the area of the lot to the nearest square 
foot? 


Angle in a Parallelogram One side of a parallelogram 
is 6.4 yards and another side is 5.3 yards. The shorter 
diagonal is 3.5 yards. Find the angle opposite the 
shorter diagonal to the nearest tenth of a degree. 


Truss Construction (Refer to Example 5,) Find angle 
6 for the triangular truss shown in the figure. 


Robotics The figure illustrates the MIT Scheinman 
robotic arm. Suppose the length of the upper arm is 20 
centimeters and the combined length of the forearm 
and hand is 30 centimeters. If the arm is positioned 
so that 6 = 126°, find the distance between the hand 


65. 


66. 


67. 


68. 


69. 
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at point A and the shoulder joint at point B. (Source: 
G. Beni and S. Hackwood, Recent Advances in Robotics.) 


Distance Between Airports Airports A and B are 
515 miles apart, and airport A is directly west of airport 
B. Airport C is located in a northeasterly direction 
from airport A and is 357 miles from airport B. See 
the figure. If the bearing from airport C to airport B 
is 125°, find the distance between airports A and C to 
the nearest mile. 


c 
; rs. < 
re \.357 mi 
ra \ 
\ 
A 515 mi a 


Navigation A ship is sailing east. At one moment, 
the bearing of a submerged rock is 38°45’. After 
the ship sails 20.4 miles, the bearing of the rock is 
291°15'. Find the distance between the ship and the 
rock (to the nearest tenth of a mile) when the second 
bearing is taken, 


Distance Between a Ship and a Submarine From 
an airplane flying over the ocean, the angle of depres- 
sion to a submarine lying just under the surface is 
24°10’. At the same moment, the angle of depression 
from the airplane to a battleship is 17°30’. See the fig- 
ure. The distance from the airplane to the battleship 
is 5120 feet. Find the distance between the battleship 
and the submarine. (Assume the airplane, submarine, 
and battleship are in a vertical plane.) 


2 eee 
= Le a1 


a a 


Battleship 
7 
Submarine 


Distance Between a Ship and a Rock A ship is sailing 
east. At one point, the bearing of a submerged rock is 
45°20'. After the ship has sailed 15.2 miles, the bearing 
of the rock has become 308°40'. Find the distance of 
the ship from the rock at the latter point. 


Distance Between Two Ships Two ships leave a 
harbor together, traveling on courses that have an 
continued on next page 
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73, 
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angle of 135°40' between them. If they each travel 
402 miles, how far apart are they? 


Highway Curve The most common highway curve 
consists of a circular arc connecting two sections of 
straight road, as illustrated in the figure. Find the 
straight-line distance between PC (point of curve) and 
PT (point of tangency). (Source: P, Kissam, Surveying 
Practice.) 


Painting A painter needs to cover a triangular region 
with sides of 25 feet and 15 feet. The angle between 
these two sides is 128°. Find the area of the region to 
the nearest tenth of a square foot. 


Painting A painter needs to cover a triangular 
region with sides of 30 feet, 40 feet, and 38 feet. If 
each can of paint covers 125 square feet, how many 
cans of paint are needed? 


Area of Regular Polygons Ifa regular polygon has 
sides of equal length L, then its area A is computed by 


(Source: M. Mortenson, Computer Graphics.) 
(a) Using this formula, find the area of an equilat- 
eral triangle with sides of 6 inches. 


(b) Using Heron’s formula, find the area of this tri- 
angle. Compare answers. 


Area of Regular Polygons (Refer to Exercise 73.) 

The measure of an interior angle in a regular polygon 

with » sides is given by 180°(1 = a . For example, 

a square is a regular polygon with n = 4 and each 

interior angle equals 130°(1 = 2) = 90°. 

(a) Find the area of a regular pentagon with sides 
of length 8 inches, using the formula given in 
Exercise 73, See the figure. 


(b) Using triangulation and Heron’s formula, find 
the area of this regular pentagon. 


B 
8 <4 
A \ 
Ne 8 
s \ 
8 \ % YC 
\. / 
\ 8 
E \ 
8 S/ 


75. Area ofa Lot Find the area of the lot in the figure to 
the nearest square foot. 


600 ft 


76. Area of a Lot Find the area of the quadrangular lot 
shown in the figure to the nearest square foot. 


A Ms D 


77. Area of a Lot Apply the distance method discussed 
in Example 9 to find the area of the lot in the figure 
to the nearest square foot. 


AIS he 
110 fi x ye 
\ 
\ \ 
A “\ 
\ 195% | ison 
\ 4 I 
\ ‘. \ \ 
WSH\ oof \ | 
\ ~\ 
yy 
E 125 D 


78. Area of the Bermuda Triangle Find the area of the 
Bermuda Triangle (to the nearest thousand square 
miles) if the sides of the triangle have approximate 
lengths of 850 miles, 925 miles, and 1300 miles. 


Writing about Mathematics 


79. Describe two situations where the law of cosines can 
be applied. Give an example of each situation. 


80. Describe two methods to find the area of a triangle. 
What information do you need to apply each method? 
Give an example of each situation. 


Extended and Discovery Exercise 


1. Distance Between a Satellite and Tracking Station 
A satellite traveling in a circular orbit 1600 kilometers 
above Earth is due to pass directly over a tracking sta- 
tion at noon. See the figure. Assume that the satellite 
takes 2 hours to make an orbit and that the radius of 
Earth is 6400 kilometers, Find the distance between 


the satellite and the tracking station at 12:03 P.M, 


(Source; NASA.) 


/ 
! 
i} 
i Earth 
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(a) a=6,b = 8,c = 10 
(b) a =9,b = 10,c = 17 


3. Heron Triangles A Heron triangle is a triangle whose 
sides have whole number lengths and whose area is 
also a whole number. Show that the following tri- 
angles are Heron triangles. 

(a) a=9,b = 12,c = 15 


: (b+) a=4,b = 13,¢ = 15 
| 
(c) a 


13,b = 14,¢ = 15 


2, Perfect Triangles A perfect triangle is a triangle 


whose sides have whole number lengths and whose 


(@) a 


10,b = 10,¢ = 16 


perimeter is numerically equal to its area. Show that 
the following triangles are perfect triangles. 


CHECKING BASIC CONCEPTS FOR SECTIONS 8.1 AND 8.2 


1, Use the law of cosines to solve the triangles, 


(a) ¢ 


Jectors 


Learn basic concepts 
about vectors 


Learn representations 
of vectors 


Find the magnitude, 
direction angle, and 
components of a vector 
Perform operations on 
vectors 

Learn to apply the dot 
product 

Use vectors to calculate 
work 


2. Solve triangle ABC if a = 32°,a = 6, and b= 8, 
(b) c. How many solutions are there? 
3. Solve triangle ABC if a = 44°, y = 62°, anda = 12. 


4, Find the area of triangle ABC to the nearest hundredth, 
(a) a = 4.5, b = 5.2, y = 55° 


(b) a=6,b=7,¢=9 


Introduction 


The beginnings of vectors go back centuries to the notion of a directed line segment, 
but the formal development of vectors occurred during the 19th and 20th centuries, 
after the invention of complex numbers. It was not until Einstein used vectors in his 
theory of relativity that their importance became readily accepted. 

Vectors are a profound invention, In science and technology they provide a 
simple model for visualizing difficult concepts such as force, velocity, and electric 
fields, Vectors are essential to creating today’s amazing computer graphics. This 
section discusses some of the important properties and applications of vectors, 
(Sources: Historical Topics for the Mathematical Classroom, Thirty-first Yearbook, NCTM; 
M, Mortenson, Computer Graphics.) 


Basic Concepts 


Many quantities in mathematics can be described using real numbers, or scalars. 
Examples include a person’s weight, the cost of an iPhone, and the gas mileage of a 
car. Other quantities must be represented using vector quantities, A vector quantity 
involves both magnitude and direction, Magnitude can be interpreted as size or length, 
For example, if a car is traveling north at 50 miles per hour, then the direction north 
coupled with a speed of 50 miles per hour represents a vector quantity called velocity, 
In science a distinction is made between speed and velocity—speed is the magnitude 
of velocity. 
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A vector quantity can be represented by a directed line segment called a vector. A 
vector y representing the velocity of a car traveling 50 miles per hour north is shown 
in FIGURE 8.37; the vector u represents a velocity of 25 miles per hour east. Notice that 
the length of u is half the length of y. Vectors do not have position—rather, they have 
magnitude (length) and direction. A vector can be translated, provided its direction 
and magnitude do not change. Two vectors are equal if they have the same magnitude 
and direction. In FIGURE 8.38 each directed line segment represents the same vector y. 


Vectors: Magnitude and Direction 


v * Q,—— Terminal point | 
u / . - 
25 “ - 
; J vf wise 
25 mph | 5 v . 
50 east v 
/ 5 / e 
50 mph } © Equal vectors | Initial point > ? 
north '< ff a P ‘<? 
FIGURE 8.37 FIGURE 8.38 FIGURE 8.39 


A vector is usually represented symbolically by a letter printed in boldface type, such 
as a, b, y, or F. A second way to denote a vector is to use two points. If the initial point 
of a vector v is P and its terminal point is Q, then y = PQ, as illustrated in FIGURE 8.39. 


Representations of Vectors 


If we place the initial point of vector y at the origin, as in FIGURE 8.40, then its terminal 
point (a, a) can be used to determine y. To distinguish the point (ay, a2) from the 
vector Y, we use the notation y = (a, d)). The horizontal component of y is a, and 
the yertical component of y is a). See FIGURE 8.41, 


Vector v = (aj, a) Position Vector 


Magnitude | 


Terminal point } 
v= (ay, 4) 


Direction 
angle 


a. 
2—~__ Vertical 


component 


4 
| 
| 
| 
| 
| 
! 

Initial point ¢ | 
| 


x 


ay 
FIGURE 8.40 FIGURE 341 Horizontal component | 


A vector with its initial point at the origin in the rectangular coordinate sys- 
tem is called a position yector. FIGURE 8.41 shows the position vector y. The positive 
angle 0 (0° = @ < 360°) between the x-axis and the position vector is called the 
direction angle for the vector. In FIGURE 8.41, @ is the direction angle for vector y, If 
v = (aj, a), then its direction angle @ satisfies 


,» Where a, 4 0. 


tan @ 


The length of a vector is its magnitude. The magnitude of y is denoted |ly|l. 
Applying the Pythagorean theorem to FIGURE 8.41 gives |lyl| = V/a,? + a)’. 


If v = (a, a), then the magnitude (or length) of v is given by 
lvl = Vay? + a?. 


If |lvl] = 1, then v is a unit vector. 


EXAMPLE 11 


EXAMPLE 12 


R.7 Radical Expressions R-49 


Multiplying radical expressions 
Multiply and simplify. 
(a) (Vb -4(Vb +5) ) 4 + V3)(4 - V3) 


SOLUTION 
(a) This expression can be multiplied and then simplified. 
— + 
(Vb - Vb +5) = Vo» Vb + 5Vb - 4Vb - 4-5 
= b+ Vb -20 


(Compare this product to (6 — 4)(b + 5) = b? + b — 20.) 
(b) This expression is in the form (a + b)(a — b), which equals a? — b”. 


(4+ V3)(4 - V3) = @ - (V3 
= 16-3 
= 13 


Rationalizing the Denominator 


Quotients containing radical expressions can appear to be different but actually be 
equal. For example, Vi and - represent the same real number even though they do 
not look equal. To show this fact, we multiply the first quotient by | in the form , : 


1 V3_1v3 v3 
V3 V3 V3+ V3 3 
GSD Vi. Vb = Ve = b for any positive number b. 


One way to standardize radical expressions is to remove any radical expressions 
from the denominator. This process is called rationalizing the denominator. The next 
example demonstrates how to rationalize the denominator of two quotients. 


Rationalizing the denominator 

Rationalize each denominator. Assume that all variables are positive. 
3 x 

ayes am 

O75 © Vu 


SOLUTION 
(a) We multiply this expression by | in the form - 3. 


3. V3_3V3_3V3_ V3 
5V3 V3 5V9 (593 5 
(b) Because V24 = V4» V6 = 2V6, we start by simplifying the expression. 


x _ Vx | Vx 
24 V24 2V6 


To rationalize the denominator, we multiply this expression by | in the form VS 
6 


Vx _ Vx V6 _ Vox 


2V6 2V6 Vo 12 
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If the denominator consists of two terms, at least one of which contains a radical 
expression, then the conjugate of the denominator is found by changing a + sign to 
a — sign or vice versa. For example, the conjugate of V2+ V3 is V2 - V3, and 
the conjugate of V3 - Lis V3 + 1. Inthe next example, we multiply the numerator 
and denominator by the conjugate of the denominator to rationalize the denominator 
of fractions that contain radicals. 


Rationalizing the denominator 


Rationalize the denominator. Assume that all variables are positive. 
34+ V5 
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Exercises 37-54: Simplify the radical expression by fac- 
toring out the largest perfect nth power, Assume that all 


var' belg are positive, 


7. 200 38. V72 
39, W81 40, \/256 
41, W64 42, W/27° 81 
43, W/—64 44, W—81 
45, V8n 46. V320 
41, Ved 48, V200 
49, W—125x4y5 50. W/—81a5b 


51, W51 + W251 52, Wabe’ + W64ab*c? 
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Exercises 55-62; Simplify the expression. Assume that all 
variables ave positive and write your answer in radical 


notation. 

55, V3» W3 56. V5» W5 

57. W8+ W4 58, W/16+ V2 
59, Wx We 60. Wx» Vx 
61, Wit Wit 02. Var» Verb 


Exercises 63-88: Simplify the expression. Assume that all 


variables are positive, 


63. 23 + 7V3 64. 8V7 + 2V7 
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R.7 Radical Expressions 


81. 20W/b' — 4Wb 

82, 2W/64 — W324 + W4 

83, 232 + 3V/122 + 3482 

84, Ve4axs — Vx + 3x 

85. W8lab — Vab 86. Waxy + Wx? 
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Exercises 89-96; Multiply and simplify. 
89. (3 + V7)(3 - V7) 

90, (5 — V5)(5 + V5) 

91. (Vx + 8)(Vx - 8) 

92, (Wab — 3)(Vab + 3) 

93, (Vab — Ve(Vab + Vo) 

94, (V2x + V3y\(V2x — V3y) 
95, (Vx — Vx + 8) 

96. (Vab — 1\(Vab = 2) 


Rationalizing the Denominator 


Exercises 97-112; Rationalize the denominator. 
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Appendix A: 


Collaborative Activities 


Chapter 1: Rise in Sea Level 
Introduction 


The Greenland ice sheet covers an area of 660,000 square miles with an average thick- 
ness of 1,03 miles. The average elevation of the ice is 7000 feet above sea level. Over 
200 million people currently live on soil that is less than 3 feet above sea level. In the 
United States, several large cities have low average elevations, such as Boston (14 feet), 
New Orleans (4 feet), and San Diego (13 feet). In this activity you will estimate the rise 
in sea level if this ice sheet were to completely melt and determine whether this event 
would have significant impact on our world, In addition, you will discuss the accuracy 
and reliability of your calculation. (Source: Department of Interior, Geological Survey.) 


" GREENLAND 


(CANADA 


Rise in Sea Level Calculations 


1. How many cubic miles of ice are there in this ice sheet? 


2. When ice melts, the resulting volume of water is about 92% of the volume of ice. 
If the ice sheet were to melt, how many cubic miles of water would there be? 


AP-1 
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3. Earth is approximately spherical with an average radius of 3960 miles, Find 
Earth’s surface area. 

4, Find the percentage of Earth’s surface that is covered by water and determine 
how many square miles this is, 

5. Imagine that | cubic mile of water is poured over an area of 10 square miles, How 
deep would the water be? 

6. Now imagine that all of the ice in the Greenland ice sheet melts and is “poured” 
into the oceans, Use your results from the preceding question to help calculate 
the rise in sea level in miles. Convert you answer from miles to feet. 

Discussion 

7, Assume that your calculation of the rise in seal level is correct. What impacts 
might this have on our world and society? Be specific and explain your answer, 

8. Do you believe that your calculation is correct? Give any ideas about why this 
calculation might not be accurate, such as incorrect assumptions, 

9. Find out how much this rise in sea level could be according to current research 
calculations, 

10, Share and discuss your calculations with other members of the class. 
Chapter 2: Errors in Real Life 
Introduction 


In real life, measurements are often inexact. For example, if police clock a car at 
70 miles per hour with a radar gun, then the speed of the car is likely to be very close 
to 70 miles per hour, but probably nos exactly 70 miles per hour, For example, the 
radar gun might be off by | mile per hour, In addition, the angle with which the radar 
gun is pointed can affect the measured speed, Similarly, an iPhone 6s Plus has an 
advertised 5.5-inch display size, but it is impossible to manufacture every phone with 
exactly a 5,5-inch display. In this activity, we will describe errors by using absolute 
value inequalities. In addition you will discuss the types of errors that people encoun- 
ter in their lives. (Source: The Boston Globe, Apple Corporation.) 
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Describing Types of Error 


1. Acar is clocked at 70 miles per hour by a radar gun that is accurate within (plus 
or minus) | mile per hour. 
(a) What is the range of speeds that the car might be traveling? 


(b) Let S be the true speed of the car. Write an absolute value inequality that 
describes the possible speeds of the car. 


(c) What implications might this have on tickets for speeding violations? 


2. Suppose that the iPhone 6s Plus display size of 5.5 inches can vary by + 0.013 inch. 


(a) What is the range of display sizes that the phone can actually have? 


(b) Let D be the true display size of a particular phone. Write an absolute value 
inequality that describes possible display sizes of the phone. 


(c) Do you think this variation causes any noticeable problems? What if the 
variation were 0.25 inch? 


3. Suppose that a surveyor measures a distance of | mile along a highway and is 
off by 1 foot. Next, a child measures a distance of 10 feet along a sidewalk and is off 
by 1 foot. Discuss which measurement is more accurate, or do they have the same 
accuracy? 


4. Two types of error measurements are often used in applications: absolute error 
and percent error. If M is the measured value and Tis the true value, then 


Absolute error =|M—T| and Percent error = [et Xx 100%. 


(a) Find the absolute error and the percent error for the surveyor’s and the 
child’s measurements in Exercise 3. 


(b) Which type of error describes the accurracy the two measurements in this 
situation best? Explain. 


5. When speed limits are enforced, are police more likely to base their decision on 
absolute error or percent error? 


6. Suppose that the diameter of a can is designed to be 3.45 inches. 


(a) If the absolute error is to be within + 0.02 inch, what measurements for the 
diameter are acceptable? 


(b) If the percent error is to be within + 2%, what measurements for the diam- 
eter are acceptable? 


(c) Which type of error allows for a greater range of acceptable diameters? 
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Dis 
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8. 
9. 


sCuSSION 


When might absolute error be the best description of a measurement and when 
might percent error be better? 


Give an example where each type of error is used. 


Is there such a thing as an exact measurement in real life? Explain. 


Introduction 


Weather forecasts are always changing because weather is dynamic. Cold and warm 
fronts typically move across the United States and seldom remain in a fixed location, 
One way to show movement of weather fronts on a video screen is to use translations 
of graphs, In this activity we use translations of a circular arc to model a weather 
front and also to discuss other situations where translations might be useful. 


Modeling a Cold Front 


The figure below shows an actual weather map with a cold front moving across the 
United States. This cold front was roughly in the shape of a circular are with a radius 
of about 750 miles, passing north of Dallas and west of Detroit. The center of the arc 
was located at Pierre, South Dakota. (Source: AccuWeather, Inc.) 
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Let Pierre, South Dakota have the coordinates (0, 0) in the xy-plane. Write the 
equation of a circle with center (0, 0) and radius of 750, where units are in miles. 
Then solve this equation for y. 


Look at the weather map and decide whether the upper portion of the circle or 
the lower portion models the weather front better, Should you choose the + 
or the — sign in your equation? Write the equation of the cold front. What is a 
reasonable domain for your equation? Explain. 


St. Louis is located at (535, —400) and Nashville is located at (730, —570), 
Did the cold front reach these cities? Justify your answer visually and symbolically. 


During the next 12 hours, the center of the front moved approximately 110 miles 
south and 160 miles east. Assuming that the front kept the same circular shape, write 
the new equation for the translated weather front. 


Did the translated cold front reach Nashville? Justify your answer. 
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Discussion 


6. Generally, is it realistic to assume that a weather front keeps the same shape over 
a period of a day? Explain. 


7, Besides a circle, what other type of equation might sometimes be used to model 
a weather front? 


8. Translations of graphs are often used in computer graphics. Give an example. 


Chapter 3: Shooting a Basketball 
Foul Shot 
Introduction 


The last NBA basketball player to shoot foul shots underhand was Rick Barry, who 
retired in 1980. On average, he made about 9 out of 10 shots. Since then, every NBA 
player has used the overhand style of shooting foul shots—even though this style has 
often resulted in lower free-throw percentages. According to many experts there are 
good reasons for shooting underhand. In this activity, we will model the arc necessary 
for each type of shot and discuss the results. 


Modeling a Foul Shot 


1, Shooting a Foul Shot Overhand When a basketball player shoots a foul shot, the 
ball follows a parabolic arc. This are depends on both the angle and velocity with 
which the basketball is released. If a person shoots the basketball overhand from 
a position 8 feet above the floor, then the path can sometimes be modeled by the 
parabola 


—16x? The locations of the ball are 
yr 043v2 + 1,15x + 8, — given by the points Gey) 


where v is the velocity of the ball in feet per second, as illustrated in the figure 

below. (Source: C. Rist, “The Physics of Foul Shots.”) 

(a) Solve the equation for v. If the basketball hoop is 10 feet high and located 
15 feet away, what initial velocity v should the basketball have? 


| (b) Check your answer from part (a) graphically. Plot the point (0, 8) where the 


ball is released and the point (15, 10) where the basketball hoop is. Does your 
graph pass through both points? 


(©) What is the maximum height of the basketball? 
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2, Shooting a Foul Shot Underhand If a person releases a basketball underhand 
from a position 3 feet above the floor, it often has a steeper arc than if it is 
released overhand, and the path sometimes may be modeled by 


—16x? 


0.117? 


y= #275 x +e 3; 


See the figure below. Complete parts (a), (b), and (c) from Exercise 1, Then com- 
pare the paths for an overhand shot and an underhand shot. 
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Discussion 


3. Is it better to have a higher arc when shooting a foul shot? Explain. 


4. Why do you think NBA players choose not to shoot underhand? 


Chapter 4: Waiting in Traffic 


Introduction 


On average, a person spends an estimated 45 to 60 minutes waiting each day. This 
waiting could be at the doctor’s office, at the grocery store, in airports, or in traffic. 
Ina 70-year life span, a person might spend as much as 3 years waiting! 

Have you ever noticed that traffic might be moving along smoothly and then all 
of a sudden it comes to a crawl? In this activity you will investigate and discuss why 
long lines can suddenly appear. 


Modeling Traffic Congestion and Waiting in Lines 


1. Construction Zone Suppose that 10 cars can travel through a construction zone 
each minute and that cars arrive randomly at a vate of x cars per minute. Then the 
average time T in minutes spent waiting in line and driving through the construc- 
tion zone in minutes, is given by 


TQ) = 


10-x 
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(a) What type of function is 7? Give a reasonable domain for T in this application. 

(b) Evaluate 7(3) and 7(9). Interpret the results. 

(d) If the traffic intensity triples from 3 cars per minute to 9 cars per minute, does 
the wait also triple? Explain. ‘ 

(ce) Evaluate 7(9.9), Interpret the results, 


(f) Is waiting in traffic a linear or nonlinear phenomenon? If waiting in traffic were 
linear and the traffic intensity tripled, what would happen to the wait? 


2. A graph of T(x) = is shown. 
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Waiting in Traffic 


Time waiting (min.) 
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Traflic intensity (cars/min.) 


(a) Give the equation of the vertical asymptote, 


(b) Describe what happens to the wait as the traffic intensity x increases from 
0 to 10, 


3, Parking Lot At a parking lot, the parking attendants can wait on 50 drivers per 
hour. If cars arrive randomly at an average rate of x cars per hour, the average 
number N of drivers waiting to exit the lot, is given by 


x? 


2500 — 50x" 


(a) What type of function is N? What is a reasonable domain for N in this 
application? 


NQx) = 


(b) Evaluate 7(0) and discuss whether this result agrees with your intuition. 
(©) Evaluate 7(40) and 7(49), Interpret the results. 


(d) Evaluate 7(52) and discuss whether this result has meaning, If cars arrive at 


52 cars per hour, what happens to the line length after a very long period of 
time? 


(c) Suppose that when cars start arriving randomly at 49 cars per hour a second 
parking attendant helps out. If drivers split themselves evenly between the 
two lines, then about how many cars will be in each line? 
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Discussion 
4, What does it mean for traffic congestion to have a nonlinear effect on traffic flow? 


5, Give an example of a situation in real life that is similar to traffic flow. 


Introduction 


Whether you are receiving interest on a savings account or paying interest on a car 
loan, understanding how interest is calculated and the impact it has on your financial 
situation is important. In this activity you will calculate interest in different ways and 
discuss how compounding, time, and interest rates may affect your decisions. 


Interest Calculations 


1, Saving Money Suppose that you deposit $1000 in a savings account that pays 2% 
annual interest. At the end of each year after interest is paid, you put the interest 
earned in a jar and continue to leave the $1000 principal in the savings account. 


(a) Calculate the /ofal amount of money (principal and total interest) you have 
after each year and enter this amount in the table. 


Years | 2 3 4 5 
Principal + Interest 


(b) How do you calculate the amount in the table from one year to the next? 


(c) Write a function S that gives the total amount of money after / years, where 
‘is a natural number. 


(a) What type of function is S? 
(e) Use S to calculate the total amount of money after 20 years. 


2. Now suppose that you deposit $1000 in a saving account that pays 2% interest 
annually, However, instead of withdrawing the interest each year, you leave all 
the interest earned in the savings account. 

(a) Calculate the total amount of money you have after each year and enter it 
into the table. 


Years 1 2 3 4 5 
Principal + Interest 


- 


a 


a 
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(b) How do you calculate the amount in the table from one year to the next? 


(©) Write a function S that gives the total amount of money after / years, where 
tis a natural number. 


(d) What type of function is S? 
(e) What is the total amount of money after 20 years? 
Do you have more money after ¢ years in Exercise | or in Exercise 2? Explain. 


Suppose that in Exercise 1 you deposit the money in a mutual fund that pays 12% 

annual interest. 

(a) Write a function S that gives the total amount of money after ¢ years, where 
tis a natural number. 


(b) What type of function is S? 
(c) What is the total amount of money after 20 years? 


Suppose that in Exercise 2 you deposit the money in a mutual fund that pays 12% 

annual interest. 

(a) Write a function S that gives the total amount of money after ¢ years, where 
tis a natural number. 


(b) What type of function is S? 


(c) What is the total amount of money after 20 years? Compare your answer 
with the answer you got in Exercise 4(c). 


Buying a Car Now suppose that you are going to apply for a car loan. If the loan 
amount is A, the interest rate is r in decimal form, and the length of the loan in 
years is f, then the monthly payment P to purchase the car can be calculated by 
the following formula. 
r 
A(h) 


1-(1+¢)™ 


(a) Calculate the monthly payment for a $10,000 loan at 5% for 6 years. What is 
the total interest paid for this 6-year loan? 


P= 


(b) Calculate the monthly payment for a $10,000 loan at 5% for 3 years. What is 
the total interest paid on this 3-year loan? 


(©) Calculate the monthly payment for a $10,000 loan at 2% for 6 years. What is 
the total interest paid on this 6-year loan? 


Discussion 


1 


10. 


Discuss how leaving the interest in the account affects the amount of money after 
a period of time, compared to withdrawing the interest each year. 


Discuss how time and the interest affect the final amount in a saving account. 


If you were going to start an Individual Retirement Account for your retirement, 
what things would you consider when deciding how to invest your annual contri- 
butions? Explain your answer. 


If you were going to get a car loan, what things would you consider when decid- 
ing which loan to choose? Explain your answer. 
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11. Suppose that you cannot afford more than a $250 monthly car payment. By 
increasing the length of the loan, can you afford a more expensive car? Is there a 
downside to extending the loan longer? Explain your answer. 


Chapter 5: Choosing a Modeling Function 


Introduction 


In real-life applications, a modeling function is seldom given, Many times we must 
choose the type of modeling function and then find the formula for the function our- 
selves, In this activity you will be asked to choose a modeling function and then find 
a formula. Also, you will be asked to discuss how you can look at data and decide 
which type of modeling function might be best. 


Modeling Real-Life Data 


1, Seal Counts In order to have their pups, female seals must remain on shore for 
about 30 days. The following table lists actual seal counts on an island every 8 
days during a breeding season. 


[ow [0 8 6 [oe | 
a7 | 594 


Source: D. Brown and P. Rothery, Models in Biology, 


(a) Plot the data, Be sure to choose an appropriate xy-scale, 
(b) Discuss what type of function might best model this data, such as 


(i) linear: f(x) = ax + d, 
(ii) quadratic: g(x) = a(x — h)? + k, or 
(iii) exponential: h(x) = Ca’. 
(c) Find a modeling function for this data and graph your function, 


(a) Use your function to predict the seal count on Day 12 and Day 44, Compare 
your answer to the actual seal counts of 342 and 544, 


(e) Scientists used the exponential function S(x) = 1001e-5-9°P/199 to model 
this data. (S is a function studied in statistics.) Use S to predict the seal count 
on Day 12 and Day 44, Is function S more accurate than your function? 
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2. Usage of Phone Apps The table shows the approximate percentage of time that 
individuals spend on their top 10 phone applications. For example, of all the time 
spent on apps, individuals spend 13% of their time using their third-ranked app, 


on average. 
Top Ranked Apps} | 2 3 4 5 6 7 8 9) 10 

Share of App Time (%)| 40 3{[s[4[3][2[2],1]1 

(a) What total percentage of time is spent on the top two apps? 


Source: Comscore. 
(b 


LS 


Plot the data. Be sure to choose an appropriate xy-scale. 
(c) Discuss what type of function might best model this data, such as one of the 
following. 
(i) linear: f(x) = ax + b, 
(ii) quadratic: g(x) = a(x — h)? +k, 
(iii) exponential: h(x) = Ca* 
(d) Find a modeling function for this data and graph your function. 


(e) How accurate is your function? 


Discussion 


3. Discuss how you recognize data that can be modeled by a linear function. 


4, Discuss how you recognize data that can be modeled by a quadratic function 
and by an exponential function. 


5, Discuss whether modeling functions tend to be exact or approximate. Explain 
your reasoning. 


Chapter 7: Collaborative Activity: Modeling 


Musical Beats 
Introduction 


In orchestras or bands two instruments are sometimes tuned to each other by using 
the concept of musical beats. Tuning two instruments in unison can present a peculiar 
effect that occurs when the two tones are nearly the same but not exactly. The volume 
of the two tones will vary slowly and be detected by the ear as pulsations, or beats. 
This phenomenon is not only used in music, but also in other applications, such as 
police radar. 


Describing Beats with Trigonometry 


A tuning fork emits a sound that is called a pure tone, which can be modeled math- 
ematically by a sine function. Suppose that a musical tone has a frequency of f cycles 
per second, Then the intensity, or volume, of a pure tone can be modeled by the 
trigonometric equation 


I= sinQzrfod, 


where ¢ is time in seconds. For example, middle C has a frequency of 261.6 cycles 
per second. For simplicity, we assume that the maximum amplitude of J is equal 
to | unit. 
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4, 


5, 


6. 


Suppose that two instruments are being tuned in unison. One instrument plays 
an A above middle C with the correct frequency of f; = 440 cycles per second, 
while a second instrument plays this note with the incorrect frequency of 
fa = 444 cycles per second. If the two notes are played with the same volume, 
then the intensities for these two notes are given by 


J, = sin(27r440/) and J, = sin(27444)0). 


The human ear hears the sum of the two tones. 
Graph y = I, + 4 in the viewing rectangle given by [0.15, 1.15, 0.05] by 
[-2, 2, 1]. That is, graph 


yy = sin(27440/ + sin (2774440) 


in the given window, Be sure that your calculator is in radian mode. 
Your graph should generally look like the following. 


{0.15, 1.15, 0.05] by [-2, 2, 1] 


Use your graph to determine how many beats per second a person hears. 


(a) By looking at the formulas for J; and J, how could you predict how many 
beats per second a person might hear? 


(b) If the second instrument played at a frequency of f = 436 cycles per second, 
predict how many beats per second a person might hear? 


(c) Check your answer for part (b) by graphing the sum of the two intensities, 


Write a formula that gives the number of beats heard per second if the frequen- 
cies are f, and fy. 


The following identity is a sum-to-product trigonometric identity. 
sina + sinb = 2 sin 1+ boos ot. 
Use this identity to write the sum of their intensities 
sin (2af\0) + sin (2af0) 
as a product of a sine and cosine function. 


Use your equation from Exercise 5 to explain why 4 beats per second are heard. 


Discussion 


1 


8 


Search the phrase acoustic beats on the Internet and find an audio example of 
beats. Comment on your results, 


Search the Internet for applications of acoustic beats. Discuss your results. 
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ypter 9: Designing and sending 


Digital Phot 


Introduction 


One of the first digital photographs was done by James Blinn of NASA in 1981. A 
digital format is ideal for sending photographs over the Internet or across large dis- 
tances between satellites and Earth. Matrices are are an essential concept for under- 
standing digital pictures. In this activity you will design your own black-and-white 
digital image, code it into a matrix, and text it to classmates, where they will decode 
it and reconstruct the image that you sent. 

A very simple black and white analog photograph of the letter T is shown. 


To digitize this black-and-white photograph, we need to agree on a gray scale. 
Digital photographs typically have 256 or more shades of gray. In order to make a 
digital photograph by hand, the letter “T” has been digitized into a 3 by 3 matrix by 
using a smaller gray scale numbered from 0 to 3. For this gray scale, white is 0, light 
gray is 1, dark gray is 2, and black is 3. See the three figures below. 


Simple Photo with Grid Gray Scale Numbers Digital Photo as a Matrix 
222 
0 1 2 3 vi oO 2-0 


Dark gray T represented 
digitally in a matrix 


Designing and Texting Your Own Image 


1, Choosing an Image Start by choosing a simple image such as a letter of the 
alphabet or a recognizable symbol. Next select a grid that is large enough to 
show your image without being too large. Note that your grid does not have to 
be square. 


2. Choosing a Gray Scale and Digitizing Your Image Select a gray scale that works 
for your image and then digitize your image by forming a matrix that represents 
your digital image. 
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Deciding How to Send Your Image Discuss with one or more classmates how 
you can send your matrix to them as a sequence of numbers. You may want to 
communicate ahead of time the gray scale that you are using and how they can 
decode this sequence of numbers back into your matrix having the proper dimen- 
sion. However, do of tell them what image you are sending. 


Text and Decode Your Image Send your image by texting the sequence of num- 
bers to a classmate. Have your classmate try to reconstruct the image that you 
sent as a sequence of numbers. Then have your classmate text you a different 
digital image. Decode the image. Discuss the results. 


scussion 


What questions did you have to resolve with your classmate before you could text 
the sequence of numbers? 


Suppose that your digital pictures were always square but varied in size. Would 
you need to send the dimension of the picture along with the sequence of num- 
bers? How could you determine if one or more numbers were lost during trans- 
mission? Explain your answer. 


Discuss why a color picture is more difficult to send. Would it require more num- 
bers to send a color picture? Explain why color pictures tend to be larger than 
black-and-white pictures in terms of memory size. 


Appendix B: 


A Library of Functions 


Basic Functions 


The following are symbolic, numerical, and graphical representations of several func- 
tions used in algebra and trigonometry. Their domains D and ranges R are given. 


Absolute Value Function: (x) = |x| 


Identity Function: /(x) = 


* 


D=(-«,#) 
R= (-@, #) 
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Greatest Integer Function: #(x) = [x] 


Reciprocal Function: f(x) = 3 


x] —2.5 | -15 15 | 25 
y= tuj{ -3 | -2 | 0 i 2 


D = (—&, ») 
R = Integers 


Common Logarithmic Function: /(x) = log x 


0 1 2 | 
2 I i | 
D = (—~, 0)U (0, ~) 
R= (—~, 0)U(0, ~) 


Natural Exponential Function: /(x) = e* 


x] -2 [ -1 [ 0 [ 1 ] 2 
peel et | uel | 2 


Natural Logarithmic Function: #(x) = In x 


wi Ol 1 
y = logv| —-l 0 


D = (0, %) 
R = (2, ») 


4 7 10 x 
log 4 | log7 1 jet ine 


Sine Function: f(x) = sin x 
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Cosine Function: /(x) = cos x 


| x| 0 | $ TT a 5 7 ae Dar 
ys sins | 0 1 0 =| 0 =] 0 1 
y 
‘ 1 y Von 
f™ 
fx / 
—t + +z + x 
-2ar —\ / 2a af 
J “| ° 
D=(-#, #), R= [-1,1] D = (-#, #), R= [-1,1] 
Tangent Function: f(x) = tan x Cotangent Function: f(x) = cot x 
0 T T T 7 3a Sa 
4 3 4 2 4 6 


S 


eT 


! \ 
1 | 
| \ 
! 1 
\ \ 
\ \ 
' 
I ue 1 
\ \ 
\ \ 
\ \ 
\ \ 
| \ 
I i 


D = {x|x # $+ a}, R= (-%, &) 


Cosecant Function: /(x) = csc x 


! 4 
' 1 
' ! 
| | 
1 i 
1 1 
1 ! 
+x 
Tv | 
! I! 
i 1 
! ' 
| 1 
1 1 
I ' 


—| 


D = {x|x 4 an}, R = (—%, ©) 


Secant Function: (x) = sec x 


1 
Il 
! 
1 
! 
I 
t 
i 
tx 
' 
1 
t 
' 
1 
1 
1 
I! 


D= {x|x 4 an}, R= {x||x| = 1} 


D= {x|x # $+ an}, R= {x||x] = 1} 
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Families of Functions 


This subsection shows the formulas and graphs of some families of functions, such as 
linear, quadratic, and exponential. Notice that the appearance of the graphs of these 
functions depends on the value of k, m, or a. 


Constant Functions: /(x) = k Linear Functions: /(x) = mx + b 
y y y x 
1 x 
0 ) ® 
J b 1 0 
—>- >x any \ ~ x 
Quadratic Functions: f(x) = ax? + bx + ¢ Cubic Functions: f(x) = ax’ + bx? + ox + d 
y y y y 
h 4A . h 
\ / ] 
\ / re | 0 \ 
\ | | \ 
-—>x --— >x t + any s an 
NF / \ | | \ 
1>0 / | | \a<0 
/ \ V \ 
/ | \ 
y Y 
Power Functions: f(x) = x", x > 0 Sinusoidal Functions: /(x) = asin (D(x — ¢)) + d or 


, F(X) = acos (D(x - @)) + d 
4 F 
> 
/ 2a | 
/ I \ b /[\ 
/ \ / \ ie pr / \ 
Ja>t \ \ | } 
/ 8 + + + + ane 
/ \ J v \¥ We 
/ yeasin(bv-c)) +d 
/ / (All constants positive) 
a x 
Exponential Functions: 4(x) = Ca*,C > 0 Logarithmic Functions: /(x) = log, x 
y y 4 Y 
h 4 » 


Appendix C: 


Partial Fractions 


Decomposition of Rational Expressions 


The sums of rational expressions are found by combining two or more rational 
expressions into one rational expression. Here, the reverse process is considered: given 
one rational expression, express it as the sum of two or more rational expressions. A 
special type of sum of rational expressions is called the partial fraction decomposition; 
each term in the sum is a partial fraction. The technique of finding partial fraction 
decompositions can be accomplished by using the following steps. 


PARTIAL FRACTION DECOMPOSITION OF As 


STEP 1; If & is not a proper fraction (a fraction with the numerator of lower 
degree than the denominator), divide f(x) by g(x). For example, 
, ee 
x SRE SE tia 0 
Then apply the following steps to the remainder, which is a proper fraction. 
STEP 2: Factor g(x) completely into factors of the form (ax + b)” or (ex? + dx + ¢)", 
where cx? + dx + e is irreducible and m and n are positive integers. 


STEP 3: (a) For each distinct linear factor (ax + 5), include in the decomposition 
the term 


ad 
ax +b 
(b) For each repeated linear factor (ax + b)”, include in the decomposition 
the terms 
A Az An 
te tt 
ax+b (ax + bP (ax + by” 


STEP 4: (a) For each distinct quadratic factor (ex? + dy + e), include in the 
decomposition the term 


BE EC 
ox? + dx +e 


(b) For each repeated quadratic factor (ex? + dx + e)", include in the 
decomposition the terms 


Byx t+ C Bxt+Q Bix Ey 
2 2 gt te ” 
ex? +dxte (ex? + dx + e) (cx? + dx + e)" 


STEP 5: Use algebraic techniques to solve for the constants in the numerators. 
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To find the constants in Step 5, the goal is to get a system of equations with as many 
equations as there are unknowns in the numerators. One method for finding these 
equations is to substitute values for x on each side of the rational equation formed 
in Steps 3 and 4. 


Distinct Linear Factors 


Finding a partial fraction decomposition 
Find the partial fraction decomposition of 


2x4 — 8x? + Sx — 2 
x = 4y ‘ 


SOLUTION The given fraction is not a proper fraction; the numerator has higher 
degree than the denominator. Perform the following division. 


2x 
x3 — 4y)ax7 — By? + Sx — 2 
2x4 = 8x2 
5x = 12, 
Algebra Review The result is 2x. + es, Now work with the remainder fraction. Factor the 
To review clearing fractions from - 7 Z ‘ Gite ‘ 
kaye iti em see Chapter R denominator as x? — 4x = x(x + 2)(v — 2). Since the factors are distinct linear 
(page R-34) factors, use Step 3(a) to write the decomposition as 
3 = 2 A B G 
+ uation 1 


+ 
w—dxy on xt2 x-2, 
where A, B, and C are constants that need to be found. Multiply each side of equation | 
by x(x + 2)(x — 2) to clear fractions and get 
5x — 2 = A(w + 2)(v — 2) + Bx(w — 2) + Cx(w + 2), Equ 


Equation | is an identity, since both sides represent the same rational expression. 
Thus equation 2 is also an identity. Equation | holds for all values of x except 0, 
—2, and 2. However, equation 2 holds for all values of x. In particular, substitut- 


ing 0 for x in equation 2 gives -2 = —4A, so A = |. Similarly, choosing x = —2 
gives —12 = 8B, so B = —4, Finally, choosing x = 2 gives 8 = 8C, so C = |, The 
remainder rational expression can be written as the sum of partial fractions 

Sx-2 _ 1 -3 

we 4x x i 2(x + 2) +e 


and the given rational expression can be written as 


Partial fractions =| 


2x4 — 8x? + Sx — 2 et 1 Fes Sram | 
x= 4x > ax Aw +2) x=-2 
ee 


Partial fraction Decomposition | 


Check the work by combining the terms on the right. 


| Now Try Exercise 11 | 


EXAMPLE 3 
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Repeated Linear Factors 
Finding a partial fraction decomposition 


Find the partial fraction decomposition of 


2x 
Go DF 


SOLUTION This is a proper fraction. The denominator is already factored with 
repeated linear factors. We write the decomposition as shown, using Step 3(b). 


2x as A + B + (e 
@-1B  x-1 @-1P  @- 1 
We clear denominators by multiplying each side of this equation by (x — 1). 
2x = A(x - 1)? + BX -D+C 
Substituting | for x leads to C = 2, so 
2x = A(x — 1)? + B&— 142. Equation | 


We found C, but we still need to find values for A and B. Any number can be substi- 
tuted for x. For example, when we choose x = —1 (because it is easy to substitute), 
equation 1 becomes 


-2=4A4-2B+2 
-4.= 44 - 2B 
-2=24-B. Equation 2 


Substituting 0 for x in equation | gives 
0=A-Bt+2 
2=-A+t+B. Equation 3 
Now we solve the system by adding equations 2 and 3 to get A = () and B = 2. Since 
A = 0), the term ay is not used. The partial fraction decomposition is 
2x 2 2 
G@-)  G@-  @-1 


We needed three substitutions because there were three constants to find: A, B, and C. 


To check this result, we could combine the terms on the right. 
Now Try Exercise 13 


Distinct Linear and Quadratic Factors 


Finding a partial fraction decomposition 
Find the partial fraction decomposition of 
x +3x-1 
(x + 1)(x? + 2) 
SOLUTION This denominator has distinct linear and quadratic factors, neither 


of which is repeated. Since x? + 2 cannot be factored, it is irreducible. The partial 
fraction decomposition is 


x? +3x-1 A Bx +C 
(w+ DQ24+2) x41 x? 4+2° 
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Multiply each side of this equation by (x + 1)(x? + 2) to get 
x? + 3x — 1 = AQ? + 2) + (Bx + CVF 1. Equation 
First substitute —1 for x to get 
(-12 + 3(-) - 1 = A(- 1? +2) +0 


—3=3A 
A=-\|. 
Replace A with —1 in equation | and substitute any value for x. If x = 0, then 
0? + 30) — 1 = -10?7+2)+ (B0+ E0041 
-1=-2+C 
C=1. 

Now, letting A = —1! and C = |, substitute again in equation 1, using another 
number for x. For x = |, 

3=-3 + (B + 1)(2) 

6=2B+2 

B=2, 
With A = — |, B = 2, and C = |, the partial fraction decomposition is 

x? + 3x - 1 I 7 ts a | 


(W+DQ?+2) xt] x2 42° 


This work can be checked by combining terms on the right. 


Now Try Exercise 21 
y Ei 


For fractions with denominators that have quadratic factors, another method is 
often more convenient. The system of equations is formed by equating coefficients of 
like terms on each side of the partial fraction decomposition. For instance, in Example 3, 
after each side was multiplied by the common denominator, equation | was 


x? + 3x — 1 = A(x? + 2) + (By + C)(W + 1). tion 1 
Multiplying on the right and collecting like terms, we have 
x? + 3x — 1 = Ax? + 24 + Bx? + By + Cx + C 
x? + 3x — 1 = (A + B)x? + (B+ C)x + (C + 24). 


Now equating the coefficients of like powers of x gives three equations: 


1L=A+B 
3=B+C 
=[ = 6+ 2A, 


Solving this system of equations for A, B, and C would give the partial fraction 
decomposition, The next example uses a combination of the two methods. 


Repeated Quadratic Factors 


a Winding a partial fraction decomposition 
Find the partial fraction decomposition of 


2x 
(x? + IP - 1 
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SOLUTION This expression has both a linear factor and a repeated quadratic factor, 
By Steps 3(a) and 4(b), 


2x Ax+B, xtD , E 
w+ Iv-D xwtl G+? xo 
Multiplying each side by (x? + 1)?(x — 1) leads to 
2x = (Ax + B)(x? + 1)(x — 1) + (Cx + D)(x — 1) + EQ? + 1, 


If x = 1, equation | reduces to 2 = 4£, or E = f Substituting 4 for E in equation | 
and combining terms on the right gives 


2x = (4 + +) + (-A + Bx + (A - B+ C+ Ix? 


+(-4+B+D-Ox+(-B-d+4), 


To get additional equations involving the four unknowns, equate the coefficients 
of like powers of x on each side of equation 2, Setting corresponding coefficients of 
x equal gives 0 = A + 4, or A= -}, From the corresponding coefficients of 
x3,0 = —-A + B, which means that since A = -4, B= -4, From the coefficients 
of x°,0=A-B+C+1, Since A = -} and B= -5, it follows that C = —1, 


Finally, from the coefficients of x, 2 = —A + B+ D — C. Substituting for A, B, 
and C gives D = 1, With 


1 1 1 
A= > B ? G 1, D=1, and E= 7 
the given fraction has the partial fraction decomposition 
a ey 4 L 
2x ay 3 etl > 
Gi + Ge= I) ~ ated GP RMD 


or 


2x =—%+1) , —x+1 1 
(x? + I= 1) A? +1) PF 1 2 = 1) 


In summary, to solve for the constants in the numerators of a partial fraction 
decomposition, use either of the following methods or a combination of the two. 


TECHNIQUES FOR DECOMPOSITION INTO PAI AL FRA 
Method 1 for Linear Factors 
| STEP 1; Multiply each side of the rational expression by the common denominator, | 


STEP 2: Substitute the zero of each factor in the resulting equation. For repeated 
| linear factors, substitute as many other numbers as necessary to find all 
| the constants in the numerators. The number of substitutions required 
} will equal the number of constants. 


Method 2 for Quadratic Factors 
| STEP 1; Multiply each side of the rational expression by the common denominator. | 


STEP 2: Collect terms on the right side of the resulting equation. 


STEP 3; Equate the coefficients of like terms to get a system of equations. 


STEP 4: Solve the system to find the constants in the numerators. 
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Exercises 1-30; Find the partial fraction decomposition for 
the rational expression. 


1 5 3x - 1 
* 3x(2x + 1) "x(x + 1) 
4 4x +2 ee 


"(x + 2)(2x - 1) 


x 58:= 3 
5 
x + 4x — 5 


4g, 2% _ Re ae 
(x + 1) (x + 2) x? (x + 3) 
oy Peet thi ae aaa 


2x5 + 3x4 — 3x3 - 2x? + ¥ 


15, 
2x? + 5x + 2 
3 AL 2 ‘ i 
16. 6x =e Ke PF 2x 17. e +4 
ae" By = | 9x” — 4x 


“(t+ D@- 1 


tee Dor= a 


18, 


20. 


22. 


24, 


26. 


27. 


28. 


29. 


30. 


a 19 aan! 
x} = 3x? + 2x * x?(y? + 5) 
2x + 1 un 3x 2 
(x + 1) (x? + 2) “+ 4GBx? + 1) 
3 23 | 
x(x + I(x? + 1) * x(2x + 1)(3x? + 4) 
4 5 
ree | 25. ch eee | 


x(x? + 1)? x(2x? + 1)? 


3x4 +3 + Sy? - +4 
(x — IQ? + 1° 


—x4 — 8x7 + 3x -— 10 
(x + 2)(x? + 4? 


xt 1 


5x9 + 10x4 — 15x3 + 4x? + 13x - 9 


x3 + 2x? — 3x 


3x + 3x4 + 3x 


xt + x? 


Appendix D: Percent 


Change and Exponential 
Functions 


Percent Change 
When an amount A, changes to a new amount A), then the percent change is 


A,-—A 
21 x 100. Percent change 
A 


We multiply by 100 to change decimal form to percent form. 


ye Widhowe Finding percent change 


Complete the following. 

(a) Find the percent change if an account increases from $1200 to $1500. 
(b) Find the percent change if an account decreases from $1500 to $1200, 
(c) Comment on your results from parts (a) and (b). 


( ) SOLUTION 
(a) Let A; = 1200 and A, = 1500. 
1500 — 1200 300 
1200 X 100 = 1200 x 100 
1 
= 4 x 100 
= 25% 


The percent change (increase) is 25%. 
(b) Let A; = 1500 and A, = 1200. 


1200 — 1500 300 
1500 x 100 = ~Ts00 x 100 
1 
= “3 x 100 
= —20% 


The percent change (decrease) is —20%. 

(c) Notice that the account increased by 25% and then decreased by 20% to return 
to its initial value. Because the initial amount of A, = $1500 in part (b) is larger 
than the initial amount A; = $1200 in part (a), the amount of $1500 only needs 
to decrease by 20% or $300, to return to the original $1200. 


Now Try Exercise 1 


Suppose that a child’s weight increases from 20 pounds to 60 pounds over a 
( period of years. The percent increase is 


60 = 20 , 109 = 2 x 100 = 200%. 
20 AP-25 
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Notice that the child’s weight sripled and the percent change is 200%, not 300%, The 
actual increase in weight is 40 pounds and can be found by taking 200% of 20 pounds, 


200% of 20 = 2.00 x 20 = 40 pounds 1ange 200% to decimal forrn 


If we want to find the percent change, expressed in decimal form, of an amount 
A, changing to an amount A), then we do not need to multiply by 100. Thus 


427 A 
f a A 
We can solve this equation for A>, 
42> At 
r= h in decirnal form 
A 
rA; = A, - A, h side | 
A, + rAy = Ap 1 
Ay = Ay + Ay f i th quation 


Thus, if the percent increase in an amount A, is given by r in decimal form, 
then the increase (or decrease) in A, is given by A, and the final amount is given by 
A, + rAj, or A\(1 + 1). The initial amount A; changes by the factor 1 + 1. 

For example, if a $100,000 budget decreases by 12%, then 


rA, = —0.12(100,000) = —$12,000 
and the budget decrease is $12,000. Also, 
A, + rAy = 100,000 + (—0,12)(100,000) = $88,000 
and the new budget decreased to $88,000, The budget changed by a factor of 
1+r=1 + (-0,12) = 0.88, 


or the budget is now 88% of the original budget. 


| EXAMPLE 


Analyzing the increase in an account 


An account that contains $5000 increases in value by 150%, 
(a) Find the increase in value of the account. 

(b) Find the final value of the account. 

(c) By what factor did the account increase? 


SOLUTION 
(a) Let A; = 5000 and r = 1.50 (150% in decimal form). The increase is 
rA, = 1.50(5000) = 7500. 


The account increased in value by $7500, 

(b) The final value of the account is A; + rd; = 5000 + 7500 = $12,500. 

(c) The account increased in value by a factor of | + r = 1 + 1.50 = 2.5, Note that 
5000(2.5) = 12,500. 


| ‘Now Try Exercise 7 } 


Nominal and Effective Interest Rates 


Review of Interest Formulas Compound interest can be calculated by using the 
following formula. 
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iD IN iE. 


| Ifa principal of P dollars is deposited in an account paying an annual rate of inter- 
| est r (expressed in decimal form) compounded (paid) n times per year, then after f 
| years the account will contain A dollars, where 


| A= (1 + ae | 


For example, if $500 is deposited at 3% interest compounded quarterly, then the 
amount A in the account after 10 years is given by 


.\rt (4)10 
A= (1 + ") = s00( 1 + -) ~ $674.17. 


4 


Similarly, continuously compounded interest can be calculated by following formula. 


INUOUSLY COMPOUND | 


j : 
Ifa principal of P dollars is deposited in an account paying an annual rate of inter- 
| est (expressed in decimal form), compounded continuously, then after ¢ years the 
| account will contain A dollars, where 


A = Pe", 


For example, if $500 is deposited at 3% interest compounded continuously, then 
the amount A in the account after 10 years is given by 


A = Pell = 50069) = $674.93. 


Nominal and Effective Interest Rates When investing money, it is important 
to understand that there are different ways to calculate interest. The nominal interest 
rate is the periodic interest rate times the number of periods per year. For example, 
sometimes a business charges 1% interest per month on an unpaid balance. In this 
case the nominal interest rate is 12 X 1% = 12% per year. However, if the interest is 
compounded monthly or continuously, then the effective interest rate will be higher 
than the nominal interest. For example, the amount A owed after 1 year for a $1000 
balance at a nominal rate of 12% compounded monthly equals 


.\at 12(1) 
A= (1 + r) 1000( 1 + 2) ~ $1126.83. 


Thus the interest on $1000 is $126.83, and so the effective interest rate is about 


126.83 
1000 


Because of monthly compounding, the effective rate is slightly higher than the nominal 
interest rate of 12%, Without compounding, the interest would be $120, or 12% of 
$1000. Generally a consumer is more concerned about the effective (annual) inter- 
est rate than the nominal interest rate, because the effective interest rate reflects the 
actual amount of interest the consumer pays (or receives) after 1 year. 

Different ways of compounding interest lead to different effective interest rates. 
If a nominal interest rate of 12% is compounded continuously, rather than monthly, 
then the amount A after | year for a $1000 balance is 


A= Pe = 100009!) ~ $1127.50. 


X 100 = 12.683%, 
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In this case the interest on $1000 is $127.50, and so the effective interest rate equals 


127.50 


= = 9, 
1000 0.1275 = 12.75% 


which is slightly higher than the effective interest rate for monthly compounding. 


Finding effective rates of interest 


Suppose that $5000 is deposited in an account with a nominal interest rate of 6%, 
Find the effective interest rate with quarterly compounding and with continuous 
compounding. Does the principal P influence the effective rate of interest? 


SOLUTION First, let P = 5000, = 0.06,n = 4, and 1 in the compound interest 
formula, Then 


4(1) 
A= so00( + a) = $5306.82. 
The interest is $306.82 with an effective interest rate of 
306.82 _ _ " 
5000 ~ 0.0614 = 6.14%, 


With continuous compounding, 
A = 5000¢%6) ~ $5309.18 
and the effective interest rate is 


309.18 
5000 


= 0.0618 = 6.18%, 


The principal P does not affect the effective rate. It only affects the total amount 
of interest earned, To see this, rework the example with P = 1. 


| , a 
| Now Try Exercises 13 and 15 | 


More Exponential Functions and Models 


In an earlier chapter, we discussed how an exponential function results when the 
initial value C is multiplied by a constant factor a for each unit increase in x, For 


example, if an initial value of C = 4 is multiplied by a constant growth factor of 
a = 2 for each unit increase in x, then the exponential function 
f(x) = 3Q)* n , growth | 


models this growth. This concept can be used to describe exponential functions and 
models in terms of constant percent change. 

Suppose that an initial population of a country is Pp = 10 million and the popu- 
lation increases by 1.2% in 1 year, Then the increase is 


rPy = 0.012(10) = 0.12 million, i in decimal form 
and after | year the new population is 
Po(1 + 1)! = 10(1.012)! = 10.12 million. 


After | year the population has increased by a growth factor of | + r, or 1.012, If the 
rate of growth were to remain constant in future years, then after x years the population 
would be 


Po(l + r)* = 10(1.012)* 


with initial value C = 10 and growth factor a = 1.012. 
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i> OWiIAIY Finding exponential models 
A sample of 10,000 insects is decreasing in number by 8% per week. Find an exponential 
model f(x) that describes this population after x weeks. 
SOLUTION The initial value is C = 10,000, the rate of decrease is r = —0.08, and 
the decay factor is 
a=1+r=1 + (-0.08) = 0.92. 
Thus the sample of insects contains 
f(x) = 10,000(0.92)* 


insects after x weeks. 


Now Try Exercises 23 


These concepts are summarized in the following box. 


PERCENT CHANGE AND EXPONENTIAL FUNCTIONS 


Suppose that an amount A changes by R percent (or r expressed in decimal form) 
for each unit increase in x. Then the following hold. 
R 
lLr= Too and R = 100r. 
2. If r > 0, the constant growth factor isa = 1 +randa> 1, 
3. If r < 0, the constant decay factor isa = 1+ rand0<a< 1. 
4, If the initial amount is C, then the amount A after x units of time is given by 
the exponential model 
A(x) = CH +1), or AG) = Ca". 


I> Widhay Analyzing constant percent change 


For each f(x), give the initial value, the growth or decay factor, and percent change 
for each unit increase in x. 


(a) f(x) = 5(1.034)* (b) f(x) = 1000.45)* (©) f(x) = 3* 


SOLUTION 
(a) For f(x) = 5(1.034)* the initial value is C = 5 and the growth factor is a = 1.034. 
Because a = 1 + 1, it follows that 


r=a-—1= 1,034 -— 1 = 0.034. 


The percent change for each unit increase in x is 3.4%. 
(b) For f(x) = 10(0.45)* the initial value is C = 10 and the decay factor is a = 0.45. 
The percent change for each unit increase in x is 


r=a-1=045-1 0.55, or —55%, 


(c) For f(x) = 3* the initial value is C = 1 and the growth factor is a = 3, The 
percent change for each unit increase in x is r = a — | = 3 — 1 = 2, or 200%, 


Now Try Exercises 29, 31, and 33 


Growth and Decay Models If an initial quantity Ap either grows or decays by a 
factor of b each k units of time, then the amount A after ¢ units of time is given by 
the exponential model 


A(t) = Agb/*, 
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For example, if 700 bacteria triple every 5 days, the formula 
A() = 72000) 


gives the number of bacteria after ¢ days. 


Applying an exponential model 
The population of a city is currently 239,000 and is increasing at a constant rate of 
8.5% every 4 years. Find the population of this city after 7 years. 
SOLUTION The population of the city is 239,000 and increasing by a factor of 1,085 
every 4 years. Thus Ap = 239,000, b = 1.085, k = 4, and 
A(t) = 239,000(1.085)4 

After 7 years the population is 

A(7) = 239,000(1.085)/4 ~ 275,677. 


| Now Try Exercise 39 | 


Rule of 70 The rule of 70 can be used to quickly estimate the number of years it 
takes for an investment to double. If R is the interest rate (in percent form) and T is 
the number of years for a quantity to double, then 


Be 70. Rule of 
Interest rate (%) | Years to double | 


This formula is most accurate for continuous compounding, but it can also be applied 
to other types of compound interest. For example, if we deposit an amount of money 
at 5% interest compounded continuously, then it will require approximately 


70 70 
TA res 14 years 


to double. Similarly, if a city’s population doubles in 35 years, then its annual growth 
rate is about 


= 0 0 ay 
Res 7 mi 


See Exercises 47-52. 


Percent Change 


Exercises 1-6: For the given amounts A and B, find each of Exercises 7-12: An account that initially contains A dol- 
the following. Round values to the nearest hundredth when lars increases / decreases by R percent. For each A and R, 
appropriate. complete the following. 
(a) The percent change if A changes to B (a) Find the increase / decrease in value of the account. 
(b) The percent change if B changes to A (b) Find the final value of the account. 

1. A = $500, B = $1000 2. A = $500, B = $200 (ce) By what factor did the account value increase / decrease? 


7. A = $1500, R = 120% 
3. A = $1.27,B = $1.30 4. A= 15,B=5 


8. A = $3500, R = 210% 
5. A = 45, B= 65 6. A 


75, B = 50 
9. A = $4000, R = —55% 


10, A = $6000, R = -75% 
11, A = $7500, R = —60% 
12, A = $9000, R = 85% 


Nominal and Effective Interest 


Exercises 13-16; A deposit of $4000 is made at a nominal 
interest rate of 5.5%, To the nearest thousandth of a per- 
cent, find the effective (annual) interest rate for each type 
of compounding. 


13, Monthly 14, Quarterly 


15, Continuously 16, Weekly 


17, Effective Interest Rate An account pays 4.25% inter- 
est compounded continuously. To the nearest hun- 
dredth of a percent, what is the effective interest rate? 


18, Effective Interest Rate An account pays 2,5% inter- 
est compounded monthly, To the nearest hundredth 


of a percent, what is the effective interest rate? 


Exercises 19-22: Effective Interest Formula If the nomi- 
nal interest rate is r (in decimal form) and is compounded n 
times per year, then the effective interest rate E (in decimal 


_ rya 
form) is given by E = (1 ar ae 1, For continuous com- 


pounding the formula E = e" — 1 can be used, Use these 
formulas to find the effective interest rate (in percent form 
rounded to the nearest hundredth) for the given r and type 
of compounding. 


19, r = 0,04, monthly compounding 
20, + = 0,065, quarterly compounding 
21, + = 0,09, continuous compounding 


22. + = 0,071, continuous compounding 


Exponential Models 

Exercises 23-28; Find an exponential model f(x) that 

describes each situation, 

23, A sample of 9500 insects decreases in number by 35% 
per week, 


24, A sample of 5000 insects increases in number by 120% 
per day. 

25, A sample of 2500 fish increases in number by 5% per 
month, 


26, A sample of 152 birds decreases in number by 3.4% 
per week, 


27, A mutual fund account contains $1000 and decreases 
by 6.5% per year. 


28, A mutual fund account contains $2500 and increases 
by 2.1% per year. 
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Exercises 29-38: For the given f(x), state the initial value, 
the growth or decay factor, and percent change for each 
unit increase in x. 


29, f(x) = 8(1.12)* 
31, f(x) = 1.5(0.35)* 
32. f(x) = 100(1.23)* 
33. f(x) = 0.55* 

34, f(x) = 0.4" 

35, f(x) = 7Te* 

36. f(x) = Ile? 

37, f(x) = 63) 

38, f(x) = 9(4) 


30. f(x) = 9(1.005)* 


Exercises 39-46: (Refer to Example 6.) Write a formula for 

S(O that models the situation and then answer the question, 

39, The population of a city is currently 35,000 and is 
increasing at a constant rate of 9.8% every 2 years, 
What is the population after 5 years? 


40, A savings account contains $2500 and increases by 10% 


in 3 years, How much is in the account after 8 years? 


41, A sample of 1000 bacteria triples in number every 


7 hours. How many bacteria are there after 11 hours? 


42 


A sample of 5 million insects decreases in number by 
3 every 10 days. In millions, how many insects are 
there after 65 days? 


43. 


The intensity Jp of a light passing through colored 
glass decreases by 7 for each 2 millimeters in thick- 


ness of the glass, What is the intensity of the light in 
terms of Jp after passing through 4.3 millimeters of 
colored glass? 


44, The intensity J) of a sound passing through the atmo- 
sphere decreases 20% for each 100 feet of distance, What 
is the intensity of the sound in terms of Jp after traveling 


a distance of 450 feet? 


45. An investment of $5000 will quadruple every 35 years. 


How much is the investment worth after 8 years? 


46. An investment of $2500 increases by a factor of 1.2 
every 4 years. How much is the investment worth 
after 9 years? 


Exercises 47-52: Rule of 70 Use the rule of 70 to estimate 
the time required for the given principal P to double at the 
annual percent interest rate R. Check your answer by using 
the continuously compounded interest formula. 


47, P = $2000,R=7% 48, P = $1200, R = 14% 
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49, 
51, 


P = $500, R = 20% 50. P = $9000, R = 10% 


P = $1500, R = 25% 52. P = $5000, R = 8% 


Exercises 53-58: Rule of 70 Use the rule of 70 to estimate 
the annual percent rate of growth for a city whose popula- 
tion P doubles in time T. 


53, P = 150,000, T = 40 years 

54, P = 400,000, T = 25 years 

55, P = 1,500,000, 7 = 35 years 

56. P = 20,000, T = 10 years 

57, P = 750,000, T = 70 years 

58, P = 80,000, T = 50 years 

Applications 

59, Bacteria Growth A population of bacteria increases 


60. 


by 6% every 8 hours. By what percentage does the 
sample increase in 3 hours? 


Bacteria Growth A population of bacteria decreases 
by 40% every 4 hours. By what percentage does the 
sample decrease in 7 hours? 


61. Percent Change The number of cell phone subscrib- 


62. 


63, 


64, 


65, 


66, 


ers to a company increases by 25% during the first 
year and then decreases by 20% the second year. 
Compare the number of subscribers at the beginning 
of the first year with the number of subscribers at the 
end of the second year. 


Wage Increase If your wages are $8 per hour and 
you receive a 300% raise for excellent work, deter- 
mine your new wages. 


Wages Ifa wage of $9.81 decreases by 9% each year, 
what is the new wage after 3 years? 


Pollution A pollutant in a river has an initial concen- 
tration of 3 parts per million and degrades at a rate 
of 3% every 2 years, Approximate its concentration 
after 20 years. 


Radioactive Half-Life A radioactive element decays to 
40% of its original amount every 2 years. Approximate 
the percentage that remains after 8 years. 


Radioactive Half-Life A radioactive element decays to 
80% of its original amount every 3 years. Approximate 
the percentage that remains after 8 years. 


Rotation of xy-Plane 


FIGURE E.1 


POY) g (OP) 


Appendix E: 


Rotation of Axes 


Derivation of Rotation Equations 


If we begin with an xy-coordinate system having origin O and rotate the axes about 
O through an angle 0, the new coordinate system is called a rotation of the xy-system. 
Trigonometric identities can be used to obtain equations for converting the coordinates 
of a point from the xy-system to the rotated x'y'-system. Let P be any point other than 
the origin, with coordinates (x, y) in the xy-system and (x, y’) in the x'y’-system. See 
FIGURE E.1, Let OP = r, and let a represent the angle made by OP and the x'-axis. As 
shown in FIGURE E.1, 


OA _& , _AP_y 

cos(@ + a) = a sin(@ + a) = a 
-t U 
ewe sine = —— = 2, 
r r 


These four statements can be rewritten as 
x=rcos(@+a), y=rsin@@+.a), x’ =rcosa, y' = rsina. 
Using the trigonometric identity for the cosine of the sum of two angles gives 
x = rcos(@ + a) 
= r(cos@ cosa — sin@ sina) 


(v cose) cosé — (y sin a) sind 
= x’ cosé — »’ sind, 


Using the identity for the sine of the sum of two angles in the same way gives the 
equation y = x’ sin @ + y’ cos 6. This proves the following result. 


ROTATION EQUATIONS 
If the rectangular coordinate axes are rotated about the origin through an angle 
6 and if the coordinates of a point P are (x, y) and (x’, »’) with respect to the 
xy-system and the x’y’-system, respectively, then the rotation equations are 


x =x'cos6—y'sin@ and y =x’ sind + y’cosé. 


Applying a Rotation Equation 


| EXAMPLE 1 Finding an equation after a rotation 


The equation of a curve is x2 + y? + 2xy + 2V2x — 2V2y = 0. Find the resulting 
equation if the axes are rotated 45°. Graph the equation. 
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Rotation of a Parabola 


FIGURE E.2 


SOLUTION If @ = 45°, then sin@ = »,” and cos @= °,”, and the rotation equations 
become 
V2 V2 : 
pS Se and say 


Substituting these values into the given equation yields 
x+y? + Qxp + 2V2x — 2V2y = 0 
Wi. = NRE ENB. NE ND 
aioed 2 y + co + > y 


ies 5,9 


+ (Ye ES V3) (MBs Vay, ) 
+ wi(¥2~ - V2") - wi( 2 + ~y') = 0, 


Expanding these terms yields 
1 1 1 1 
aad sie x'y! cs a + an + x'y! + a + x? -_ yl? 


+ 2x! — 2p! — 2x" — yp! = 0, 


Collecting terms gives 


2x'? — dp! =0 
x? = Qyl = ivide | 
or, finally, xf? Dy! 


the equation of a parabola. The graph is shown in FIGURE E.2. 
| Now Try Exercise 43 | 
We have graphed equations written in the form Ax? + Cy? + Dx + Ey + F = 0, 
As we saw in the preceding example, the rotation of axes eliminated the xy-term, 
Thus, to graph by hand an equation that has an xy-term, it is necessary to find an 
appropriate angle of rotation to eliminate the xy-term, The necessary angle of rota- 


tion can be determined by using the following result. The proof is quite lengthy and 
is not presented here, 


| The xy-term is removed from the general equation 
Ax? + Bxy + Cy? + Dx + Ey + F=0 

by a rotation of the axes through an angle 0, 0° < @ < 90°, where 
A=¢G 


cot 20 = 


This result can be used to find the appropriate angle of rotation, 0. To find the 
rotation equations, first find sin@ and cos@, The following example illustrates a way 
to obtain sin@ and cosé from cot 20 without first identifying the angle 0. 


FIGURE E.3 


FIGURE E.4 


EXAMPLE 2 
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Rotating and graphing 

Rotate the axes and graph 52x? — 72xy + 73y? = 200. 
SOLUTION 

Here A = 52,B 72, and C = 73. By substitution, 


52-73 21 s 
=72 -72 24 


cot 20 


To find sin@ and cos9@, use the trigonometric identities 


sing = \ /1= 90828 ee and oso = \ /1 + 00828 cant 


Sketch a right triangle and label it as in FIGURE E.3, to see that cos20 = 52. (Recall 
that in the two quadrants with which we are concerned, 0° = 20 = 180°, cosine and 
cotangent have the same sign.) Then 


. i-%_ fo 3 fiez fs ; 
sind = ig aes and cos@ = <a Aes =e 


Use these values for sin@ and cos@ to obtain 


4, 3 
X= =X — sy 
; 5 


) 


, 


3 4 
and y=—x'+-—y', 
5 5 


Substituting these expressions for x and y into the original equation yields 


en 4. 3 V3 4 4 Bie MV ce 
32(4x - 3") - ($s 3 y\(3s + $y) 4n(3s + $y) = 200. 


This becomes 


24 9 12 7 12 
She =, a _ Ban Se 
52( 32 5°" + 959” a) n( 2x2 + 5%)" ~ 957 ) 


Combining terms gives 
25x’? + 100y’? = 200. 
Divide each side by 200 to get 


New equation 
x = fy a «(a after r rotation | i 
3. er 
an equation of an ellipse having x'-intercepts + V8 and y’-intercepts + V2. The 
graph is shown in FIGURE E.4. To find 0, use the fact that 


from which @ = tan 


a3 
‘| = 37°, Now ry Iexercise 17 
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Summary of Conics with an xy-Term 


The following summary enables us to use the general equation to decide on the type 
of graph to expect. 


EQUATIONS O] NICS WITH AN TERM 
If the general second-degree equation | 
Ax? + Bxy + Cy? + Dy + Ey + F=0 
| has a graph, it will be one of the following: 
(a) a circle or an ellipse (or a point) if B? — 44C < 0; 
(b) a parabola (or one line or two parallel lines) if B? — 44C = 0; 


(c) a hyperbola (or two intersecting lines) if B? — 44C > 0; 
(d) a straight line if A= B= C=OandD 4 0orE 40, 


Exercises 1-6; Use the summary in this section to predict 15, 8x? — 4xy + Sy? = 36; sind = 2 


the graph of the second-degree equation. 
ph of i 16. Sy? + 12xy = 10; sind = 3, 


1, 4x? + 3y? + Ixy — Sy = 8 VB 

2 x2 + Qxp — 3y? + 2p = 12 Exercises 17-24: Remove the xy-term from the equation by 
performing a suitable rotation. Graph the equation. 

3, 2x? + 3xy — 4y? = 17, 3x? - Qxy + 3y? = 8 18. x? + xy ty? = 3 

4, x? — Qxy + y? + 4x - 8y = 0 19, x2 — 4xy + y? = -5 

5, 4x? + dxy + yp? + 15 =0 20. x? + Qxp + y? + 4V2x — 4V2y = 0 

6, —x? + 2xy — y? + 16 = 0 2. 7x? + 6V3xy + 13)? = 64 


Exercises 7-12: Find the angle of rotation 0 that will remove 22, 7x? + 2V3xy + Sy? = 24 


the xy-term in the equation. 
2. 5‘ Dias = 
7, 2x2 + V3xy +yptyss 23. 3x 2V3xy + 9 =e 2V3p 0 


2 . De, 
8. 43x? + xy + 3V3y? = 10 24, 2x? + 2V3xy + dy? = 5 
9, 3x2 + V3xy + dy? + Iv — 3y = 12 Exercises 25-30: In the equation, remove the xy-term by 
rotation, Then translate the axes and sketch the graph. 
10, 4x? + 2xy + 2y?>+x-7=0 25, x2 + 3xy + y? — 5V2y S18 
11, x? — 4xy + 5y? = 18 26. x? - Vxy + 2V3x - 3y -3=0 
12, 3V/3x? — dxy + V3y? = 25 27, 4x? + 4xy + y? — My + 38y — 19 =0 


Exercises 13-16; Use the given angle of rotation to remove 28, 12x? + 24xy + 19y? — 12x — 40y + 31 =0 
the xy-term and graph the equation. 


13, x? — xy + y? = 6,0 = 45° 


29, 16x? + 24xy + Oy? — 130x + 90y = 0 


aa er 2 7 
14, 2x? — xy + 2y? = 25:0 = 45° 30. 9x 6xy + y? — 12V 10x 36V/ oy 0 


EXAMPLE 4 


0123 45 6 
FIGURE 11.4 
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Representations of Sequences 


Sequences are functions. Therefore they have graphical, numerical, and symbolic 
representations. In the next example we make a table of values and a graph for a 
sequence, 


Representing a sequence numerically and graphically 
Let a recursive sequence be defined as follows. 
a =3 
Gy = Qa 2) n> 1 


(a) Give a numerical representation (list each term in a table) for n = 1, 2, 3,4, 5. 
(b) Graph the first five terms of this sequence. 


SOLUTION 

(a) Numerical Representation Start by calculating the first five terms of the 
sequence, 

a =3 


@) = 2a, - 2 = 23) -2=4 
dy = ay ~ 2 = 24) — 2 = 6 
= Mt, - 2 = 26) -2 = 10 


ds = ay — 2 = Al) -— 2 = 18 


TABLE 11.1 


The first five terms are 3, 4, 6, 10, and 18. A numerical representation of the 
sequence is shown in TABLE 11.1. 

(b) Graphical Representation To represent these terms graphically, plot the points 
1, 3), (2, 4), (3, ©), (4, 10), and (5, 18), as shown in FIGURE 11.4, Because the 
domain of a sequence contains only natural numbers, the graph of a sequence 


is a scatterplot. 


(TY A graphing calculator set in sequence mode may be used to calculate the 
terms of the recursive sequence in Example 4. See FIGURES 11.5 and 11.6. 


Table of a Sequence Graph of a Sequence 


[0, 6,1] by [0, 20, 4] 


u(n)Ei2u(n—1)—2 
FIGURE 11.5 


FIGURE 11.6 Dot Mode 


An Application of a Recursive Sequence The next example illustrates numerical 
and graphical representations for a sequence involving population growth. 


902 CHAPTER 11 Further Topics in Algebra 


>? \Wiholy Representing a sequence numerically and graphically 


Calculating TABLE 11.2 


FIGURE 11.7 


(CRITICAL THINKING 

In Example 5, the insect popu- 
lation stabilizes near the value 
k = 9,74 thousand, This value 
of k can be found by solving the 
quadratic equation 


k = 2.85k — 0.19k?. 


Try to explain why this is true. 


Frequently the population of a particular insect does not continue to grow indefi- 
nitely, as it does in Example 3. Instead, the population grows rapidly at first and then 
levels off because of competition for limited resources. In one study, the population 
of the winter moth was modeled with a sequence similar to the following, where a, 
represents the population density in thousands per acre at the beginning of year n. 
(Source: G, Varley and G, Gradwell, “Population models for the winter moth.”) 


a= 1 
dy = 2.85dy-) — 0.192), 0 = 2 
(a) Make a table of values for n = 1, 2,3,,.., 10, Describe what happens to the 


population density of the winter moth. 
(b) Use the table to graph the sequence. 


SOLUTION 
(a) Numerical Representation Evaluate ay, a2, d3,..+, dq recursively, Since a; = |, 
dy = 2.850, — 0,190.2 = 2,85(1) — 0.19(1)? = 2.66 and 
3 = 2.850, — 0.190? = 2,85(2.66) — 0,192.66)? = 6.24, 
Approximate values for other terms are shown in TABLE 11.2, FIGURE 11.7 shows the 


sequence computed using a calculator, where the sequence is denoted u() rather 
than d,. 


Winter Moth Population Density 


TABLE 11.2 


(b) Graphical Representation The graph of a sequence is a scatterplot. Plot the points 
(1, 1), (2, 2.66), (3, 6.24),..., (10, 9.98), 


as shown in FIGURE 11.8. The insect population increases rapidly at first and then 
oscillates about the line y = 9.7, (See the Critical Thinking in the margin.) The oscil- 
lations become smaller as n increases, indicating that the population density may 
stabilize near 9.7 thousand per acre. Some calculators can plot sequences, as shown 
in FIGURE 11.9, In this figure, the first 20 terms have been plotted in dot mode. 


Graphical Representations of an Insect Population 


(0, 21, 1] by [0, 14, 1] 


Population stabilizes 
near 9,7 thousand. 


FIGURE 11,9 


E 
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Arithmetic Sequences 


Suppose that a person receives a starting salary of $30,000 per year and a $1000 raise 
each year. The salary afier n years of experience is represented by 


Salary increases by $1000 each year. + f(n) = 1000 + 30,000, —— Linear Function | 


where f is a linear function. After 10 years of experience, the annual salary would be 
f(i0) = 1000(10) + 30,000 = $40,000. 


If a sequence can be defined by a linear function, it is an arithmetic sequence. Its for- 
mula is given by f(1) = dn + c. The next term is found by adding a constant amount 
d to the preceding term. 


eaves ter eae Lote : : zB —_ 
An infinite arithmetic sequence is a linear function f whose domain is the set of 
natural numbers. The general term can be written as a, = dn + ¢ where dand c | 


are constants and a, = f(”). 


(EY The difference between successive terms is always equal to d for an arithmetic 
sequence. 


An arithmetic sequence can be defined recursively by a, = a, + d, where d is 
a constant. Since d = a, — d,— for each valid n, dis called the common difference. If 
d = 0, then the sequence is a constant sequence. A finite arithmetic sequence is similar 
to an infinite arithmetic sequence except that its domain is D = {1,2,3,...,}, 
where n is a fixed natural number. 


ima iinAoin Determining arithmetic sequences 


Determine if f is an arithmetic sequence for each situation. 


(a) f(x) =n? + 3n 
(b) f as graphed in FIGURE 11.10 
(c) f as given in TABLE 11.3 


n}| 1 3 4 
fm -1s]| 0 [1s [3 | 4s] 6 


TABLE 11.3 


FIGURE 11.10 


SOLUTION 

Getting Started The formula for an arithmetic sequence is given by f(n) = dn + c, its 

graph lies on a line with slope d, and consecutive terms in its numerical representation 

always change by a common difference d. » 

(a) This sequence is not arithmetic because f(n) = n? + 3n is nonlinear. 

(b) The sequence in FIGURE 11.10 is an arithmetic sequence because the points lie ona 
line. A linear function could generate these points. Notice that the slope between 
points is always 2, which equals the common difference d. 

(c) Thesuccessive terms, —1.5, 0, 1.5, 3, 4.5, 6, 7.5, increase by precisely 1.5. Therefore 
the common difference is d = 1.5. Since a, = a,—, + 1.5 for each valid n, the 
sequence is arithmetic. 
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The following See the Concept helps to explain important properties of arithmetic 
sequences, 


See the Concept: Arithmetic Sequence 


Olfn 
increases 
byl... 

a 
+1 
+1 
+1 


@® If nincreases by 1, then @ f(n) increases by 2. 


© The difference between any two successive 
terms is 2, so the common difference is 2. 


MAKING CONNECTIONS 


Linear Functions and 
Arithmetic Sequences 

In an earlier chapter, we dis- 
cussed several techniques for 
finding a formula for linear 
functions, These methods can 
be applied to finding a general 
term for arithmetic sequences, 
It is important to realize that the 
mathematical concept of linear 
functions is simply beingapplied 
to the new topic of sequences 
by restricting their domains to 
the natural numbers. 


For the arithmetic sequence f(n) = 2n — 3: 


| @Pointslie | 
2: I~  onaline. 
+2 @then f(n) an | 
increases =e 
+2 by 2. | 
+2 : x 
2andd = 2 | 


@ The graph of f(n) = 2n — 3 consists of equally 
spaced points on the blue line y = 2x — 3. 


© The slope of the line y = 2x — 3 ism = 2. It is 
equal to the common difference d = 2. 


An arithmetic sequence is a linear function and can always be represented by 
f(n) = dn + c, where dis the common difference and ¢ is a constant. 


Finding general terms for arithmetic sequences 


Find a general term a, = f(n) for each arithmetic sequence. 
(a) a, = 3andd = —2 
(b) a3 = 4and dy = 17 


SOLUTION 
(a) Let f(a) = dn + e. Since d = —2, f(n) = -2n +e. 


a, = fl) = -2(1) + ¢ = 3, or 


Thus a, = —2n + 5. 

(b) Since a; = 4 and ad = 17, we find a linear function f(n) = dn + ¢ that satisfies 

the equations f(s) = 4 and f(9) = 17, The common difference is equal to the 
slope between the points (3, 4) and (9, 17). 

17-4 13 


d= = 
9=—3 6 


Since a, = 3, 
c=5, 


Common difference = Slope | 


It follows that f(n) = 1'n + 


Use one point 
and d to find c. 


Nin 


a=f{Q= *@) +c=4, or c=- 


niu 


3 
Thus a, = ‘in — 


ercises 41 and 51 
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Finding the nth Term If a is the first term of an arithmetic sequence and dis the 
common difference, then consecutive terms of the sequence are given by 


a =a, + d 
a =a, +d=a, + ld+d=a, + 2d 
a4 =a, +d=a, + Wdt+d=a, + 3d 
ds =dgt¢d=a + 3d+d=a, + 4d 


(m= 14 | 


and, in general, a, = a, + (n — 1d. This result is summarized in the following box. 


nTH TERM OF AN ARITHMETIC SEQUENCE 


In an arithmetic sequence with first term a, and common difference d, the nth 
term, a, is given by 


a =a + —- 1). 


ime wignaee Finding the nth term ofan arithmetic sequence 


(a) Find a symbolic representation for the nth term of the arithmetic sequence 
9, 8.5, 8, 7.5, 7, 6.5, 6, .... 


(b) Find the 12th term in the sequence using your formula for a,. 


SOLUTION 
(a) The first term is 9. Successive terms can be found by subtracting 0.5 from (or 
adding —0.5 to) the previous term. Therefore a, = 9 and d = ~().5, and it fol- 


lows that 
Gq =at+(n- Dd General formula 
=9+(n—1)(-0.5) Substitute 
—0.5n + 9.5. simplify. 
(b) ay, = —0.5(12) + 9.5 = 3.5 4, O.5n + 95 


ll 


Geometric Sequences 


Suppose that a person with a starting salary of $30,000 per year receives a 5% raise 
each year. If a, = f(~) computes this salary at the beginning of the nth year, then 


f(t) = 30,000 
Instead of adding $1000 each year, the Ff) = 30,000(1.05) = 31,500 
salary Is increased by 5% each year. XK (3) = 31,500(1.05) = 33,075 


f® = es sacs = sad eon 


Previous year's salary | Salary in year rm | 


Each salary results from multiplying the previous salary by 1.05, A general term in 
the sequence can be written as 


f(a) = 30,000(1.05)""!, 
During the 10th year, the annual salary is 
f(10) = 30,000.05"! = $46,540. 
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This type of sequence is a geometric sequence given by f(n) = ci"~!, where ¢ and 
, are constants, as shown in our example above. Geometric sequences are capable of 
either rapid growth or rapid decay. The first four terms from some geometric sequences 
are shown in TABLE 11.4. The corresponding values of ¢ and r have been included. 


Terms of Geometric Sequences 


My, My, 44, Mg 


2,832, =128 
3, 0.3, 0.03, 0.003 


TABLE 11.4 


The terms of a geometric sequence can be found by multiplying the previous term 
by r. In our example we multiplied the previous term by 1.05, indicating a 5% raise 
each year. We now define a geometric sequence formally. 


| An infinite geometric sequence is a function defined by f(n) = er”~!, where c and 
| rare nonzero constants, The domain of f is the set of natural numbers. 


A geometric sequence can be defined recursively by a, = d,—1, Where a, = f(n) 


. ° 4, . ’ : 
and the first term is a; = c. Since » = g,*; for each valid n, 1 is called the common ratio. 


The next example illustrates how to recognize symbolic, graphical, and numerical 
representations of geometric sequences. 


Determining geometric sequences 


Decide which of the following represents a geometric sequence. 
(a) The sequence defined by a, = 4(0.5)" 

(b) The sequence a,, in FIGURE 11.11 

(c) The sequence a, in TABLE 11.5 


a | 2 [ 3 4 5 6 
a, | 1 -3 | 9 | -27] 81 | -243 
FIGURE 11,11 TABLE 11.5 


MAKING CONNECTIONS 


Exponential Functions and 


SOLUTION 

Getting Started The formula for a geometric sequence is given by a, = cr”~', and 
consecutive terms on its graph change by a common ratio 1, as do consecutive terms 
in its numerical representation. » 

(a) The formula for a,, can be written as 


dy = 400.5)" = 4(0.5)0.5)""! = 2(0.5)""!. 


Thus a, represents a geometric sequence with ¢ = 2 and r = 0.5. 
(b) The points on the graph are (1, 2), @, 4), G, 7), and (4, 10). Thus a, = 2,a, = 4, 


Geometric Sequences 

If the domain of an expo- 
nential function f(x) = Ca* 
is restricted to the natural 
numbers, then f represents 
a geometric sequence. For 
example, f(x) = 3(2)* gener- 


ates the geometric sequence a, = 7, and a, = 1(). Taking ratios of successive terms results in 
mM 4 ® 7F a 10 
6, 12, 24, 48, 96,... a re and |= = 10 
a 2. am 4 a 7 


when 
Since these ratios are not equal, there is no common ratio. The sequence is not 


H = 12 384; Syren . 
geometric. 
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(c) The terms in TABLE 11.5 are a) = 1, d) = —3, a3 = 9,44 = —27, ds = 81, and 
dg = —243. Note that these terms result from multiplying the previous term by 
-3, This sequence can be written either as 


Gy = —3y-1 with a =1 
or as 
Ay = (= ay"! . 


Therefore the sequence is geometric. 


Now Try Exercises 81, 85 and 97 


The following See the Concept helps to explain important properties of geometric 
sequences, 


See the Concept: Geometric Sequence 


For the geometric sequence f(n) = 3(2)"'; 


® as © The ratio of successive 
byl... , terms is 2. 
tata e 60 | caro earl 
| +1 x2. 5 @ Points lie ona 
+1 x2 O then f(n) = curve not aline. 
increases by a 40 Sb ate es 
+1 x2 factor of 2. ee 
+1 x2 apf 
10 |- 


@ If n increases by 1, then @ f(n) increases by a @ The graph of f(n) = 3(2)""" consists of points 


factor of 2. that lie on the exponential curve y = 3(2)"!. 
© Each new term is found by multiplying the © The ratio of any two successive terms is 2, so 
previous term by 2, so the common ratio is 2. the common ratio is 2, 


ida Wignowiy Finding general terms for geometric sequences 


Find a general term a, for each geometric sequence. 
(a) a, = Sandr = 1,12 (b) ay = 8andas = 512 


SOLUTION 

(a) Since a, = ¢ = 5 and the common ratio is r = 1.12, a = S(.12)""— 

(b) We need to find a, = er”! so that ay = 8 and as = 512. Start by determining 
the common ratio r. Since 


mt 5-1 A 
EN: eli LS a and is Fo ga. 
a cr r mM 8 
it follows that ° = 64, or r = 64 = 4. So a, = c(4)"!”. Now 
m=c4'=8 or c=2, 


Thus a, = 2(4)""!. 


Now Try Exercises 57 and 67 
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a 11.1 | Putting It All Together | It All Together 


CONCEPT 
Infinite sequence 


Recursive sequence 


Arithmetic sequence 


Geometric sequence 


A function f whose domain is the set of 
natural numbers; denoted a, = f(n); the 
terms are dy, dy, dq, +06. 


Defined in terms of previous terms; a; 
through @,—; must be calculated before 
a, can be found, 


A linear function whose domain is 

the natural numbers; a, = dn + ¢ or 

My = y-, + d, with common difference 
d, General term is a, = a, + (n — 1)d. 


f(n) = er""!, where c is a nonzero 
constant and r is the nonzero common 
ratio; may also be written as a, = rd,— 


Exercises 


f(n) = n? — 2n, where a, = f(n) 
The first three terms are 

a =P? - 21) =-1, 

@, = 2? — 22) = 0 and 

a, = 3? — 23) = 3. 

Graphs of sequences are scatterplots. 
Ay = 2-1, = 1 

a = 1, = 2,4 = 4, and a = 8. 


A new term is found by multiplying the previous 
term by 2. 


f(n) = 2n — 1, where a, = f(n) 

a = 1, a2 = 3,43 = 5, and ay = 7. 
Consecutive terms increase by the common 
difference d = 2, The points on the graph of this 
sequence lie on a line with slope 2. 


f(n) = 2(3)""!, where a, = f(n), 

4 = 2, da, = 6,43 = 18, and ay = 54. 
Consecutive terms are found by multiplying the 
previous term by the common ratio r = 3. 


Finding Terms of Sequences 


Exercises 1-12; Find the first four terms of the sequence. 


1. da, = 2n +1 
3. a, = 4(-2)""! 


5. a, = 
"wet 


cn() 


I 


Te diy 


2. dy = 3(n - 1) + 5 13. 
4. ay, = 2(3)" 


6. y= 5 5 


af 2 afl 
9 ay = (-1)" (; r =) 10. a, = (-1)" if =) 


1. a, = 2" +? 


Exercises 13 and 14: Use the graphical representation to 
list the terms of the sequence. 


14, 


Exercises 15-28: Complete the following for the recursively 
defined sequence. 

(a) Find the first four terms. 

(b) Graph these terms. 


15. dy, = 2dy-13 4, = 1 


16. dy = Q—-1 + S53, = -4 
17, dy = Gy-1 + 33a, = —3 


18, a, = 


I 


2ay-) + Lea, = 
19. dy = 3ay-) — Lay = 2 
20. dy, = 54n5 = 16 

2, dy = An-t — M-23G = 2,4 = 5 
22, dy = 2dy—1 + Ay-23 1 = 0, 2 = 1 
23, dy = Ag =2 

24, ay, = Fah) + Isa = 0 

25. dy = M-y tna = 1 
26. dy = 3a2_\3a, = 2 
27M. Ay = An—1My-233 NH = 2, Gy = 3 


28, dy) = Jap, + dy-23 4) = 2,4) = 1 


Representations of Sequences 
Exercises 29-34: The first five terms of an arithmetic 
sequence are given. Find 

(a) numerical, (b) graphical, and (¢) symbolic 


representations of the sequence, Include at least eight terms 
for the graphical and numerical representations. 


29, 1, 3, 5, 7,9 30. 4, 1, -2, -5, -8 


31. 7.5, 6, 4.5, 3, 1.5 32, 5.1, 5.5, 5.9, 6.3, 6.7 


33, 4,2,3,5,8 34, 2,4, 6, 8, 10 


Exercises 35-40: The first five terms of a geometric 
sequence are given. Find 


(a) numerical, (b) graphical, and (¢) symbolic 


representations of the sequence. Include at least eight terms 
Jor the graphical and numerical representations. 


35. 8,4, 2, 1,5 36. 32, -8,2,-4,4 


3.8 Lt 
37. 3,3, 3,6, 12 38. 45,4, 


w 


39, -1,-4,-1,-2,-4 40. 9,6,4,8, 9 


Exercises 41-56: Checking Symbolic Skills Find a 
general term a, for the arithmetic sequence. 


41, a, =5,d = -2 42. a4, = —-3,d=5 
43. a = 1,d=3 44, as = 12,d = -10 
45. a4, = -5,d=6 46. a4, =6,d=-7 


47. ay = 8,d = -2 48. a, = -2,d=3 
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49. ay = —2, a4 = 8 50. a4 = 2,4, = -7 
51. a = 5,d6 = 13 52. a3 = 22, a,7 = —20 
53. a, = 8,44 = 17 54. a, = —2, as = 8 


55. ds = —4,dg = —2.5 56. a3 = 10,4, = —4 


Exercises 57-72: Checking Symbolic Skills Find a general 
term a, for the geometric sequence. 


57, a, = 2,r = 5 58. a, = 08,7 = -3 


59. a =4.r =} 60. ay = 3,7 = 3 
61. a, = -3,7 =2 62. a4 =4,r=4 
63. @ = 10,7 = 5 64, a, = 9,7 = 5 
65. a = 4, a5 = 32 66. a =},a5 = | 
67. a3 = 2,45 = 4 68. dy = 6, a4 = 24,r > 0 


69. a, = —5, a, = —125,r <0 
70. a; = 10,4, = 2 


Tl. do = —1, a7 = —32 72. a, = 2 ay = al. <0 


Identifying Types of Sequences 
Exercises 73-80: Determine if f is an arithmetic sequence. 
73. fn) = 4 - 30° 74, f(n) = 2 - 1) 


75. f(n) = 4n — 3 — 2) 


16. fn) =W-n+2 


TT. 


Exercises 81-88: Determine if f is a geometric sequence. 
81. f@) = 4Q2)""! 82. f(n) = —3(0.25)" 


83. f(n) = —3(n) 84. f(n) = 2(n - 1)" 


910 


87, 


Exercises 89-94; Given the terms of a finite sequence, clas- 
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a{[ 1 | 2] 3 [4] 5 
ORE 
[alt 4 [5 


oS 


713] 
aa 


vie 
SI 


sify it as arithmetic, geometric, or neither, 


89, 
90, 
91, 


92. 5.75, 5.5, 5.25, 5, 4.75, 4.5 
93. 100, 110, 130, 160, 200 


94, 


ae Exercises 95-98; Critical Thinking Use the graph to 
“determine if the sequence is arithmetic or geometric. If the 
sequence is arithmetic, state the sign of the common differ- 
ence d and estimate its value. If the sequence is geometric, 
give the sign of the conmon ratio r and state if \r| <1 or 


Ir| 


95, 


97. 


95:2; 9, 16, 233.30 
5,226) Sil 
2, 8, 32, 128, 512 


0.7, 0.21, 0.063, 0.0189, 0.00567 


=~ I. 


ay 


ay 
4 [TT] 
cH a 

“AEA 

0 amd 
Lota S10 

= 

-4 ¥: 1 


[HEE tat i 


012345678 


— i 


Modeling Insect and Bacteria Populations 


a Exercises 99 and 100; Insect Population The annual 


population density of a species of insect after n years is 
modeled by a sequence. Use the graph to discuss trends in 
the insect population, 


99, 


100. 


101. 


102. 


ay 


Insects (thousands/acre) 
we 


i 
n 


i 
1 
foi 
P } 4 
0 4 8 12 16 20 24 
Year 


Insects (thousands/acre) 
yb A & 


Insect Population (Refer to Example 3.) Suppose 

that the density of female insects during the first 

year is 500 per acre with r = 0.8, 

(a) Write a recursive sequence that describes these 
data, where a, denotes the female insect density 
during yearn, 


* (b) Find the six terms a), a2, 44,..., 4. Interpret the 


results, 
(c) Find a formula for a,. 


Bacteria Growth It is possible for some kinds of 

bacteria to double their size and then divide every 

40 minutes, (Source: F, Hoppensteadt and C, Peskin, 

Mathematics in Medicine and the Life Sciences.) 

(a) Write a recursive sequence that describes this 
growth where each value of represents a 
40-minute interval. Let a, = 300 represent the 
initial number of bacteria per milliliter, Find the 
first five terms, 


(b) Determine the number of bacteria per milliliter 
after 10 hours have elapsed. 


(c) Is this sequence arithmetic or geometric? Explain, 


103. 


Insect Population (Refer to Example 5.) Suppose 
an insect population density in thousands per acre 
at the beginning of year n can be modeled by the 
following recursive sequence. 

a = 8 


Ay = 2.94y-1 — 0.2021, n>1 


(a) Find the population for n = 1, 2, 3. 


B (b) Graph the given sequence for n = 1, 2, 3,..., 20. 


104. 


Interpret the graph. 


Bacteria Growth (Refer to Exercise 102.) If bacte- 
ria are cultured in a medium with limited nutrients, 
competition ensues and growth slows. According 
to Verhulst’s model, the number of bacteria at 
40-minute intervals is given by 


2 
ay = ( Pe 2 ant 


where K is a constant. 
(a) Let a; = 200 and K = 10,000. Graph the 
sequence for n = 1, 2, 3,..., 20. 


(b) Describe the growth of these bacteria. 


Aa (©) Trace the graph of the sequence. Make a conjec- 


ture as to why K is called the saturation constant. 
Test your conjecture by changing the value of K. 


Applications 


Ep 108. 


106. 


107. 


Digital Waste On average, the United States throws 
out 100 million cell phones per year. Write a general 
term a, for a sequence that gives the number of cell 
phones in millions thrown out after 1 years. Find 
ds and interpret the result. (Source; EPA.) 


Global Poverty Between 1981 and 2008, the per- 
cent of the world population living on less than 
$1.25 per day can be modeled by the function 
f(n) = -1.1n + 53.1, where n = 1 corresponds to 
1981, n = 2 to 1982, and so on. (Source: World Bank.) 
(a) Let a, = f(). Find a, and interpret the result. 


(b) Find ays and interpret the result. Is the percentage 
of the population living on less than $1.25 per day 
increasing or decreasing? 


Tablet Sales In 2011 there were about 100 million 
tablets sold, and that number increased by 94 mil- 
lion per year until 2015. (Source: Business Insider.) 
(a) Write the five terms of the sequence that gives 
the number of tablets sold in each year from 
2011 to 2015. What type of sequence is this? 


(b) Give a graphical representation of these terms. 


(c) Find a general term a,,. 
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108. Overweight in the U.S. In 2010, 68% of the U.S. 


population was overweight. This number is expected 

to increase by 0.7% per year until 2020. (Source: New 

York Times.) 

(a) Write the first six terms of the sequence that 
gives the percentage of the population that 
was/will be overweight in each year from 2010 to 
2015. What type of sequence is this? 


(b) Find the general term a, 


109. Fibonacci Sequence The Fibonacci sequence dates 


back to 1202. It is one of the most famous sequences 

in mathematics and can be defined recursively. 
H4=1m=1 
Ay = Ay—1 + Ay-2 forn > 2 

(a) Find the first 12 terms of this sequence. 


Ay 


(b) Compute z,47 when n = 2,3,4,..., 12, What 
happens to this ratio? 


(c) Show that for n = 2, 3, and 4 the terms of the 
Fibonacci sequence satisfy the equation 


7 
Q-1° Inti — Gy = (-1)". 


110. Bouncing Ball Ifa tennis ball is dropped, it bounces, 


My 


x, 
ah 
es 


111. 


or rebounds, to 80% of its initial height. 

(a) Write the first five terms of a sequence that gives 
the maximum height attained by the tennis ball 
on each rebound when it is dropped from an 
initial height of 5 feet. Let a; = 5. What type of 
sequence is this? 


(b) Graph these terms. 
(c) Find a general term a,,. 


Salary Increases Suppose an employee’s initial sal- 

ary is $30,000. 

(a) If this person receives a $2000 raise for each year 
of experience, determine a sequence that gives 
the salary at the beginning of the nth year. What 
type of sequence is this? 


(b) Suppose another employee has the same starting 
salary and receives a 5% raise after each year. 
Find a sequence that computes the salary at the 
beginning of the nth year. What type of sequence 
is this? 


(c) Which salary is higher at the beginning of the 
10th year and the 20th year? 


@ 


> 


Graph both sequences in the same viewing rec- 
tangle. Compare the two salaries. 


912 CHAPTER 11 Further Topics in Algebra 


ee 112, Area A sequence of smaller squares is formed by to approximate the given square root by finding ag. 
7 connecting the midpoints of the sides of a larger Compare your result with the actual value. (Source: P, Heinz- 
square, as shown in the figure. If the area of the Otto, Chaos and Fractals.) 
largest square is one square unit, give the first five 113. V2 114. VIL 
terms of a sequence that describes the area of each 
successive square. What type of sequence is this? 115. V2 116. V4t 


Write an expression for the area of the nth square. 

117. Critical Thinking Suppose that a, and b, repre- 
sent arithmetic sequences. Show that their sum, 
Cy = a, + by, is also an arithmetic sequence. 


118. Critical Thinking Explain why the sequence 
log 2, log 4, log 8, log 16,... 
is an arithmetic sequence. 


Writing about Mathematics 
Exercises 113-116; Computing Square Roots The fol- 


lowing recursively defined sequence can be used to compute 119, Explain how we can distinguish between an arith- 
“Ik for any postive nunber kh metic and a geometric sequence. Give examples, 


1 k 120. Compare a sequence whose nth term is given by 
a = ky dy = 2 (4 + +) a, = f(n) to a sequence that is defined recursively. 
: Give examples. Which symbolic representation for 
This sequence was known to Sumerian mathematicians defining a sequence is usually more convenient to use? 
4000 years ago, but it is still used today. Use this sequence Explain why. 
» Understand basic concepts F 
about series Introduction 
* Identify and find the sum Although the terms sequence and series are sometimes used interchangeably in 
of arithmetic series everyday English, they represent different mathematical concepts. In mathematics, a 
« Identify and find the sum sequence is an ordered list (a function whose domain is the set of natural numbers), 
of geometric series whereas a series is a summation of the terms in a sequence. Series have played a cen- 
« Learn to use summation tral role in the development of modern mathematics. Today series are often used to 
notation approximate functions that are too complicated to have simple formulas. Series are 


also instrumental in calculating approximations of numbers like 7 and e. 


Basic Concepts about Series 
Suppose a person has a starting salary of $30,000 per year and receives a $2000 raise 
each year. Then 
A Finite Sequence 
50,000, 32,000, 3 } 000, 36,000, 38,000 5 terms of a sequence | 
are terms of the finite sequence that describe this person’s salaries over a 5-year 
period. The total amount earned is given by the finite series 
Siteaanad ieee Sum of 5 terms of a 
0,000 + 32,000 + 34,000 + 36,000 + 38,000, sequence 
whose sum is $170,000. Any sequence can be used to define a series, For example, the 
infinite sequence 


An Infinite Sequence 


gt.’ 
ere ne 
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defines the terms of the infinite series 


An Infinite Series Add the terms of a sequence 
fi ies. 
re ae ne AN 1 ! 1 —— E 
3.9 27 81 243 : 


Finite Series We now define the concept of a finite series, where a), @2, 43, --+5 dy 
represent terms of a sequence. 


FINITE SERIES 
A finite series is the sum of the first 1 terms of a sequence and can be written as 


a + ay + a3 + tay. 


ioe Widnowe Writing sequences and series 


Complete the following. 

(a) Write a sequence that is the first 5 even natural numbers. 

(b) Write a series that sums the terms of the sequence in part (a). 
(c) Find the sum of the series in part (b). 


SOLUTION 

(a) A sequence is a list of values, so the terms are 2, 4, 6, 8, 10. 

(b) The corresponding series is 2 + 4+ 6+ 8+ 10. 

(c) Because 2 + 4 + 6 + 8 + 10 = 30, the swm of the series is 30. 


Now Try Exercise 1 


See the Concept: Sequences and Series 


@ Sequence -——— Ved Stem V1, 13 @ A sequence is an ordered list. 


© series | 1+4345+74+94+11 +413 @Asseriesis the sum of the terms of a sequence. 


—_—— @ When we evaluate the sum in @, we say that we are 
@ Sum of the series } — 49 finding the “sum of the series." 


Infinite Series and Partial Sums In the following box we define an infinite series. 


An infinite series is the sum of the terms of an infinite sequence and can be written as 


Qtatatrortate 


An infinite series contains infinitely many terms. Since a series represents a sum, 
we must define what is meant by finding the sum of an infinite series. Let the follow- 
ing be a sequence of partial sums. 


Sti Sum of the first term 
Sp 
Sy=a, ta tay Sum of the first three term 


a + a@ Sum of the first two terms 


S,=a4+@+at+e' +4, sum of the first n term: 


If the sequence of partial sums S;, S:,.S3,..., S, approaches a real number S 
as n— ©, then the sum of the infinite series is S. 


914 
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As the number of terms 
n approaches infinity, the 


sum approaches 1 


| EXAMPLE 2. 


6 


EX 


(AMPLE 3 | 


For example, let S; = 0.3, Sy = 0.3 + 0.03, S; = 0.3 + 0.03 + 0.003, and soon. 
Then, asn— %, S, > i We say that the infinite series 


|/—— 0.3 + 0.03 + 0,003 + 0.0003 + +++ = 0.3333... =0.3 


has sum 4, Some infinite series do not have a sum S. For example, the series given by 
1+2+3+4+5-+°°* would have an unbounded, or “infinite,” sum. 


Finding partial sums 
For each a,,, calculate S4. 
(a) a, = 2n +1 (b) a, =n? 


SOLUTION 
(a) Because Sy = a, + ad) + aq + a4, start by calculating the first four terms of the 
sequence a, = 2n + 1. 


a =A)+1=3; a =2Q)+1=5; 
a =23)+1=7; a =24)+1=9 
Thus S, =3+5+7+9 = 24, 


ba =P=t; a|=P=4 GQ =P=9 a= P= 16 


Thus S; = 1+4+9 + 16 = 30. 


| Now Try Exercises 7 and 11 | 


Calculating » Since 7 is an irrational number, it cannot be represented exactly 
by a fraction. Its decimal expansion neither repeats nor has a discernible pattern. 
The ability to compute 7 was essential to the development of every modern society, 
because 7 appears in formulas used in construction, surveying, and geometry. It was 
not until the discovery of series that exceedingly accurate decimal approximations of 
a were possible, In 2002, after 400 hours of supercomputer time, 7 was computed to 
1.24 trillion digits. Why would anyone want to compute 7 to so many decimal places? 
One practical reason is to test electrical circuits in new computers, If a computer 
has a small defect in its hardware, there is a good chance that an error will appear 
after trillions of arithmetic calculations are performed during the computation of 7. 
(Sources: P, Beckmann, A History of PI; P. Heinz-Otto, Chaos and Fractals.) 


Computing aw with a series 


The infinite series given by 


Cn a ne 


can be used to estimate 7. 

(a) Approximate 7 by finding the sum of the first four terms, 

(b) Use technology to approximate 7 by summing the first 50 terms. Compare the 
result to the actual value of 7. 


SOLUTION 
(a) Summing the first four terms results in the following approximation. 


4 
aw tbe A 

=~ >+—24+—5+— = 107875192! 
90. 18 ot Bt gt ae 


This approximation can be solved for a by multiplying by 90 and then taking 


the fourth root, Thus 
a ~ W90(1.078751929) ~ 3.139. 


summaeay' 1n4,n, 
1,50)) 
1,082320646 


(90%xAns)4(1/4) 
3.141590776 


3.141592654 
FIGURE 11,12 
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(b) Some calculators are capable of summing the terms of a sequence, as shown 
in FIGURE 11,12, (Summing the terms of a sequence is equivalent to finding the 
sum of a series.) The first 50 terms of the series provide an approximation of 
at ~ 3.141590776. This computation matches the actual value of a for the first 
five decimal places. 


Arithmetic Series 


Summing the terms of an arithmetic sequence results in an arithmetic series. For 
example, the sequence defined by a, = 2n — 1 for n = 1,2, 3,...,7 is the arithme- 
tic sequence 


1,3, 5,7, 9, 11, 13. 
The corresponding arithmetic series is 
P+3454+74+94+ 11 + 13, 


Arithmetic sequence | 


Arithmetic series | 


The following formula can be used to sum a finite arithmetic series. (For a proof, 
see Exercise | in the Extended and Discovery Exercises at the end of this section.) 


The sum of the first n terms of an arithmetic series, denoted S,,, is found by averaging 
the first and nth terms and then multiplying by 7, That is, 


ata, 
S,=atatat tas (2%), 


Previously, it was shown that the general term 4, for an arithmetic sequence can be 
written as a, = @ + (v — 1)d,so S, can also be written as follows. 


a + 4, 
Sy = (a5) 


Fla ta, t+ (n- 1)d) 


ll 


dd . 3 Sum of a finite arithmetic 
2 (2a, + (a 1)d) series with n terms 


Seance Finding the sum ofa finite arithmetic series 


Use a formula to find the sum of the arithmetic series 
244464+8+°': +100. 


SOLUTION The series 2+ 4+6+8+4°'' +100 hasn = 50 terms with a, = 2 
and dsp = 100. We can use the formula 


ay + a, 
Sn = (25) 


to find its sum. 
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We can also use the formula 


g = (s, 4.4 1)d) Sum of a finite arithmetic 
‘ 3 (2 a, + (a series with n terms 


with common difference d = 2 to find this sum. 
0 
Ss = 5 (202) + (50 — 1)2) = 2550 


The two answers agree, as expected. 


| Now Try Exercise 16 | 


(oe gece 7 
| EXAMPLE 


Finding the sum of a finite arithmetic series 


A person has a starting annual salary of $30,000 and receives a $1500 raise each year. 
(a) Calculate the total amount earned over 10 years, 
(b) Verify this value using a calculator. 


SOLUTIO: 
(a) The arithmetic sequence describing the salary during year n is computed by 
dy, = 30,000 + 1500(n — 1). 
Because a,, = 30,000 + 1500(n — 1), the first and tenth year’s salaries are 
a = 30,000 + 1500(1 — 1) = 30,000 
Mo = 30,000 + 1500(10 — 1) = 43,500, 


Thus the total amount earned during this 10-year period is 


Sip = 1o( 


This sum can also be found using § + (2a (n 1)d). 


30,000 + 43,500 


) = $367,500. 


sum(seq(30000+15 
00(n—1),n,1,10)) 
367500 


Sto = Ze * 30,000 + (10 — 1)1500) = $367,500 


(b) To verify this result with a calculator, compute the sum 
a +a + artes + ayo, 
where a, = 30,000 + 1500(n — 1). This calculation is shown in FIGURE 11,13, 
FIGURE 11,13 The result of 367,500 agrees with part (a). 
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XAMPLE 6 Finding a term of an arithmetic series 
The sum of an arithmetic series with 15 terms is 285, If a5 = 40, find a. 
SOLUTION To find a,, we apply the sum formula 
a + ay, 
i a HFatatat+a, 


with n = 15 and as = 40. Apply the formula | 


a ae and solve for a). 


a a +40 
LERITICAL THINKING) 15( +) = 285 
Explain why a formula for the sum 2 ; 

of an infinite arithmetic series is 15a; + 40) = 570 Nurelply 
not given, a, + 40 = 38 Divide by 1 


= =2) 


| Now ‘Try Exorcts ie 23 
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Geometric Series 


What will happen if we attempt to find the sum of an infinite geometric series? For 
example, suppose that a person walked | mile on the first day, 5 mile the second day, 
; mile the third day, and so on. How far down the road would this person travel? This 
distance is described by the infinite series 


1+ ! a | + l + l + ! + ! + +++, Total distance traveled | 


2 4 8 16 32 64 


Does the sum of an infinite number of positive values always become infinitely large? 
We answer this question later in Example 9. 


Finite Geometric Series Ina manner similar to the way an arithmetic series was 
defined, a geometric series is defined as the sum of the terms of a geometric sequence. 
In order to calculate sums of infinite geometric series, we begin by finding sums of 
finite geometric series. Any finite geometric sequence can be written as 


Geometric Sequence 
ay, ar, ayr?, qr... arn 
The summation of these » terms is a finite geometric series. Its sum S,, is expressed by 
Geometric Series 
S, = a, + ar + ar? +ariter + art, Equation 1 


tpl he roll byrr To find the value of S,,, multiply this equation by r. 
Te rS, = ar + ay? + aye +e tay! + ar" —— Equation 2 
Subtracting Equation 2 from Equation | results in 
S, — 1S, = ay — ar" 
Si -n) =a - r") 


Sum of a finite geometric S= a( = “) provided r # 1 
n > . 
; 


series with n terms 


==, pe 


ye winaowa Winding the sums of finite geometric series 


first terms is given by 


Approximate the sum S,, for the given values of n. 
(a) 1+h4h4-% + 4)" 4n = 5, 10, and 20 
(b) 3-6 + 12 — 24 + 48 — +++ + 3(—2)"" hn = 3,8, and 13 


SOLUTION 
(a) This geometric series has a, = | andr = 


S.= (i) = 1.9375 
1-05 

1 — 0.59 
s,-1 (t=) 


Sy = (i) ~ 1.999998 


Nir 
Il 


= 1.998047 
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E =XAMPLE 


(b) This geometric series has a, = - 


(ee) 
Sy =: = -255 
ff Ea 


| Now rs 


Kercises 41 and 43 | 


Annuities With an annuity, an individual often makes a sequence of deposits at equal 
time intervals. Suppose Ag dollars is deposited at the end of each year into an account 
that pays an annual interest rate / compounded annually. At the end of the first year, 
the account contains Ag dollars. At the end of the second year, Ap dollars would be 
deposited again, In addition, the first deposit of Ag dollars would have received inter- 
est during the second year. Therefore the value of the annuity after 2 years is 


1st year deposit plus interest | 
Ay + Aol +d. 
2nd year deposit -——~ 


After 3 years the balance is By the end of the ard year 


the Ist year deposit has 
Ay + Ag(l +) + Ag(l + i’, earned 2 years of interest, 


and after n years this amount is given by 
Ag + Ag(l + i) + Ag(L + IP +686 + AQ + DN". 


This is a geometric series with first term @ = Ay and common ratio r = (1 + 1). The 
sum of the first 1 terms is given by 


_ (l-ata"\_  /atar-t ‘1 
s,= a(t) u( i ). 4 


| Finding the future value of an annuity 


Suppose that a 20-year-old worker deposits $1000 into an account at the end of each 
year until age 65. If the interest rate is 4%, find the future value of the annuity. 


SOLUTION Let Ap = 1000, 7 = 0.04, and = 45, The future value of the annuity is 


ee (A2=*) 
nn f CL + 0.04)? 
1o00( 0.04 —) 


=~ $121,029,39, 


| Now Try Exercise 101 | 


Infinite Geometric Series The absolute value of r affects the sum of a finite geo- 
metric series. 


* If |r| > 1, then |r"| becomes large as 1 increases and the sum of the series S, 
also becomes large in absolute value, See Example 7, part (b) where r = —2. 

* If |r| <1, then |r"| becomes closer to () as 1 gets larger, So as n increases, S, 
approaches a number 


1-9" 1-0 a 150 | 
Sy a(—) ~ a(t =*) 1 =F now 
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See Example 7, part (a), where r = 5 and the values appear to approach 2. 
This result is summarized in the following box. 


SUM OF AN INFINITE GEOMETRIC SERIES 
The sum of the infinite geometric series with first term a, and common ratio r is 
given by 

a 


Be 


> 


provided |r| < 1. If |r| = 1, then this sum does not exist. 


Infinite series can be used to describe repeating decimals. For example, the 
fraction 4 can be written as the repeating decimal 0.333333.... This decimal can be 
expressed as an infinite series. 


Writing a Fraction as a Series 


; = 0,3 + 0.03 + 0.003 + 0.0003 + *** + 0,300.1)! + +°° 


In this series a, = 0.3 and r = 0.1. Since |r| < 1, the sum exists and is given by 


Summing the Series 
0.3 3 1 


Ss 


={s0f 9 9 °° Ty 


as expected. 
We are now able to answer the question concerning how far a person will walk if 


he or she travels 1 mile on the first day, $ mile the second day, i mile the third day, 
and so on. 


im@wignay Finding the sum of an infinite geometric series 


Find the sum of the infinite geometric series 


DS Mee 
l+o+-4¢e4e0, 

2 4 8 
SOLUTION In this series, the first term is a, = | and the common ratio is } = (05. 
Its sum is 

a 1 

(Sie = 9) 
1-+ 1-05 


If it were possible to walk in the prescribed manner, the total distance traveled after 
many days would always be slightly less than 2 miles. 
| Now ry Kxorcise 45 | 


Summation Notation 


Summation notation is used to write series efficiently. The symbol %, the uppercase 
Greek letter sigma, indicates a sum. 


SUMMATION NOTATION 
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The letter k is called the index of summation. The numbers | and 7 represent the 
subscripts of the first and last terms in the series. They are called the lower limit and 
upper limit of the summation, respectively. 


ei AoW( Using summation notation 


Evaluate each series. 


s 4 6 
2 = 
(a) Py (b) 2D (c) Dyck 5) 


SOLUTION 
5 

@) YPRHPHP+ P+ P+ = 55 | 
c=1 


> 


Il 


5=5+5+54+5=20 | 


Mes 


(b) 


k 


(©) aye = 20-9 + QW) = 9+ O)- 9 + QO -9 


1 


a | 


=14+3+5+7= 16 


Now Try Exercises 61, 63, and/67, 


Writing a series in summation notation 


Write the series using summation notation. Let the lower limit equal 1. 


1 1 1 1 1 1 1 
Optytptgstatnts 
i. 2,848.4 .8.6 
(b) pg OG tet Eta 


4 
+3 


SOLUTION 


(a) The terms of the series can be written as é + Ds for k = 1, 2, 3,..., 7. Thus 
1 I 1 1 1 


I 1 i 1 
astatata= de. 
Bh BE gh Be GE Fe 8 > (k + 1)3 
(b) The terms of the series can be written as 7 £ j for k = 1, 2,3,..., 7. Thus 


i.4.%,4.3.6,% & & 
ata a stagty es" Zhe 


|Now Try Exercises 69 nid 74) 


MAKING CONNECTIONS 


Notation The expressions 
nu 
aye and Dha1 aq 
ra 


are equivalent. 


¥] Shifting the index of a series 


Rewrite each summation so that the index starts with n = 1. 


1 30 
2 a3 
(a) Pr (b) Dyek 3) 


SOLUTION 

(a) Getting Started Because S[o4k? = 47 + 5? + 6 + 7 the summation has four 
terms, Instead of letting k = 4, 5, 6, 7, we must rewrite the sum so that 7 = 1,2, 3, 4. 
It follows that n + 3 = k, so substitute n + 3 for k in the expression. > 
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i 4 
Ye= Dat 3 
k=4 n=l 
=(1+3P +2+3P+G6+3P +443" 
=P +P 4+ E+7 


(b) Instead of letting k = 8,9, 10,..., 30, we must rewrite the given sum so that 
n= 1,2,3,...,23. Thusn + 7=k. 


30 
Sk - 3) = > +7) - 3) 
k=8 


n=1 


23 


= Dn + 1 


n=1 


Now Try Exercises 79 and 81 


The following box lists properties for summation notation, 


PROPERTIES FOR SUMMATION NOTATION 


Let aj, 2, 43, +++, d, and by, by, b3,..., b, be sequences, and c be a constant. 


n n nu 
i aye =D 4, Px = ne 
= K=1 = 


aoe + 1) 


2, DIC +b) = ya + a 5, Ske 
3} XO —b) = ya - yh 6. R= 


These properties can be used to find sums, as illustrated in the next example. 


re + oe + 1) 


loam] Applying summation notation 


Use properties for summation notation to find each sum. 
40 

(a) 5 
22 

(b) 2k 
P 


14 
(c) Sk? — 3) 
k=l 


SOLUTION 
40 Property 4 with 
(a) S15 = 40(5) = 200 ae ip pay 
ei t ( na pe 
2 2 Prosarty 
() 2k = 2k wane 
k=1 k=l : : 
22(22 + 1 
= 2. Bet) Property 5 with n = 22 


= 506 Simplify 
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Prope 


14 14 14 
() Sk - 3) = Se - 3 
k=1 k=1 k=1 


a= 2a =3 
= i ue Property 1 with 
=2$0- 33 : 
A 
14(14 + NQ+ 14 +1) 
———— 


c= 2and a, = k 


= 14(3) and 4 


Properties 6 


1988 


Simplify 


Now Try Exercises 85, 87, and 93 


Weyl The infinite series a, + a2 + a3 +... +a, +... is sometimes written in 
summation notation as 
wo 


ae where the upper limit is infinity. 
=I 


‘eee Putting It All Together 


CONCEPT 


Arithmetic series 


Geometric series 


Summation notation 


EXPLANATION 


A series is the summation of the terms of a 
sequence, A finite series always has a sum, 
but an infinite series may not have a sum. 


2+ +648 +4 +20 
Sy = a, + a) + a3 + M4 
=2+4+6+8 


(partial sum) 


An arithmetic series is the summation of the 
terms of an arithmetic sequence. The sum of 
the first terms is given by 


ata, 
Sy = ( aete 3 ) 


S, = 5 (2ay + (n= 1d). 


14447410413 +16 419 (7 terms) 


Leo) 
ast) af ) ) = 70 or 


S, = Jay + 6d) = Za) + 6(3)) = 70 


A geometric series is the summation of the 
terms of a geometric sequence, The sum of 
the first n terms is given by 


1-7" 
5, = a(4 = “), 


3+6+ 12+ 24+ 48+ 96 (6 terms) 
1 — 26 
So = (4) = 189 
The infinite geometric series 


1 Ae te bie 


If |r| < 1, then an infinite geometric series 
has the sum 4 16 64 


has a sum 


The series a, + a) +*** + a4, can be written 
with summation notation as 


P +24 32+ 4 +°++++ 10? can be 
written as 
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Concepts 


Exercises 1-4: Complete the following. 


(a) Write the described sequence. 

(b) Write a series that sums the terms of the sequence in 
part (a). 

(c) Find the sum of the series in part (b). 


1, The counting numbers from | to 5 

2. The first seven positive odd integers 

3. The integers counting down from | to —3 
4, The integers counting down from 10 to 6 


Exercises 5 and 6; Let A, represent the number of U.S. 
AIDS deaths reported n years after 2000. 


5, Write a series whose sum gives the cumulative num- 
ber of AIDS deaths from 2005 to 2009, 


6. Explain what S¢ represents. 


Finding Sums of Series 

Exercises 7-14: For the given a,, calculate Ss. 
7. dy = 3n 8 da, =nt+4 
9, dy = 2n- 1 10. a, = 4n + 1 
Mea, =r +1 12. a, = 2n? 
13, a, = —t 14, a, = x 


Exercises 15-22; Use a formula to find the sum of the 
arithmetic series, 


15,34+54+74+9+ 11+ 134+ 15417 
16.75+6+45+3 +15 +0 + (1,5) 

17, LQ S++ at ee +50 

18, 1 eS S44 Te + 97 

19, -7 + (-4)+(-1I) +24+5+°'' + 98+ 101 

20. 89 + 844+ 79+ 74+ °::+94+4 

21, The first 40 terms of the series defined by a, = Sn 

22. The first 50 terms of the series defined by a, = 1 — 3n 


23. The sum of an arithmetic series with 15 terms is 255. 
If a, = 3, find as. 


24, The sum of an arithmetic series with 20 terms is 610, 
If ayo = 59, find ay. 


Exercises 25-34: Use a formula to find the sum of the first 
20 terms for the arithmetic sequence. 


25, a =4,d=2 26. a = -3,d =3 
21. a, = 10,d = -} 28, a, = 0,d = -4 
29, a, = 4, 29 = 190.2 30. a; = —4, dy = 15 
31, a, = —2, a4, = 50 32. a; = 6,a5 = —30 
33. do = 6, a2 = 31 34, ag = 4, a49 = 14 


Exercises 35-40; Use a formula to find the sum of the finite 
geometric series, 


35,1+2+4+8+4+ 16 + 32 + 64 + 128 

36. 2+4+h+ b+ ot op 

37, 0.5 + 1.5 + 4.5 + 13.5 + 40.5 + 121.5 + 364.5 
38. 0.6 + 0.3 + 0.15 + 0,075 + 0.0375 

39, The first 20 terms of the series defined by a, = 3(2)""! 
40, The first 15 terms of the series defined by a, = 2(4) ‘ 


Exercises 41-44; Use a formula to approximate the sum for 
n = 4,7, and 10, 


1 
8 
= b code ae aly! 
42,3 -14+4-$+ 05+ 4+3(-3) 
Li dad ian 8 & coe eb eoyerl 
43. 5 FE FRE G HOY HQ) 
44,4484 164 24 0 4 4 (2)! 
Exercises 45-50: Find the sum of the infinite geometric series, 
(Mires: Cereeni Waretans (Rereaeoen 
4S. lt+ztg ta teat 
46.5+3+3 43+ R405 
47,6-44+8-4 42-4... 
aGuaed os dpe a oa 
48. -2+5- 9435 - Tet 
1yacl one 
+ (9) + 


50, 25-St1—b4e0 + 25(-b)" $0 


I poe les Ge 
49. 1 — ig + too ~ tooo + 


Decimal Numbers and Geometric Series 


Exercises 51-56; Write each rational number in the form of 
an infinite geometric series. 


2 1 
51. 3 52. 5 
9 14 
53. TT 54. 33 
1 23 
55. 5 56. 95 
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Exercises 57-60: Write the sum of each geometric series as 
a rational number. 


57, 0.8 + 0.08 + 0.008 + 0.0008 + °°: 
58. 0.9 + 0,09 + 0.009 + 0,0009 + °°: 
59. 0.45 + 0,0045 + 0.000045 + °° 
60. 0.36 + 0.0036 + 0.000036 + °°: 


Summation Notation 


Exercises 61-68: Write out the terms of the series and then 
evaluate it. 


4 
61. PG + 1) 
(=I 


63, by 


6 

62. S\(3k — 1) 
k=l 
6 

64, pxC — 2k) 
=2 
a 4 

65, ak 66. 2 ar 
(=| C= 


5 5 
67. Sik? - kb) 68. Sjlogk 
(S4 = 


Exercises 69-78: Write the series with summation notation. 
Let the lower limit equal 1, 


69, 4+ 24+ 34 + 44+ 54+ 64 
Pe ted 1 
70. I+ 5+ 93 + i95 + oe 
5 10 17 26 37 
712, 2+ % + 95 + G& + Tas + 516 
73, 2+4+6+8+ 10+ 12+ 14 
14, 2+44+8+ 16 + 32 + 64 + 128 
75, 24-20-16-12-8-4 
16. 64+ 324+ 16+8+4+24145 
V1. 0+ beet hehe 
1 1 1 1 ie 
78. 1 + ig + too + tooo + To000 + 


Exercises 79-84: (Refer to Example 12.) Rewrite each 
summation so that the index starts with n = 1, 


9 10 

79. Sik 80. S\(k? - 2 

& Pe 
32 21 

81. Ack — 2) 82. 14k + 1) 
(=9 k=8 


52 59 
83, >) (k? — 3k) 84. (+ 4k) 
k=16 k=25 


Exercises 85-96: (Refer to Example 13.) Use properties 


for summation notation to find the sum. 


60 43 

85. 319 86. S)-4 
k=l k=l 
15 22 

87, >)5k 88. S)—2k 
k=1 k=1 
31 17 

89. Sk — 3 90. SV — 4k 
Px ) Px ) 
25 12 

1. Sk? 92, 3k? 
k=l k=l 
16 18 

93. Sie - bk 94. Sy(k? - 4k + 3) 
k=1 k=l 


24 19 
95, a 96. aw +1) 
= (=7 


97. Verify the formula >i k= aa) by using the 
formula for the sum of the first 7 terms of a finite 
arithmetic sequence. 


98. Use Exercise 97 to find the sum of the series Ppa 


Applications 
Exercises 99 and 100: Salaries A person has the given 
starting salary S and receives a vaise R each year thereafter. 


(a) Use a formula to calculate the total amount earned 
over 15 years, 

(b) Use a calculator to verify this value. 

99, S = $42,000, R = $1800 


100. S = $35,000, R = $2500 


Exercises 101-104; Annuities (Refer to Example 8.) 
Determine the future value of each annuity. 


101. Ay = $2000, i = 0.08,n = 20 
102. Ay = $500, i= 0.15,n = 10 
103, Ay = $10,000, 


104, Ay = $3000, 


i=O1ln=5 
i= 0.19,n = 45 


105. Stacking Logs Logs are stacked in layers, with one 
fewer log in each layer. See the figure. If the top 
layer has 7 logs and the bottom layer has 15 logs, 
what is the total number of logs in the pile? Use a 
formula to find the sum. 


106. Stacking Logs (Refer to Exercise 105.) Suppose a 
stack of logs has 13 logs in the top layer and a total 
of 7 layers. How many logs are in the stack? 


107, Filter Suppose that one filter removes half of the 

impurities in a water supply. 

(a) Find a series that represents the amount of impu- 
rities removed by a sequence of n filters. Express 


your answer in summation notation. 


tt. 
roa (b) How many filters would be necessary to remove 
all of the impurities? 


108, Walking Suppose that a person walks | mile on the 
first day, t mile on the second day, 5 mile on the third 
day, and so on, Assuming that a person could walk 
each distance precisely, estimate how far the person 
would have traveled after a very long time. 


109, Area (Refer to Exercise 112, in the preceding sec- 
tion.) Use a geometric series to find the sum of the 
areas of the squares if they continue indefinitely. 


110, Perimeter (Refer to Exercise 112 in the preceding 
section.) Use a geometric series to find the sum 
of the perimeters of the squares if they continue 


indefinitely. 


Checking Symbolic Skills 


Exercises 111 and 112; The Natural Exponential Function 
The following series can be used to estimate the value of e“ 
for any real number a: 
2: 3 a 
asa 

Ons pe dy ee, oe 

e l+tat rT + 3 + 
where n! = 1+2+3+4+'++ +n, Use the first eight terms 
of this series to approximate the given expression. Compare 
this estimate with the actual value. 


i 
nt 
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111. e 112, e! 


Computing Partial Sums 


Exercises 113-116: Use ay, and n to find Sy = Dh=1 dy. 
(Refer to Example 7.) Then evaluate the infinite geometric 
series S = Df 4%. Compare S to the values for S,. 


113. a = (4)! yn = 2, 4,8, 16 

114, a, = 3(4) yn = 5, 10, 15, 20 

115. a = 4(-})* sn = 12,34, 5, 6 
116. a, = 2(—0.02)'"!;n = 1, 2, 3,4, 5, 6 


Writing about Mathematics 


117. Discuss the difference between a sequence and a 
series. Give examples. 


118. Under what circumstances can we find the sum of a 
geometric series? Give examples. 


119. Critical Thinking Explain how to write the series 
log 1 + log2 + log3 + *** + logn 


as one term. 


120. Critical Thinking Explain how to write the series 
log 2 — log 4 + log6 — log8 + +** + (—1)""'log 2n 


as one term. Assume » is even. 


Extended and Discovery Exercise 


1, The sum of the first 7 terms of an arithmetic series is 


given by S, = n(23*), Justify this formula using 


a geometric discussion, (Hint: Start by graphing an 
arithmetic sequence where 7 is an odd number.) 


CHECKING BASIC CONCEPTS FOR SECTIONS 11.1 AND 11.2 


1, Give graphical and numerical representations of the 
sequence defined by a, = —2n + 3, where a, = f(”). 
Include the first six terms. 


N 


Determine if the sequence is arithmetic or geometric. 
If it is arithmetic, state the common difference; if it is 
geometric, give the common ratio. 
(a) 2, —4, 8, —16, 32, —64, 128,... 


(b) -3,0,3, 6,9, 12,... 
©) 421454R i 


3. Determine if the series is arithmetic or geometric. Use 
a formula to find its sum. 
(a) 1 +5494 13 +++ +37 


Lg bg Beg be 
(b+) 34+ 14+ 34+ 5+ + 7 


(©) 2+5+gtHt 
(d) 0.9 + 0,09 + 0.009 + 0.0009 + +°° 


4. Write each series in Exercise 3 in summation notation. 


5. Use properties of summation notation to find the sum, 
1s 21 
(a) Sk + 2) (b) 12k? 
k= k= 


6. Bouncing Ball A ball is dropped from a height of 
6 feet. On each bounce the ball returns to 2 of its 


previous height. How far does the ball travel (up and 
down) before it comes to rest? 
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= Apply the fundamental 
counting principle 

" Calculate and apply 
permutations 


« Calculate and apply 
combinations 


Introduction 


The notion of counting in mathematics includes much more than simply counting 
from | to 100, It also includes determining the number of ways that an event can 
occur. For example, how many ways are there to answer a true-false quiz with ten 
questions? The answer involves counting the different ways that a student could 
answer such a quiz. Counting is an important concept that is used to calculate prob- 
abilities, Probability is discussed in the last section of this chapter. 


Fundamental Counting Principle 


Suppose that a quiz has only two questions, The first is a multiple-choice question 
with four choices, A, B, C, or D, and the second is a true-false (T-F) question. The tree 
diagram in FIGURE 11.14 can be used to count the ways that this quiz can be answered. 


Different Ways to Answer a Quiz 


ZO I 
Ze 
o — 

N\ st I 

I 

~D i 

/ N\ 

4 ways to answer | 2 ways to answer | 
the 1st question | the 2nd question | 


FIGURE 11,14 


A tree diagram is a systematic way of listing every possibility, From FIGURE 11,14 
we can see that there are eight ways to answer the quiz. They are 


AT, AF, BT, BF, CT, CF, DT, and DF. 8 ways to answer the quiz | 


For instance, CF indicates a quiz with answers of C on the first question and F on 
the second question. 

A tree diagram is not always practical, because it can quickly become very 
large. For this reason mathematicians have developed more efficient ways of count- 
ing. Since the multiple-choice question has four possible answers, after which the 
true-false question has two possible answers, there are 4+ 2 = 8 possible ways of 
answering the test. This is an application of the fundamental counting principle, which 
applies to independent events. Two events are independent if neither event influences 
the outcome of the other. 


I i 


Let E), Ey, E3,..., E, be a sequence of n independent events. If event Z, can occur 
| Mx ways for k = 1, 2, 3,...,, then there are 


} My tM MA My 


| ways for all 7 events to occur. 


EXAMPLE 1 


11.3 Counting 927 


Counting ways to answer an exam 


An exam contains four true-false questions and six multiple-choice questions. Each 
multiple-choice question has five possible answers. Count the number of ways that 
the exam can be answered. 


SOLUTION 
Getting Started Answering these ten questions can be thought of as a sequence of 
ten independent events. There are two ways to answer each of the first four questions 
and five ways of answering each of the next six questions. > 

The number of ways to answer the exam is 


Each factor represents the | 2*2+*2° 2° Se Sa Gnsa$s "5 = 2'5° = 250,000. 
number of ways to answer = 
the given question. 4 factors 6 factors 


In the next example, we count the number of different license plates possible with 
a given format. 


>a iAwee Counting license plates 


Sometimes a license plate is limited to three uppercase letters (A through Z) fol- 
lowed by three digits (0 through 9). For example, ABB 112 would be a valid license 
plate. Would this format provide enough license plates for a state with 8 million 
vehicles? 


SOLUTION Since there are 26 letters of the alphabet, it follows that there are 26 
ways to choose each of the first three letters of the license plate. Similarly, there are 
10 digits, so there are 10 ways to choose each of the three digits in the license plate. 
By the fundamental counting principle, there are 


Three letters followed by three digits f-— 26: 26 + 26+ 10+ 10+ 10 = 17,576,000 


EXAMPLE 3 


unique license plates that could be issued. This format for license plates could accom- 
modate more than 8 million vehicles, 
Now Try xercluo 5 


An Application of Counting At one time, toll-free numbers always began with 
800. Because there were not enough toll-free 800 numbers to meet demand, phone 
companies started to use toll-free numbers that began with a different prefix, such as 
888 or 877. In the next example, we count the number of valid 800 numbers. (Source: 
Database Services Management.) 


Counting toll-free telephone numbers 


Count the total number of 800 numbers if the local portion of a telephone number 
(the last seven digits) does not start with a 0 or 1. 


SOLUTION A toll-free 800 number assumes the following form. 


Eile) iS-Seee 


Not a0Qoral Local number 
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40320 


6227020800 
1.551121004£25 


FIGURE 11.15 


We can think of choosing the remaining digits for the local number as seven inde- 
pendent events. Since the local number cannot begin with a 0 or 1, there are eight 
possibilities (2 to 9) for the first digit. The remaining six digits can be any number 
from 0 to 9, so there are fen possibilities for each of these digits, The total is given by 


8+ 10+ 10+ 10+ 10+ 10+ 10 = 8+ 10° = 8,000,000. 
t digit Last 6 digits 


| Now Try Exercise 47 
| 


Permutations 


A permutation is an ordering or arrangement, For example, suppose that three 
students are scheduled to give speeches in a class. The different arrangements in 
which these speeches can be ordered are called permutations. Initially, any one of 
the three students could give the first speech. After the first speech, there are two 
students remaining for the second speech, For the third speech there is only one 
possibility. By the fundamental counting principle, the total number of permuta- 
tions is equal to 


3*2°1=6. 


If the students are denoted as A, B, and C, then these six permutations are ABC, 
ACB, BAC, BCA, CAB, and CBA. In a similar manner, if there were ten students 
scheduled to give speeches, the number of permutations would increase to 


Six possible orderings | 


choices to go first 


Ten possible [10-9+8+7-6+5+4+3+2+ 1 = 3,628,800. 


A more efficient way of writing the previous two products is to use factorial nota- 
tion, The number 7! (read “n-factorial”) is defined as follows. 


| For any natural number , 
nl! =n — I — 2)+++ (3)(2)() 


and 
| 


(XD We can also writen! = 1+2+3+4+ von. 


Calculating factorials 
Compute n! for n = 0, 1, 2, 3,4, and 5 by hand. Use a calculator to find 8!, 13}, 
and 25}, 
SOLUTION 
The values for n! can be calculated as 
0! = 1, t=, !=2-1=2, W=3+2+1=6, 
= 4+3+2+1=24, and S!=5+4+3+2+1 = 120, 


FIGURE 11.15 shows the values of 8!, 13!, and 25!. The value for 25! is an approxima- 
tion. Notice how rapidly u! increases. 


| Now Try Exercise 27 | 


FIGURE 11.16 


11.3 Counting 929 


A Famous Unsolved Problem One of the most famous unanswered questions in 
computing today is called the sraveling salesperson problem, It is a relatively simple 
problem to state, but if someone could design a procedure to solve this problem e/fi- 
ciently, he or she would not only become famous but also provide a valuable way for 
businesses to save millions of dollars on scheduling problems, such as assigning bus 
routes and truck deliveries. 

One example of the traveling salesperson problem can be stated as follows. A 
salesperson must begin and end at home and travel to three cities. Assuming that 
the salesperson can travel between any pair of cities, what route would minimize the 
salesperson’s mileage? In FIGURE 11.16, the four cities are labeled A, B, C, and D. Let 
the salesperson live in city A. There are six routes that could be tried. They are listed 
in TABLE 11.6 with the appropriate mileage for each. 


Traveling Salesperson Problem 


Mileage 
200 + 480 + 500 + 350 = 1530 


200 + 100 + 500 + 300 = 1100 


300 + 480 + 100 + 350 = 1230 Minimum | 
Distance 
300 + 500 + 100 + 200 = 1100 
350 + 100 + 480 + 300 = 1230 
350 + 500 + 480 + 200 = 1530 
TABLE 11.6 
The shortest route of 1100 miles occurs when the salesperson either (1) starts at A 


and travels through B, D, and C and back to A or (2) reverses this route. Currently, this 
method of listing all possible routes to find the minimum distance is the only known way 
to consistently find the optimal solution for any general map containing » cities. In fact, 
people have not been able to determine whether a significantly faster method even exists. 

Counting the number of routes involves the fundamental counting principle. At 
the first step, the salesperson can travel to any one of three cities. Once this city has 
been selected, there are two possible cities to choose, and then one. Finally the sales- 
person returns home, The total number of routes is given by 


3!=3-2°1=6. 
If the salesperson must travel to 30 cities, then there are 
30! ~ 2.7 x 10 


routes to check, far too many to check even with the largest supercomputers. 

Next suppose that a salesperson must visit three of eight possible cities. At first 
there are eight cities to choose. After the first city has been visited, there are seven 
cities to select. Since the salesperson travels to only three of the eight cities, there are 


8+7+6 = 336 


possible routes, This number of permutations is denoted P (8, 3). It represents the number 
of arrangements that can be made using three elements taken from a sample of eight. 


VIUT ’ ) 
1 


If P(n, r) denotes the number of permutations of n elements taken r at a time, with | 


| 
| r sn, then | 

! } 
P(a,r) = oe =aQn-D@-2e@-r4+ I). | 
| “i x 


(n — ry! 
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| EXAMPLE 5 | 


Permutations: P(n, r) 


FIGURE 11.17 


EXAMPLE 6 | 


EX AMPLE 7 


(CRITICAL THINKING) ___ 
Count the number of arrange- 
ments of 52 cards in a standard 
deck. Is it likely that there are 
arrangements that no one has 
ever shuffled at any time in the 
history of the world? Explain. 


Calculating P(n, r) 


Calculate each of the following by hand. Then support your answers by using a 
calculator. 
(a) P(7, 3) (b) P(100, 2) 


SOLUTION 


(a) P(7,3)=7+6+5=210 


3 factors 
(b) P(100, 2) = 100 + 99 = 9900. We also can compute this number as follows. 
100! 100 + 99 + 98! 
P(100, 2) (in — a! wT 100 + 99 = 9900 


In this case, it is helpful to cancel 98! before performing the arithmetic. Both of 
these computations are performed by a calculator in FIGURE 11.17, 


| Now Try Exercise 31 and 47 | 


Calculating permutations 


For a class of 30 students, how many arrangements are there in which 4 students each 
give a speech? 


SOLUTION The number of permutations of 30 elements taken 4 at a time is given by 
P(30, 4) = 30 + 29 + 28 » 27 = 657,720. 
4 factors 


Thus there are 657,720 ways to arrange the four speeches. 


| Now Try Exercise 43 | 


In the next example, we determine the number of ways that four people can 
have different birthdays. For example, if the birthdays of four people are February 
29, May 2, June 30, and July 11, then these dates would be one way that four people 
could have different birthdays. 


Counting birthdays 


Count the possible ways that four people can have different birthdays. 


SOLUTION Counting February 29, there are 366 possible birthdays. The first person 
could have any of the 366 possible birthdays. The second person could have any of 
365 birthdays, because the first person’s birthday cannot be duplicated. Similarly, 
the third person could have any of 364 birthdays, and the fourth person could have 
any of 363 birthdays. The total number of ways that four people could have different 
birthdays equals 


P(366, 4) = 366 + 365 + 364+ 363 ~ 1.77 x 10!, 


4 factors 


or 17,700,000,000 ways. 


| Now Try Exercise 53 


Combinations 
Unlike a permutation, a combination is not an ordering or arrangement, but rather 
a subset of a set of elements. Order is unimportant in finding combinations. For 


example, suppose we want to select a tennis team of two players from four people. 
The order in which the selection is made does not affect the final team of two players. 
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From a set of four people, we select a subset of two players. The number of possible 
subsets, or combinations, is denoted either C(4, 2) or eae 

To calculate C(4, 2), we first consider P(4, 2). If we denote the four players by 
the letters A, B, C, and D, there are P(4, 2) = 4+ 3 = 12 permutations given by 


Equivalent teams | AB, BA, AC, CA, AD, DA, BC, CB, BD, DB, CD, DC, 
However, the team that comprises person A and person B is equivalent to the team 


with person B and person A. The sets {A, B} and {B, A} are equal. The valid com- 
binations are the following two-element subsets of {A, B, C, D}. 


Distinct teams }— { A, B} {A,C} {A, D} {B, C} {B, D} {c,D} 


That is, C(4, 2) = ne = 6, The relationship between P(n, r) and C(n, 1) is given 
below. 


COMBINATIONS OF n ELEMENTS TAKEN r AT A TIME | 


If C(n, r) denotes the number of combinations of n elements taken r at a time, 
with r Sn, then 


P(n,r) n! 
Ct) = nas (a-—nir’ 


ime Widhoee Calculating C(n, r) 


Calculate each of the following. Support your answers by using a calculator, 


50 
(a) C(7, 3) (b) se 
SOLUTION 
TT 786 Se! 7645 210 _ 
(a) CC), ie aaa a aa 7 a 235 
@7 3) 


nr oa d 


Combinations; C(n, r) 


(b) The notation (2) is equivalent to C(S0, 47). 


ipa es 50! — 50! _ 50+ 49 + 48 + 47! 
47 (50 — 47)!47! 31.47! 31 47! 
50+49+48 117,600 
= 31 a= 19,600 
FIGURE 11,18 These computations are performed by a calculator in FIGURE 11.18, 


Now Try Exercise 59 and 65 


bore Wate Counting combinations 


A college student has five courses left in her major and plans to take two of them this 
semester, Assuming that this student has the prerequisites for all five courses, deter- 
mine how many ways these two courses can be selected. 

SOLUTION The order in which the courses are selected is unimportant. From a set 
of five courses, the student selects a subset of two courses, The number of subsets is 

5! 5! 
C6, 2) = > = = = 10. 
C= Exam = wa 


There are 10 ways to select two courses from a set of five. 


| Now Try Exercise 67 | 
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IW hogUN Calculating the number of ways to play the lottery 


To win the jackpot in a lottery, a person must select five different numbers from | to 
59 and then pick the powerball, which has a number from | to 35, Count the ways to 
play the game. (Source: Minnesota State Lottery.) 


SOLUTION From 59 numbers a player picks five numbers, There are C(59, 5) ways 
of doing this. There are 35 ways to choose the powerball. By the fundamental counting 
principle, the number of ways to play the game equals C(59, 5) + 35 = 175,223,510. 


r 
| Now Try Exercise 71 } 


{MAKING CONNECTIONS | 


Permutations and Combinations 


Permutation: An arrangement (or list) in which ordering of the objects és important. 
For example, P(20, 9) would give the number of possible batting orders for 9 players 
from a team of 20, 

Combination: A subset of a set of objects where the ordering of the objects is not 
important. For example, C(20, 9) would give the number of committees possible 
when 9 people are selected from a group of 20. The order in which members are 
selected does not affect the resulting committee. 


Counting committees 


How many committees of six people can be selected from six women and three men 
if a committee must have at least two men? 


SOLUTION 

Getting Started Because there are three men and each committee must have at least 
two men, a committee can include either two or three men. The order of selection is 
not important. Therefore we need to consider combinations of committee members 
rather than permutations. } 


Two Men: This committee would consist of four women and two men, We can 
select two men from a group of three in C(3,2) = 3 ways. Four women can be 
selected from a group of six in C(6,4) = 15 ways. By the fundamental counting 
principle, a total of 


C@3, 2) + C(6, 4) = 3° 15 = 45 
committees have two men. 


Thvee Men: This committee would have three women and three men. We can select 
three men from a group of three in C(3, 3) = | way. We can select three women 
from a group of six in C(6, 3) = 20 ways. By the fundamental counting principle, 
a total of 


C(3, 3) + C(6, 3) = 1+ 20 = 2%» 


committees have three men. 
The total number of possible committees would be 45 + 20 = 65. 


| Now Try Exercise 69 | 


‘wee Putting It All Together 


NOTATION 
n-factorial: n! 


EXPLANATION 
n} represents the product 


nG@—- Ds 


n elements taken r at a time. 


CQ") = of n elements taken r at a time. 


(n- @— pi 


(3)(2)(1). 


P(n, r) represents the number of permutations of 


__ nl | C(a, r) represents the number of combinations 
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6°5°4+3+2+1 = 720 
=1 


The number of two-letter strings that 
can be formed using the four letters A, 
B, C, and D with no letter repeated is 
given by 
= 4! 

DI == 12, 


or sae 12: 


P(4,2) = 


The number of committees of three 
people that can be formed from five 
people is 


! 
— 3)! 3! ~ 3BI 


11.3 Exercises 


Counting 


Exercises 1-4: Exam Questions Count the number of 
ways that the questions on an exam could be answered. 


1, Ten true-false questions 
2. Ten multiple-choice questions with five choices each 


3, Five true-false questions and ten multiple-choice 
questions with four choices each 


4, One question involving matching ten items in one 
column with ten items in another column, using a 
one-to-one correspondence 


Exercises 5-8; License Plates Count the number of pos- 
sible license plates with the given constraints. 


5. Three digits followed by three letters 

6. Two letters followed by four digits 

7, Three letters followed by three digits or letters 

8. Two letters followed by either three or four digits 


Exercises 9-12; Counting Strings Count the number of 
five-letter strings that can be formed with the given letters, 
assuming a letter can be used more than once. 


9, A, B,C 10. W, X, Y, Z 


11, D, E, F,G,H 12. A, C 


Exercises 13-16; Counting Strings Count the number of 
strings that can be formed with the given letters, assuming 
each letter is used exactly once. 


13. A,B 

14. A, B, C 

15. W, X, Y,Z 
16. V, W, X, Y, Z 


17. Combination Lock A briefcase has two locks. The 
combination to each lock consists of a three-digit 
number, in which digits may be repeated. See the 
figure. How many combinations are possible? (Hint: 
The word combination is a misnomer. Lock combina- 
tions are permutations in which the arrangement of 
the numbers is important.) 


18. Combination Lock A typical combination for a pad- 
lock consists of three numbers from 0 to 39. Count 
the combinations possible with this type of lock if a 
number may be repeated. 
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19, 


20. 


21. 


22, 


23 


24, 


25. 


26. 
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Garage Door Openers The code for some garage door 
openers consists of 12 electrical switches that can be set 
to either 0 or | by the owner, With this type of opener, 
how many codes are possible? (Source: Promax.) 


Lottery To win the jackpot in a lottery game, a per- 
son must pick three numbers from 0 to 9 in the cor- 
rect order, If a number can be repeated, how many 
ways are there to play the game? 


Radio Stations Call letters for a radio station usually 
begin with either a K or a W, followed by three let- 
ters. In 2012, there were 14,952 radio stations on the 
air, Is there any shortage of call letters for new radio 
stations? (Source: M, Street Corporation.) 


Access Codes An ATM access code often consists of a 
four-digit number. How many codes are possible with- 
out giving two accounts the same access code? 


Computer Package A computer store offers a pack- 
age in which buyers choose one of two monitors, one 
of three printers, and one of four types of software. 
How many different packages can be purchased? 


Dice A red die and a blue die are thrown, How many 
ways are there for both dice to show an even number? 


Telephone Numbers How many different 7-digit 
telephone numbers are possible if the first digit can- 
not be a 0 ora 1? 


Dinner Choices A menu offers 5 different salads, 10 
different entrées, and 4 different desserts, How many 
waysare there to order a salad, an entrée, and a dessert? 


Exercises 27-30; Evaluate the expression. 


27, 6! 28, 0! 
29, 10! 30. 7! 
Permutations 


Exercises 31-40; Evaluate the expression. 


31, P(5,3) 32. P(10, 2) 
33, P(8, 1) 34, P(6, 6) 
35, P(7, 3) 36. P(12, 3) 
37, P(25, 2) 38, P(20, 1) 
39, P(10, 4) 40. P(34, 2) 
41, Standing in Line How many ways can four people 


stand in a line? 


Books on a Shelf How many arrangements are there 
of six different books on a shelf? 


43. 


44, 


45. 


46. 


47, 


48, 


49, 


50. 


51 


52. 


53. 


54 


Giving a Speech In how many arrangements can 3 
students from a class of 15 each give a speech? 


Introductions How many ways could five basketball 
players be introduced at a game? 


Traveling Salesperson (Refer to the discussion after 
Example 4.) A salesperson must travel to three of 
seven cities, Direct travel is possible between every 
pair of cities, How many arrangements are there in 
which the salesperson could visit these three cities? 
Assume that traveling a route in reverse order consti- 
tutes a different arrangement. 


Traveling Salesperson A salesperson must start at 
city A, stop in each city once, and then return to city A. 
Use the figure to find the route with the least mileage, 


103 


Phone Numbers How many seven-digit phone num- 
bers are there if the first three numbers must be 387, 
388, or 389? 


Keys How many distinguishable ways can four keys 
be put on a key ring? 


Sitting at a Round Table How many ways can seven 
people sit at a round table? (For a way to be different, 
at least one person must be sitting next to someone 
different.) 


Batting Orders A softball team has 10 players. How 
many batting orders are possible? 


Baseball Positions In how many ways can nine play- 
ers be assigned to the nine positions on a baseball team, 
assuming that any player can play any position? 


Musical Chairs Seating In a game of musical chairs, 
seven children will sit in six chairs arranged in a cir- 
cle, One child will be left out. How many (different) 
ways can the children sit in the chairs? (For a way to 
be different, at least one child must be sitting next to 
someone different.) 


Birthdays In how many ways can five people have 
different birthdays? 


Course Schedule A scheduling committee has one 
room in which to offer five mathematics courses. In 
how many ways can the committee arrange the five 
courses over the day? 


55. Telephone Numbers How many 10-digit telephone 
numbers are there if the first digit and the fourth digit 
cannot be a 0 ora 1? 


56. Car Designs There are 10 basic colors available for 
a new car, along with 5 basic styles of trim. In how 
many ways can a person pick the color and trim? 


Combinations 

Exercises 57-66: Evaluate the expression. 
57. C(3, 1) 58. C(4, 3) 

59. C(6, 3) 60. C(7, 5) 

61. C(5, 0) 62. C(10, 2) 


o()  #() 
=) «(2 


67, Lottery To win the jackpot in a lottery, one must 
select five different numbers from | to 39, How many 
ways are there to play this game? 


68. Selecting a Committee How many ways can a com- 
mittee of five be selected from eight people? 


69, Selecting a Coed Team How many teams of four 
people can be selected from five women and three men 
if a team must have two people of each sex on it? 


70. Essay Questions On a test with six essay questions, 
students are asked to answer four questions. How 
many ways can the essay questions be selected? 


71, Test Questions A test consists of two parts. In the 
first part a student must choose three of five essay 


« Derive the binomial 
theorem 


» Use the binomial theorem 
= Apply Pascal's triangle 


Introduction 
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questions, and in the second part a student must 
choose four of five essay questions. How many ways 
can the essay questions be selected? 


72, Cards How many ways are there to draw a 5-card 
hand from a 52-card deck? 


73. Selecting Marbles How many ways are there to 
draw 3 red marbles and 2 blue marbles from a jar that 
contains 10 red marbles and 12 blue marbles? 


74, Book Arrangements A professor has three copies of 
an algebra book and four copies of a calculus text. 
How many distinguishable ways can the books be 
placed on a shelf? 


75, Peach Samples How many samples of 3 peaches can 
be drawn from a crate of 24 peaches? (Assume that 
the peaches are distinguishable.) 


76, Flower Samples A bouquet of flowers contains three 
red roses, four yellow roses, and five white roses, In 
how many ways can a person choose one flower of 
each type? (Assume that the flowers are distinguish- 


able.) 


Checking Symbolic Skills 


77, Permutations Show that P(,n — 1) = P(@,n). 
Give an example that supports your result. 


78. Combinations Show that (") = (,, " ,.). Give an 
example that supports your result. 


Writing about Mathematics 


79, Explain the difference between a permutation and a 
combination, Give examples. 


80. Explain what counting is, as presented in this section. 


In this section we discuss how to expand expressions in the form (a + b)", where n is 
a natural number. Some examples include the following. 


(a + b)?, (a + by, x + 13, and (x — y)* 


These expressions occur in statistics, finite mathematics, computer science, and 


calculus. 


Derivation of the Binomial Theorem 


Combinations play a central role in the development of the binomial theorem. The 
binomial theorem can be used to expand expressions of the form (a + 5)". Before 
stating the binomial theorem, we begin by counting the number of strings of a given 
length that can be formed with only the variables a and b. 
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| EXAMPLE 1| Calculating distinguishable strings 
Count the number of distinguishable strings that can be formed with the given num- 
ber of a’s and b’s. List these strings. 
(a) Two a’s, one b (b) Two a’s, three b’s (c) Four a’s, no b’s 


SOLUTION 
(a) Using two «’s and one 4, we can form strings of length three. Once the b has been 
positioned, the string is determined. For example, if the b is placed in the middle 


position, 
OID. 


then the string must be «a, From a set of three slots, we choose one slot in which 
to place the b. This is computed by C(3, |) = 3. The strings are aab, aba, and baa. 

(b) With Ovo «’s and three +°s we can form strings of length five. Once the locations 
of the three b’s have been selected, the string is determined, For instance, if the 
b’s are placed in the first, third, and fifth positions, 


WMOWOY 


then the string becomes /u/u/, From a set of five slots, we select three in which 
to place the b’s, This is computed by C(5, 3) = 10, The 10 strings are 


bbbaa, bbaba, bbaab, babba, babab, baabb, abbba, abbab, ababb, and aabbb. 


(c) There is only one string of length four that contains no 4’s, This is aaaa and is 
computed by 


a. ee. 
C4, 0) = (4—oy10! — 24(1) 


| Now Try Exercise 9, 11, and 13 | 


Next we expand (a + b)" for a few values of n, without simplifying. 
(a+b) =atb 
(a + bY = (a + bla t+ b) 
=aa t+ ah + ha + bb 
(a + bP = (a + ba + bY 
= (a + baa + ab + ba + bb) 
= ada + aah + aba + abb + haa + hab + bha + bbb 


Notice that (a + 5)! is the sum of all possible strings of length one that can be formed 
using a and b, The only possibilities are a and b, The expression (a + b)? is the sum 
of all possible strings of length two using a and b, The strings are aa, ab, ba, and bb. 
Similarly, (@ + 5) is the sum of all possible strings of length three using a and b. This 
pattern continues for higher powers of (a + b). 

Strings with equal numbers of a’s and equal numbers of b’s can be combined 
into one term. For example, in (a + 5)’ the terms ab and ba can be combined as 2ab. 
Notice that there are C(2, 1) = 2 distinguishable strings of length two containing one 
b, Similarly, in the expansion of (a + 5)°, the terms containing one a and two b’s can 
be combined as 


abb + bab + bha = 3ab?. 


There are C(3, 2) = 3 strings of length three that contain two b’s, 
We can use these concepts to expand (a + b)*. The expression (a + b)‘ consists 
of the sum of all strings of length four using only the letters @ and b: C(4, 0) = 1 ie 
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string containing no b’s, C(4, 1) = 4 strings containing one b, and so on, up to 
C(4, 4) = 1 string containing four b’s. Thus 


4 4 
(a + by! = () a? + (Jeo + ( 7 Pb? + (; a6 + ¢ a Pp! 
CS es) Id 
= d+ dab + 60°? + 4ab> + b'. 


These results are summarized by the binomial theorem. 


For any positive integer n and numbers a and b, 


— n\n NY n-ipl esis n Ipn-l n\n 
cos or (‘ae (arn (8 ave! (Mr 


We can use the binomial theorem to expand (a + b)". For example, 


3 3 3 3 

7 3 : 1 17,2 5 3 
@: + (jes + (aw + Cp 
la + 3ab + 3ab> + 1b 
@ + 3ab + 3ab? + 3. 


(a + bY 


Ml 


ll 


Since (") = C(n,r), we can use the combination formula C(n, r) = 
evaluate these binomial coefficients. 


oe Niyaora Applying the binomial theorem 


Use the binomial theorem to expand the expression (2a + 1)°. 


(Cie Eo to 


SOLUTION Using the binomial theorem, we arrive at the following result. 


«(aon Jar» (Janes 


5 (3098) + > a) + 


(2a + 19° 


> 16a!) + 3 (g43) + | 4a?) + 


510! Ail! 312! 
= 32a5 + 80a! + 800° + 40a? + 10a + 1 


oni a ust 


Pascal's Triangle 


Expanding (a + 5)" for increasing values of n gives the following results. 


(a+ bP = 1 

(at b= la+1b 

(a+ by = 1e+2ab+1P 

(a+ bf = 1a4+3@b+3abr+1b 
(a+ by = lat + 4a°b + 6a°b? + 4ab> + 1b4 
(a+ bp = 


lap + Sab + 10a°b? + 100d? + Sabi + 1p 


Exponent on a decreases by 1 each term. | Exponent on b increases by 1 each term. | 


Notice that (a + 6)! has two terms starting with a and ending with b, (a + 5)? has 
three terms starting with a and ending with b?, and in general (a + b)" has n + 1 
terms starting with a” and ending with b". The exponent on a decreases by | each 
successive term, and the exponent on b increases by | each successive term. 
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Pascal's Triangle The triangle formed by the highlighted numbers is called Pascal’s triangle. It can 
1 be used to efficiently compute the binomial coefficients, C(n, r). The triangle consists 
1 l of 1’s along the sides, Each element inside the triangle is the sum of the two numbers 
1 9, 1 above it. Pascal’s triangle is usually written without variables, as in FIGURE 11.19, It 
1 3 3 1 can be extended to include as many rows as needed. 


We can use this triangle to expand powers of binomials in the form (a + 5)", 
where n is a natural number. For example, the expression (m + 1)* consists of five 
terms written as follows. 


I 4 6 4 
1 5 10 10 5 1 


FIGURE 11.19 ; 
(a + ny = a + on + ne? + a'r + 


Because there are five terms, the coefficients can be found in the fifth row of Pascal’s 
triangle, which from FIGURE 11.19 is 


Thus 
(m +n)! = tant + nbn! + 6 nen? + dm'nd + 1 nt 


m+ 4nbn + 6n?n? + 4m} + nf, 


Expanding expressions with Pascal's triangle 


Expand each of the following. 
(a) (2x + 1) (b) Gx — y 


SOLUTION 

(a) To expand (2x + 1), let @ = 2x and b = | in the binomial theorem. We can use 
the sixth row of Pascal’s triangle to obtain the coefficients 1, 5, 10), 10, 5, and 1. 
Compare this solution with the solution for Example 2. 


(2x + 1)° = 1 (2x) + S(2x)4(1)! + 10(2x)7(1)? + 10(2x)°(1)3 + 5(2x)!(1)4 + 1)5 
= 32x° + 80x41 + 80x? + 40x? + 10x + 1 


(b) Let a = 3x and b = —y in the binomial theorem. Use the coefficients |, 3, 3, and 
| from the fourth row of Pascal’s triangle. 
(3x — y)? = 1x)? + 33x)?(-y)! + 3x) (—y? + 1(-y)? 
= 27x3 — 27x?y + Oxy? — y3 


| Now Try Exorciso 33 and 35 | 


Finding the kth Term The binomial theorem gives a// of the terms of (a + b)", 
However, we can find any individual term by noting that the (* + 1)st term in the 


binomial expansion for (a + 6)” is given by the formula i a"~'h' for0 Sr Sn. The 
next example shows how to use this formula to find the (r + 1)st term of (a + b)". 


i 


| EXAMPLE 4) Finding the kth term in a binomial expansion 
Find the third term of (x — y)°. 


SOLUTION In this example the (r + 1)st term is the ¢hird term in the expansion of 
(x — y)>. That is, r + 1 = 3, orr = 2. Also, the exponent in the expression isn = 5, 
To get this binomial into the form (a + 5)", we note that the first term in the binomial 
is a = x and that the second term in the binomial is b = —y. Substituting the values 
for r, n, a, and b in the formula for the (r + 1)st term yields 


(Jarw | Jeo ocor = toss 


The third term in the binomial expansion of (x — y)° is 10x*y?. 


| Now Ti 


re 11.4 | Putting It All Together It All Together 


NOTATION 


Binomial 
coefficient 


EXPLANATION 


n nl 
(") = ohnn= (a- nr! 


Binomial 
theorem 


(a+ by = 


n BY yn a w*.., 
(ie + ("Yar b+ +("\p 


for any positive integer n and real numbers 
aand b, 


Pascal’s 
triangle 


A triangle of numbers that can be used to 
find the binomial coefficients needed to 


expand an expression of the form (a + 5)". 


To expand (a + b)", use row n + 1 of 
Pascal’s triangle. 


Finding the | The (r + 1)st term of (a + b)" is given by 
(r+ 1)st 
term of ("Jerr 

( (a + by" r 


forOSsrsn, 
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(a + bf @ + (Je + (3a + On 
=a + 3a°b + 3ab? +b 


The binomial coefficients can also be found using the 
fourth row of Pascal’s triangle, which is shown below. 


To find the fifth term of (x + y)%, let r + 1 = 5, or 
r=4,andn = 6. 


n NTT me 6 6-4,,4 
Ocal ie 


= 15x?y4 


11.4] Exercises 


Binomial Coefficients 


Exercises 1-8; Evaluate the expression. 


Binomial Theorem 


Exercises 9-16; (Refer to Example 1.) Calculate the num- 
ber of distinguishable strings that can be formed with the 
given number of a’s and b’s, 


9. Three a’s, two b’s 10. Five a’s, three b’s 


11. Four a’s, four b’s 12, One a, five b’s 


13. Five a’s, no b’s 14, No a’s, three b’s 


15, Four a’s, one b 16. Four a’s, two b’s 


Exercises 17-30: Use the binomial theorem to expand each 
expression. 
17. (x + yp? 


18. (x + yy! 


19, (m + 2p 20, (m + 2n)5 
21, (2x — 3) 22. (x + yy 
23. (p - 9 24, (p? — 3)4 
25, (2m + 3n) 26. (3a —2b)° 
27, (1 — x°)4 28. (2 + 3x?) 
29, (2p? — 3) 30. (2r + 304 
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Pascal's Triangle 


43. Qx3 - yy 


Exercises 31-44: Use Pascal's triangle to help expand the 44, (3x2 + yy! 


expression. 
31. (v + y? 


32. (m +n) 
33. Gx + 14 
34, (2x — 1)4 
35, (2 - »)§ 
36. (2a + 3b)? 
37. (x? + 2)4 
38, (5 -— x’) 
39, (4x — 3y)4 
40, (3 — 2x5 
41. (m + 6 


42. (2m — n)' 


Finding the kth Term 


Exercises 45-52; Find the specified term. 
45. The fourth term of (a + b)? 


46. The second term of (m — n)? 
47. The fifth term of (x + 98 

48. The third term of (a + by’ 
49. The fourth term of (2x + y) 
50. The eighth term of (2a — b)° 
51. The sixth term of (3x — 2y)® 
52. The seventh term of (2a + b)? 


Writing about Mathematics 


53. Explain how to find the numbers in Pascal’s triangle. 


54, Compare the expansion of (a + b)" with the expan- 
sion of (a — b)", Give an example. 


CHECKING BASIC CONCEPTS FOR SECTIONS 11.3 AND 11.4 


1, Count the ways to answer a quiz that consists of eight 3. How many distinct license plates could be made 
true-false questions. using a letter followed by five digits or letters? 

2, Count the number of 5-card poker hands that can be 4, Expand each expression. 
dealt using a standard deck of 52 cards. (a) (2x + 1)4 (b) (4 - 3x)8 


« Learn basic concepts 
about mathematical 
induction 


Use mathematical 
induction to prove 
statements 

Apply the generalized 
principle of mathematical 
induction 


Introduction 


The brilliant mathematician Carl Friedrich Gauss (1777-1855) proved the fundamental 
theorem of algebra at age 20. When he was a young child, he amazed his teacher by 
showing that 


10010 
P4249 4 4h 002 4 99 2 OO, 


With mathematical induction we will be able to show, more generally, that 


= a(n + 1) 


1+24344+4--47 5 


Mathematical induction is a powerful method of proof. It is used not only in mathe- 
matics; it is also used in computer science to prove that programs and basic concepts 
are correct. 
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Mathematical Induction 


Many results in mathematics are claimed true for every positive integer. Any of these 
results could be checked for n = 1,n = 2,n = 3, and so on, but since the set of posi- 


tive integers is infinite, it would be impossible to check every number. For example, 


iB F +1 
let S,, represent the statement that the sum of the first » positive integers is ee) 


that is, 


—_ au + 1) 


Spel heQk 8 he ae 2 


The truth of this statement can be checked quickly for the first few values of n. 


Ifn = 1, S, is l= ae) a true statement, since 1 = 1, 
Ifn = 2, S, is 1+2= 204) a true statement, since 3 = 3. 
Ifn = 3, S, is 1+2+3= 6 ; 1) a true statement, since 6 = 6. 
Ifn=4,S, is 1+2+3+4= is > 1) a true statement, since 10 = 10. 


Since the statement is true for n = 1, 2, 3, 4, can we conclude that the statement 
is true for all positive integers? The answer is no. To prove that such a statement is 
true for every positive integer, we use the following principle. 


| PRINCIPLE OF MATHEMATICAL IND 


Let S,, be a statement concerning the positive integer 7. Suppose that 


1. S; is true; 
2. for any positive integer x, if S;, is true, then S,4, is also true. 


| Then S,, is true for every positive integer n. 


Proof by Mathematical Induction A proof by mathematical induction can 
be explained as follows. By assumption (1), the statement is true when n = 1. By 
assumption (2), the fact that the statement is true for n = | implies that it is true 
forn = 1 + 1 = 2. Using (2) again, the statement is thus true for 2 + 1 = 3, for 
3+ 1 = 4, for 4 + 1 = 5, and so on. Continuing in this way shows that the state- 
ment must be true for every positive integer. 

The situation is similar to that of an infinite number of dominoes lined up. If 
the first domino is pushed over, it pushes the next, which pushes the next, and so on, 
indefinitely. 

Another example of the principle of mathematical induction might be a ladder 
of infinite length. Suppose the rungs are spaced so that, whenever you are on a rung, 
you know you can move to the next rung. Then if you can get to the first rung, you 
can go as high up the ladder as you wish. 

Two separate steps are required for a proof by mathematical induction. 


ROOF BY MATHEMATICAL INDUCTION 


| STEP 1: Prove that the statement is true for n = 1, 
| STEP 2: Show that for any positive integer k, if S, is true, then S;,, is also true. 


Proving Statements 


Mathematical induction is used in the next example to prove the statement S,, discussed 
earlier. 
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| EXAMPLE 1) Proving an equality statement 


Let S,, represent the statement 
Cae 
128A aG om typo 
2 
Prove that S,, is true for every positive integer 7. 


SOLUTION The proof by mathematical induction is as follows, 
STEP 1: Show that the statement is true when 7 = 1. If 1 = 1,,S; becomes 
(i +1) 
pea ae 
which is true. 
STEP 2: Show that if S, is true, then S,,., is also true, where S;, is the statement 
_ kk +2) 


2 1, Assume S, is true, 
2, Show Sy,.; is true, 


Statement. | 1+ 2+3 +++ +h 


and S;4., is the statement 


+ Ge #1 +H 


Statement Seon JL + 24+ 34+ +k + (kK + I= > 


Start with S;, and assume it is a true statement. 


[+2434 t= SO) is tr 
Add & ! to each side of equation %, and simplify to obtain S;41. 
k(k + 1) 
L+2+ 345° the (ket N= —4+K4 0 
=«+n(E+1) Factor out k + 1 
Statement S;..1 is true. Be 
= (k + n(43?) 
2 
Gee 
2 


This final result is the statement S;4,. Therefore, if S; is true, then Sj, is also 
true. The two steps required for a proof by mathematical induction have been com- 
pleted, so the statement S,, is true for every positive integer n, 


| Now Try Exercise 1 | 


Proving an equality statement 
Let S,, represent the statement 
2! + 2? + 3+ 2b eee + Ms gutl — 9, 
Prove that S,, is true for every positive integer 7. 
SOLUTION 
STEP 1: Show that the statement S, is true, where Sj is 
ge gt 9, 


Since 2 = 4 — 2, S, is a true statement. 
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STEP 2: Show that if S; is true, then S,4, is also true, where S;, is 
Statement 5; | 2424+ P24. t 2% = tl-2 
and Sy41 is 
Statement Seer} 2! + 2? + 23+ 0+ + 2K + QELS BETH — 9 


Start with the given equation S, and add 2°~' to each side of this equa- 
tion. Then algebraically change the right side to look like the right side of 
Skate 


2! 422 4 23 + one + DK 4 Qhtl = ghtl — 2 4 ght! 


he 


ahi SEP = 
Statement Sy..1 22) 2 
is true. = 2k+)tl _ 9 


The final result is the statement S,,. Therefore, if S;, is true, then S,41 is also 
true, The two steps required for a proof by mathematical induction have been com- 
pleted, so the statement S,, is true for every positive integer n. 


Now ry Exercise 5 | 


bheiigaoee Proving an inequality statement 


Prove that if x satisfies 0 < x < 1, then for every positive integer n, 


Os eh <i, 


SOLUTION 
STEP 1: Here Sj is the statement 
if0 <x < 1,then0 <2»! <1, 
which is true. 
STEP 2: S, is the statement 
if0<x<1,then0<x <1. Statement 5, | 


To show that S, implies that S,4, is true, multiply all three parts of 
0 < x* <1 by xto get 


eS eee << x6-L 
(Here the fact that 0 < x is used. Why?) Simplify to obtain 
Qe RIT? < x, 
Because x < |, 


ok +1 Statement Sy44 
O<x <4 is true. 


which implies that S;,, is true. Therefore, if S;, is true, then S;,41 is true. 
Since both steps for a proof by mathematical induction have been completed, 


the given statement is true for every positive integer n. 
Now Try Exercise 23 


Generalized Principle of Mathematical Induction 


Some statements S,, are not true for the first few values of n, but are true for all 
values of » that are greater than or equal to some fixed integer j. The following 
slightly generalized form of the principle of mathematical induction addresses 
these cases. 
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GENERALIZED PRINCIPLE OF MATHEMATICAL INDUCTION 


Let S, be a statement concerning the positive integer n. Let j be a fixed positive 
integer. Suppose that 

1. S; is true; 

2. for any positive integer k, k = j, S; implies S,4,. 


Then S,, is true for all positive integers n, where n = j. 


lod Wid AxCH Using the generalized principle 


Let S, represent the statement 2” > 2n + 1. Show that S, is true for all values of n 
such that n = 3, 
SOLUTION (Check that S,, is false for n = 1 and n = 2.) 
STEP 1; Show that S, is true for n = 3. If n = 3, then S; is 
B>2+34+1, or 
8>7. 
Thus S; is true, 
STEP 2: Now show that S; implies S,4, for k = 3, where 
Spis 2% > 2k + 1 and — Assume 5S, is true 
Srypis 2+! > 2k + 1) + 1. Show Spry is true 
Multiply each side of 2 > 2k + 1 by 2, obtaining 
2+2k > 202k + 1), or 
atl > ak +2, 
Rewrite 4k + 2 as 2(k + 1) + 2k, to get 
atl S Ok + 1) + 2k. 
Since k is a positive integer greater than or equal to 3, 
2k > 1, 
It follows that 


Statement S,+) 


aktl > 2k + 1) 42k > Ak + 1) 41, oF 
istrue, | 


atl Ss Wk + 1) +1, 


as required. Thus S; implies S;,4,, and this, together with the fact that $3 is 
true, shows that S, is true for every positive integer n greater than or equal to 3, 


Now Try Exercise 27 


a. 4 11.5 | Putting It All Together It All Together 


CONCEPT 


Principle of mathematical | Let S, be a statement concerning the positive integer n. Suppose that 
induction 


1. S, is true; 
2. for any positive integer k, if S, is true, then S,, is also true. 


Then S,, is true for every positive integer n. 
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CONCEPT EXPLANATION 
Proof by mathematical STEP 1; Prove that the statement is true for n = 1, 
induction STEP 2: Show that for any positive integer k, if S, is true, then S,41 is also true. 


Generalized principle of Let S, be a statement concerning the positive integer n. Let j be a fixed positive integer. 


mathematical induction Suppose that 


1, S; is true; 
2. for any positive integer k, k = j, S, implies S,+1. 


Then S,, is true for all positive integers n, where n = j. 


Exercises 


Mathematical Induction 


-2n+1 4 2ntl 
Exercises 1-14: Use mathematical induction to prove the 14, x2" + 2 by pores $ yy + y= sleet cae 
statement, Assume that n is a positive integer. ee 
1, PEORG Ho + Bp 3n(n + 1) Exercises 15-18: Find all positive integers n for which the 
. given statement is not true. 
Wlt StS tet Qn- Nsw 15. 3" > 6n 16, 3" > 2n+ 1 


17, 2° >.n? 18, n! > 2n 

Sn(n + 1) 
8. Sb lb IS 428 4 SS 
u 2 Exercises 19-28: Prove the statement by mathematical 


induction. 


4447+ 10+¢:+ GBnt+HD= none) 19, (a’”)" = a’ (Assume a and m are constants.) 
3(3" — 1) 20. (aby' = a"b" (Assume a and b are constants.) 
Dee re ete a 2, 2" > 2nifn=3 
oo. Fe ee Pare pane + 1)(2n + 1) 22. 3" > 2n+ 1, ifn =2 
6 23, Ifa > 1, then a” > 1. 
a pa BYE BIG ose high mes 1P 24. Ifa > 1, then a” >a", 


25. If0 <a <1, thena” < q""!, 
8556456 +5:O +1 +5+6" = 66" — 1) 
26, 2" > n forn > 4 


1 1 1 1 n 
TG ia aea * oct D ntl 27. Ifn = 4, then n! > 2", where 
fice ss pen wae 
10, 7° 8+ 7°82 +789 +++) +7 +8" = 8(8" — 1) B= nla = Ye = 2° GQ). 
in 4 
a 4 1 28. 4" > n° forn = 5 
Wsotstatit+gel-g 
5 SS 5 5 Applications 
1 | NS os ate kee \ 1 29, Number of Handshakes Suppose that each of the n 
12,5 + 2 - 3 BE " 2 ~ 9H (n = 2) people in a room shakes hands with everyone 
else, but not with himself. Show that the number of 
2 
1B. | de ! fee ! n handshakes is "3". 


+ 
1*4 4-7 * Gn — DGn + 1) 3n +1 
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30. Sides of a Polygon The series of sketches starts with 
an equilateral triangle having sides of length 1. In the 
following steps, equilateral triangles are constructed on 
each side of the preceding figure. The length of the sides 


of each new triangle is 4 the length of the sides of the 


preceding triangles. Develop a formula for the number 
of sides of the nth figure. Use mathematical induction 


33, 


Tower of Hanoi A pile of 7 rings, each ring smaller 
than the one below it, is on a peg. Two other pegs 
are attached to the same board as this peg. In a 
game called the Tower of Hanoi puzzle, all the rings 
must be moved to a different peg, with only one ring 
moved at a time and with no ring ever placed on top 
of a smaller ring. Find the least number of moves 


to prove your answer. 


Hy ) i <a 
V 


\ 


required. Prove your result with mathematical induc- 
tion. 


4 5 


Writing about Mathematics 
34, Explain the principle of mathematical induction, 
35. Explain how the generalized principle of mathemati- 


cal induction differs from the principle of mathemati- 
cal induction, 


31. Perimeter Find the perimeter of the nth figure in 


Exercise 30. 


32. Area Show that the area of the nth figure in Exercise 


a 


30 is given by 


36. Critical Thinking When using mathematical induc- 
tion, why is it important to prove that the statement 
holds for n = 1? 


» Learn the basic concepts 
about probability 


» Calculate the probability 
of compound events 


« Calculate the probability 
of independent events 


« Calculate conditional 
probability and the 
probability of dependent 
events 


Introduction 


Questions of chance have no doubt engaged the minds of people since antiquity. 
However, the mathematical treatment of probability did not begin until the 15th century. 
The birth of probability theory as a mathematical discipline occurred in the 17th century 
with the work of Blaise Pascal and Pierre Fermat. Today probability pervades society. It 
is used not only to determine outcomes in gambling, but also to predict weather, genetic 
outcomes, and the risk involved with various types of substances and behaviors. 


Definition of Probability 


In the study of probability, experiments often are performed. The following explains 
terminology about experiments and gives an example. 


Experiment Terminology Example: Rolling a Die 


Outcome: A result from an experiment = Outcome: The number showing on the die 


Sample Space: The set of all possible Sample Space: S = {1, 2, 3, 4, 5, 6} 


outcomes S 


in £ ix out es in S 


Event: E = {1,6} contains the outcomes 
of either | or 6 showing on the die 


Event: Any subset E of a sample space 


EXAMPLE 2 
Waiting List 


[Heart | _ 3186 | 


Source: UNOS, 
TABLE 11.7 
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If n(E) and n(S) denote the number of outcomes in Zand S, then «(/) = 2 and 
n(S) = 6 in the experiment of rolling a die. The probability of rolling a | or a 6 is 
given by P(E) = 2, That is, the likelihood of event E occurring is two chances in six. 
These concepts are summarized in the following box. 


If the outcomes of a finite sample space S are equally likely and if Z is an event in 
S, then the probability of EZ is given by 
_ n(E) 
P(E) => (sy 


where n(Z) and n(S) represent the number of outcomes in Z and S, respectively. 


Since n(E) = n(S), the probability of an event £ satisfies 0 = P(Z) = 1. If 
P(E) = |, then event E is ceriwin to occur, If P(E) = 0, then event E is impossible, 


Drawing a card 


One card is drawn at random from a standard deck of 52 cards. Find the probability 
that the card is an ace. 


SOLUTION The sample space S consists of 52 outcomes that correspond to 
drawing any one of 52 cards, Each outcome is equally likely. Let Z represent the 
event of drawing an ace. There are four aces in the deck, so event Z contains four 
outcomes, Therefore (S) = 52 and »(£) = 4, The probability of drawing an ace 
is given by 


Estimating probability of organ transplants 


In a recent year, there were 114,448 patients waiting for an organ transplant. 
TABLE 11,7 lists the numbers of patients waiting for the most common types of trans- 
plants. None of these people need two or more transplants. Approximate the prob- 
ability that a transplant patient chosen at random will need 

(a) a kidney or a heart, (b) neither a kidney nor a heart. 


SOLUTION 

(a) Let each patient represent an outcome in a sample space S, The event £ of a trans- 
plant patient needing either a kidney ora heart contains 92,346 + 3186 = 95,532 
outcomes, The desired probability is 

n(E) _ 95,532 

n(S) 114,448 
About 83% of transplant patients needed either a kidney or a heart. 

(b) Let F be the event of a patient waiting for an organ other than a kidney or a 
heart. Then 


n(F) = n(S) — n(E) = 114,448 — 95,532 = 18,916, 
The probability of F is 


P(E) = 


= 0,83. 


P(F)=—a = = 0.17, or 17%, 
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Complements EF and E’ 
Ss 


FIGURE 11.20 


| EXAMPLE 3 


Union and Intersection The union of set A and set B is the set of elements that 
belong to either A or B or both, and is denoted A U B and sometimes read “A or B”. 


For example, if 


Element 3 appears in 
= {1,2,3} and B= {3,4,5}, then — bothaandB, butis only 


AUB= {1,2, 3,4, 5}. listed once 
ee ee 
The intersection of A and B is the set of elements that belong to both A and B, and is 
denoted A ™ B and sometimes read “A and B.” Using the sets A and B above, 


A) B = {3}, as3 is the only element that is in both A and B. 


Notice that P(Z) + P(F) = | in Example 2. The events £ and F are comple- 
ments because E 1) F = @ and E U F = S, where © denotes the empry set. That is, 
a transplant patient is either waiting for a kidney or a heart (event £) or not waiting 
for a kidney or a heart (event F). The complement of Z may be denoted by E’. 


Venn Diagrams Probability concepts can be illustrated using Venn diagrams. In 
FIGURE 11.20 the sample space S of an experiment is the union of the disjoint sets £ 
and its complement Z’. That is, EU E' = Sand EQ E£' = ©. 

If P(Z) is known, then P(EZ’) can be calculated as follows. 


n(E') _ n(S) — n(E) _ 1 n(B) 
n(S) - n(S) a: n(S) 


In Example 2(b), the probability of F = EZ’ could also have been calculated by 
using 


P(E’) I P(E) 


P(F) = 1 — P(E) ~ | — 0,83 = 0.17. 


Let Z be an event and E£’ be its complement. If the probability of Z is P(E), then 
the probability of its complement is given by 


P(E’) = | — P(E). 


Finding probabilities of human eye color 


In 1865, Gregor Mendel performed important research in genetics. His work led to a 
better understanding of dominant and recessive genetic traits. According to Mendel’s 
research, brown eye color B is dominant over blue eye color b. A person receives one 
gene (B or b) from each parent. If a person has the genotype BB, Bb, or bB, he or she 
will have brown eyes, The genotype bb will result in blue eyes. TABLE 11.8 shows how 
these two genes can be paired. (Source: H. Lancaster, Quantitative Methods in Biology and 
Medical Sciences.) 

(a) Assuming that each genotype is equally likely, find the probability of blue eyes. 
(b) What is the probability that a person has brown eyes? 


SOLUTION 
(a) The sample space S consists of four equally likely outcomes denoted BB, Bb, bB, 
and bb. The event Z of blue eye color (bb) occurs once. Therefore 
n(E£) | 


P(E) = —— =— = 0.25. 


1: 4 
n(s 4 


The probability of blue eyes is 0.25, or 25%. 


Student Enrollment 


 E,(Trigonometry) 


Students taking 
both courses: E; M E, 


FIGURE 11.21 


EXAMPLE 4 
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(b) In TABLE 11.8 brown eyes are the complement of blue eyes. The probability of 
brown eyes is 


eas) 
P(E') = 1 — P(E) = 1 — 0.25 = 0.75. 
This probability also could be computed as 
n(E' 
S re - ees 
since there are three genotypes that result in brown eye color. 
| Now Try 1 


P(E’) = 


korcise 4 


Compound Events 


Frequently the probability of more than one event is needed. For example, suppose a 
college with a total of 2500 students has 225 students enrolled in college algebra, 75 
in trigonometry, and 30 in both. Let &, denote the event that a student is enrolled in 
college algebra and £, the event that a student is enrolled in trigonometry, Then the 
Venn diagram in FIGURE 11.21 visually describes the situation. 

In this Venn diagram, it is important that the 30 students taking both courses not 
be counted twice. Set EZ, has a total of 195 + 30 = 225 students, and set £2 contains 
45 + 30 = 75 students. 


Calculating the probability of a union 


In the preceding scenario, suppose a student is selected at random. What is the prob- 
ability that this student is enrolled in college algebra, trigonometry, or both? 


SOLUTION We would like to find the probability P(Z, or E)), which is usually 
denoted P(E, U E)). Since n(E, U E)) = 195 + 30 + 45 = 270 and n(S) = 2500, 


—n&UB) 20 
P(E, UE) = n(S) 2500 0.108. 


There is a 1().8°% chance that a student selected at random will be taking college alge- 


bra, trigonometry, or both. 
| Now Try Exercise 41 | 


In the previous example, it would have been incorrect to simply add the probabil- 
ity of a student taking algebra and the probability of a student taking trigonometry. 
Their sum would be 


n(E,) n(Ey) 


P(E\) + P(E) = n(S) + n(S) 


= 225, _75_ 
2500 | 2500 

300 

~ 2500 


= 0.12, or 12%. & 
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This sum is greater than P(E; U E)) because the 30 students taking both courses 
are counted fice in this calculation. In order to find the correct probability for 
P(E, U E)), we must subtract the probability of the intersection E, MN E, from this sum. 
P(E, UE) = P(E\) + PU) — P(E, N Ey) 
n(Ey) 1) _ nN 2) 
n(S) n(S) n(S) 
= 225, 75 30 
2500 2500 2500 
_ 270 
~ 2500 


= 0.108, or 10.8 v 


This is the same result obtained in Example 4 and suggests the following property. 


(0): } 
| For any two events E, and Ep, 


P(E, U E;) = P(E) + P(E) — P(E, OE). 


HINA Rolling dice 


Suppose two dice are rolled. Find the probability that the dice show either a sum of 
8 or a pair. 


SOLUTION In TABLE 11.9 the roll of the dice is represented by an ordered pair, For 
example, the ordered pair (3, 6) represents the first die showing 3 and the second die 6, 


Possibilities when Rolling Two Dice 


(3,5) | G3, 6) 


(4, 5) | (4, 6) 
(5, 5) | (5, 6) 
6, 2) | 6 3) | G4) | G5) | 6,6) | 
TABLE 11.9 


Because each die can show six different outcomes, there are a total of 6» 6 = 36 
outcomes in the sample space S. Let Z, denote the event of rolling a sum of 8 and Ey 
the event of rolling a pair. Then 


5 possible ways to roll a sum of 8 | 
E, = {(, 2), (5, 3), (4, 4), (G, 5), (2, 6) } and 
Ey = {(l, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6) }. 
6 possible ways to roll a pair | 
The intersection of E; and £) is 


E,\ NE, = {(4,4)}. 


CHAPTER 9 Summary 


Section 9.1 Functions and Systems of Equations in Two Variables (CONTINUED) 


Joint Variation 


Let m and n be real numbers, Then z varies jointly with the mth power of x and 
the nth power of y if a nonzero real number k exists such that z = kx"y". 


Example: The area of a triangle varies jointly with the base b and the height / 


because A = 5bh. Note that k = a m = 1, and n = 1 in this example. 


Section 9.2 Systems of Inequalities in Two Variables 


System of Inequalities 
in Two Variables 


Linear Programming 


The solution set is often a shaded region in the xy-plane. 


Examples x+y s4 ’ 


Method for maximizing (or minimizing) an objective function subject to a set of 
constraints 
Example: Maximize P = 2x + 4y, subject to 

xt+ys4x20,y20, 


The maximum of P = 16 occurs at the vertex (0, 4), in the region of 
feasible solutions, See the figure above. 


Section 9.3 Systems of Linear Equations in Three Variables 


Solution to a System 
of Linear Equations 
in Three Variables 


Elimination and 
Substitution 


An ordered triple (x, », z) that satisfies every equation 


Examples x -—2y+3z= 6 
—x + 3y + 42 17 
3x + 4y — Sz = -4 


ll 


The solution is (1, 2, 3) because the values x = 1, y = 2, and z = 3 
satisfy all three equations, (Check this fact.) 


Systems of linear equations in three variables can be solved by using elimination 
and substitution, The following three steps outline this process. 


STEP 1: Eliminate one variable, such as x, from two of the equations. 


STEP 2: Apply the techniques discussed in the first section of this chapter to solve 
the two equations in two variables resulting from Step 1. If x is eliminated, 
then solve these equations to find y and z. 


If there are no solutions for y and z, then the given system has no solutions, 
If there are infinitely many solutions for y and z, then write y in terms of z 
and go to Step 3. 


STEP 3: Substitute the values for y and z in one of the given equations to find x. 
The solution is (x, y, z). If possible, check your solution. 


851 
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| CONC) j > 
Section 9.4 Solutions to Linear Systems Using Matrices 


Matrices and Systems An augmented matrix can be used to represent a system of linear equations. 
of Linear Equations 
Augmented Matrix 


Example: x-2y+ z= 0 1 =2 J] 0 
—N+4y—- 2= 4 -l 4-1! 4 
2x + y— 3z=—-5 > a ae ss 
| ay 4 
Row-Echelon Form Examples: lt 2 es] 4: als 
01 
. 00 414-3 
Gaussian Elimination Gaussian elimination can be used to transform a matrix representing a system of 
with Backward linear equations into row-echelon form. Then backward substitution can be used 
Substitution to solve the resulting system of linear equations. (Graphing calculators can also 


be used to solve systems of equations.) 
Section 9.5 Properties and Applications of Matrices 


Operations on Matrices Matrices can be added, subtracted, and multiplied. 


Addition FE ‘| Fa [3 1 = 0 | 
5 6 7 3 12 9 
Subtraction ie ‘| - F ‘| a4 [3 é-| 
4 -4 G -7 —2 3 
Scalar Multiplication [: 1 6 ps = ie 3 18 ia 
0-23 2 0-6 9 6 
Multiplication 2 =! i th 0 =| 3 4 
0 3 E 5 je 9 -1S -12 
=7 1 —4 2 -4 
Section 9.6 Inverses of Matrices 
Matrix Inverses The inverse of an n X matrix A, denoted 7, satisfies A7!4 = J, and 
AA™! = J, where J, is the n X n identity matrix, The inverse of a matrix can 


be found by hand or with technology. 


Ss 2 eg ON ah 2 
Example; a-( | and A -(.3 


Eile aI-b i=. 
La sb il-Lo i= 


CHAPTER 9 Review Exercises 853 


CONCEPT EXPLANATION AND EXAMPLES 


( Section 9.6 Inverses of Matrices (CONTINUED) 


Matrix Equations 


Section 9.7 Determinants 


Determinant of a 
2 X 2 Matrix 


A system of linear equations can be written as the matrix equation AX = B. 


Example; 2x — 2y = 3 


—3x + 4y =2 


e-[3 UL) 


The solution can be found as follows. 


xeeo-[T iL) -[es] 


The solution is (8, 6.5). 


det A = aet(“ | = ad-— cb 


d 


14 


5 4] =O - @@) = -7 


Example: det 


Determinant of a 
3 xX 3 Matrix 


Finding a 3 X 3 determinant can be reduced to calculating the determinants of 
three 2 X 2 matrices by using cofactors. If det A # 0, then A exists. 


|: 1 | 

det]2 2 0 

OL 3 

ire ee ae ha ae 
3(—6) — 2(—2) + 0(2) 

=-14 


Example: 


I 


Cramer's Rule 


Cramer’s rule makes use of determinants to solve systems of linear equations. 
However, Gaussian elimination with backward substitution is usually more efficient. 


a! 9 } Review Exercises _ Exercises 


Exercises | and 2: Evaluate the function for the inputs. 
1. AG, 6), where A(b, h) = 3bh 


2. V(2, 5), where V(r, h) = mh 


Exercises 3 and 4; The figure in the next column shows the 
( graph of a system of two linear equations. Use the graph to 
estimate the solution to the system of equations, Then solve 


the system symbolically. 


x 
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Exercises 5 and 6: Solve the system of equations 

(a) graphically and (b) symbolically. 

5. 3x+ yp=l 6x -y=l 
2x — 3y =8 x +ty=1 


Exercises 7-10; Use the elimination method to solve each 
system of linear equations, if possible. Identify the system 
as consistent or inconsistent. 
7xt p= 7 8. 3x + 3p = 15 
N- 2p = -4 


9, 6x — ISp = 12 


10. 3x — 4y = -10 
—4x + 10y = -8 = 


4x + 3y 


Exercises 11 and 12: Use elimination to solve the nonlinear 
system of equations. 
Il. x -3y =3 


12, 2x — 3y 
x? + ay? =§ 


Qn? + y 


1 
1 


Il 


Exercises 13 and 14: Graph the solution set to the inequality. 
13, y= -l 14, 2x-y<4 


Exercises 15 and 16: Graph the solution set to the system of 
inequalities, Use the graph to find one solution. 
15, x? +y? <9 16. x + 3y = 3 

S +p > 3 x+ ys4 


Exercises 17-20: If possible, solve the system. 
th, 2- pr ga] 18. x-—3y+2z=-10 
xX+2yp- 2 2 me- pr Ra -9 
ayt+3z= 7 “Y= P+ 2 51 


Il 


ll 


19, -x + 2y + 2z=9 20. 2x- y-32= -9 
mh yp 32= 6 % — 8z = -23 
3y - z=8 —3x + 2y—-2z= —-5 


ll 


Exercises 21-24: The augmented matrix represents a system 
of linear equations, Solve the system. 


L 2 218 

21, E aH 22.;0 1 1]5 
00 Oj0 

I 0 0|-2 10: O|+5 
23.)}0 1 0} 3 24,);0 1 -4) 1 
00 1{ 0 00 O| 5 


Exercises 25 and 26: Use Gaussian elimination with back- 

ward substitution to solve the system of linear equations, 

25, 2x — y + 2z = 10 26. x-—2y+ z=1 
x= 24+ r= 8 ax — Sy + 32 = 4 
3x - y+2z= 11 z=0 


Exercises 27 and 28: Let ay denote the general term for the 
matrix A, Find each of the following. 


(a) a2 + ar (b) ayy — 2ay3 


-1 2 5 
na=|7 : ed 28./ 1 -3 7 
0 7 -2 


Exercises 29 and 30; Evaluate the following. 
(a) A+2B (b) A-—B (ce) -4A 


| +3 3 2 
». 4=[; ai o=[ 5 | 
401 aS 3: 2 
aw a=[ 5 8 it a=[% 0 4 
Exercises 31-34: If possible, find AB and BA, 


2 0 =| =2 
sa? 2], a=(4 3] 


i =2 102 
sn 4=|) cb a= 3 ‘| 
1 0 
3. 4=|? a rh B=|-1 2 
03 
i -f 2 10" 0 
34.4=/0 3 4], B=] 20 -1 
1 02 i 4-2 


Exercises 35 and 36: Determine if B is the inverse matrix of 
A by evaluating AB and BA. 
2 =25 
ae & 4 | 


8 5 
35, a=[8 at 


={ — g re | 
36. A= 1.0. =. |, Be=| 2 2 =1 
oy. 2 -1 -1 -1 
Exercises 37 and 38; Let A be the given matrix, Find A“, 
iQ | 
31, & 7] 38. ]1 1 1 
01-1 


Exercises 39 and 40: Complete the following. 

(a) Write the system in the form AX = B, 
(b) Solve the linear system by computing X = AB. 
39. x—3y=4 4. v-2y+ z= 0 
2Ax- y=3 2x+ y+ 2z = 10 
yt z= 3 


4 


=| 42. 


. Solve the system using technology. 


12x+ Ty-— 32= 146 
8x — lly + 13z = —60.4 
—23x + 92 = -14.6 


If possible, graphically approximate the solution of 
each system of equations to the nearest thousandth. 
Identify each system as consistent or inconsistent. If 
the system is consistent, determine if the equations 
are dependent or independent. 


(a) 3.1x + 4.2y = 6.4 
1.7x — 9.1y = 1.6 
(b) 6.3x — Sly = 9.3 


4.2x — 3.4y = 6.2 


(c) 0.32x — 0.64y 0.96 


—0,08x + 0.16 = —0.72 


Exercises 43 and 44: Let A be the given matrix. Find det A 


by 


43 


using the method of cofactors. 
pe Mae 22 2 
210 3 4 44, L 3 3 
LO. 5 -5 2 0 


Exercises 45 and 46: Let A be the given matrix. Use tech- 


nology to find det A. State whether A is invertible. 


6 -7 -1 
ls eal 46.|-7 3 -4 
23 54 77 


Applications 


47, Area and Perimeter Let / represent the length of a 


48. 


49, 


rectangle and w its width, where / = w. Then its area 
can be computed by A(/, 1) = hy and its perimeter 
by P(/, wv) = 2/ + 2s. Solve the system of equations 
determined by A(/, w) = 77 and P(/, w) = 36. 


Cylinder Approximate the radius r and height / of a 
cylindrical container with a volume V of 30 cubic inches 
and a lateral (side) surface area S of 45 square inches. 


Student Loans A student takes out two loans total- 

ing $2000 to help pay for college expenses. One loan 

is at 7% interest, and the other is at 9%, Interest for 

both loans is compounded annually. 

(a) If the combined total interest for the first year is 
$156, find the amount of each loan symbolically. 
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(b) Determine the amount of each loan graphically 
or numerically. 


50. Dimensions of a Screen The screen of a rectangular 


51 


52 


53. 


B 54, 


55. 


56 


television set is 3 inches wider than it is high. If the 
perimeter of the screen is 42 inches, find its dimensions 
by writing a system of linear equations and solving. 


DVD Prices A music store marks its DVDs as A or 
B to indicate one of two selling prices. Each row in 
the table represents a purchase. Determine the cost of 
each type of DVD by using a matrix inverse. 


Digital Photography Design a 3 X 3 matrix A that 
represents a digital photograph of the letter T in 
black on a white background. Find a matrix B such 
that adding B to A darkens only the white back- 
ground by one gray level. 


Area Use a determinant to find the area of the triangle 
whose vertices are (0, 0), (5, 2), and (2, 5). 


Voter Turnout The table shows the percent » of 
voter turnout in the United States for the presi- 
dential election in year x, where x = 0 corresponds 
to 1900. Find a quadratic function defined by 
f(x) = ax? + bx + ¢ that models these data. Graph f 
together with the data. 


y | 48.9 | 62.8 | 48.8 


Source: Committee for the study 
of the American Electorate. 


Joint Variation Suppose P varies jointly with the 
square of x and the cube of y. If P = 432 when x = 2 
and y = 3, find P when x = 3 and y = 5. 


Linear Programming Find the maximum value of 
P = 3x + 4y subject to the following constraints. 
a+ Spe 12 
a+ pS 12 
x20,y20 


s 


< 


. hroughout history, people have been fascinated by the universe around 
them and compelled to try to understand it. Conic sections have played an 
important role in gaining this understanding. In the sixteenth century Tycho 
Brahe, the greatest observational astronomer of the age, recorded precise data 
on planetary movement in the sky. In 1619, using Brahe's data, Johannes Kepler 
determined that planets move in elliptical orbits around the sun. Later, Newton 
used Kepler's work to show that elliptical orbits are the result of his famous 
theory of gravitation. We now know that all celestial objects—including planets, 
comets, asteroids, and satellites—travel in paths described by conic sections. 
See Exercise 104 in the second section of this chapter. 

Parabolas, ellipses, and hyperbolas have had a profound influence on our 
understanding of ourselves and the cosmos around us. In this chapter we con- 
sider these age-old curves. 


Source: Historical Topics for the Mathematics Classroom, Thirty-first Yearbook, NCTM. 
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{10.1 


10.2 
10.3 


Parabolas 
Ellipses 
Hyperbolas 


Parabolas 
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Find equations 
of parabolas 


Graph parabolas 


Learn the reflective 
property of parabolas 


Translate parabolas 


Introduction 


Conic sections are named after the different ways in which a plane can intersect a 
cone, See FIGURE 10.1. Three basic conic sections are parabolas, ellipses, and hyper- 
bolas, A circle is also an example of a conic section. 


Examples of Conic Sections 


$e 


Parabola Ellipse Hyperbola 
FIGURE 10.1 


Conic sections can be graphed in the xy-plane as shown in FIGURES 10.2-10.4. 


Parabola Ellipse Hyperbola 
y y » 
x x Ae 
4 
FIGURE 10.2 FIGURE 10.3 FIGURE 10.4 


Ellipses and hyperbolas will be discussed in the following sections. In this section we 
focus on parabolas, 


Equations and Graphs of Parabolas 


In a previous chapter we saw that a parabola with vertex (0, 0) can be represented 
symbolically by the equation y = ax”. With this representation, a parabola can open 
either upward when a > 0 or downward when a < 0. The following definition of a 
parabola allows it to open in any direction. 


Parasols 


= — eR 7 a | 
A parabola is the set of points in a plane that are equidistant from a fixed point | 
] 


and a fixed line. The fixed point is called the focus and the fixed line is called the 
directrix of the parabola. 
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The following See the Concept shows some of the important features of parabo- 
las. Note that the blue parabola in FIGURE 10.5 passes the vertical line test and can be 
represented by a function. However, the blue parabola in FIGURE 10.6 fails the vertical 
line test and cannot be represented by a function. 


See the Concept: Features of Parabolas 


Vertical Axis Horizontal Axis 
¥ y 
@ F000) | | @x = -p|, 
hy a | 
d © For all points P 
% ~ y=“ onthe parabola, 
=" APG, y) - d, =d 
T an’ 1 2 = 
Pi ne Y T 
® V0, 0) | Ney P| Q 
~* @V(O, 0) | 
FIGURE 10.5 FIGURE 10.6 


@ The vertex is the lowest (or highest) point on a parabola with a vertical axis, or the leftmost 
(or rightmost) point on a parabola with a horizontal axis. 


© The focus is a point on the axis of symmetry |p| units from the vertex. 
@ The directrix is a line perpendicular to the axis of symmetry that is |p| units from the vertex. 


© For any point P located at (x, y) on the parabola, the distance «/, from F to P is equal to the perpendicular 
distance <l, from P to the directrix. 


MAKING CONNECTIONS 


Vunctions and Points In FIGURES 10.5 and 10.6, the point P is labeled P (x, y). This 
notation resembles the notation for a function involving two inputs, since the point P 
is determined by x and y. 


We can derive an equation of the parabola shown in FIGURE 10.5. Since 
d, = d,, the distance formula can be used to express the variables x, y, and p in 
an equation. 


A = ad 
Vix = 0) + (y — p)? = Vix — x)? + (y — (p))? Distance formu 
x? + (y — p)?? = 0? + (y + p)?? quare each sid 
x? + y? — Qpy + p? = y? + Apy + p? Expand binomial 
x? — Qpy = 2py subtract y? and p? 


x? = 4py Add 2py. 


If the value of p is known, then the equation of a parabola with vertex (0, 0) can 
be found using one of the following equations. 
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EQUATION OF A PARABOLA 

Vertical axis 

The parabola with a focus at (0, p) and directrix py = —p has equation 
x? = 4py. 

The parabola opens upward if p > 0 and downward if p < 0. 


WITH VERTEX (0, 0) 


Horizontal Axis 

The parabola with a focus at (p, 0) and directrix x = —p has equation 
y? = 4px. 

to the right if p > 0 and to the left if p < 0. 


The parabola opens 


Peano Sketching graphs of parabolas 


Sketch a graph of each parabola, Label the vertex, focus, and directrix. 
(a) x? = 8y (b) y? = —2x 


SOLUTION 
(a) The equation x? = 8y is in the form x? = 4py, where 8 = 4p. Therefore the 
parabola has a vertical axis with p = 2. Since p > 0, the parabola opens 


upward. The focus is (0, 2) and the directrix is y = ~ 2. See FIGURE 10.7, 
Vertical Axis Horizontal Axis 
y y 


p< 
opens to the left 


p>o: FO, 2 
opens upward 


vo, 1 
sme ye 
FIGURE 10.7 FIGURE 10.8 
(b) The equation y = —2y has the form y* = 4px, where —2 = 4p. Therefore the 
parabola has a horizontal axis with p = —0.5. Since p < (), the parabola opens 
to the left. The focus is (— 0.5, 0) and the directrix is x = 9.5. See FIGURE 10.8. 


Now Try Exercises 23 and 27 


y aeiaacra Finding the equation of a parabola 


Find the equation of the parabola with focus (—1.5, 0) and directrix x = 1.5, as 
shown in FIGURE 10.9, Sketch a graph of the parabola. 


SOLUTION A parabola always opens toward the focus and away from the directrix. 
From FIGURE 10,9 we see that the parabola should open to the left. It follows that 
p < 0 in the equation y? = 4px. The distance between the focus at (—1.5, 0) and the 
vertex at (0, 0) is 1.5, and so p= ~15< 0. (Note that the vertex of the parabola 
is (0, 0) because the vertex always lies midway between the focus and the directrix.) 
The equation of the parabola is y? = 4(— L.5)x, or y? = —6x, and a graph of the 
FIGURE 10.9 parabola is shown in FIGURE 10.10 at the top of the next page. 
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Horizontal Axis 
y 


pP<0: 
Opens to the left | 


the focus and away 
from the directrix. 


Parabolas open toward | 


FIGURE 10.10 


| Now ry Rxarotae aI 


Reflective Property of Parabolas 


the light is reflected straight ahead, as shown in FIGURE 10.13, Searchlights, flash- 
lights, and car headlights make use of this property. 


Paraboloid Incoming Rays Outgoing Rays 
y 
sate pd 
‘r - < 7 pacts 
7 \ 
* . fe]— Focus Ea, Headlight 
7 
< > 
< > 
FIGURE 10.11 FIGURE 10,12 FIGURE 10,13 


An Application The next example illustrates how this reflective property is used in 
the construction of a telescope in the shape of a large parabolic dish, 


EXAMPLE 3 Locating the receiver fora radio telescope 


| The giant Arecibo telescope in Puerto Rico has a parabolic dish with a diameter of 
= 300 meters anda depth of 50 meters, See FIGURE 10.14, (Source: National Astronomy and 

Tonosphere Center, Arecibo Observatory.) 

(a) Find an equation in the form Y = ax? that describes a cross section of this dish. 

(b) If the receiver is located at the focus, how far should it be from the vertex? 


= soLuTion 

| (a) A parabola that passes through (—150, 50) and (| 50, 50), as shown in FIGURE 10.15, 
has a diameter of 300 meters and a depth of SO meters. Substitute either point 
into y = ax?, 


ad? 
FIGURE 10,14 
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Telescope Cross Section y=ax? bola 
y Sag 
50 = a(is0) 
a= 1 ' 
= Zs =F7aq Solve for a 
(-150, 50) (150, 50) isi? 450 


The equation of the parabola is y = ay’, where —150 = x = 150. 


(b) The value of p represents the distance from the vertex to the focus. To determine 
Pp, write the equation in the form x? = 4py. Then 


1 ; - 
y=—>x? — isequivalentto x” = 450y. 
FIGURE 10.15 450 


It follows that 4p = 450, or p = 112.5, Therefore the receiver should be located 


about 112.5 meters from (above) the vertex. 


Translations of Parabolas 


If the equation of a parabola is either x? = 4py or y? = 4px, then its vertex is (0, 0). 
We can use translations of graphs to find the equation of a parabola with vertex (h, k). 
This translation can be obtained by replacing x with (v — /) and y with (y — k). 


(x — A)? = 4p(y — k) Vertex (h, k); vertical axi 
(y — K? = 4p(x — fh) Vertex (h, k); horizontal axis 
These two parabolas with p > 0 are shown in FIGURES 10.16 and 10.17, respectively. 


Vertex (h, k); Vertical Axis Vertex (h, k); Horizontal Axis 
bd y 
Parabolas open 
toward the focus. 


(x -h)* = 4p(y-k) 


is; vertex: (h, k) 


ward; p < O; opens downware 


(x — hy? = 4p(y — 


9); directrix: y = k — p 


(y -kY= 4p(x —h) Horizontal axis; vertex: (h, k) 
p > O; opens to the rig O: opens to the left 


Focus: (h + p, &); directrix: x = h — p 


ord Wiidnow se Graphing a parabola with vertex (h, k) 
Graph the parabola x = -4( y + 3) + 2. Label the vertex, focus, and directrix. 
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Algebra Review SOLUTION Rewrite the equation in the form (y — kK)? = 4p(x — fh). 
To review translations, or shifts, see \ 
Section 3.5. x= —a a 3) ey 1 equation 


y-25 -20) + 3) 


—8(x — 2) = (y + 3)? Multiply b 
(y + 3P = —8(x — 2) Rewrite equation 
(y — (-3)P = 4-2) - 2) k) (x = h) 


The vertex is (2, —3), p = —2, and the parabola opens to the left. The focus is 2 
units left of the vertex, and the directrix is 2 units right of the vertex, Thus the focus 
is (0, —3), and the directrix is x = 4, See FIGURE 10.18, 


Translated Parabola 


FIGURE 10,18 


| Now Try Exercise 61 | 


| EXAMPLE 5 Finding the equation of a parabola with vertex (h, k) 


Find the equation of the parabola with focus (3, —4) and directrix y = 2, Sketch a 
graph of the parabola, Label the focus, directrix, and vertex, 


SOLUTION The focus and directrix are shown in FIGURE 10.19, The parabola opens 
downward (p < 0), and its equation has the form (xv — h)? = 4p(y — k). The vertex 
is located midway between the focus and the directrix, so its coordinates are (3, —1). 
The distance between the focus (3, —4) and the vertex (3, —1) is 3, so p = —3 and 
4p = —12, The equation of the parabola is 


(w— 3 = -12(y + 0, 


and its graph is shown in FIGURE 10.20. 


Focus and Directrix Translated Parabola 
y 


Opens toward 
the focus 


FIGURE 10.19 
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lore Within Finding the equation of a parabola 


CRITICAL THINKING 


Sketch a graph of the parabola 
in Example 6, Identify the vertex, 
focus, and directrix. 


Write 2x = y? + 4y + 12 in the form (y — k)? = a(x — A). 


SOLUTION Write the given equation in the required form by completing the square. 
dx = y? + 4y + 12 Given equation 

2x — 12 = y? + 4y Subtract 12 from each side 

To complete the square on the right side of the equation, add (3) = 4 to each side. 
Qw—-12+4=yt+4y+4 Add 4 to each sid 
2x - 8 =(y + 2) Perfect square trinomial 

Ax - 4) = (y + 2) Factor out 2 

The given equation is equivalent to (y + 2)? = 2(x — 4). 


Now Try Exercise 73 


Using Technology Graphing calculators can graph parabolas with horizontal 
axes, as illustrated in the next example. 


| EXAMPLE 7 | Graphing a parabola with technology 


(-4.7, 4.7, 1] by [-3.1, 3.1, 1] 


ye ~ F050 =) 


FIGURE 10.21 


yp= 1+ ¥0500=2) heal 


Graph the equation (y — 1)? = —0.5(x — 2) with a graphing calculator. 


SOLUTION Begin by solving the equation for y. 
(y — 1° = -0.5(x — 2) Given equation 
+V-0.5(x — 2) Square root property 


y=1+V—-0.5@ — 2) Add 1 
Let »y) = 1 + V—0.5( — 2) and y. = 1 — V—0.5(x — 2). The graph of y; creates 


the upper portion of the parabola, and the graph of y, creates the lower portion of 


the parabola, as shown in FIGURE 10,21. 


ee i 10.1 | Putting It All Together It All Together 


CONCEPT 


Parabola with vertex (0,0) | x 
and vertical axis p > 0: opens upward 
p < 0: opens downward 


EQUATION 


> = dpy x? = —2y has 4p = —2, or p = —4. The parabola opens 


downward with vertex (0, 0), focus (0, - 5) , and directrix 


Focus: (0, p) = }. 
Directrix: y = —p 


continued on next page 
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EQUATION 


Parabola with vertex (0,0) | y? = dpx y” = 4x has 4p = 4, or p = 1. The parabola opens to the 
and horizontal axis p > 0: opens to the right | right with vertex (0, 0), focus (1, 0), and directrix x = —1. 
p < 0: opens to the left 
Focus: (p, 0) 
Directrix: . = —p 


Parabola with vertex (i,k) | (x — h) = 4p(y - kD) (x — 1)? = 8(y — 3) has p = 2. The parabola opens 
and vertical axis p > 0: opens upward upward with vertex (1, 3), focus (1, 5), and directrix y = 1. 
p < 0: opens downward 
Focus: (h, k + p) 
Directrix: y = k — p (x-1)? 
oF (1,5) 


v3) 


Parabola with vertex (,k) | (y — k)? = 4p(x — A) (y + 1? = -2(x + 2) has p = -4 The parabola opens 


and horizontal axis p > 0: opens to the right 
p < 0: opens to the left : . 3 
Focus: (h + p, k) directrix x = —5. 
Directrix: y = h — p 


to the left with vertex (—2, —1), focus (-3, -1), and 


Exercises 


Basic Concepts 


1. A parabola always opens toward its 4 4. The parabola y? = 4px opens 
opens ifp <0. 


if p > 0 and it 


2. A parabola always opens away from its 5 : 
5. The parabola x* = 4py has a yertical/horizontal axis of 
3. The parabola x? = 4py opens if p > 0 and it symmetry. 


opens ifp <0, 


6. The parabola y? = 4px has a vertical/horizontal axis of 
symmetry. 


Parabolas with Vertex (0, 0) 
Exercises 7-16: Sketch a graph of the parabola. 


way 8, x? = -y 

9 y= -x 10. =x 

11, 4x? = —2y 12, y? = -3x 

13, y? = —4y 14, x? = 4y 

15, y= -hx 16. 8x = y? 

Exercises 17-22: Match the equation with its graph (a-f). 
17, x? = 2y 18, x? = —2y 

19, y? = -8y 20. y? = 4x 


x= 22, py = —2x? 
b. 


Exercises 23-32: Graph the parabola. Label the vertex, 
Socus, and directrix. 


23, l6y = x? 24, y = —2x? 


25, x = by? 26. —y? = 6x 


27, -4x = y? 28, by? = 3x 
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29, x? = —8y 30. x? = —4y 


31. 2y? = —8x 32. -3x = jy? 


Exercises 33-36: Sketch a parabola with focus and directrix 
as shown in the figure. Find an equation of the parabola. 


34, 


y 
A 
5 
: yx2 
UILEES SELAELAnG LEAD SL eae 
-5 -3 
tro, —2) 
-st 
36, y 
A 
| 
v= 0.514 
| 
if 
! 
| TFO.S5, 0) 
+—t +—+—> + 
-3 -1 be 1 3 
| 
| 
| 
| 


Exercises 37-46: Find an equation of the parabola with 
vertex (0, 0) that satisfies the given conditions. 


37, Focus (0, 3) 38. Directrix y = 2 
39, Directrix x = 2 40. Focus (—1, 0) 
41. Focus (1, 0) 42. Focus (0, -}) 
43. Directrix x = 4 44, Directrix y = 1 
45. Horizontal axis, passing through (1, —2) 

46. Vertical axis, passing through (—2, 3) 


Exercises 47-50: Find an equation of a parabola that satis- 
fies the given conditions. 


47, Focus (0, —3) and directrix y = 3 
48. Focus (0, 2) and directrix y = —2 
49, Focus (—1, 0) and directrix x = 1 


50. Focus (3, 0) and directrix x = —3 


Parabolas with Vertex (h, k) 


Exercises 51-54: Sketch a graph of the parabola. 
51. (x- 12 =(y-2) 52% (W- 2? = -(y +1) 


53. (y- 12 =-(wvt+1) 54. (y + 2) = 2x 
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Exercises 55—58: Match the equation with its graph (a-d). 
55, (x — 1? =4(y — 1) 56. (x + 1)? = —4(y — 2) 


57. (y — 2)? = -8x 


58. (y + 1)? = 8(x + 3) 


a. 


Exercises 59-64: Graph the parabola, Label the vertex, 
Socus, and directrix. 


59. (x — 27 = 8(y +2) 60. E(x + 4)? = -(y - 4) 


61. x= —t(y +3 +2 62. x= Ay-2P-1 


63. y = —F(x + 2? 64. —2(y + 1) = (x + 3)? 


Exercises 65-68; Find an equation of a parabola that satis- 
fies the given conditions. Sketch a graph of the parabola. 
Label the focus, directrix, and vertex. 


65. Focus (0, 2) and vertex (0, 1) 

66. Focus (—1, 2) and vertex (3, 2) 
67. Focus (0, 0) and directrix x = —2 
68. Focus (2, 1) and directrix x 


a 


Exercises 69-72: Find an equation of a parabola that satis- 
fies the given conditions. 


69. Focus (—1, 3) and directrix y = 7 

70. Focus (1, 2) and directrix y = 4 

71. Horizontal axis, vertex (—2,3), passing through (-4, 0) 
72. Horizontal axis, vertex (-1, 2), passing through (2, 3) 


Exercises 73-80: Write the given equation in either the form 
(y — bP? = a(x — A) or (x — hy? = aly — bo. 
73. -2x = y?+ 6x + 10 74, y? + 8x — 8 = 4y 


75, x = 2y? + 4y—1 16. x = 3y* — by — 2 


77. x? -— 3x +4=2y 78. —3y = —x? + 4x — 6 


79. 4y?+4y-5=5x 80. -2y? + Sy + 1 = -x 


Graphing Parabolas with Technology 


8 Exercises 81-86: Graph the parabola. 
81. (y + 0.75% = -3x 82. (y — 32 = Fx 


83. (y — 0.5)? = 3.10 + 1.3) 
84, 1.4(y — 1.5)? = 0.5(x + 2.1) 
85. x = 2.3(y + 1)? 

86. (y — 2.5)? = 4.1(x + 1) 


Solving Nonlinear Systems 


Exercises 87-92: Solve each system. 


87. x2 = 2p 88, x? = —3y 
v=ytl —x? = 2y -— 2 
89. $y? = -3x 90. -2y? =x -5 
Dy = 0) 


xt yo = 2x 


1. -1IP=xt+1 92. 


(y + I? = -x 
(y+ 2P=-x+4 


-(y- IP =x4+4 


Applications 


Exercises 93 and 94: Satellite Dishes (Refer to Example 3.) 
Use the dimensions of a television satellite dish in the shape 
of a paraboloid to calculate how far from the vertex the 
receiver should be located. 


93. Six-foot diameter, nine inches deep 
94, Nine-inch radius, two inches deep 


95. Radio Telescope (Refer to Example 3.) The radio 
telescope shown in the figure has the shape of a para- 
bolic dish with a diameter of 210 feet and a depth of 
32 feet. (Source: J. Mar, Structure Technology for Large 
Radio and Radar Telescope Systems.) 


(a) Determine an equation of the form y = ax? with 
a > 0 describing a cross section of the dish. 


(b) The receiver is placed at the focus. How far from 
the vertex is the receiver located? 


96. Radio Telescope (Refer to Example 3.) A radio tele- 
scope is being designed in the shape of a parabolic 
dish with a diameter of 180 feet and a depth of 25 feet. 
(a) Determine an equation of the form x = ay? with 

a > 0 describing a cross section of the dish, 


99, 
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Solar Heater A solar heater is being designed to heat 
a pipe that will contain water, as illustrated in the 
figure. A cross section of the heater is described by the 
equation x? = ky, where k is a constant and all units 
are in feet. If the pipe is to be placed 18 inches from the 


ow vertex of this cross section, find the value of k. 
(b) The receiver is placed at the focus. How far from 


the vertex should the receiver be located? 


97, Comets A comet sometimes travels along a para- 
bolic path as it passes the sun. In this case the sun is 
located at the focus of the parabola and the comet 
passes the sun once, rather than orbiting the sun. 
Suppose the path of a comet is given by y? = 100x, 
where units are in millions of miles, 

(a) Find the coordinates of the sun, 


(b) Find the minimum distance between the sun and ‘ 


the comet. 100. Solar Heater If the figure in Exercise 99 is rotated 


98, Headlight A headlight is being constructed in the 90° clockwise, then the front edge of the reflector 
shape of a paraboloid with a depth of 4 inches and a can be described by the equation y? = kx. If the 
diameter of 5 inches, as illustrated in the figure. Find pipe is placed 2 feet from the vertex of this cross 
the distance d that the bulb should be from the vertex section, find the value of k. 


in order to have the beam of light shine straight ahead, 
Writing about Mathematics 


101, Critical Thinking Explain how the distance between 
the focus and the vertex of a parabola affects the 
shape of the parabola, 


4in, 


102, Explain how to determine the direction that a parabola 
opens, given the focus and the directrix. 


= Find equations of ellipses 


© Géaph ellteans Introduction 

» Learn the reflective When planets travel around the sun, they travel in elliptical orbits. This discovery by 
property of ellipses Johannes Kepler made it possible for astronomers to determine the precise positions 

* Translate ellipses of all types of celestial objects, such as asteroids, comets, and moons, and made it 


» Solve nonlinear systems of easier to predict both solar and lunar eclipses. Ellipses are also used in construction 
equations and inequalities and medicine. In this section we examine the basic properties of ellipses. 


Equations and Graphs of Ellipses 


One method for sketching an ellipse is to tie a string to two nails driven into a flat 
board. If a pencil is placed inside the loop formed by the string, the curve it traces 
(shown in FIGURE 10.22) is an ellipse. The sum of the distances /; and «, between the 
pencil and each of the nails is always fixed by the string. The locations of the nails 
correspond to the foci of the ellipse. If the two nails coincide, the ellipse becomes 
acircle. As the nails spread farther apart, the ellipse becomes more elongated, or 
eccentric, 


FIGURE 10.22 
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This method of sketching an ellipse suggests the following definition. 


An ellipse is the set of points in a plane, the sum of whose distances from two fixed 
points is constant. Each fixed point is called a focus (plural, foci) of the ellipse. 


The following See the Concept shows some of the important features of ellipses, 


See the Concept: Features of Ellipses 


Horizontal Major Axis Vertical Major Axis 


© For all points P 
on the ellipse, 
d, + dy 
isa fixed value. | 
, 


® The major axis is the longer line segment connecting the vertices V, and V,. 
© The minor axis is the shorter line segment connecting U, and U,. 
@ The foci |, and /, (singular, focus) are points located on the major axis of the ellipse. 


® For any point P located at (x, y) on the ellipse, the sum of the distances «, and <1, is fixed. 


(XE Since a vertical line can intersect the graph of an ellipse more than once, an 
ellipse cannot be described by a function. 


Some ellipses can be represented by the following equations. 


The ellipse with center at the origin, horizontal major axis, and equation 


sS4+5=1 (a>b> 0) 
a 


has vertices (+a, 0), endpoints of the minor axis (0, +5), and foci (+e, 0), where 
C=e-bPandc=0. 


The ellipse with center at the origin, vertical major axis, and equation 


x 
pte! (a>b> 0) 


has vertices (0, +a), endpoints of the minor axis (+5, 0), and foci (0, +c), where 
C=ae-P andc=0. 


(| Ira = 4, then the ellipse becomes a circle with radius r = a and center (0, 0). 
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FIGURES 10.23 and 10.24 show two ellipses. The first has a horizontal major axis 
and the second has a vertical major axis. The coordinates of the vertices V; and V2, 
foci F, and Fy, and endpoints of the minor axis U, and Up are labeled. In each 
figurea > b> 0. 


Horizontal Major Axis Vertical Major Axis 
y y 


! Vi, a) 


\ yA ga Qu 
“Tv2(0, =a) 


FIGURE 10.23 FIGURE 10.24 


(XV In every ellipse the major and minor axes are perpendicular bisectors of each 
other. 


MAKING CONNECTIONS 


Intercept Form of a Line and Standard Form for an Ellipse 
line can be written as 


If the equation of a 


x 
-+>= itercept form 
ab 1 


then the x-intercept is (a, 0) and the y-intercept is (0, b). If the equation of an ellipse 
centered at (0, 0) can be written as 


then the x-intercepts are (+a, 0) and the y-intercepts are (0, £5). See Extended 
and Discovery Exercises 1-6 at the end of this section. 


io? Witdnowe Sketching graphs of ellipses 


Sketch a graph of each ellipse. Label the vertices, foci, and endpoints of the minor axis. 
Horizontal , 2 2 


major axis ' ? (a) Carey aan (b) 25x? + 16y? = 400 


SOLUTION & afl 3 

(a) The equation > + i = | can be written as 45 + 5 = | and describes an ellipse 
with a = 3 and b = 2. The ellipse has a horizontal major axis with vertices 
(+3, 0). The endpoints of the minor axis are (0, +2). To locate the foci, find c. 


CH=e?-P=¥P-P=5, or c= V5 ~ 2.24. 


The foci are located on the major axis, with coordinates (+ Vi i, 0). See 
FIGURE 10.25 FIGURE 10.25. 
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Vertical 
major axis y 
y 7 
16 (0, 5) 
/ 40,3) 
4,0)/ \¢4,0) 
+ + x 
-1 \ 7 
\ 0,-3) 
x ‘ Vd 
(0, -5) 
1 


FIGURE 10.26 


| EXAMPLE 2 


FIGURE 10,27 


(b) The given equation can be written in standard form by dividing each side by 400), 
25x? + 16y? = 400 
25x? __ 16y? _ 400 


100 00 100 


DP 
16° 25 ee 
xy? 
g's : | 
This ellipse has a vertical major axis with a = 5 and b = 4, The value of ¢ is 
given by 
e=S-P=9, or e=3 


The ellipse has foci (0, +3), vertices (0, +5), and endpoints of the minor axis 
located at (+ 4, 0). See FIGURE 10.26. 


| Now 71 ry Exercises 6 an 9 | 


In the next two examples, we find standard equations for ellipses, 


Finding the equation of an ellipse 


Find the standard equation of the ellipse shown in FIGURE 10,27, Identify the coordi- 
nates of the vertices and the foci. 


SOLUTION The ellipse is centered at (0, 0) and has a horizontal major axis. Its 
standard equation has the form 


2 2 
s y 
Staak 
a b 
The endpoints of the major axis are (+ 4, 0), and the endpoints of the minor axis are 
(0, +2). It follows that q = 4 and b = 2, and the standard equation is 
x + ¥ =1 or a y 
P 2? 16 4 


The foci lie on the horizontal major axis and can be determined as follows, 
CHP -PH=P-P=12 


Thus c = \/ 12 ~ 3,46, and the coordinates of the foci are (+ V 12, 0). A graph of 
the ellipse with the vertices and foci plotted is shown in FIGURE 10.28, 


FIGURE 10.28 


| Now T 


EXAMPLE 3 


FIGURE 10.29 


Variable e 
the variable 


to denote the eccentricity of 
an ellipse, with the irrational 


number e ~ 


base of the natural exponential 
function f(x) = e* and of the 


natural loga 
g(x) = Inx. 


MAKING CONNECTIONS 


The Number e and_ the 


Do not confuse 
e, which is used 


2.72, which is the 


rithmic function 
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Finding the equation of an ellipse 
Find the standard equation of the ellipse with foci (0, + 1) and vertices (0, + 3). 


SOLUTION Since the foci and vertices lie on the y-axis, the ellipse has a vertical 
major axis. Its standard equation has the form 


5 49 
*+5=1 
Po @& 
Because the foci are (0, +1) and the vertices are (0, +3), it follows that c = | and 


a = 3, The value of L? can be found by rewriting the equation c? = a? — 0’. 
P=@-2%=37-1?=8 or b= V8 


e} y2 2 y2 
Thus the equation of the ellipse is war + ? z= lory t+ x 1. Its graph is shown 
in FIGURE 10.29. : 


Eccentricity and Applications The planets travel around the sun in elliptical 
orbits. Although their orbits are nearly circular, many have a slight eccentricity to 
them. The eccentricity ¢ of an ellipse is defined by 


Va b* ¢ 


e= ‘* 
a a 


Since the foci of an ellipse lie inside the ellipse, 0<e¢<aand0<{< 1. 
Therefore the eccentricity e of an ellipse satisfies 0 < e < 1. Ifa = b, thene = 0 
and the ellipse becomes a circle, See FIGURE 10.30. As e increases, the foci spread apart 
and the ellipse becomes more elongated. See FIGURES 10.31 and 10.32, 


e=0 e=04 e=08 

y y y : 
Circle As e increases the 
——— ellipse becomes 


+ we, sensi 
F,=F. F, F, 7 


FIGURE 10.30 FIGURE 10.31 FIGURE 10.32 


Astronomers have measured values of a and e for the eight major planets and 
Pluto. With this information and the fact that the sun is located at one focus of the 
ellipse, the equations of their orbits can be found. 


Finding the orbital equation for Pluto 


Pluto has a = 39.44 and e = 0.249. (For Earth, a = 1.) Graph the orbit of Pluto 
and the position of the sun in [—60, 60,10] by [—40, 40, 10]. (Source: M. Zeilik, 
Introductory Astronomy and Astrophysics.) 


” 2 
SOLUTION Let the orbit of Pluto be given by x + a = |. Then 


e= : = 0.249 implies ¢ = ea = 0.249(39.44) ~ 9.821. 
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Lithotripter 


Focusing = 


- Emitter 
reflector \ 


LH ‘N 


Shock 
waves 


Kidney 
stone 


FIGURE 10,37 


To find b, solve the equation c? = a? — b? for b. 


b=Vae-e 
= V39.44? — 9.8217 = 38,20 
x 


Pluto’s orbit is modeled by sie + 3309! = 1. Since c ~ 9,821, the foci are 


(£9,821, 0). The sun could be located at either focus. We locate the sun at (9.821, 0). 
To graph this ellipse on a graphing calculator, we must solve the equation for y. 


at 2 
*+2 5-1 
39.44 38.20: 
y x 
38.202 =» 39.442 
yo. . 
38.20 39,44 
4: x? 
y = +38,20,/1 - 
% Vo 39.48 
See FIGURES 10.33 and 10.34, 
Graphing Pluto's Orbit 


[—60, 60, 10] by [—40, 40, 10] 


Plot2 Plot3 
\Y16938.2V(1—X2/3 
9.442) 


\Y28-Y1 
Y: 


38,.2V1 — n2/39,442 


38.2V1 


FIGURE 10.33 FIGURE 10.34 


Now Try Exercise 99 


teflective Property of Ellipses 


Like parabolas, ellipses also have an important reflective property. If an ellipse is 
rotated about the x-axis, an ellipsoid is formed, which resembles the shell of an egg, 
as illustrated in FIGURE 10.35. If a light source is placed at focus F, then every beam 
of light emanating from the light source, regardless of its direction, is reflected at the 
surface of the ellipsoid toward focus F>, See FIGURE 10.36 


Ellipsoid Reflexive Property 
2 y 
Beam of | 
light 
CL x x 
FIGURE 10.35 FIGURE 10.36 


An Application A Jithotripter is a machine designed to break up kidney stones 
without surgery, by using the reflexive property of ellipses to focus powerful shock 
waves, See FIGURE 10.37, A patient is carefully positioned so that the kidney stone is 
at one focus, while the source of the shock waves is located at the other focus. The 
kidney stone absorbs all of the energy from the shock wave and is broken up without 
harming the patient. In Exercises 101-103 this reflective property is applied. 


FIGURE 10.40 
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Translations of Ellipses 


2 y2 2 y2 
If the equation of an ellipse is given by either 5 + a lor ro + . 3 = |, then the 


center of the ellipse is (0, 0). We can use translations of graphs to find the equation of 
an ellipse centered at (/, k) by replacing x with (x — /) and y with (y — &). 


STANDARD EQUATIONS FOR ELLIPSES CENTERED AT (h, k) 


An ellipse with center (h, k) and either a horizontal or a vertical major axis satisfies 
one of the following equations, where a > b > O and ¢? = a’ — b? with ¢ = 0. 


(x — hy * (y = kP 1 Horizontal major axis; fock: (ho A; 
ed a Vertices: (h & a, k) 

(x — h? ,u- kp 1 Vertical major axis fact (hy k ++ oi 
be & Vertices: (h, k + a) 


Translating an ellipse 


2 
Translate the ellipse with equation x + va = | so that it is centered at (—1, 2). Find 
the new equation and sketch its graph. 
SOLUTION To translate the center from (0, 0) to (— 1, 2), replace x with (x — (— 1)) 
or (x + 1) and replace y with (y — 2). The new equation is 
(w+ iF fe 
9 4 


The given ellipse is shown in FIGURE 10.38, and the translated ellipse is shown in 
FIGURE 10.39. 


l. 


Given Ellipse Translated Ellipse 
y y 
mH =e e 
3-4] =1,2 
| ¢ Phe 
Li} + }W-1 - 
= = * = 1g a Oa 4 % 
st | (x41) (y-2) _, 
C E + + =1 3} 9 ea 7 
11 L - 
FIGURE 10.38 FIGURE 10.39 


Now Try Exercise 33 


Graphing an ellipse with center (h, k) 
oo Wty, G-P_ Bs . 
Graph the ellipse given by —>g-— + ~~g3— = 1. Label the vertices and the foci. 
SOLUTION The ellipse has a vertical major axis, and its center is (—2, 2). 
Since a2 = 25 and b* = 16, it follows that c? = a’ — b? = 25 — 16 = 9. Thus 
a= 5,b = 4, and c = 3. The vertices are located 5 units above and below the 
center of the ellipse, and the foci are located 3 units above and below the center of 
the ellipse. That is, the vertices are (— 2,2 + 5), or (-2, 7) and (—2, —3), and the 
foci are (~2,2 + 3), or (—2, 5) and (—2, -1). A graph of the ellipse is shown in 


FIGURE 10.40 
Now Try Exercise 47 
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7] 


Finding the standard equation of an ellipse 


Write 4x? — 16x + 9y? + S4y + 61 = 0 in the standard form for an ellipse centered 
at (h, k). Identify the center and the vertices. 


SOLUTION Write the given equation in standard form by completing the square. 
4x? — 16x + 9y? + S4y + 61 = 0 iiven equation 
4x? — 4y + __) + 9G? + 6p + __) = -61 Distributive propert 
Ax? -— dv + 4) + 9(y? + 6p + 9) = 61 +16 +81 Complete the squar 
4(x — 2? + Uy + 3? = 36 rfect square trinomi 
x — 2)? + 3) 
( 5 ia (y . em 


The center is (2, — 3), Because the major axis is horizontal and a = 3, the vertices of 
the ellipse are (2 + 3, —3), or (5, —3) and (—1, —3). 


1 Divi h sid 


| Now Try Exercise 57 | 


In the next example, we find the standard equation of a circle. A circle is a limiting 
case of an ellipse where the two foci coincide and we call it the center of the circle. 


Finding the standard equation of a circle 


The equation (x — fi)’ + (y — k)? = r? is the standard equation for a circle centered 

at (h, k) with radius r. Write x? + 4x + y? — 10y + 13 = 0 in this standard form, 

Give the center and the radius of the circle. 

SOLUTION Write the given equation in standard form by completing the square. 
x? + 4x + y? — ly + 13 = 0 iiven equation 

Q@? + 4x + _)+ (= l0y + __) = -13 ubtract 13 from each 


(x? + 4x + 4) + (y? — 10p + 25) = -13 + 4 + 25 


(x? + 4x + 4) + (y? — 10p + 25) = 16 implif 
(x + 2)? + (y — 5 = 16 Factor the perfect squat 


The center is (—2, 5) and the radius is V16 = 4, 


| Now ‘r 


More Nonlinear Systems of Equations 
In a previous chapter we discussed systems of equations and inequalities, In this and 
the next subsections we revisit these topics. 
Solving a nonlinear system of equations 
Use substitution to solve the following system of equations. Give graphical support. 
9x? + 4y? = 36 
12x? + y? = 12 


SOLUTION 
STEP 1: Begin by solving the second equation for y” to obtain y? = 12 — 12x?, 
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STEP 2: Next, substitute (12 — 12x”) for y’ in the first equation and solve for x. 
9x? + 4)” = 36 
9x2 + 4(12 — 12x”) = 36 


Ox? + 48 - 48x? = 36 tributive propert 
—39x? = -12 tract 48; simpli 
4 
2a vite | 
ea 
q 
c= +./— juare root propert 
aE 
Four ied STEP 3; To determine the p-values, substitute x? = jin y? = 12 — 12x’, 


(Vis viF) 


FIGURE 10,41 


(vi Vi) 


(vi -v) 


4 108 [108 
2 = - —)= — y = a 
y 12 (+) 13° or y= E43 


There are four solutions: 


FE 
13 13 
To graph the system of equations by hand, put each equation in standard 


form by dividing the first given equation by 36 and the second given equa- 
tion by 12, 


+—=1 ¢% x +—=1 
4 5 and 4 D 
The graphs of these ellipses and the four solutions are shown in FIGURE 10.41. 


(ST The system of equations in Example 9 could also be solved by elimination. 
To do this, multiply the second equation by —4 and then add the equations. 


More Nonlinear Systems of Inequalities 


In the next example, we solve a nonlinear system of inequalities whose graph involves 
a parabola and an ellipse. 


joe Wino Solving a nonlinear inequality 


Shade the region in the xy-plane that satisfies the system of inequalities. 
36x? + 25y? =< 900 
xt(y +2? s4 


SOLUTION Before sketching a graph, rewrite these two inequalities as follows. 


36 a, 25 9 _ 900 
900° 900° 900 
a2 2 

ce oe | moplify t tandard form 


25 36 


First Inequality: 


Divide each term by 900. 


Second Inequality: (y +2? s-x+4 ut 
(vy + 2P s -(v - 4) 
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The first inequality represents the region inside an ellipse, as shown in FIGURE 10.42. 
The second inequality represents the region left of a parabola that opens to the left 
with vertex (4, —2), as shown in FIGURE 10.43. The solution set for the system, which 
satisfies both inequalities, is shaded in FIGURE 10.44. (To verify this, try the test point 
(—2, —2) in each inequality.) 


First Inequality Second Inequality System of Inequalities 


FIGURE 10,42 FIGURE 10.43 FIGURE 10.44 


| Now ‘Try Exercise 03 } 


Area Inside an Ellipse The following formula can be used to calculate the area 
inside an ellipse, 

(CRITICAL THINKING) —__ 

Explain why the area formula 


for an ellipse is a generalization | The area A of the region contained inside an ellipse is given by A = arab, where a 
of the area formula for a circle. and b are from the standard equation of the ellipse. 


This formula is applied in the next example. 


/EXAMPLE 11 Finding the area inside an ellipse 


Shade the region in the xy-plane that satisfies the inequality x? + 4y? < 4. Find the 
area of this region if units are in inches, 
SOLUTION Begin by dividing each term in the given inequality by 4. 

Elliptical Region P+ 4 <4 1 inequali 


2 2 
The boundary of the region is the ellipse 4+ + a = 1. The region inside the 


ellipse satisfies the inequality. To verify this fact, note that the test point (0, 0), which 
is located inside the ellipse, satisfies the inequality. The solution set is shaded in FIGURE 
10.46, The area of this elliptical region with a = 2 and b = | is 


FIGURE 10.45 A = tab = 7(2)(1) = 27 ~ 6.28 square inches. 


f 
| Now Try Exercise 96 
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ra 10.2 | Putting It All Together It All Together 


CONCEPT EQUATION 


Ellipse with center (0,0) | Standard equation witha > b>0 
Horizontal major axis: : : . 

2 2 Center: (0, 0); major axis: vertical 

= + a | Vertices; (0, +3); foci: (0, + V5) 
a (2 =@ - Ph =9-4=5,s0c= V3.) 


Vertical major axis: y 


2 
¥+5=ha=3,b=2 


See the box in this section. 


Ellipse with center (h, k) | Standard equation witha > b >0 | @ - 1? " (y +1)? 
Horizontal major axis: 4 9 

Center: (1, —1); major axis: vertical 

Vertices: (1, -1 + 3); foci: (1,-1 + V3) 


(¢=@-B =9-4=5,s0c = V3.) 


(x -h? | Gy — kP 
f° eo 


Vertical major axis: 


= ei SEND 
( (w ma »2 r ai 


See the box in this section. 


Area inside an ellipse 


" 2 
The area inside the ellipse given by x 6 5 = lis 
A = x(7)(3) = 21a square units. 


10.2] Exercises 


Basic Concepts Ellipses with Center (0, 0) 
1, The endpoints of the major axis of an ellipse are called Exercises 5-12: Graph the ellipse. Label the foci and the 
the of the ellipse. endpoints of each axis. 
2 2 
2. The foci of an ellipse are located on the axis. 5. a + : =] 
ey 
3. An ellipse with equation — + B =1(a>b>0) ‘ x? 4: y ‘ 
a eu ae 
( has a(n) vertical/horizontal major axis. 9 4 


e. 
e 
has a(n) vertical/horizontal major axis. 


9 
4. An ellipse with equation a + l(a>b>0) 
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2 2 2 
th ees 24% = 
Trae? Ga? | & +=) 
9. x? + 4y? = 400 10, 9x? + Sy? = 45 


11, 25x? + Oy? = 225 12, Sy? + dy? = 20 


Exercises 13-16; Match the equation with its graph (a-d). 


x rw) 
+S Hl 14, —+y?= 
* 16 * 36 oes ; 
2 2 
Bee es 
ata! 
a. y 


Exercises 17-20; Find the standard equation of the ellipse 
shown in the figure. Identify the coordinates of the vertices, 


endpoints of the minor axis, and the foci. 


19, 


ae 
| 
ae 
11 


i? 

LA 
ee 
| | 
ASP Tt 
| “ 
| | 


ELS 
gs agers 
cre 
| 

| 
7 
— 


ania 


Exercises 21-24: The foci Fy and Fy, vertices V; and Vo, and 
endpoints U, and Uy of the minor axis of an ellipse are labeled 
in the figure. Graph the ellipse and find its standard equation. 
(The coordinates of V\, Vo, F\, and Fy are integers.) 


Exercises 25-32; Find an equation of the ellipse, centered 
at the origin, satisfying the conditions, 


25, 
26. 
27, 
28. 
29, 
30. 
31. 


32, 


Foci (0, +2), vertices (0, +4) 

Foci (0, +3), vertices (0, + 5) 

Foci (+5, 0), vertices (++ 6, 0) 

Foci (+4, 0), vertices (+6, 0) 

Horizontal major axis of length 8, minor axis of length 6 
Vertical major axis of length 12, minor axis of length 8 
Eccentricity 2, horizontal major axis of length 6 


Eccentricity 3, vertices (0, +8) 


Ellipses with Center (h, k) 


Exercises 33-36: Translate the ellipse with the given equa- 
tion so that it is centered at the given point. Find the new 
equation and sketch its graph. 


a3, 4% a 0,-) 34 242 1; (-3, 7) 

at Zahe-d oy ty ahbes 
xy? yy 

a. 4 5 (3-4) 36 4 = 6, 6) 


Exercises 37-42: Sketch a graph of the ellipse. 


37. 


38. 


@- 27 Gal . 
aa wate 


wt? | @+3P _ 
T Sale mea 


Gt +P 


aan” 5 ; 
Ris que gt y+ 22 
go, ST em a, S47 4 y 1 
aR 2 
aa, 2 VOT Ay 


Exercises 43-46: Match the equation with its graph (a-d). 
-— 9 +4) 
(= +a _ 

16 36 


@tly  y_ 
a. "o 


(vt 1? = 1Pe _ 
oo ae, 


43, 


44, 


45. 1 
eo tlp_ 


sai 25 10 


a. bi 


Exercises 47-50: Sketch a graph of the ellipse. Identify the 
foci and vertices. 

w- 1? | GIP 
47, 5 + be 1 


2 + 1) 
gg, OTM Gt _, 


25 16 
(+4? (y- 2? _ 
a 5 
(yt 
a ee 


10.2 Ellipses 879 


Exercises 51-54: Find an equation of an ellipse that satis- 
fies the given conditions. 


51. Center (2, 1), focus (2, 3), and vertex (2, 4) 

52. Center (—3, —2), focus (—1, —2), and vertex (1, —2) 
53. Vertices (+3, 2) and foci (+2, 2) 

54. Vertices (—1, +3) and foci (—1, +1) 


Exercises 55 and 56: Find an (approximate) equation of 
the ellipse shown in the figure. 


55. y 56. 


Me 


Exercises 57-64: (Refer to Example 7.) Write the equa- 
tion in standard form for an ellipse centered at (h, k). 
Identify the center and the vertices. 


57. 9x? + 18x + 4y? — 8y — 23 =0 

58. 9x? — 36x + I6y? — 64y — 44 = 0 

59, 4x7 + Bx + y? + 2y+1=0 

60. x? — 6x + 9y? = 

61. 4x? + 16x + Sy? — 10y +1 =0 

62. 2x? + 4x + 3y? — 18y + 23 = 0 

63. 16x? — 16x + 4y? + 12y = 51 

64. 16x? + 48x + 4y? — 20y + 57 =0 

Exercises 65-70: (Refer to Example 8.) Write the equa- 


tion in standard form for a circle centered at (h, k), Identify 
the center and the radius. 


65. x7 + 2x t+ y? + Oy +5=0 
66. x? + 6x + y? + 4y — 23 =0 
67. x? — 8x + y? — 2y+8=0 
68. x? + 10x + y? — 10y + 34 =0 
69, x? - 2x + y? + By — 32 =0 


70. x2 — 6x + y? — 8y + 21 =0 
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Graphing Ellipses with Technology 
fg Exercises 71-74: Graph the ellipse. 
a coe 7? (x — 1.2) yr 
15 10 : 7A 35 


73. 41x? + 6.3y? = 25 74, $x? + 4y? = 1b 


Solving Equations and Inequalities 


Exercises 75-80; Solve the system of equations. Give graphical 


support by making a sketch. 


2 2 2 2 
x y x y 
, pos 6 —+—= 
1. 4 + 9 1 7 16+ 25 1 
vty=3 -Ax+ty=5 
77, 4x" + 16y? = 64 728, 4° + yp =4 
vt ps 9 y+ ys 
9 xet yr= 9 80. rt yad 


2x” + 3y? = 18 (v- 1? +y? =4 


Exercises 81-86; Solve the system of equations. 


8. += 1 82. x7 + hy? = 1 
ae c+ yp 33 
9 = x y =3 
—x' + 2p = 
2 2 2 2 
es ee eG VES es 
83, 7," 4 1 84, 5 10 1 
2 i: 
a Ve. a mam a 4 
4 2 1 5 
85, (v- y+ y= 9 86, (- 2) y= 
P+ y=9d x y 
bait ea 
4 9 : 


Exercises 87-94; Shade the solution set to the system. 
87. (x — 1? +(y + 1? <4 


(x + 1)? + y? >] 
2 

x ni 

fe ae 
88 16 * 25 I 

eri y 

+2 > 

4 9 : 

2 2 2 2 

ge OP a ye 
tel ot Settee 

x oP pe? —xty <4 
91. PtyrPsd4 92, P+(yt+ 159 


(vt IP +? 59 


93, wrty<4 94, 4x? + Oy? = 36 
(w+ IP-ys0 x-(y- 2% =0 


Exercises 95-98; (Refer to Example 11.) Shade the region 
in the xy-plane that satisfies the given inequality, Find the 
area of this region if units are in feet. 

95, 4x? + 9y? < 36 


96. 9? + y? <9 


b- i Gem 


Me 35 « 
(x +3? , (y= 2? 

98. 4 Pe 8 =! 

Applications 


Exercises 99 and 100; Orbits of Planets (Refer to 
Example 4.) Find an equation for the orbit of the planet. 
Graph its orbit and the location of the sun at a focus on the 
positive x-axis. 

99. Mercury: e = 0.206, a = 0.387 


100. Mars: e = 0,093, a = 1.524 


101, Lithotripter (Refer to the discussion in this sec- 
tion.) The source of a shock wave is placed at one 
focus of an ellipsoid with a major axis of 8 inches 
and a minor axis of 5 inches. Estimate, to the near- 
est thousandth of an inch, how far a kidney stone 
should be positioned from the source. 


102 


Shape of a Lithotripter A patient’s kidney stone is 
placed 12 units away from the source of the shock 
waves of a lithotripter. The lithotripter is based on 
an ellipse with a minor axis that measures 16 units. 
Find the equation of an ellipse that would satisfy 
this situation. 


103, Whispering Gallery A large room constructed in 
the shape of the upper half of an ellipsoid has a 
unique property. Any sound emanating from one 
focus is reflected directly toward the other focus. 
See the figure. If the foci are 100 feet apart and the 
maximum height of the ceiling is 40 feet, estimate the 
area of the floor of the room. 


104, Halley's Comet Halley’s comet travels in an ellipti- 
cal orbit with a = 17.95 and b = 4.44 and passes 
by Earth roughly every 76 years. Note that each 
unit represents one astronomical unit, or 93 million 
miles, The comet most recently passed by Earth 
in February 1986, (Source: M. Zeilik, Introductory 
Astronomy and Astrophysics.) 

(a) Write an equation for this orbit, centered at (0, 0) 
with major axis on the x-axis. 


(b) If the sun lies (at the focus) on the positive 
x-axis, approximate its coordinates. 


(c) Determine the maximum and minimum distances 
between Halley’s comet and the sun. 


105, The Roman Colosseum The perimeter of the 
Roman Colosseum is an ellipse with major axis 
620 feet and minor axis 513 feet. Find the distance 
between the foci of this ellipse. 


106. Orbit of Earth (Refer to Example 4.) Earth has a 
nearly circular orbit with e ~ 0.0167 and a = 93 
million miles, Approximate the minimum and maxi- 
mum distances between Earth and the sun. (Source; 
M. Zeilik, Introductory Astronomy and Astrophysics.) 


107, Arch Bridge An elliptical arch under a bridge is con- 
structed so that it is 60 feet wide and has a maximum 
height of 25 feet, as illustrated in the figure. Find the 
height of the arch 15 feet from the center of the arch, 


108. Perimeter of an Ellipse The perimeter P of an 
ellipse can be approximated by 


a +b 


Pa 5) 


(a) Approximate the distance in miles that Mercury 
travels in one orbit of the sun if a = 36.0, 
b = 35,2, and the units are in millions of miles. 


(b) Ifa planet has a circular orbit, does this formula 
give the exact perimeter? Explain. 


109. Satellite Orbit The orbit of Explorer VII and the 
outline of Earth’s surface are shown in the fig- 
ure at the top of the next column. This orbit can 


2 y? 
be described by the equation at = = 1, where 


a = 4464 and b = 4462. The surface of Earth can 


x 
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be described by (x — 164)? + y? = 39607. Find 
the maximum and minimum heights of the satel- 
lite above Earth’s surface if all units are in miles. 
(Sources: W. Loh; W. Thomson.) 


y 
eo ts Explorer VIL 
¢ e 
7 \ 
/ \ 
i \ 
! i} 
tt t+-+ EARTH 44+ + > x 
\ U 
\ / 
\ / 
\ 7 
N Cd 


110. Orbital Velocity The maximum and minimum 
velocities in kilometers per second of a celestial body 
moving in an elliptical orbit can be calculated by 

L-2@ 


2ma fl+e 2ara 
Vmax = “Pp i—e~e and Yinin = “Pp. Lae 


In these equations, a is half the length of the major 

axis of the orbit in kilometers, P is the orbital period 

in seconds, and e is the eccentricity of the orbit. 

(Source: M. Zeilik.) 

(a) Find Vjnax ANd Yin for Pluto if a = 5.913 X 10° 
kilometers, the period is P = 2.86 x 10! sec- 
onds, and the eccentricity is e = 0,249. 


& (b) Ifa planet has a circular orbit, what can be said 
about its orbital velocity? 


Exercises 111-114: Neptune and Pluto Both Neptune 
and Pluto travel around the sun in elliptical orbits. 
For Neptune’s orbit, a = 30.10, and for Pluto's orbit, 
a = 39.44, where the variable a represents their average 
distances from the sun in astronomical units. (One astro- 
nomical unit equals 93 million miles.) The value of the 
variable a also corresponds to half the length of the major 
axis. Pluto has a highly eccentric orbit with e = 0.249, and 
Neptune has a nearly circular orbit with e = 0.009. 


111. Calculate the value of c for Neptune and Pluto. 


112. Position the sun at the origin of the xy-plane. Find 
the coordinates of the center of Neptune’s orbit 
and the coordinates of the center of Pluto’s orbit. 
Assume that the centers lie on the positive x-axis. 


113. Find equations for Neptune’s orbit and for Pluto’s 
orbit. 


114. Graph both orbits in the same xy-plane. Is Pluto 
always farther from the sun than Neptune? 
Explain. 
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Writing about Mathematics 


115. Explain how the distance between the foci of an 
ellipse affects the shape of the ellipse. 


116, Given the standard equation of an ellipse, explain 
how to determine the length of the major axis. How 
can you determine whether the major axis is vertical 
or horizontal? 


Extended and Discovery Exercises 


Exercises 1-4: (Refer to the first Making Connections in 
this Section.) Write in intercept form the equation of the 
line satisfying the given conditions. Then find the x- and 
y-intercepts of the line. 


1. Passing through (—2, 6) and (4, —3) 
2. Passing through (—6, —4) and (3, 8) 
3. Slope —2, passing through (3, —1) 
4. Slope 4, passing through (—2, 1) 


Exercises 5 and 6: (Refer to the first Making Connections 
in this Section.) Find the x- and y-intercepts of the ellipse. 


6. Vertices (0, +13) and foci (0, +12) 


CHECKING BASIC CONCEPTS FOR SECTIONS 10.1 AND 10.2 


1, Graph the parabola defined by x = 3 y’. Include the 
focus and directrix. 


2. Find an equation of the parabola with focus (—1, 0) 
and directrix y = 3. 


2 
3, Graph the ellipse defined by x 4 in = 1, Include the 
foci and label the major and minor axes. 
4, Find an equation of the ellipse centered at (3, —2) 


with a vertical major axis of length 6 and minor axis 
of length 4. What are the coordinates of the foci? 


« Find equations of 
hyperbolas 


» Graph hyperbolas 


« Learn the reflective 
property of hyperbolas 


« Translate hyperbolas 


Introduction 


5. A parabolic reflector for a searchlight has a diameter 
of 4 feet and a depth of | foot. How far from the vertex 
should the filament of the light bulb be located? 

6. Solve the nonlinear system of equations. 

x? + y? = 10 
2x? + 3y? = 29 
7. Write x? — 4x + 4y? + 8» — 8 = 0 in the standard 


form for an ellipse centered at (A, k). Identify the cen- 
ter and the vertices. 


Hyperbolas have several interesting properties, For example, if a comet passes by the 
sun with a high velocity, then the sun’s gravity may not be strong enough to cause the 
comet to go into orbit; instead, the comet will pass by the sun just once and follow 
a trajectory that can be described by a hyperbola. Hyperbolas also have a reflective 


property, which is used in telescopes. In this section we look at some basic properties 


of hyperbolas. 


Equations and Graphs of Hyperbolas 


A third type of conic section is a hyperbola. 


| A hyperbola is the set of points in a plane, the difference of whose distances from | 


| two fixed points is constant. Each fixed point is called a focus of the hyperbola. | 
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The following See the Concept shows some of the important features of hyperbolas, 


See the Concept: Features of Hyperbolas 


Horizontal Transverse Axis Vertical Transverse Axis 


© Upper | 


\ 


| 
| O left | i @ Right | | 
Sioainas 


© For all points P 
on the hyperbola, 


——s b——> Ide — di] = 2a, 


at he nT 


@ Transverse Axis: The transverse axis is a line segment connecting the vertices V and V),. Its length is 2a. 


© Branches: A hyperbola with a horizontal transverse axis has a left and right branch, whereas a hyperbola 
with a vertical transverse axis has an upper and lower branch. 


@ Foci: The foci (singular focus) are points located on a line that is an extension of the transverse axis of the 
hyperbola. 


© For any point P located at (x, y) on the hyperbola, the difference |, — d)| always equals 2a. 


Two hyperbolas are shown in FIGURES 10.46 and 10.47. The vertices, (+4, 0) or 
(0, +a), and foci, (+e, 0) or (0, +0), are labeled. A line segment connecting the points 
(0, +5) in FIGURE 10.46 and (-£ 4, 0) in FIGURE 10.47 is the conjugate axis, The dashed 


lines y = + by and y = fx are asymptotes for the respective hyperbolas. They can be 
used as an aid in graphing, The dashed rectangle is called the fundamental rectangle. 


Horizontal Transverse Axis Vertical Transverse Axis 


FIGURE 10.46 FIGURE 10.47 


By the vertical line test, a hyperbola cannot be represented by a function, but many 
can be described by the following equations. The constants a, b, and ¢ are positive. 
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EXAMPLE 1 


| The hyperbola with center at the origin, horizontal transverse axis, and equation 


| 
| x? y? 


has asymptotes y = + 4x, vertices (+a, 0), and foci (+c, 0), where c? = a2 + b, | 
The hyperbola with center at the origin, vertical transverse axis, and equation | 


has asymptotes y = +7 x, vertices (0, +a), and foci (0, +c), where c? = a? + b?. 


Sketching the graph of a hyperbola 
2 2 
Sketch a graph of = 5 = |. Label the vertices, foci, and asymptotes. 


SOLUTION The equation is in standard form with a = 4 and b? = 9,so a = 2 and 
b = 4, It has a horizontal transverse axis with vertices (+ 2, 0). The endpoints of the 
conjugate axis are (0, +3). To locate the foci, find ¢. 


CHP +P =274+37=13, or c= VI = 3.61, 
The foci are (+ V 13, 0). The asymptotes are y = +4y, or y = +4y, See FIGURE 10.48, 
Hyperbola 


The branches open | 
toward the foci. 


Horizontal transverse 
axis with left and right 


The foci and vertices \ 3) 7 branches 
lie on the same line. | (2, \ / 
, WT7y 
\ 


FIGURE 10.48 


j r 
| Now ry Exorcine f ) 


(EY A hyperbola consists of two solid (blue) curves, or branches. The asymptotes, 
foci, transverse axis, conjugate axis, and fundamental (dashed) rectangle are not part 
of the hyperbola, but are aids for sketching its graph. 


An Application of Conic Sections One interpretation of an asymptote relates to 
trajectories of comets as they approach the sun. Comets travel in parabolic, elliptic, 
or hyperbolic trajectories. If the speed of a comet is too slow, the gravitational pull of 
the sun will capture the comet in an elliptical orbit. See FIGURE 10.49. If the speed of 
the comet is too fast, the comet will pass by the sun once in a hyperbolic trajectory; 
farther from the sun, gravity becomes weaker and the comet will eventually return 
to a straight-line trajectory that is determined by the asymp/ote of the hyperbola. See 
FIGURE 10.50. Finally, if the speed is neither too slow nor too fast, the comet will travel 
in a parabolic path. See FIGURE 10.51, In all three cases, the sun is located at a focus 
of the conic section. 
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Elliptic Orbit oe Hyperbolic Path Parabolic Path 
y Fast speed y Y — Medium speed | 


comet \ 
Sun always some 
located as focus. —. comet S 


\ SUN / 
4 
———> + —_—|-____» 


Slow speed | — 


asymptote ,7 ‘. asymptote 
rs LY 


/ 


FIGURE 10.49 FIGURE 10.50 FIGURE 10.51 


isaac Finding the equation of a hyperbola 


Find the equation of the hyperbola centered at the origin with a vertical transverse 
axis of length 6 and focus (0, 5). Also find the equations of its asymptotes. 


SOLUTION Since the hyperbola is centered at the origin with a vertical transverse 


’ a 

axis, its equation is et - 5 = |. The transverse axis has length 6 = 2a, so a = 3. 
Since one focus is located at (0, 5), it follows that c = 5. We can find b by using the 
following equation. 

P=c-@ I + b* for 

b=Ve-a Tak t juare f 

b= VS-37%=4 bstit 

2 2 

The standard equation of this hyperbola is 5 = 6 = |, Its asymptotes are y = LENS 
ory = #4, 


Try Exerc 


Finding the equation of a hyperbola 


Find the standard equation of the hyperbola shown in FIGURE 10.52. Identify the 
vertices, foci, and asymptotes. 


SOLUTION 
Getting Started Because the hyperbola is centered at (0, 0) with a horizontal trans- 
verse axis, its equation has the form 


ey 
oP 
Sketch the fundamental rectangle first. Half of its length equals a, and half of its 


FIGURE 10.52 width equals b. » 


In FIGURE 10.53 on the next page the fundamental rectangle is determined by the 
four points (4, 0) and (0, +2), and its diagonals correspond to the asymptotes. It 
follows that a = 4 and b = 2. Thus the standard equation of the hyperbola is 


48 ee: 
~-5=1 ae | 
2 16 4 
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FIGURE 10,53 


The vertices are (+4, 0), and the asymptotes are y = +25, ory = thy, To find 
the foci, find ¢. 


CHP+P=H=P4+27=20, or c= V2, 


The foci are (+ 20, 0). 


Using Technology In the next example, a graphing calculator is used to graph a 
hyperbola. 


Graphing a hyperbola with technology 
2 2 
Use a graphing calculator to graph 15 mS ig =1. 


SOLUTION Begin by solving the given equation for y, 


2 2 
* 

— = — | 
Sea mi 
2 
yp =42{i +22) ultip 


Graph Y, = V(4.2(1 + X42/8.4)) and Y, = ~V(4.2(1 + X2/8.4)), which give the 
upper and lower branches, respectively. See FIGURES 10.64 and 10,65, 


[-10, 10,1] by [-10, 10,1] 


Plot1 Plot2 Plot3 
SX ie4.214 X278 


FIGURE 10.64 FIGURE 10.55 


Reflective Property of Hyperbolas 


Hyperbolas have an important reflective property. If a hyperbola is rotated about 
its transverse axis, a hyperboloid is formed, as illustrated in FIGURE 10.56, Any beam 
of light that is directed toward focus F will be reflected by the hyperboloid toward 
focus Fy, See FIGURE 10.57. 
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Hyperboloid Reflective Property Telescope Mirrors 
‘ F, Hyperbolic 
e mirror 


a 


Parabolic 
mirror 


FIGURE 10.56 FIGURE 10.57 FIGURE 10.58 


EXAMPLE 5 


An Application Telescopes sometimes make use of both parabolic and hyper- 
bolic mirrors, as shown in FIGURE 10.58. When parallel rays of light from distant 
stars strike the large parabolic (primary) mirror, they are reflected toward its 
focus, F,. A smaller hyperbolic (secondary) mirror is placed so that its focus is 
also located at F,. Light rays striking the hyperbolic mirror are reflected toward 
its other focus, Fy, through a small hole in the parabolic mirror, and into an eye 
piece, See Exercise 72. 


2 


Translations of Hyperbolas 

y 2 7" 
If the equation of a hyperbola is either x es a = lor = y = | then the center 
of the hyperbola is (0, 0). We can use translations of graphs to find the equation of 
a hyperbola centered at (h, k) by replacing x with (x — /) and y with (y — k). The 
constants a, b, and c are positive. 


STANDARD EQUATIONS FOR HYPERBOLAS CENTERED AT (h, k) 


A hyperbola with center (h, &) and either a horizontal or a vertical transverse axis 
satisfies one of the following equations, where c? = a? + b’. 


wh? (y-khP_ 
@ 7 BP m 


1 Transverse axis: horizontal 
Vertices: (h + a, k); foci: (h + ¢, k) 
y=+th(x— fA) +k 


Asyrmptotes: 


(y—k? (wh? 

a ~— Sa = 1 Transver e axis: vertic al 

a Vertices: (h, k + a); foci: (hr k + 0) 
Asymptotes: y =+4(x — h) + k 


Graphing a hyperbola with center (h, k) 
(y+ 2P _ (v= 2F 
9 16 


Graph the hyperbola whose equation is 
foci, and asymptotes. 


= 1. Label the vertices, 


SOLUTION The hyperbola has a vertical transverse axis, and its center is (2, — 2). 
Since a =9 and L? = 16, it follows that 2? =a +b? =9 + 16 = 25. Thus 
a = 3,b = 4, and c = 5. The vertices are located 3 units above and below the center 
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FIGURE 10.69 


ae 10.3 | Putting It All Together It All Together 


Hyperbola with center (0, 0) 


of the hyperbola, and the foci are located 5 units above and below the center of the 
hyperbola. That is, the vertices are (2, — 2 + 3), or (2, 1) and (2, —5), and the foci 
are (2, —2 + 5), or (2, 3) and (2, —7). The asymptotes are given by 


3 
y= tii tk, or y= t7—2) - 2, 


A graph of the hyperbola is shown in FIGURE 10.59, 


Now Try Exercise 45 


Finding the standard equation of a hyperbola 


Write 9x? — 18y — 4y? — 16y = 43 in the standard form for a hyperbola centered 
at (h, k), Identify the center and the vertices. 


SOLUTION Write the given equation in standard form by completing the square. 


9x? — 18x — 4y? — l6y = 43 Given equation 
(x? — 2x +) — 4(y? + 4y + __)= 4 Distributive property 
(x? — 2x + 1) — ay? + 4y + 4.) = 4349-16 — Complete the square. 
9(x — 1)? — 4(y + 2)? = 36 Perfect square trinomials 
a {2 + 22 
&o = yea =] Divide each side by 36 


The center is (1, — 2). Because a = ? and the transverse axis is horizontal, the vertices 


of the hyperbola are (1 + a,k) = (1 + 2, —2). 


EQUATION 


Standard equation 


2 
Pees figs = 
Transverse axis: horizontal 4 9 ha=2,b6=3 


Transverse axis: vertical 
Vertices: (0, +2); foci: (0, +V 13) 
(C=C +2 =44+9= 13,s0c¢= V13,) 


Asymptotes: y = + Ry 


See the box in this section. 


; AS 
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EQUATION 


Hyperbola with center (A, k) Standard equation @w- IP G+ IP 
Transverse axis: horizontal 4 9 


la=2,b=3 
wh? (y- Transverse axis: horizontal; center: (1, —1) 
a ae 1 | Vertices: (1 + 2, -1); foci: (1 + V/13, -1) 
(@=@+R=44+9=13,s0c= VI3.) 


Asymptotes: y = + 3 = Jl 


Transverse axis: vertical 
(y-h? _(e- AP _, 


2 b 


See the box in this section. 


10.3} Exercises 


Basic Concepts 
’ . Exercises 13-16; Match the equation with its graph (a-d). 
1, The are the endpoints of the transverse axis of g of 2 
a hyperbola, B. “7 me a =I 14, = i = 


2. The (dashed) rectangle used as an aid in graphing a 
hyperbola is called the rectangle. 


2 2 
3. A hyperbola with an equation of the form 45 — = 
@ 


be 
has a(n) vertica/horizontal. transverse axis. 


2 3 
4, A hyperbola with an equation of the form es = "7 =1 
has a(n) vertical/horizontal transverse axis. 


Hyperbolas with Center (0, 0) 


Exercises 5-12: Sketch a graph of the hyperbola, including 
the asymptotes. Give the coordinates of the foci and vertices. 
2 2 2 2 
ee ein ee ee 
9 49 ' » 16 4 : 
2 2 gd 
ee ny ae ee 
3616 4 4 
9x7 -ypsa 10. 49y? — 25x? = 1225 


11, 9y? — 16x? = 144 12. 4x? — 4y? = 100 
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Exercises 17-20: Sketch a graph of a hyperbola, centered 
at the origin, with the foci, vertices, and asymptotes shown 
in the figure. Find an equation of the hyperbola. (The coor- 
dinates of the foci and vertices are integers. ) 


Exercises 21-30: Determine an equation of the hyperbola, 
centered at the origin, satisfying the conditions. Give the 
equations of its asymptotes. 


21. Foci (0, +13), vertices (0, + 12) 


22. Foci (+ 13, 0), vertices (+ 5, 0) 
23. Vertical transverse axis of length 4, foci (0, +5) 
24, Horizontal transverse axis of length 12, foci (+ 10, 0) 


25. Vertices (+3, 0), asymptotes y = +3y 


26. Vertices (0, +4), asymptotes » = +4x 

27. Endpoints of conjugate axis (0, + 3), vertices (+ 4, 0) 
28. Endpoints of conjugate axis (+4, 0), vertices (0, + 2) 
29. Vertices (+ V'10, 0), passing through (10, 9) 


30. Vertices (0, 4tV5 ), passing through (4, 5) 


—) 


Hyperbolas with Center (h, ) 

Exercises 31-36; Sketch a graph of the hyperbola. Identify 

the vertices, foci, and asymptotes. 

1? = 2? 
16 4 

(y + 1? _ Get 3) 


or 9 =1 


31. =] 


33. (y — 2) as 2) - 


36 4 
4, StU OK, 
35. S(y- iP =1 
36, (y + 2-25 A 


Exercises 37-40: Match the equation with its graph (a-d). 


@- 2 _ (+4? @ty ¥ 

37. 4 4 1 38, 4 9 1 
(y+? — @- 2? yr @&+lp 

39, 16 16 1 40, 5 9 1 


Exercises 41 and 42: Find an (approximate) equation of 
the hyperbola shown in the graph. Identify the vertices, foci, 
and asymptotes. 


42. 


Exercises 43-46: Sketch a graph of the hyperbola, including 

the asymptotes. Give the coordinates of the vertices and foci. 
x-1 2 af 2 

43, O22 _ 


4 4 , 


Gt? OFF _ 


os 4 16 


1 


~ Ot 6-9, 


16 9 : 


~ — 9)2 
46, yp SF 


Exercises 47-50; Find the standard equation of a hyperbola 
with center (h, k) that satisfies the given conditions, 

47, Center (2, —2), focus (4, —2), and vertex (3, —2) 

48, Center (—1, 1), focus (—1, 4), and vertex (—1, 3) 

49, Vertices (—1, +1) and foci (—1, +3) 

50. Vertices (2 + 1, 1) and foci (2 + 3, 1) 

Exercises 51-58: Write the standard form for a hyperbola 
centered at (h, k), Identify the center and the vertices, 

51, x? — 2v - y? + 2p =4 

52. y? + dy — x7 + 2x = 6 

53, 3y? + 2dy — 2x? + 12x + 24=0 

54, 4x? + 16x — 9y? + 18y = 29 

55, x? — 6y - 2? +7=0 

56, y? + 8y — 3x? + 13 =0 

57, 4y? + 32y — 5x? — 10x + 39 = 0 

58, 5x? + 10x — Ty? + 28y = 58 


Graphing Hyperbolas with Technology 
fg Exercises 59-62: Graph the hyperbola. 


(y=? 
aaa | 59 
yy 
60. 53 a 67 = 


61, 3y? — 4x? = 15 
62. 2.1x? — 6y? = 12 


Solving Equations 


Exercises 63-70; Solve the system of equations, 
63,2 - y= 4 64, x? — 4y? = 16 
e+ y=d x? + 4y? = 16 
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2 
67-5 66, -y=4 
x+y =2 
vty =2 ON 


67, 8x? — 6y? = 24 68. 3y? — 4x? = 12 


5x? + 3y? = 24 y? + 2x? = 34 
2 2 
69, ~-~ =1 70. x? — 4y? = 16 
3 4 yp 4yr= 4 
3x -y =0 7 
Applications 


71, Satellite Orbits The trajectory of a satellite near 
Earth can trace a hyperbola, parabola, or ellipse, 
If the satellite follows either a hyperbolic or a para- 
bolic path, it escapes Earth’s gravitational influence 
after a single pass. The path that a satellite travels 
near Earth depends on both its velocity V in meters 
per second and its distance D in meters from the 
center of Earth, Its path is hyperbolic if V > up 
parabolic if V = Js and elliptic if V < fe, where 
k = 2.82 x 10’ is a constant. (Sources: W. Loh, 
Dynamics and Thermodynamics of Planetary Entry; 
W. Thomson, Introduction to Space Dynamics.) 

(a) When Explorer IV was at a maximum distance 
of 42.5 X 10° meters from Earth’s center, it had 
a velocity of 2090 meters/second, Determine the 
shape of its trajectory. 


(i) 


LS 


If an orbiting satellite is to escape Earth’s gravity 
so that it can travel to another planet, its velocity 
must be increased so that its trajectory changes 
from elliptic to hyperbolic. What range of veloci- 
ties would allow Explorer IV to leave Earth’s 
influence when it is at a maximum distance? 


~ 


Explain why it is easier to change a satellite’s tra- 
jectory from an ellipse to a hyperbola when D is 
maximum rather than minimum, 


e € 


72, Telescopes (Refer to FIGURE 10.68.) Suppose that the 
coordinates of F, are (0, 5.2) and the coordinates of 
F, are (0, —5.2). If the coordinates of the vertex of 
the hyperbolic mirror are (0, 4.1), find the standard 
equation of a hyperbola whose upper branch coin- 
cides with the hyperbolic mirror, 


Writing about Mathematics 


73. Explain how the center, vertices, and asymptotes of a 
hyperbola are related to the fundamental rectangle. 


74, Given the standard equation of a hyperbola, explain 
how to determine the length of the transverse axis. 
How can you determine whether the transverse axis 
is vertical or horizontal? 
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Extended and Discovery Exercises 


1, Structure of an Atom In 1911, Ernest Rutherford 
discovered the basic structure of the atom by “shoot- 
ing” positively charged alpha particles with a speed of 
10’ meter per second at a piece of gold foil 6 x 1077 
meter thick. Only a small percentage of the alpha par- 
ticles struck a gold nucleus head on and were deflected 
directly back toward their source. The rest of the parti- 
cles often followed a hyperbolic trajectory because they 
were repelled by positively charged gold nuclei. The fig- 
ure shows the (blue) path of an alpha particle A initially 
approaching a gold nucleus W and being deflected at an 
angle 0 = 90°, Nis located at a focus of the hyperbola, 
and the trajectory of A passes through a vertex of the 
hyperbola, (Source: H. Semat and J, Albright, Introduction 
to Atomic and Nuclear Physics.) 


(a) Determine the equation of the trajectory of the 
alpha particle if d = 5 x 1074 meter. 


(b) What was the minimum distance between the centers 
of the alpha particle and the gold nucleus? 


2. Sound Detection Microphones are placed at points 
(-c,0) and (¢,0). An explosion occurs at point 
P(x, y), which has a positive x-coordinate. See the 
figure. 

The sound is detected at the closer microphone ¢ 
seconds before being detected at the farther micro- 
phone. Assume that sound travels at a speed of 330 
meters per second, and show that P must be located 
on the hyperbola 


x? y 1 


33077? 4c? — 33077? 4 


CHECKING BASIC CONCEPTS FOR SECTION 10.3 


1, Use the graph to find the standard form of the 
hyperbola. 


y 


y2 
2. Graph the hyperbola defined by x = % = 1, Include 
the foci and asymptotes. 


3. Find an equation of the hyperbola centered at (1, 3) 


with a horizontal transverse axis of length 6 and a 
conjugate axis of length 4. Identify the foci. 


4, Write 9y? — 54y — 16x? — 32x = 79 in the standard 


form for a hyperbola centered at (h, k). Identify the 
center and the vertices. 
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EY Sina) 


CONCEPT EXPLANATION AND EXAMPLES 


Section 10.1 Parabolas 


Conic Sections Basic types: parabola, ellipse, circle, and hyperbola. 

Parabolas with Standard Forms 

Vertex (0, 0) x? = 4py (vertical axis) ory? = 4px (horizontal axis) 
Meaning of p 


Both the vertex—focus distance and the vertex—directrix distance are p. The sign of p 
determines if the parabola opens upward or downward—or left or right. The focus is 
either (0, p) or (p, 0), and the directrix is either y = —p or x = —p. In the figures below 
p > 0, but p < 0 is also possible. 


Vertical Axis: x? = 4py Horizontal Axis: y? = 4px 


( Parabolas with (x — WN? = 4p(y — K) Vertical axis; Focus: (h, k + p) 
Vertex (h, k) ; 


Directrix: y = k — p 


(y — kb? = 4p(x - A) Horizontal axis; Focus: (h + p, k) 
Directrix. x = h — p 


Section 10.2 Ellipses 


Ellipses with Standard Forms witha > b > 0 

Center (0, 0) yew gi x2 y? 
— + 7 = | (horizontal major axis) or = + = = | (vertical major axis) 
a b b a 


Meaning of a, b, and ¢ 

The distance from the center to a vertex is a, the distance from the center to an endpoint 
of the minor axis is b, and the distance from the center to a focus is c. The ratio § equals 
the eccentricity e. The values of a, b, and c are related by = @ — Bb’. The foci are either 


(te, 0) or (0, £0), and the vertices are either (+4, 0) or (0, +a). If a = b, then the 
ellipse becomes a circle. 


U,(0, b) 


Horizontal Major Axis Vertical Major Axis 
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Section 10.2 Ellipses (CONTINUED) 


Ellipses with 
Center (h, k) 


Area Inside 
an Ellipse 


a>b>0;:e0=a-h 
(= AP =k? 
& LY? 
(x-hP (vy -kP 
<< re a cane 


1 


1 


The area A of the region contained inside an ellipse is given by A = arab, where a and b 
are from the standard equation of the ellipse. 


Section 10.3 Hyperbolas 


Hyperbolas with 
Center (0, 0) 


Hyperbolas with 
Center (h, k) 


Standard Forms with both a and b positive 
x2 yp? yr x2 
> -— +5 = | (horizontal transverse axis) or “5 — => = | (vertical transverse axis) 
ab? a’ pb 


Meaning of a, b, and c 


The distance from the center to a vertex is a, and the distance from the center to a focus 
is c, The asymptotes are y = + by if the transverse axis is horizontal and y = + Bx if the 
transverse axis is vertical. The values of a, b, and ¢ are related by c? = a? + b, The foci 


are either (+c, 0) or (0, +e), and the vertices are either (+a, 0) or (0, +a). 


¥ a 
\ ‘ (0,¢) 
f 
' OS Oa) go a, 
x 
(-b, 0) 1(b, 0) 
|. Ora) | 
J! \ ; 0-0) 
Horizontal Transverse Axis Vertical Transverse Axis 


a>0,b>0°?=+ 2b 
wh (y-kP 


e BP 


(y — k? _ &= hype 
a LY 


. Ll) Review Exercises 


Exercises 1-6: Sketch a graph of the equation. 


1, -xv=y 2. P= 
ye yo x2 
335 +a 7! 4.7+7 71 
—— 
sate a a 
5. 4 9 1 6. x°- yr =4 
Exercises 7-12: Match the equation with its graph (a-f ). 
Te Ko Dy 8. y? = -3y 
2 2 
re Be gl De 
9. x Fy 4 10. 35 + 49 1 


a. y 
Ls 
ERe 3 
~1+ —i— 
{ 
EEEPEEEH 
c y d, y 
5 oA oe Ee bat 
wie Se ee 2 
-2, - 1 
|_| x x 
AS eee 3-2-1) 1 2 3 
im 5 
6+ "| ty 
id ol LEE 


e 


Exercises 13-18: Determine an equation of the conic section 
that satisfies the given conditions. 


13. Parabola with focus (2, 0) and vertex (0, 0) 
14, Parabola with vertex (5, 2) and focus (5, 0) 
15. Ellipse with foci (4, 0) and vertices (+5, 0) 
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16. Ellipse centered at the origin with vertical major axis 
of length 14 and minor axis of length 8 


17. Hyperbola with foci (0, +10) and endpoints of the 
conjugate axis (+ 6, 0) 


18. Hyperbola with vertices (—2 + 3, 3) and foci given 
by (-2 + 4,3) 


Exercises 19-25: Sketch a graph of the conic section. Give 
the coordinates of any foci. 


19, —4y = x? 20. y? = 8x 
x? y? 

21. he i 1 22. 49x? + 36y? = 1764 
vy y 2 

ok a tok. ir a ae 


25. (x — 3? +(y + 1? =9 

Exercises 26-28: Sketch a graph of the conic section. 

Identify the coordinates of its center when appropriate. 
-2?  @t+lyP 

25, Yo yy ee DY 


16 : 


o oF G+ H, 


4 4 
28. (x + 2) = 4(y — 1)? 


29, Sketch a graph of (y — 4)? = —8(x — 8). Include the 
focus and the directrix. 
=| Exercises 30-32: Graph the equation. 
30. y? = dx 31. 7.1x? + 8.2y? = 60 
(y= 14? @ +23)? _ , 


32. 7 ll 


Exercises 33 and 34: Write the equation in the form given 
by (y — k? = a(x — A). 

33, -2x = y? + 8x + 14 34, 2y?- lay + 16 =~ 
Exercises 35-38: Write the equation in standard form for 


an ellipse or a hyperbola centered at (h,k). Identify the 
center and the vertices. 


35. 4x? + 8x + 25y? — 250» = —529 
36. 5x? + 20x + 2y? — 8y = -18 


37, x? + 4x — 4y? + 24y = 36 


38. 4y? + 8p — 3x? + Ox = 11 
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Exercises 39 and 40: Solve the system of equations. 


39. 


69, 2 

ak tel 40. -y =1 
2 x ty =2 

Ce ae , 

i 


Exercises 41 and 42: Shade the solution set to the system. 


yy 
4 ts! 42, ry -x <9 
Pose ss 0 
x by SB 
Applications 
43, Comets A comet travels along an elliptical orbit 


around the sun, Its path can be described by the 
equation 


x y 


poe + ——e St 
70? 500? 
where units are in millions of miles, 


(a) What are the comet’s minimum and maximum 
distances from the sun? 


I, 


(b) Estimate the distance d that the comet travels in 
one orbit around the sun, Use the formula 
e+bh 
aa 


d =~ 2a 


44, Searchlight A searchlight is constructed in the shape 


ofa paraboloid with a depth of 7 inches and a diameter 
of 20 inches, as illustrated in the figure. Determine the 
distance d that the bulb should be from the vertex in 
order to have the beam of light shine straight ahead. 


7in.—>| 


20 in. 


45, Arch Bridge An elliptical arch under a bridge is con- 


structed so that it is 80 feet wide and has a maximum 
height of 30 feet, as illustrated in the figure, Find the 
height of the arch 10 feet from the center of the arch, 


Sequences 

Series 

Counting 

The Binomial Theorem 
Mathematical Induction 
Probability 


Further Topics 
in Algebra 


Mathematics permeates the fabric of modern society. It is the language of 
technology and allows society to quantify its experiences. 

While technology provides new ways for us to investigate mathematical 
problems, it is not a replacement for mathematical understanding. Computers 
and calculators are incapable of mathematical insight, but are excellent at per- 
forming arithmetic and other routine computation. Together, technology and the 
human mind can create amazing inventions. 

In a previous chapter we saw hundreds of examples of the use of math- 
ematics to describe physical and social phenomena and events. Mathematics is 
diverse in its ability to adapt to new situations and solve complex problems. If 
any subject area is studied in enough detail, mathematics usually appears. 

This chapter introduces further topics in mathematics. It represents only a 
small fraction of the topics found in mathematics. Although it may be difficult to 
predict exactly what the future will bring, one thing is certain—mathematics will 
continue to play a very important role. 
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ARB) seauen 


« Understand basic concepts 
about sequences 

= Learn how to represent 
sequences 

« Identify and use 
arithmetic sequences 

« Identify and use geometric 
sequences 


Introduction 
A sequence is a fiction that computes an ordered list. For example, the average person 
in the United States uses about 100 gallons of water each day. The function / (1) 1002 


generates the terms of the sequence 
100, 200, 300, 400, 500, 600, 700, . 


when n = 1, 2,3, 4, 5, 6,7,.... This ordered list represents the gallons of water used 
by the average person after n days. Sequences are a fundamental concept in math- 
ematics and have many applications. 


Basic Concepts about Sequences 


A second example of a sequence involves investing money. If $100 is deposited into a 
savings account paying 5% interest compounded annually, then the function defined 
by g(n) = 100(1.05)” calculates the account balance after n years, which is given by 


¢(1), (2), (3), 8(4), a(5), ¢(6), g(7),.... 
These terms can be approximated as Ce 
105, 110.25, 115.76, 121.55, 127.63, 134.01, 140.71,.... 


We now define a sequence formally. 


SEQUENCE | 


An infinite sequence is a function that has the set of natural numbers as its domain, | 
| A finite sequence is a function with domain D = {1, 2, 3,...,1} for some fixed | 
| natural number . } 


Since sequences are functions, many of the concepts discussed in previous chap- 
ters apply to sequences. Instead of letting y represent the output, it is common to 
write a, = f(n), where v is a natural number in the domain of the sequence. The 
terms of a sequence are 


Ay 5 25 AZ, 0005 Angee 


The first term is ¢, = f(\), the second term is 4, = f(2), and so on, The wth term, or 
general term, of a sequence is a, = f(). 


(XB The nth term, a general term, and a symbolic representation (formula) of a 
sequence are equivalent concepts. 


Finding terms of sequences 
Write the first four terms a), a), a3, and a4 of each sequence, where a, = f(n). 


(a) s(n) = 2n 5 ) sf) = AQ)" (©) fi) = co(4) 


SOLUTION 
(a) Evaluate f(1) = 2n — 5 as follows. 
a, = f() = 20) - 5 = -3 First term | 
fQ) = 2@)-5=-1 Second term | 


Ina similar manner, a; = f(3) = | and ay = f(4) = 3. 
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(b) Since f(n) = 4(2)""!_ 
a, = fQ) = 4Q)'"! = 4. 
Similarly, a. = 8,43 = 16, and a4 = 32, 
(c) Let f(@) = (-1)" (- a 7). and substitute n = 1, 2, 3, and 4. 


i(_1 ) a! 
a =s=Cn(4)--4 
2 
2{ 2 2 
a = fQ) = ( (, ) x 
21 3 Note the 
F “, 3 3 alternating signs. 
a=1=-p(4)--3 
4f_4 4 
a= s9=Cn(-4)=$ 
Note that the factor (—1)" causes the terms of the sequence to alternate signs 
Now Try Exercises 1, 3, ¢ 


Graphing Calculators and Sequences Graphing calculators may be used to 
calculate the terms of a sequence. FIGURES 11.1-11.3 show the first four terms of each 
sequence in Example |. The graphing calculator is in sequence mode, 


seq(4(2)4(n—1),n] [seq((~1)4n*(n/(n 
1,4) +1)),n,1,4)>Frac 
{4 8 16 32} 


seq(2n—5,n,1,4) 
(eo 20 Aol} 


{71/2 2/3 -3/4... 


FIGURE 11,1 FIGURE 11.2 FIGURE 11,3 


Recursive Sequences Some sequences are not defined using a general term, 
Instead they are defined recursively. With a recursive sequence, we must find terms a 
through a,—, before we can find a,. For example, we need to find a, before we can 
find ay, find a, before we can find a3, and so on, 


> PT Widhory Finding the terms of a recursive sequence 
Find the first four terms of the recursive sequence that is defined by 


Ay = 2ay-1 + 15 a = 3. 


SOLUTION The sequence is defined recursively, so we must find the terms in order, 


We substitute the a =3 

value of a, to find L 

the value of a2, a= 2a, +1=2Q8)+1=7 
——— 


a 2a +1 = 2A7)+1= 15 
na 
a4 = 2a; + 1 = 2(15) + 1 = 31 
The first four terms are 3, 7, 15, and 31, 
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| An Application of a Recursive Sequence A population model for an insect with 
| alife span of | year can be described using a recursive sequence. Suppose each adult 
female insect produces » female offspring that survive to reproduce the following 
year, Let f() calculate the female insect population during year 7. Then the number 
of female insects is given recursively by 


i Growth or decay factor | 


f(n) = rf(r 1) forn > 1. 
——— 


Females in year n | Females in previous year | 

The number of female insects in the year is equal to » times the number of female 
insects in the previous year n — 1. Note that this function f is defined in terms of 
itself. To evaluate f(n), we evaluate f( — 1). To evaluate f(n — 1), we evaluate 
f(n — 2), and so on, If we know the number of adult female insects during the first 
year, then we can determine the sequence. That is, if f(1) is given, we can determine 
/(n) by first computing 


f(1), £2), £3), 5 fla - 1). 


The next example illustrates a similar recursively defined sequence where f(n) 
gives the female population density during year n. (Source: D, Brown and P, Rothery, 
Models in Biology: Mathematics, Statistics and Computing.) 


Modeling an insect population 


Suppose that the initial density of adult female insects is 1000 per acre and r = 1.1, 
Then the density of female insects during year 7 is described by 


f(1) = 1000 
f(a) = 1.1fta- 0, n> | 


(a) Rewrite this symbolic representation in terms of a,,. 

(b) Find ag and interpret the result. Is the density of female insects increasing or 
decreasing? 

(c) A general term for this sequence is given by f(n) = 1000(1.1)""!. Use this repre- 
sentation to find ay. 


SOLUTION 

(a) Since a, = f(n) for all n, a,-; = f(n — 1). The sequence can be expressed as 
a, = 1000 
My = Vlay-1, n> 1, 


CRITICAL THINKING | } _ (b) In order to calculate the fourth term, ay, we must first determine a), a), and a3. 
How does the value of r in 
Example 3 affect the population 
density in future years? a, = Lda, = 1.1(1000) = 1100 
-_— : = ——- = dy = Lela, = 1.101100) = 1210 

ay = Ida, = 1.101210) = 1331 


The fourth term is a, = 1331. The female population density is increasing and 
reaches 1331 per acre during the fourth year. 
(c) Since a, = f(4), 


a, = 1000 


a, = 1000(1.1)'! = 1331. 


It is less work to find a, using a formula for a general term rather than a recursive 
formula—particularly if n is large. 


| Now Try Exercise 101) 


11.6 Probability 951 


Since n(S) = 36, n(E)) = 5,n(EZ) = 6, and n(E,M £) = 1, the following can be 
computed. 
fpeoeenese — I Subtract the 
P(E\) + P(E) — P(E, M £2) probability of 
the intersection. 
n(Z)) i n(Ey) — n(E, Ep) . 
n(S) a(S) n(S) 


P(E, U E)) 


gitig Sic 
36 «36 36 
_ 10 5 
“36° ° is 


This result can be verified by counting the number of boldfaced outcomes in 
TABLE 11.9. Of the 36 possible outcomes, 10 satisfy the conditions, so the probability 


is 12. or & 
is 36, OF 7g. 


Mutually Exclusive Events If E; MN E, = @, then the events E, and £ are 
mutually exclusive. Mutually exclusive events have no outcomes in common, so 
P(E; Q Ey) = 0. In this case, P(E, U Ey) = P(E) + P(E). 


dey A Drawing cards 


Find the probability of drawing either an ace or a king from a standard deck of 
52 cards. 


SOLUTION The event £, of drawing an ace and the event £, of drawing a king are 
mutually exclusive. No card can be both an ace and a king. Therefore P(E, Ep) = 0. 


The probability of drawing an ace is P(E\) = 4, since there are 4 aces in 52 cards. 
Similarly, the probability of drawing a king is P(Z)) = 4. 
P(E, U Ey) = P(E) + P(E) 


4 4 

“307 3 

BT ae ath 
52° 43 


Thus the probability of drawing either an ace or a king is %. 


The next example uses concepts from both counting and probability. 


Dae wWighowa” Drawing a poker hand 


A standard deck of cards contains 52 cards, consisting of 13 different cards from each 
of four suits: hearts, diamonds, spades, and clubs. A poker hand consists of 5 cards 
drawn from a standard deck of cards, and a flush occurs when the 5 cards are all from 
the same suit. Find an expression for the probability of drawing 5 cards of the same 
suit in one try. Assume that the cards are not replaced. 


SOLUTION Let E be the event of drawing 5 cards of the same suit. To determine 
n(E), start by calculating the number of ways to draw a flush in a particular suit, such 


as hearts. From a set of 13 hearts, 5 hearts need to be drawn. There are (!3) ways to 
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4(13 nCr 5)/(52 
nCr 5) 
.0019807923 


FIGURE 11.22 


EX ‘AMPLE 8 


First Second | 
toss | 


I 
I 


FIGURE 11.23 


| EX ‘AMPLE 9 


(CRITICAL THINKING } 
When a pair of dice are rolled, 
what sum is most likely to appear? 


draw this hand. Because there are 4 suits, there are 4(!2) ways to draw 5 cards of the 
same suit. Thus 7(Z) = 4('3), The sample space S consists of all 5-card poker hands 
that can be drawn from a deck of 52 cards. There are (2) different poker hands, Thus 
n(S) = (2). The probability of a flush can now be calculated as follows. 


4 13 Number of ways to | 
P(E) = n(B) = 5 draw a flush | 
a(s) 52 Number of ways to draw 
5 any 5-card poker hand 


In FIGURE 11.22, we see that P(E) ~ 0.00198. Thus there is about a 0.2% chance of 
drawing 5 cards of the same suit (in one try) from a standard deck of 52 cards, 


| Now Try Exercise 37 | 


Independent Events 


Two events are independent if they do not influence each other, Otherwise they are 
dependent. An example of independent events would be one coin being tossed twice. 
The result of the first toss does not affect the second toss. The following shows how 
to calculate the probability of two independent events both occurring. 


If E, and E) are independent events, then 


| P(E, Ey) = P(E\)+ P(E). 


Tossing a coin 
Suppose a coin is tossed twice. Determine the probability that the result is two heads. 


SOLUTION Let £; be the event ofa head on the first toss, and let Ey be the event of a 


head on the second toss, Then P(Z,) = P(E) = 4 The two events are independent. 
The probability of two heads occurring is 


P(E, 0B) = P(E)» PU) = 5+ = : 


This probability of ; also can be found using a tree diagram, as shown in FIGURE 11.23. 


There are four equally likely outcomes. Tosses resulting in two heads occur once. 


| Now Try Exercise 27 ] 


Rolling dice 
What is the probability of rolling a sum of 12 with two dice? 


SOLUTION The roll of one die does not influence the roll of the other. They are 
independent events, To obtain a sum of 12, both dice must show a 6, Let E, be the 
event of rolling a 6 with the first die and Z, the event of rolling a 6 with the second 


die. Then P(E,) = P(Ey) = h, The probability of rolling a 12 is 
P(E, M Ey) = P(E,) + P(Ey) = 2+ 
This result can be verified by using TABLE 11.9. There is only | outcome out of 36 that 


results in a sum of 12. 


| Now Try Exercise 31 | 


11.6 Probability 953 


Conditional Probability and Dependent Events 


The conditional probability of an event E, is the probability that the event will occur, 
given the knowledge that event £; already occurred. For example, we might want 
to find the probability of attending college, given that graduating from high school 
already occurred. P(E), given E, occurred) is called the conditional probability of Ep, 
given FE). 

When events £, and E) are independent, P(Z), given that E, occurred) = P(E)), 
as event E; does not influence event Z>. For example, P(tossing heads given that the 
last toss was tails) is simply P(tossing heads) = L since two separate coin flips are 
independent events. However, we often use conditional probability to find the prob- 
ability of dependent events. 


If events E, and E, influence each other, they are dependent. The probability of 
dependent events both occurring is given as follows. 


If E, and E are oispehiant events, then 
PE 1M Ey) = P(E\)* P(E, given that E; occurred), | 


Drawing cards 


Find the probability of drawing two hearts from a standard deck of 52 cards when 
the first card is 
(a) replaced before drawing the second card, (b) not replaced. 


SOLUTION 

(a) With Replacement Let E, denote the event of the first card being a heart and E, 
the event of the second card being a heart. If the first card is replaced before the 
second card is drawn, the two events are independent. Since there are 13 hearts in 
a standard deck of 52 cards, the probability of two hearts being drawn is 

13. 13 1 
P(E, 1B) = PUB) PU) = = 7. 

Without Replacement If the first card is not replaced, then the outcome for the 
second card is influenced by the first card. Therefore the events By and E) are 
dependent and we need to find the conditional probability of £2, given ,. The 
probability of drawing a second heart, given that the first card is a heart, is P(E), 
given E, has occurred) = 7. That is, if the first card drawn were a heart and 
removed from the deck, then there would be 12 hearts in a sample space of 51 cards. 


(b 


~ 


12 _ 
P(E, N Ey) = P(E\) + P(E, given that E; occurred) = B, : 
52°51 «+417 
Thus the probability of drawing two hearts is slightly less if the first card is not 


replaced. 


Now Try Exorcise 61. 


EXAMPLE 11 Calculating the probability of dependent events 


TABLE 11,10 shows the number of students (by gender) registered for either a Spanish 
class or a French class. No student is taking both languages. 


French 


Females 25 45 
Males 25 65 
Totals 50 110 | 


TABLE 11.10 
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| Spanish | French | Totals 
Females| 20 _| 25 45 


fwntes [40 [25 | 65 | 
Frotis | ao | 50| 110 | 


TABLE 11.10 (Repeated) 


Tf one student is selected at random, calculate each of the following. 

(a) The probability that the student is female 

(b) The probability that the student is taking Spanish, given that the student is female 
(c) The probability that the student is female and taking Spanish 


SOLUTION 

(a) Let F represent the event that the student is female. Since 45 of the 110 students 
are female, P(F) = ih = %. 

(b) Let S be the event that the student is taking Spanish. The probability that the stu- 


dent is taking Spanish, given that the student is female, is P(S, given F) = x - 4, 


because 20 of the 45 female students are taking Spanish, 


(c) The probability that the student is female and taking Spanish is calculated by 
: _ 45: 20 2. 
P(F(Q S) = P(F) + P(S, given F) = 10°45 1 


TABLE 11,10 repeated in the margin shows that 20 of the 110 students are female 
and taking Spanish, Thus the required probability is aan = a which is in agree- 


ment with our previous calculation. 
Now Try Exercise 71 


Jo PN Aowbl Analyzing a polygraph test 


Suppose there is a 6% chance that a polygraph test will incorrectly say a person is 
lying when he or she is actually telling the truth. If a person tells the truth 95% of the 
time, what percentage of the time will the polygraph test incorrectly indicate a lie for 
this person? 


SOLUTION Let E, be the event that the person is telling the truth and E) be the 
event that the polygraph test is incorrect. Then 
P(E, 1 Ey) = P(E;) + P(Ey, given the person is telling the truth) 
= (0.95)(0.06) 
= 0.057, or 5.7%. 


Now Try Exercise 67 


ch ae 11.6 | Putting It All Together, It All Together 


CONCEPT 


Probability P A number P satisfying 0 = P < 1 P(E) = 1 indicates that an event E is certain 
to occur, P(E) = 0 indicates that an event E 
is impossible, and P(Z) = 0.3 indicates that 
an event £ has a 30% chance of occurring. 


Probability of an event | The probability of event E is The probability of rolling two dice and their 


n(E) sum being 3 is x. This is because there are 


n(S)’ 6 + 6 = 36 ways to roll two dice and only 2 


ways to roll a sum of 3. (They are | and 2 or 
where n(Z) and n(S) denote the number | 9 ang 1) 


of equally likely outcomes in E and S, 
respectively, 


P(E) = 


EXPLANATION 


Probability of a If Eand E£' are complementary events, 
complement then EQ) E' =O, EU E' =S, and 
P(E') = 1 — P(E). 


Probability of the The probability of EZ, or Ey (or 
union of two events both) occurring is P(E, U Ey) = 
P(E) + P(E)) — P(E, M Ep). 


Probability of Two events E, and Ey are independent if 
independent events they do not influence one another, 
P(E, 1 Ep) = P(E\) + P(E) 


Conditional The conditional probability of £ is the 
probability probability the event will occur, given that 
E, already occurred. 


P(E), given that £, occurred) 


Probability of Two events E, and E are dependent if 
dependent events they are not independent, 

P(E, 1 Ey) = 

P(E,) + P(E), given that £, occurred) 
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The probability of rolling a 6 with one die is 4 


Therefore the probability of not rolling a 6 is 
1 5 


l1-zs=¢ 


6 


If P(E\) = 0.5, P(Z)) = 0.2, and 
P(E, QM Ey) = 0.1, then 
P(E; U Ey) = 0.5 + 0.2 - 0.1 = 0.6, 


If E represents a head on the first toss of a 
coin and E, represents a tail on the second 
toss, then £, and £) are independent events 
and 


P(E, MN Ep) 


An example would be the probability of rain, 
given that it’s cloudy. 


Drawing two hearts without replacement from 
a standard deck of cards is an example of 
dependent events, See Example 10. 


11.6] Exercises 


Probability of an Event 
Exercises 1-8: Does the number represent a probability? 15, Randomly drawing a king from a standard deck of 
1, tt 2. 0.995 52 cards 
3, 2.5 4,1 16. Randomly drawing a club from a standard deck of 
52 cards 
5. 0 6. 110% 
17, Randomly guessing a four-digit ATM access code 
7. 0.375 82 a _ 
18, Randomly picking the winning team at a basketball 
Exercises 9-18: Find the probability of each event. game 


9, Tossing a head with a fair coin 


19, The following table shows people’s favorite pizza 


10. Tossing a tail with a fair coin toppings. 


11, Rolling a 2 with a fair die 
12, Rolling a 5 or 6 with a fair die 
13. Guessing the correct answer to a true-false question 


14, Guessing the correct answer to a multiple-choice 
question with five choices 


Source: USA Today. 
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(a) If a person is selected at random, what is the 
probability that pepperoni is not his or her favor- 
ite topping? 


(b) Find the probability that a person’s favorite top- 
ping is either mushrooms or sausage. 


20. (Refer to Example 2.) Find the probability that a 
transplant patient was waiting for the following. 
(a) A lung 


(b) A heart or a liver 


Union and Intersection 


Exercises 21-26: Find the union and the intersection of 
events A and B, 


21. A = {10, 25,26}; B= {25, 26,35} 


22, A = {100, 200, 300}; B = {100, 500, 1000} 
23, A= {1,3,5,7};B= {9,11} 

24, A = {2,4,6};B = {2,4,6,8} 

28. A = {Heads}; B = {Tails} 

26. A = {Rain}; B = {Norain} 


Probability of Compound Events 


Exercises 27-36: Find the probability of the compound event. 
27, Tossing a coin twice with the outcomes of two tails 


28. Tossing a coin three times with the outcomes of three 
heads 


29. Rolling a die three times and obtaining a 5 or 6 on 
each roll 


30, Rolling a sum of 7 with two dice 
31. Rolling a sum of 2 with two dice 
32. Rolling a sum other than 7 with two dice 


33, Rolling a die four times without obtaining a 6 


34, Rolling a die four times and obtaining at least one 6 


35. Drawing four consecutive aces from a standard deck 
of 52 cards without replacement 


36, Drawing a pair (two cards with the same value) from 
a standard deck of 52 cards without replacement 


37, Poker Hands (Refer to Example 7.) Calculate the prob- 
ability of drawing 3 hearts and 2 diamonds in a 5-card 
poker hand, Assume that drawn cards are not replaced 
and that the 5 cards are drawn only once. 


38. Poker Hands (Refer to Example 7.) Calculate the prob- 
ability of drawing 3 kings and 2 queens in a 5-card poker 
hand. Assume that drawn cards are not replaced and 
that the 5S cards are drawn only once. 


39, Quality Control A quality-control experiment involves 
selecting | string of decorative lights from a box of 20. 
If the string is defective, the entire box of 20 is rejected. 
Suppose the box contains 4 defective strings of lights, 
What is the probability of rejecting the box? 


40, Quality Control (Refer to Exercise 39.) Suppose 3 
strings of lights are tested. If any of the strings are 
defective, the entire box of 20 is rejected. What is the 
probability of rejecting a box if there are 4 defective 
strings of lights in the box? (Hint: Start by finding the 


probability that the box is not rejected.) 


41 


Entrance Exams A group of students is preparing 
for college entrance exams. It is estimated that 50% 
need help with mathematics, 45% with English, and 
25% with both. 

(a) Draw a Venn diagram representing these data, 


(b) Use this diagram to find the probability that a stu- 
dent needs help with mathematics, English, or both. 


(c) Solve part (b) symbolically by applying a prob- 
ability formula. 


42, College Classes In a college of 5500 students, 950 
students are enrolled in English classes, 1220 in busi- 
ness classes, and 350 in both. If a student is chosen at 
random, find the probability that he or she is enrolled 
in an English class, a business class, or both, 


43. Pinterest Categories The table shows the most 
popular Pinterest categories in a recent year and the 
percentage of total pins associated with them, Find 
the probability that a randomly selected pin will be 
as specified, 


Home 18% 
Arts/Crafts 11% 

11% 
Style/Fashion 11% 
Inspiration/Education 9% 
Holiday/Seasonal 4% 


Source: Analytics by RJ Metrics 
(a) In the Home category 
(b) In none of the categories in the table 


(c) In neither the Home nor the Style/Fashion 
category 


44, 


45 


41. 


48, 


49, 


50. 


Si, 


52. 


53. 


Death Rates In a recent year, the U.S. death rate per 
100,000 people was 838. What is the probability that 
a person selected at random died? (Source: Department 
of Health and Human Services.) 


Death Rates In a recent year, the death rate per 
100,000 females was 634. What is the probability 
that a person selected at random from this gender 
group died? (Source: Department of Health and Human 
Services.) 


Tossing a Coin Find the probability of tossing a coin 
n times and obtaining n heads. What happens to this 
probability as increases? Does this agree with your 
intuition? Explain. 


U.S. HIV In a recent year, a total of 679,590 people 
were living with an HIV diagnoses. The table lists 
HIV cases diagnosed in certain cities. Estimate the 
probability that a person diagnosed with HIV satis- 
fied the following conditions, 


New York 223,508 
San Francisco 44,422 
Miami 64,573 


Source: Department of Health and 
Human Services. 


(a) Resided in New York 
(b) Did not reside in New York 
(c) Resided in Los Angeles or Miami 


Rolling Dice Find the probability of rolling a die five 
times and obtaining a 6 on the first two rolls, a 5 on the 
third roll, and a 1, 2, 3, or 4 on the last two rolls. 


Rolling Dice (Refer to Example 5.) Two dice are 
rolled, Find the probability that the dice show either 
a pair or a sum of 6, 


Rolling Dice Two dice are rolled. Find the probabil- 
ity that the dice show a sum other than 7 or 11. 


Drawing Cards (Refer to Example 6.) Find the prob- 
ability of drawing a 2, 3, or 4 from a standard deck of 
52 playing cards. 


Drawing Cards Find the probability of drawing two 
cards, neither of which is an ace or a queen. 


Unfair Die Suppose a die is not fair, but instead the 
probability P of each number n is as listed in the 
table. Find the probability of each event. 


n{/ivl2[3[4][s|[o| 
P [ot fo1[os | 02 [02/03 
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(a) Rolling a number that is 4 or higher 
(b) Rolling a 6 twice on consecutive rolls 


54, Unfair Coin Suppose a coin is not fair, but instead 
the probability of obtaining a head (H) is ; and a tail 
(T) is i What is the probability of each event? 
(a) HT (b) HH 


(c) HHT (d) THT 


55, Dice Suppose there are two dice, one red and one 
blue, having the probabilities shown in the table in 
Exercise 53. If both dice are rolled, find the probabil- 
ity of the given sum. 


(a) 12 (b) 11 


56. Garage Door Code The code for some garage door 
openers consists of 12 electrical switches that can be set 
to either 0 or | by the owner. Each setting represents a 
different code. What is the probability of guessing some- 
one’s code at random? (Source: Promax.) 


57, Lottery To win a lottery, a person must pick three 
numbers from 0 to 9 in the correct order. If a number 
may be repeated, what is the probability of winning 
this game with one play? 


58. Lottery To win the jackpot in a lottery, a person 
must pick five numbers from | to 59 and then pick 
the powerball, which has a number from | to 35. If 
the numbers are picked at random, what is the prob- 
ability of winning this game with one play? 


59, Marbles A jar contains 22 red marbles, 18 blue 
marbles, and 10 green marbles. If a marble is drawn 
from the jar at random, find the probability that the 
color is the following. 


(a) Red (b) Not red 


(c) Blue or green 


60. Marbles A jar contains 55 red marbles and 45 blue 
marbles. If 2 marbles are drawn from the jar at ran- 
dom without replacement, find the probability that 
the marbles satisfy the following. 


(a) Both are blue (b) Neither is blue 


(c) The first marble is red and the second marble is 
blue 


Conditional Probability and Dependent Events 


61. Drawing a Card Find the probability of drawing a 
queen from a standard deck of cards given that one card, 
aqueen, hasalready been drawn and not replaced. 


62. Drawing a Card Find the probability of drawing a 
king from a standard deck of cards given that two 
cards, both kings, have already been drawn and not 
replaced. 


63. 


64, 


65, 


66 


67 


68, 


69 


70 


71 


72. 
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Drawing a Card A card is drawn from a standard 
deck of 52 cards. Given that the card is a face card, 
what is the probability that the card is a king? (Hint: 
A face card is a jack, queen, or king.) 


Drawing a Card Three cards are drawn from a deck 
without replacement. Find the probability that the 
three cards are an ace, king, and queen in that order, 


Drawing Marbles A jar initially contains 10 red 
marbles and 23 blue marbles. What is the probability 
of drawing a blue marble, given that 2 red marbles 
and 4 blue marbles have already been drawn? 


Tennis Serve The probability that the first serve of a 
tennis ball is out of bounds is 0.3, and the probability 
that the second serve of a tennis ball is in bounds, 
given that the first serve was out of bounds, is 0.8. 
Find the probability that the first serve is out of 
bounds and the second serve is in bounds. 


Cloudy and Windy The probability of a day being 
cloudy is 30%, and the probability of it being cloudy 
and windy is 12%, Given that the day is cloudy, what 
is the probability that it will be windy? 


Rainy and Windy The probability of a day being 
rainy is 80%, and the probability of it being windy 
and rainy is 72%, Given that the day is rainy, what is 
the probability that it will be windy? 


Rolling Dice Two dice are rolled. If the first die 
shows a 2, find the probability that the sum of the 
dice is 7 or more. 


Rolling Dice Three dice are rolled. If the first die 
shows a 4, find the probability that the sum of the 
three dice is less than 12. 


Defective Parts The table shows numbers of auto- 
mobile parts that are either defective or not defective. 


Type A | TypeB Totals | 


Defective 7 rr 18 | 
Not defective 123 94 217 
| Totals 130 105 235 


If one part is selected at random, calculate each of the 
following. 
(a) The probability that the part is defective 


(b) The probability that the part is type A, given that 
it is defective 


(c) The probability that the part is type A and 
defective 

Health The table at the top of the next column shows 

numbers of patients with two different diseases by 

gender. (Assume that a person does not have both 

diseases.) 


Disease A | Disease B Totals 


Females 145 851 996 
Males 256 355 6ll 
Totals 401 1206 1607 


If one patient is selected at random, find the prob- 
ability that the patient is female and has disease B. 


73. Prime Numbers Suppose a number from | to 15 
is selected at random. Find the probability of each 
event. 

(a) The number is odd 


(b) The number is even 


(c) The number is prime (Hint: A natural number 
greater than | that has only itself and | as factors 
is called a prime number.) 


(d) The number is prime and odd 
(e) The number is prime and even 


74, Students and Classes (Refer to Example !1,) If one 
student is selected at random, use TABLE 11,10 to cal- 
culate each of the following, 

(a) The probability that the student is male 


(b) The probability that the student is taking French, 
given that the student is male 


(c) The probability that the student is male and tak- 
ing French 


Writing about Mathematics 


75, Critical Thinking What values are possible for a 
probability? Interpret different probabilities and give 
examples, 


76. Critical Thinking Discuss the difference between 
dependent and independent events, How are their prob- 
abilities calculated? 


Extended and Discovery Exercises 


Exercises 1 and 2: Antibiotic Resistance Because of the 

Srequent use of antibiotics in society, many strains of bacte- 

ria are becoming resistant, Some types of haploid bacteria 

contain genetic material called plasmids. Plasmids are 

capable of making a strain of bacterium resistant to antibi- 

otic drugs. Genetic engineers want to predict the resistance 
of various bacteria after many generations. 


oe 1. Suppose a strain of bacterium contains two plasmids 
Z R, and Ro, Plasmid R, is resistant to the antibiotic 
ampicillin, whereas plasmid > is resistant to the anti- 
biotic tetracycline. When bacteria reproduce through 
cell division, the type of plasmids passed on to each 
new cell is random. For example, a daughter cell could 
have two plasmids of type R, and no plasmid of type 


Ry, one of each type, or no plasmid of type R, and 
two plasmids of type Ro. The probability P,; that 

( a mother cell with k plasmids of type R, produces a 
daughter cell with j plasmids of type R, can be calcu- 
lated by the formula 


ee 
mo 


(Source: F. Hoppensteadt and C. Peskin, Mathematics in 
Medicine and the Life Sciences.) 
(a) Compute P,; for O=k, j $2. Assume that 
6) = 1 and = 0 whenever k <j. Record 
your results in the matrix 


Po Po Por 
P=] Pio Pu Pr | 
Po Pa Px 


(b) Which elements in P are the greatest? Interpret 
the result. 


A 2. (Continuation of Exercise 1.) The genetic makeup of 
future generations of the haploid bacterium can be 
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modeled using matrices. Let A = [ay, a, aj] bea 1 x 3 
matrix containing three probabilities. The value of aj is 
the probability that it has two R, plasmids and no Ry 
plasmid; a is the probability that it has one R, plasmid 
and one R, plasmid; a, is the probability that it has no 

R, plasmid and two R, plasmids. If an entire genera- 

tion of the bacterium has one plasmid of each type, then 

A, = (0, 1, 0]. In this case the bacterium is resistant 

to both antibiotics. The probabilities A, for plasmids 

R, and R, in the nth generation of the bacterium 

can be calculated with the matrix recurrence equation 

A, = A,—,P, where n > | and P is the 3 X 3 matrix 

determined in Exercise 1. The resulting phenomenon 

was not well understood until recently. It is now used in 
the genetic engineering of plasmids. 

(a) If an entire strain of the bacterium is resistant to 
both the antibiotics ampicillin and tetracycline, 
make a conjecture as to the drug resistance of 
future generations of this bacterium. 


B (b) Test your conjecture by repeatedly computing the 
matrix product A, = A,-1P. Let A; = [0, 1, 0] 
and n = 2, 3,..., 12. Interpret the result. (It may 
surprise you.) 


( CHECKING BASIC CONCEPTS FOR SECTIONS 11.5 AND 11.6 


1, Use mathematical induction to prove that 
4+8+ 124+ 16+ °°' + 4n = 2ntn + 1). 


2. Use mathematical induction to prove that n? = 2” 
for n = 4, 


3. Find the probability of tossing a coin four times and 
obtaining a head every time. 


4, Find the probability of rolling a sum of 11 with two 
dice. 


Section 11.1 Sequences 


5. Find the probability of drawing four aces and a queen 
from a standard deck of 52 cards. 


6. Electronic Waste Worldwide electronic waste is 
increasing at about 40 million tons per year, with 
China producing 2.6 million tons per year. Estimate 
the probability that a given ton of electronic waste is 
not produced by China. (Source: EPA) 


Sequences An infinite sequence is a function whose domain is the natural numbers. Its graph 
is a scatterplot. 
Example: a, = hi? — 2; the first 4 terms ay, ay, 43, ag are as follows. 
1 
( a, =$(1P -2=-3, a =3Q%-2=0 
a, = $37 -2=3, dy = 34 - 2 = 6 
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Section 11.1 Sequences (CONTINUED) 


Arithmetic Sequence Recursive Definition: 
Gy = My-, + d, where d is the common difference 


Function Definition: 
f(a) = dn + ¢, or equivalently, f(7) = a + d(n — 1), where a, = f(n) and dis 
the common difference 


Example: 4, = a,-, + 3,a, = 4 and f(n) = 3n + 1 describe the same sequence. 
The common difference is d = 3. The terms of the sequence are 


4, 7, 10, 13,16, 19, 22) vss 


Geometric Sequence Recursive Definition: 
My, = 1,—1, Where r is the common ratio 


Function Definition: 
f(n) = er""', where ¢ = a, and ris the common ratio 


Example: a, = —2d,-1, 4; = 3 and f(n) = 3(—2)""! describe the same sequence, 
The common ratio is r = —2. The terms of the sequence are 


3, —6, 12, —24, 48, —96, 192,.... 


Section 11.2 Series 


Series A series is the summation of the terms of a sequence. 
Examples: ppaeie de ewg el pee 
bo 2° 4" 21 


5 
D2k=24+44+64+8 + 10 
1 


Arithmetic Series Finite Arithmetic Series: 


n 


Sa = 4 Fgh Gy de" bagi, 
k=l 


where a, = dk + ¢ for some constants ¢ and d and d is the common difference. 
Summing the terms of an arithmetic sequence results in an arithmetic series. 


Sum of the First n Terms: 


+ 
Sy = n( A=) or S, = 5 ay + (n — 1d) 


Example: The series 4 + 7 + 10 + 13 + 16 + 19 + 22 is defined by 
a, = 3k + 1, Its sum is S7 = 7(4+,22) = 91, 


‘ONCEP" 
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Section 11.2 Series (CONTINUED) 


Geometric Series 


Section 11.3 Counting 


Fundamental Counting 
Principle 


Factorial Notation 


Permutations 


Combinations 


Infinite Geometric Series: 


DH=AU+ Ht atert+a te, 
k= 


where a, = ay! for some nonzero constants a, and r. 
Summing the terms of a geometric sequence results in a geometric series. 


Sum of First n Terms: 
-;" : 7 : + 
Sy = a(t=), where a is the first term and r is the common ratio 


Example: The series 3 + 6 + 12 + 24 + 48 + 96 has a; = 3 andr = 2. 
Its sum is Sg = 3(1=3) = 189. 


Sum of Infinite Geometric Series: 
a 


S = 7 if |r| < 1. The sum S does not exist if |r] = 1. 


Example: 4+ 1 th¢tgdsee has sum S = 


Let E; and E be independent events. If event E, can occur my, ways and if event E, 
can occur mm ways, then there are my * m ways for both events to occur. 


Example: — If two multiple-choice questions have 5 choices each, then there are 
5+ 5 = 25 ways to answer the two questions. 


al = nv — 1m — 2) +++ B)(2)0) 
Examples: O!= 1; I!=1; S!=5+4+3+2+1= 120 


! . 
P(u,r) = Go represents the number of permutations, or arrangements, of 
nelements taken r at a time. Order is important in calculating a permutation. 


Bhat, AD 


Example: (5, 3) = a ee a 60 


! . . 
C(n, r) = (") = @= a represents the number of combinations of n elements 
taken r at a time, Order is unimportant in calculating a combination. 


10 


! 
Example: —C(5, 3) (;) a = 


3 (5 — 3)I3! 2-6 
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Section 11.4 The Binomial Theorem 


Binomial Theorem 


Pascal's Triangle 


(a+ by'= (‘Jen + (‘ert Sg ( “i ao + (")or 
0 1 n-1 n 


wty ts yt + 4x3y +. oxy? a 4xy? cd iy4 
The coefficients can also be found in the fifth row of Pascal’s triangle. 


Example: 


Pascal’s triangle can be used to calculate the binomial coefficients when expanding 
the expression (a + b)". 


Section 11.5 Mathematical Induction 


Principle of 
Mathematical 
Induction 


Section 11.6 Probability 
Probability 


Compound Events 


Let S,, be a statement concerning the positive integer 7, Suppose that 
1, S; is true; 
2. for any positive integer x, if S;, is true, then S,,, is also true, 


Then S, is true for every positive integer 7. 


_ n(E) 
P(E) = a(S)” 


ber of equally likely outcomes in the finite sample space S. Note that 0 = P(E) S 1, 


where #(Z) is the number of outcomes in event E and (S$) is the num- 


Probability of either £, or Ey (or both) occurring: 
P(E, U Ep) = P(E\) + P(E2) — P(E; N Ey) 
If E, and Ey are mutually exclusive, then Ey QE, = @ and 
P(E, U Ey) = P(E\) + P(E). 


Probability of both E, and E, occurring: 
If E, and E) are independent, then 


P(E, Q Ey) = P(E\) + P(E). 
If £,; and E are dependent, then 
P(E, M Ey) = P(E;) + P(E), given that E; occurred), 


where P(E), given that E, occurred) is called the conditional probability of 
event £, given Ey. 


ee ae ee 


Exercises 1-4: Find the first four terms of the sequence. 
1. a, = —3n + 2 


2 a,=r+n 
3. dy = 2dy-1 + Lea, = 0 
4. dy = Aya + Ady = 1, a) = 4 


Exercises 5 and 6; Use the graphical representation to iden- 
tify the terms of the finite sequence, 


5. ay, 6. a, 


Herne tuanrn 


01234567 


Exercises 7 and 8: The first five terms of an infinite arithme- 
lic or geometric sequence are given, Find 


(a) numerical, — (b) graphical, and (¢) symbolic 


representations of the sequence. Include at least the first 
eight terms of the sequence in your table and graph. 


Ta: 8s. yer 35 
8, 1,5, -3, 6, -12, 24 


9, Find a general term a, for the arithmetic sequence 
with a, = —-3 andd= 4. 


10, Find a general term a, for the geometric sequence with 
a = 2,5 and ag = —80. 


Exercises 11-14: Determine if the sequence is arithmetic, 
geometric, or neither. 


11, f(n) = 5 - 2n 
13, f(n) = 3(2)" 


12. f(n) = 3n? 
14, fi) =n + 4)" 


Exercises 15 and 16; For the given a, calculate Ss. 
15. a, =4n +1 16. a, = 3(4)""! 


Exercises 17-20; Use a formula to find the sum of the series, 
17, -2+14+4+7+ 10+ 13 + 16+ 19 + 22 


18, 2+4+6+8+"'* +98 + 100 
19, 1 +349 +27 + 81 + 243 + 729 + 2187 
20, 64+ 16+44+14+4h 44 
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Exercises 21 and 22; Find the sum of the infinite geometric 
series, 


oar ne ee ee ae ae 
2164-3 +5 -a7 + a7 - at 
22, 0.2 + 0.02 + 0.002 + 0.0002 + 0.00002 + *' 


Exercises 23 and 24: Write out the terms of the series. 


24, se — k?) 
c=1 


Exercises 25 and 26: Write the series using summation 
notation. 


2,3 4+234+34 44946 


23, 35k +1) 
a 


Mi ie co bet tee Dn tay SL 
26. 1 + 79 + joo + joo0 * 0,000 


Exercises 27 and 28; Use a formula to find the sum of the 
Jirst 30 terms of the arithmetic sequence. 


27. a = 5,d = -3 28. a, = —2, a9 = 16 
29, Write 2 as an infinite geometric series, 
30, Write the infinite series 

0.23 + 0.0023 + 0,000023 + '** 


as a rational number, 


Exercises 31 and 32; Evaluate the expression. 
31, P(6, 3) 32. C(7, 4) 


Exercises 33 and 34: Use mathematical induction to prove 
that the statement is true for every positive integer. 


3314345474 4+ Qn-D=v 
34,2422 + 234+ 0++42" = 2(2" - 1) 


Exercises 35 and 36: Find the probability of each event. 
35, A 1, 2, or 3 appears when a die is rolled 


36, Tossing three heads in a row using a fair coin 


Applications 


37, Standing in Line In how many arrangements can 
five people stand in a line? 


38, Giving a Speech How many arrangements are pos- 
sible in which 4 students out of a class of 15 each give 
a speech? 


39, Exam Questions Count the ways that an exam, 
consisting of 20 multiple-choice questions with four 
choices each, could be answered, 
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40. 


Al, 


42, 


43, 


44, 


45, 


46. 


47, 


3, 
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License Plates Count the different license plates hav- 
ing four numeric digits followed by two letters. 


Combination Lock A combination lock consists of four 
numbers from 0 to 49. If a number may be repeated, 
find the number of possible combinations. 


Dice A red die and a blue die are rolled, How many 
ways are there for the sum to equal 4? 


Height of a Ball When a Ping-pong ball is dropped, 

it rebounds to 90% of its initial height. 

(a) Write the first five terms of a sequence a, that 
gives the maximum height attained by the ball 
on each rebound when it is dropped from an 
initial height of 4 feet. Let a; = 4. What type of 
sequence describes these maximum heights? 


() 


Give a graphical representation of this sequence 
for the first five terms. 


(c) Find a formula for a, 


Falling Object If air resistance is ignored, an object 
falls 16, 48, 80, and 112 feet during each successive 
|-second interval. 

(a) What type of sequence describes these distances? 


(b) Determine how far an object falls during the sixth 
second, 


(c) Find a formula for the nth term of this sequence. 


Committees In how many ways can a committee of 
three be selected from six people? 


Committees Find the number of committees with 
three women and three men that can be selected from 
a group of seven women and five men. 


Test Questions On a test with 10 essay questions, 
students are asked to answer 6 questions, How many 
ways can the essay questions be selected? 


| 


; 


. Write 34,500 in scientific notation and 1.52 < 10~4 in 


standard form. 


‘ aaa, 
Evaluate > Wit 


nearest hundredth. 


Round your answer to the 


Find the exact distance between (—4, 2) and (1, —2). 


48. Binomial Theorem Use the binomial theorem to 


49, 


50. 


51 


52, 


53 


expand the expression (2x — y)*, 


Quality Control A quality-control experiment involves 
selecting 2 batteries from a pack of 16. If either battery 
is defective, the entire pack of 16 is rejected. Suppose a 
pack contains 2 defective batteries. What is the prob- 
ability that this pack will not be rejected? 


Venn Diagram Of a group of 82 students, 19 are 
enrolled in music, 22 in art, and 10 in both, 
(a) Draw a Venn diagram representing these data. 


(b) Use this diagram to determine the probability that 
a student selected at random is enrolled in music, 
art, or both. 


(c) Solve part (b) symbolically by applying a probabil- 
ity formula, 


Marbles A jar contains 13 red, 27 blue, and 20 green 
marbles. If a marble is drawn from the jar at random, 
find the probability that the marble is the following. 
(a) Blue 


(b) Not blue 
(c) Red 


Cards Find the probability of drawing 2 diamonds 
from a standard deck of 52 cards without replacing the 
first card. 


Insect Populations The monthly density of an insect 
population, measured in thousands per acre, is described 
by the recursive sequence 


2ay-1 
1 + (a,-1/4000)’ 
Use your calculator to graph the sequence in the 
window [0, 16,1] by [0, 5000, 1000]. Include the 


first 15 terms and discuss any trends illustrated by 
the graph. 


a = 100; a, ne I, 


. Graph f. 


(a) f(x) = 4x — 2 
(c) f(x) = x? + 2x 


1 
e+ 2 


(g) f(x) = logy x 


(b) f(x) = |2x - 1| 
@ f(xy) = Vx-1 


() fa) =x -2 


©) fQ) = 


(nh) f(x) = 3(4)* 


Exercises 5 and 6: Complete the following. 


(a) Evaluate f(—3) and f(a + 1). 
(b) Determine the domain of f. 


5. 


1, 


8. 


f(y) = Vi-x 6. fay 
Find the average rate of change of f(x) = wir 4 


from x = -2tox = —-l. 


Find the difference quotient for f(x) = x? — 3x. 


Exercises 9 and 10; Write an equation of a line satisfying 
the conditions. Use slope-intercept form whenever possible. 


9. 
10. 


11, 


13, 


Passing through (2, —4) and (—3, 2) 


Passing through the point (—1, 3) and perpendicular 
to the line y = -iy el 


The graph of a linear function f is shown. 
(a) Identify the slope, y-intercept, and x-intercept. 


(b) Write a formula for f. 


(c) Find any zeros of f. 


. Determine the x- and y-intercepts on the graph of 


—3x + 4y = 12. Graph the equation, 


Solve each equation, 

(a) 4x — 2) +1 = 3 - 4Qx + 3) 
(b) 6x? = 13x + 5 (ce) x7 -x-3=0 
@) wtxr=4x4+4 (e) x4 - 4x7 +3=0 


14 
x3 ek’ 


) () 3e*-5 = 23 


(h) 2log(x + 1)-1=2 
(i) x+34+4=x+4+1 


@ [3x - 1] =5 


14. 


15, 


lo. 


17. 


18. 


19. 
20. 
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Solve each inequality. Write your answer in set-builder 
or interval notation. 


(a) 3x -S<x+1 (b) x2 - 4x -5 <0 


(c) (x + D@& - 2) — 3) > 0 


(d) me <0 


(© |3x - 5| <4 
xl 


Be VON an 
Cae es | 


@ |4-x|>0 3 5 


Graph f. Is f continuous on its domain? 
2x+3 if -3sx<-l 
f(x) = 4 x? if -l<x<1 
=x f fans3 


Solve —2.3x + 3.4 = V2x? — 1 graphically. Round 
your answers to the nearest tenth. 


The graph of a nonlinear function f is shown. Solve 
each equation or inequality. Write the solution set 
to each inequality in set-builder or interval notation. 


(b) f(x) > 0 


(a) f(x) = 0 (©) f(x) = 0 


Write f(x) = 3x? + 24x + 43 in the vertex form 
given by f(x) = a(x — h)? +k. 


Find the vertex on the graph of f(x) = —3x?+ 9x +1. 


Use the given graph of y = f(x) to sketch a graph of 
each equation. 
(@) y=f- I) +2 


(©) »y = -fQ) 


() y =3f@) 
@ y = fQx) 
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21. Use the graph of f to estimate each of the following. 


22, 


23, 


24, 


25, 


26, 


27, 


28, 


29. 


30, 


(a) Intervals where f is increasing or decreasing 
(b) The zeros of f 
(c) The coordinates of any turning points 


(a) Any local extrema 


Determine if the function defined by f(x) = x — Sx 
is even, odd, or neither. 


Divide each expression, 


x4 Qn? + 1 


(a) 6. 2x4 - 3x3 — x +2 
2x? 


() #b A 

A degree 4 function f has zeros —2, —1, 1, and 2 and 
leading coefficient 6. Write the complete factored 
form of f(x), 


A degree 3 function f with real coefficients has lead- 
ing coefficient 3 and zeros —1 and 3/, Write f(x) in 
complete factored form and expanded form, 


Write (2 — i)(2 + 3/) in standard form. 

Find all nonreal complex solutions to the quadratic 
equation x? + 2x + 5 = 0. 

2x S$ 


State the domain of f(x) = <->. Find any vertical 
or horizontal asymptotes for the graph of f. 


Write W/(x + 1° using rational exponents, Evaluate 
the expression for x = 31. 


Use the tables to evaluate each expression, if possible. 


xfo[1]2]3 xfo[1]2]3 
fol if2f4a]s] few] [3 [2 
(a) (Ff — s)(1) 
(b) (f/g)2) 


(©) (g°f)(3) 
@) (go f-'\(5) 


31. 


33, 
34, 


35, 


36. 


37, 


38. 


39, 


40. 


» Let f(x) = x 1 and g(x) = x? + x 


Use the graphs of f and g to complete the following, 


y 


(a) (Ff + 82) 
(©) (ge f)(l) 


(b) (fg)(0) 
(a) (g!° f)(-2) 
4. Find each 


of the following. 


(a) (f — g)(0) 
(©) (fg)(x) 
Find f~'(x) if f@) = 


(b) (g2 f\(-1) 
@) (g°f\Q) 


x 
xe T° 


Graph f(x) = x* - 1, y = x, and y = f7'(x) on the 
same axes, 


Find either a linear or an exponential function f that 
models the data in the table, 


| «[o]i| 2] 3] 


fo) | 2 | 6 | 18 | 54 


There are initially 1000 bacteria in a sample, and the 

number doubles every 2 hours, 

(a) Find C and a so that f(y) = Ca* models the 
number of bacteria after x hours, 


(b) Estimate the number of bacteria after 5.2 hours, 
(c) When are there 9000 bacteria in the sample? 


Five hundred dollars is deposited in an account that 
pays 6% annual interest compounded quarterly, Find 
the amount in the account after 15 years, 


Simplify each logarithm by hand, 


(a) loga7¢ (b) log V10 
(c) Ine! (d) logy 2 + logy 32 


Find the domain and range of each function f. 
(a) fy) =x? - 2x41 


(b) f(x) = 10° (ce) fix) = Inx 
1 
@) f(x) = Pi 


Expand the expression log \/ * Hy 1 


41. 


42, 
43, 


44, 
45. 


46. 


47. 
48. 
49. 


50. 


51, 


52. 


53. 


54, 
55, 


56. 
57, 


Write 2logx + 3logy — dog z as a logarithm of a 
single expression. 


Approximate log, 52 to three decimal places. 


Graph y = f(x). 
(a) f(x) = csex 


(b) f(x) = -2sin dx 

(c) f(x) = 3cos (2(x - 2)) 

(@) f(x) = tan (rx) 

Find the domain of f(x) = sec 2x. 


Solve each equation for all real numbers ¢, 


(a) cost = Be (b) tan?s- 1 =0 


(c) sin2¢+4sin¢=0  (@) cos2¢ = -1 


Find the complementary angle a and the supplemen- 
tary angle B to 54°35'12". 


Convert 5.54° to degrees, minutes, and seconds, 
Convert 135° to radians. 

Convert an radians to degrees. 

Approximate cot a to the nearest hundredth. 


Find the values of the six trigonometric functions of 
an angle @ in standard position having its terminal 
side pass through the point (—7, 24). 


Find the exact values of the six trigonometric func- 
tions of 0 = =. 


Find the values of the six trigonometric functions of 
0 if cosd = —¢ and cosé < 0. 


Evaluate cos! (4). 


Solve the right triangle shown in the figure. 


Simplify (sec ¢ — 1)(sec ¢ + 1). 


Verify the identity. 
1 — sin?@ + cot? — sin?@ cot?@ = cot?@ 


. Solve 2 sin 2x = In x graphically for 0 = x < 27. 


. Solve triangle ABC. Approximate values to the near- 


est tenth. 
(a) B = 42°,y = 31°,a = 22 


60. 


61. 


62. 


63. 


64, 
65, 


66. 


67. 


68. 


69. 


70. 


71. 
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(b) y = 50°,.c=7,b=8 
() a= 44,b=7,c=8 
(@) a= 10,b = Il,e = 12 


Find the area of a triangle with a = 30°, b = 15 feet, 
and c = 20 feet. 


Let a =(3, —4) and b =(—5, 12) . Find the following. 
(a) lal (b) 4b — 2a 


(c) atb (d) The angle between a 


and b 


Graph the parametric equations x =2 cos/, y =2 sin¢ 
for0 S¢ 5 27. 


Graph the polar equation given by r = | + sin@ for 
050< 27. 


Find the two square roots of —16i/. 


Solve the system of equations. 
(a) vt3y= 4 (b) -2x+4y= 1 
2x — Sy = -12 4xn- y=-2 
() x+y? = 16 @) x+y-2z= -6 
2x? — y? = 11 2x — yp — 3¢— -18 
3y- z= 6 


The variable z varies inversely as the square of x. If 
z = 8 when x = S50, find z when x = 36. 


Graph the solution set to each inequality or system 
of inequalities. 


(a) -2x + 3y <6 (b) x+ ps4 
F- 2S 6 
Find 24 + Band AB if 
=f 0.2 15 1 
A= 1-3 1 and B=|-2 2 14. 
0 -3 4 0; 2 


Find A! if A = & ak 


Solve by using A!. 
x- y-2z= 5 
—x + 2y + 3z = -7 


ay+ z=-2 
Calculate the determinant of each matrix. 
oa 2 3-1 
(a) | 2 ‘| @)|3 =-1 5 
0 oO -2 


712. 


x 
w 


74 


75: 


16 


71 


78. 
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Sketch a graph of each equation, Label any foci. 


(a) y? = 2x ) Stir! 


25 
(c) 9x? — 18x + 4y? + 16p + 25 = 36 


@+1y G-y _ 


16 9 


(a) 
Find an equation of a parabola with vertex (0, 0) and 
focus (3, 0). 


Find an equation of an ellipse with vertices (+3, 1) 
and foci (+2, 1). 


Find an equation of a hyperbola with foci (0, +13) 
and vertices (0, +5). 


Find the first four terms of each sequence. 


(a) 4a, = (-1)""1(3)" 
(D) dy = n= 14y-25 A = 25, = 3 


Find a general term for the arithmetic sequence given 
that a, = 4 and a3 = 12. 


Find a general term for the geometric sequence given 


that a. = 6andr = 5. 


. Use a formula to find the sum of each series, 


(at) 2+54+8+1l +5 +74 
(b) 0.2 + 0.02 + 0,002 + 0,0002 + °° 
Find the sum DJ- (2 + 4). 


Count the number of license plates that can be formed 
by three letters followed by four digits. 


. Evaluate P(4, 2) and ($). 
. Expand (2x — 1), 


Use mathematical induction to show that 


S+H74+94+ 11 + °°°+ Qn +3) =n + 4). 


Find the probability of drawing a heart or an ace 
from a standard deck of 52 cards. 


Find the probability of rolling a sum of 7 with two dice. 


A number from | to 20 is drawn at random, Find the 
probability that the number is prime. 


The probability of a day being cloudy is 40%, and 
the probability of it being cloudy and windy is 15%, 
Given that the day is cloudy, what is the probability 
that it will be windy? 


Applications 


89, 


Distance At noon, car A is traveling north at 50 miles 
per hour and is located 30 miles north of car B. Car B 
is traveling east at 50 miles per hour. Approximate 


90. 


91 


92. 


93. 


94, 


95. 


96. 


97 


98, 


99, 


the distance between the cars at 1:45 P.M, to the near- 
est tenth of a mile. 


Distance from Home A driver is initially 240 miles 

from home, traveling toward home on a straight 

interstate at 60 miles per hour. 

(a) Write a formula for a linear function D that 
models the distance between the driver and home 
after x hours. 


b 
(c) 
@ 


~ 


What is an appropriate domain for D? 


Graph D, 


YS 


Identify the x- and y-intercepts. Interpret each, 


Running An athlete traveled 10.5 miles in 1,3 hours, 
jogging at 7 miles per hour and 9 miles per hour. How 
long did the athlete run at each speed? 


Average Rate of Change The total distance D in feet 

traveled by a racehorse after ¢ seconds is given by 

D() = 3? for0O<1s5, 

(a) Find the average rate of change of D from 0 to | 
and 3 to 4. 


(b) Interpret these average rates of change. 


Working Together Suppose one person can mow 
a lawn in 5 hours and another person can mow the 
same lawn in 4 hours. How long will it take to mow 
the lawn if they work together? 


Maximum Height A stone is shot upward with a 
slingshot. Its height s in feet after ¢ seconds is given by 
s() = -16/? + 96/ + 4. Find its maximum height. 


Airline Tickets Tickets for a charter flight are regu- 

larly $400, but for each additional ticket bought the 

cost of each ticket is reduced by $5, 

(a) Write a quadratic function C that gives the total 
cost of buying x tickets. 


(b) Solve C(x) = 7000 and interpret the result. 


(c) Find the absolute maximum for C and interpret 
your result. Assume that x is an integer, 


Dimensions of a Rectangle A rectangle has a perim- 
eter of 48 inches and an area of 143 square inches. 
Find its dimensions. 


Satellite Dish A parabolic satellite dish has a 3-foot 
diameter and is 6 inches deep. How far from the vertex 
should the receiver be so that it is located at the focus? 


Bouncing Ball A Ping-pong ball is dropped from 
4 feet. Each time the ball bounces, it rebounds to 75% 
of its previous height, Use an infinite geometric series 
to estimate the fotal distance that the ball travels 
before coming to rest on the floor, 


Marbles A jar contains 15 red, 28 blue, and 34 green 
marbles. If a marble is drawn at random, find the 
probability that the marble is not blue. 


Reference: 


Basic Concepts from 
Algebra and Geometry 


T hroughout the text there are algebra and geometry review notes that direct 
students to “see Chapter R.” This reference chapter contains seven sections, 
which provide a review of important topics from algebra and geometry. Students 
can refer to these sections for more explanation or extra practice. Instructors can 
use these sections to emphasize a variety of mathematical skills. 


Formulas from Geometry 


« Use formulas for shapes in 5 ‘ 
aplane Geometric Shapes in a Plane 
« Find sides of right 


This subsection discusses formulas related to rectangles, triangles, and circles. 
triangles by applying the 


( , Pythagorean theorem Rectangles The distance around the boundary of a geometric shape in a plane is 
* Apply formulas to three- called its perimeter. The perimeter of a rectangle equals the sum of the lengths of 
dimensional objects its four sides. For example, the perimeter of the rectangle shown in FIGURE R.1 is 
« Use similar triangles to 5+4+5+4 = 18 feet. The perimeter ” of a rectangle with length L and width W 
solve problems . isP = 2L + 2W. 
Rectangle 
L=5 
sft 
4ft 4ft 
w=4 
sft 
FIGURE R.1 


The area 4 of a rectangle equals the product of its length and width: 4 = LIV. 
So the rectangle in FIGURE R.1 has an area of 5 + 4 = 20 square feet. 

Many times the perimeter or area of a rectangle is written in terms of variables, 
as demonstrated in the next example. 


| EXAMPLE 1 Finding the perimeter and area of a rectangle 


( ) The length of a rectangle is three times greater than its width. If the width is x inches, 
write expressions that give the perimeter and area. 


R-1 
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3x 
a eae r 
3x 
FIGURE R.2 
Triangle 
b 
FIGURE R.3 
EXAMPLE 2 
Circle 
C=2nr 
A=ar 
FIGURE R.4 


Pythagorean Theorem 


FIGURE R.5 


SOLUTION The width of the rectangle is . inches, so its length is 3 inches, A sketch 
is shown in FIGURE R.2. The perimeter is 


P=2L 4+ 2iV 
= 2Gx)_+ 2(x) 


= 8x inches, Write the length in 


The area is A = LW = 3x+ x = 3x2 square inches. terms of the width. 


Now Try Exercise 7 


Triangles Ifthe base of a triangle is b and its height is /, as illustrated in FIGURE R.3, 
then the area A of the triangle is given by 


I 
A = =bh. 
2 


Finding the area of a triangle 


Calculate the area of the triangle. 


8 ft 


SOLUTION The triangle has a base of 8 feet and a height of 5 feet. Therefore its area is 


1 
2" 8 +5 = 20 square feet. 


Now Try Exercise 11 


Circles The perimeter of a circle is called its circumference C and is given by 
C = ivr, where r is the radius of the circle. The area A of a circle is 4 = wy’. See 
FIGURE R.4. 


Finding the circumference and area of a circle 

A circle has a radius of 12.5 inches, Approximate its circumference and area. 
SOLUTION 

Circumference: C = 2ay = 2m(12.5) = 25a = 78.5 inches 


Avea: A= mr? = m(i25)P = 156.254 ~ 490.9 square inches 


The Pythagorean Theorem 


One of the most famous theorems in mathematics is the Pythagorean theorem. It 
states that a triangle with legs a and b and hypotenuse c is a right triangle if and only if 


2 
a+ bh = oy, 


as illustrated in FIGURE R.5. 
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EXAMPLE 4 Finding the perimeter ofa right triangle 


One Side Unknown 


. = 25 in. 
Tin, 


b 
FIGURE R.6 
Rectangular Box 
H 
L 
Ww 
FIGURE R.7 
EXAMPLE 5 
Sphere 
FIGURE R.9 


Find the perimeter of the triangle shown in FIGURE R.6. 


SOLUTION Given one leg and the hypotenuse of a right triangle, we can use the 
Pythagorean theorem to find the other leg. Let a = 7, ¢ = 25, and find b, 


e+P=e Pythagorean theorem 
P=ae-a Subtr : 
pea2s?—-P  Leta=7ande= 25 
b’ = 576 sirnplit 
b= 24 Solve for Oo 


The perimeter of the triangle is 
atb+c=7+ 24+ 25 = 56 inches. 


Three-Dimensional Objects 


Objects that occupy space have both volume and surface area, This subsection dis- 
cusses rectangular boxes, spheres, cylinders, and cones. 


Rectangular Boxes The volume V of a rectangular box with length L, width W, 
and height Hequals |) = L////1, See FIGURE R.7. The surface area S of the box equals 
the sum of the areas of the six sides: 8 = 21) + 2WH + 2LH, 


Finding the volume and surface area of a box 


The box in FIGURE R.8 has dimensions x by 2x by y. Find its volume and surface area. 


2x 
x 


FIGURE R.8 


SOLUTION 
Volume: LWH = 2x+x+y = 2x?y cubic units 
Surface Avea: Base and top: 2x + x + 2x +x = 4x? 
Find the area of each 
Front and back: xy + xp = 2x) side and add. 
Left and right sides: 2xy + 2xy = 4x) ame einen teint 


Total surface area: 4° + 2xy + dup = 4x? + 6xy square units 


Now Try Exercise 41 


Spheres The volume V of a sphere with radius ris = + ov, and its surface area 
Sis S = dr’, See FIGURE R.9, 
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Finding the volume and surface area of a sphere 


Estimate, to the nearest tenth, the volume and surface area of a sphere with a radius 
of 5.1 feet. 
SOLUTION 
Volume: V = 4am 2 = 4a(s \3 ~ 555.6 cubic feet 
Surface Avea: S = 4g? = 4n(5 1)? = 326.9 square feet 

| Now Try Exercise 47 | 
Cylinders The volume of a cylinder with radius + and height h is } mh, See 
FIGURE R.10. To find the total surface area of a cylinder, we add the area of the top 


and bottom to the area of the side. FIGURE R.11 illustrates a cylinder cut open to deter- 
mine its surface area, The top and bottom are circular with areas of 7? each, and the 


side has a surface area of 2i1/). The total surface area is div” + Qivvl. The side 
surface area is called the lateral surface area. 


Cylinder A Cylinder Cut Open 


( _= Area of top | 
—, 
<—2rr. - 
Area of side i 
( os) — Area of bottom | 


; 


FIGURE R.10 FIGURE R.11 


Finding the volume and surface area of a cylinder 


A cylinder has radius » = 3 inches and height h = 2.5 feet. Find its volume and total 
surface area to the nearest tenth. 


SOLUTION 
Begin by changing 2.5 feet to 30 inches so that all units are in inches, 
Volume: V = mv?h = aBPG0) = 270m ~ 848.2 cubic inches 


Total Surface Avea: S = 2a? + 2m h = 2n( )? + 2n( Go) = 1987 ~ 622.0 
square inches 


| Now Try Exercixo 51 | 


Cones The volume of a cone with radius + and height h is | Li’h, as shown 
in FIGURE R,12, (Compare this formula with the formula for the volume of a 
cylinder.) Excluding the bottom of the cone, the side (or lateral) surface area is 


FIGURE R.12 S m/v? + I. The bottom of the cone is circular and has a surface area of mr, 


VIP} Finding the volume and surface area of a cone 


Approximate, to the nearest tenth, the volume and lateral surface area (side only) of 
a cone with a radius of 1.45 inches and a height of 5.12 inches, 


SOLUTION 


Volume: Vi = ary = d(.45)A5.12) ~ 11.3 cubic inches 
3 3 


Surface Area (side only): S = avVy2 + 72 = a(i.4 )yV (1.4 3)? + 6.1 2)? = 24.2 


square inches 


| Now Try Exercise 55 | 


EXAMPLE 9 


D 
B 
6 
A 5—>|¢ E 
<—_———7 


FIGURE R.14 
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Similar Triangles 


The corresponding angles of similar triangles have equal measure, but similar trian- 
gles are not necessarily the same size. Two similar triangles are shown in FIGURE R.13. 
Notice that both triangles have angles of 30°, 60°, and 90°. Corresponding sides are 
not equal in length; however, corresponding ratios are equal. For example, in triangle 


ABC the ratio of the shortest leg to the hypotenuse equals i = bs and in triangle DEF 
this ratio is 3 = 5. 


Similar Triangles 


Corresponding 


angles are equal. id 

2 

A Cc 
FIGURE R.13 


Using similar triangles 
Find the length of BC in FIGURE R.14. 


SOLUTION Notice that triangle ABC and triangle ADE are both right triangles. 
These triangles share an angle at vertex A. Therefore triangles ABC and ADE have two 
corresponding angles that are congruent. Because the sum of the angles in a triangle 
equals 180°, all three corresponding angles in these two triangles are congruent. Thus 
triangles ABC and ADE are similar. 

Since corresponding ratios are equal, we can find BC as follows. 


BC _ DE 
AC L AE Corresponding ratios 
are equal. 
BC _ 6 Se 
5 7 


Solving this equation for BC gives BC = a = 43. 


(GQ For a summary of these formulas, see the back endpapers of this text. 


Rectangles 


Exercises 1-6: Find the area and perimeter of the rectangle 


with length L and width W. 
1. L = 15 feet, W = 7 feet 


2. L = \6inches, W = 10 inches 


3. L = 100 meters, W = 35 meters 


4. L = 80 yards, W = 13 yards 


Exercises 7-10: Find the area and perimeter of the rectangle 
in terms of the width W. 


7. The width W is half the length. 
8. Triple the width W minus 3 equals the length. 
9. The length equals the width W plus 5. 


10. The length is 2 less than twice the width W. 


§, L=3x,W=y 6 L=at+5,W=a 
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Triangles 


Exercises 11 and 12: Find the area of the triangle shown 
in the figure. 
11, Dn 12. 
/ som 6ft 8 ft 
7 ; 


|x cm——>| ’ 10 ft 


Exercises 13-20; Find the area of the triangle with base b 
and height h. 


13. b = S inches, h = 8 inches 

14, b = 24 inches, h = 9 feet 

15, b = 10.1 meters, h = 730 meters 
16, b = 52 yards, h = 102 feet 

17, b = 2x,h = 6x 18. b=x,h=x+4 


19. b=2z,h = 52 20.b=yt+ lh =2y 


Circles 


Exercises 21-26: Find the circumference and area of the 
circle, Approximate each value to the nearest tenth when 
appropriate. 


21, + = 4 meters 22, = 1.5 feet 
23, r = 19 inches 24, r = 22 miles 
25, = 2x 26, r = Sz 
Pythagorean Theorem 


Exercises 27-32; Use the Pythagorean theorem to find 
the missing side of the right triangle with legs a and b and 
hypotenuse c. Then calculate the perimeter, Approximate 
values to the nearest tenth when appropriate, 


27, a = 60 feet, b = 11 feet 

28. a = 21 feet, b = 11 yards 

29, a = Scentimeters, c = 13 centimeters 
30. a = 6 meters, c = 15 meters 

31. b = 7 millimeters, c = 10 millimeters 
32, b = 1.2 miles, c = 2 miles 


Exercises 33-36; Find the area of the right triangle that 
satisfies the conditions, Approximate values to the nearest 
tenth when appropriate. 


33, Legs with lengths 3 feet and 6 feet 
34. Hypotenuse 10 inches and leg 6 inches 


35, Hypotenuse 15 inches and leg 11 inches 


36, Shorter leg 40 centimeters and hypotenuse twice the 
shorter leg 


Rectangular Boxes 


Exercises 37-44: Find the volume and surface area of a 
rectangular box with length L, width W, and height H. 


37, L = 4 feet, W = 3 feet, H = 2 feet 


38, L = 6 meters, W = 4 meters, H = 1.5 meters 
39, L = 4,Sinches, W = 4 inches, H = | foot 
40. L = 9,1 yards, W = 8 yards, H = 6 feet 

41. L=3y,W=2x,H =n 

42. L = 62, W = 52, H = 72 

43. L=x,W = 2y, H = 32 
44.L=8.,W=y,H=2 


Exercises 45 and 46: Find the volume of the rectangular box 

in terms of the width W. 

45. The length is twice the width W, and the height is half 
the width. 


46. The width W is three times the height and one-third 
of the length, 


Spheres 


Exercises 47-50; Find the volume and surface area of the 
sphere satisfying the given condition, where r is the radius and 
dis the diameter. Approximate values to the nearest tenth, 
47, + = 3 feet 48, r = 4.1 inches 


49, d = 6.4 meters 50. d = 16 feet 


Cylinders 


Exercises 51-54: Find the volume, the surface area of the 
side, and the total surface area of the cylinder that satisfies 
the given conditions, where rv is the radius and h is the height, 
Approximate values to the nearest tenth, 


51. r = 0.5 foot, h = 2 feet 


52. Fr tyard, h = 2 feet 


ll 


53, r = 12 millimeters, and / is twice 


ll 


54, ris one-fourth of h, and 4 = 2.1 feet 


Cones 


Exercises 55-60: Approximate, to the nearest tenth, the 
volume and surface area (side only) of the cone satisfying 
the given conditions, where r is the radius and h is the height. 


55. r = Scentimeters, / = 6 centimeters 


R.2 Integer Exponents R-7 


56. r = 8 inches, 4 = 30 inches 63. E 
57, r = 24 inches, h = 3 feet B 
58. = 100 centimeters, / = 1.3 meters 9 
59, Three times r equals h, and r = 2.4 feet $ 
60. Twice h equals r, and h = 3 centimeters c 7 A D . F 
Similar Triangles 64, 
Exercises 61-64: Use the fact that triangles ABC and DEF 
are similar to find the value of x. 3 
61. 
4 
B 
Ax Cc 

3 4 

A 3 (<4 
62, E 

B rg 
6 
A a lle p 7 F 


= Use bases and exponents 


« Uke cero anil negative Bases and Positive Exponents 


exponents The expression §” is an exponential expression with base 8 and exponent 2. TABLE R.1 


« Apply the product, contains examples of other exponential expressions. 
quotient, and power rules 
Exponential Expressions 


ja-aaae | 2 | 
6+6+6+6= 64 6 
0.5 


0.5+ 0.5 = 0.5" 
3 


NOX*XHX 


TABLE R.1 


We read 0.5? as “0.5 squared,” 23 as “2 cubed,” and 64 as “6 to the fourth power.” 


lee Wigacwe Writing numbers in exponential notation 


Use the given base to write each number as an exponential expression. Check your 
results with a calculator. 


(a) 10,000 (base 10) (b) 27. (base 3) (c) 32. (base 2) 
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FIGURE R.15 


| EXAMPLE 2 


SOLUTION 
(a) 10,000 = 10+ 10+ 10+ 10 = 104 (b) 27=3-+3°3=33 
(ce) 32 =2+2+2+2+2=25 


These values are supported in FIGURE R.15, where exponential expressions are evalu- 
ated with a calculator, using the key. 


| Now Try Exerci: o8 11 and 13 | 
Zero and Negative Exponents 


Exponents can be defined for any integer. The following box lists some properties for 
integer exponents, 


Let a and b be nonzero real numbers and m and n be positive integers. Then 
| 


la" =a+ara+:::+a_ (n factors of a) 
2. a° = 1 (Nore: 0° is undefined.) 


1 
32.0% =— and — =a" 


Evaluating expressions 
Evaluating each expression. 


-4 2 5\7 1 ig 
(a) 3 ®) (c) (3) @) Go (e) 


SOLUTION 


scien 1 il a = 
Pada Bi i iia i 
5\~? * 77 49 1 
‘ (xy) Base is xy. | 
(e) Note that only /, not 3/, is raised to the power of —3. 
22 2 B p 
33302) 384 12 
as ist. | | Now Try Exercises 27, 29, 31, 65 and 67 | 


Product, Quotient, and Power Rules 
We can calculate products and quotients of exponential expressions provided their 
bases are the same. For example, 

Vee = B+3)+B+3+3)= 5, 
This expression has a total of 2 + 3 = 5 factors of 3, so the result is 3°. To multiply 
exponential expressions with /ike bases, add exponents. 


5 factors of 3 | 


] 
| For any nonzero number a and integers m and n, 
| 


a+ qt = qutn, 


FIGURE R.16 


EXAMPLE 3 


EXAMPLE 4 


R.2 Integer Exponents R-9 


The product rule holds for negative exponents. For example, 


10° + 10-2 = 105+ -» = 10° Product rule: add 


exponents. 


Using the product rule 


Multiply and simplify. 
@ P74) Ax?*xt © GY)Q”4 


SOLUTION 


(a) B.7-4 = Bt) 27-1 = (b) 8p yt = yBtO)+4 = 35 


xl 


6 
(©) By?) Qy74) = 3+ 2+ y+ yt = GM = Gy? = 7 


Note that 6 is not raised to the power of —2 in the expression 6y~?. 


Now Try Exercises 35, 37 and 39 


Consider division of exponential expressions using the following example. 
© 6:6+6:8:% 
“ B°B°b 
After simplifying, there are two 6s left in the numerator. The result is 6° = 6’ = 36, 
To divide exponential expressions with like bases, subtract exponents. 


=6'6=6" 


THE QUOTIENT RULE 
For any nonzero number a and integers m and n, 


a a a a ae 
2-4 pra 4 exponents. 


This result is supported by FIGURE R.16. 


Using the quotient rule 


Simplify the expression. Use positive exponents. 


104 x 15x73 
— b oes 
(a) 108 (b) 2 (c) Sxty 
SOLUTION 
10 1 1 5s. 
—=10'° = a? xs? x 
@) 195 Fao © ¥ 
15x7y3_ 15 x? y3 3y? 
sy GA gs os ng IM) GAN)! a ae De 
(c) mp Ss Sp Page hy 3x7? = 5 


Now Try Exercises 45, 49 and 51 


How should we evaluate (4°)?? To answer this question, consider 
(4y =B.Bp= 4343 = 46 
Similarly, 2 factors of 43 | 
(x!) = x4 ete xt = ftted = yl? 


co 8 factors of x4 | 
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These results suggest that to raise a power to a power, we must multiply the exponents. 


RAISING POWERS TO POWERS 
For any nonzero real number a and integers m and n, 


(a™y" = a™, 


ba Wiha Raising powers to powers 


Simplify each expression. Use positive exponents. 


@) (°F —) G4)? &@ —() 


SOLUTION 1 4 
(a) (S’)* = S73 = 5° = 15,625 (b) (247 = WOM = 2 = 8 = 356 
Multiply exponents. [“(c) (6-75 =Ppsa psa ra 


Now Try Exercises 55 and 57 


How can we simplify the expression (2x)*? Consider the following. 
(2x) = 2n + Qn + Qv = (2+2+2)+ (exe x) = 2)! 
ue_- ~——— 
3 factors 3 factors 


This result suggests that to cube a product, we can cube each factor. 


RAISING PRODUCTS TO POWERS 
For any nonzero real numbers a and b and integer 7, 


(aby" = a"b". 


oT NWAAGE Raising products to powers 


Simplify each expression, Use positive exponents. 
(a) Yb) G9)? © xy 
SOLUTION 

39.4 ant 1 
(a) Gy 2 oy? = 36y? (b) (x2? = (x?) 2y 2} ea x 4y 2 P 
(©) Qxy?) = Ar4(y3)t = 16x4y!? 


Now Try Exercises 59 and 73 


To simplify a power of a quotient, use the following rule. 


RAISING QUOTIENTS TO POWERS 
For nonzero numbers a and b and any integer n, 


a n a? 
(N= 


mT WidAcva Raising quotients to powers 


Simplify each expression. Use positive exponents. 


o() (3) Gy 
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SOLUTION 


3 3 = a _ 2 1 —2 - 17? _ 1 6 a 

@(G)-5-3 (3) -aatmt-4 
3x3¥ 343) By? 81 

(©) 


y (9)! ys x28 


Now Try Exercises 61, 63 and 81 


In the next example, we use several properties of exponents to simplify expressions. 


Pe WiAoee Simplifying expressions 


Write each expression using positive exponents. Simplify the result completely, 


@) (ay ) (rey3 


34 (eny2 
SOLUTION 
2y-3\-2 -4 \2 3)-3 2/3)2 
x 32 Cr) ?’e) 
w ( x) - (35) () 7352 = ap 
32 wy (rt?) (re?) 
_ (ay As 
~ (yd ~ 8p 
We ee 
x8 p 


Now Try Exercises 77 and 79 


Exercises 
Concepts Evaluating Exponents 
1, Are the expressions 2° and 3? equal? Explain your Exercises 17-34: Evaluate the expression by hand. Check 
answer, your result with a calculator. 
3 —3 
2. Are the expressions —4? and (—4)? equal? Explain fn8 18:5 
your answer, 19, —24 20, (—2)! 
3.7! = i 21, 5° 22, (-3)° 
mn 2\3 1 
5, = = 6. 3x) = 23. (3) 4. 5 
1\4 3\3 
Sa 28, (-3) 26. (-3) 
7. (2k = 8. (=) = 271. 43 28, 10-4 
1 1 
95X10 = 10. 5X 103 = 29. 5 30. 33 
3) 1/° 
Base and Exponents ats () am a) 
ay 10" 
Exercises 11-16; (Refer to Example 1.) Write the number 33.35 34. 
as an exponential expression, using the base shown, Check 
your result with a calculator, Product Rule 
ity Bae aS. SEGA eG Exercises 35-44; Use the product rule to simplify, 
13, 256 (base 4) 14, a (base 4) 35. 6-64 36, 107+ 10°+ 10% 


15, 1 (base 3) 16, 45 (base 7) 37, 2x? + 3x3 x4 38, 3p! 6y 4+ y 
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39. 10°+ 10°+ 102 40, yey Se yl 
42, 273+ 34-32. 95 


44, (3x74)(2x?)(5y4\(y3) 


41, 57.53.94. 98 
43, (2a°)\(b?)(a*)(4b~) 


Quotient Rule 


Exercises 45-54: Use the quotient rule to simplify the 
expression. Use positive exponents to write your answer. 


54 C 
45, 52 46. 67 
3 0 5 
a y* y “y 
a Poa si yrs 
24x3 10x5 
i _o 50. Patten 
” 6x 5x 
Pa 120°? a -6x7y3 
* 18a4h? * 3y2y75 
21x" 32x3y 
§3, : 54, 
Ixty? —24y5y3 
Power Rules 


Exercises 55-64: Use the power rules to simplify the 
expression. Use positive exponents to write your answer. 


55, (57!) 56. (-4?) 
57, (y')? 58, (x)! 
59, (4y’)3 60. (-2xy)4 


61. 


Perform addition and 
subtraction on monomials 
Perform addition and 
subtraction on 
polynomials 

Apply the distributive 
property 

Perform multiplication on 
polynomials 

Find the product of a sum 
and difference 

Square a binomial 


15, 


ys 


Rules of Exponents 


Exercises 65-90; Use rules of exponents to simplify the 
expression. Use positive exponents to write your answer, 


2 Sa 
65, —— po 
(ay (yyy! 
a 3 
Cha 68. — 
ay? oe! 
6a°b 20a*b 
69. 0. 
" 4ab? 2 dab! 
51°57 3677's)? 
1. 72, ——— 
co 25rs 7? Ors! 
73. (x2y4)? 74. (-2x4y?)3 
(a3y? (vy! 
75, << 16, 
(dy 3 
37 ) ( ~2/ i 
The las 78, ( — 
GA 47-2 
79, (ent !y? 80 (-mn'y 
“ @my! Orn 
2) ei 
81. ( Cb 82. 7 
8x3? 6x! 
i 4x2y4 84. 9x 2y3 
(PP)? (2r0)? 
85. 86. 
(om iy? 
87 4x? 88 (aby 
* Qaxtyy ‘dy 
15/71 y ( A(xp)? y’ 
89, (— 90. 
(7 (Qaxyps 


Addition and Subtraction of Monomials 


A term is a number, a variable, or a product of numbers and variables raised to powers. 
Examples of terms include 


3x32, xy?) and 6x7! y3, 


Terms 


x, 


If the variables in a term have only nonnegative integer exponents, the term is 
called a monomial, Examples of monomials include 


—4, Sy, x’, 


5x26, —xy’, and 6xy3, 
Monomials 


R.3 Polynomial Expressions R-13 


Tf two terms contain the same variables raised to the same powers, we call them like 
terms. We can add or subtract /ike terms, but not unlike terms. For example, the terms 


w+ ys Unlike terms cannot be combined. | 
cannot be combined because they are unlike terms. However, 
x3 + 3x3 = (1 + 3)x? = 4x3 Like terms can be combined, | 
because x? and 3x? are like terms. To add or subtract monomials, we simply combine 


like terms, as illustrated in the next example. 


Adding and subtracting monomials 


Simplify each of the following expressions by combining like terms. 
(a) 8x? — 4x? + x3 (b) 9x — 6xy? + 2xy? + 4x 


SOLUTION 
(a) The terms 8x? and —4? are like terms, so they may be combined. 
8x? — 4x? + 9 = (GB -— 4)? +93 ine like term 
= 47 + 3 


Unlike terms cannot 
be combined. 


(b) The terms 9x and 4x may be combined, as may —6xy? and 2xy’, 
9x — Oxy? + 2xy? + 4x = Ox + 4x - Oxy? + 2xy” 

(9 + 4)x + (-6 + 2)xy? bine i 

13x — 4xy? 


| Now Try Exercises § and 11 | 


Addition and Subtraction of Polynomials 


A polynomial is either a monomial or a sum (or difference) of monomials, Examples 
of polynomials include 


5x42, 9x4 - 5, 4x? + Sxy — y’, and 4 — y? + Syt + py, 
1 term 2 terms 3 terms 4 terms 


Polynomials containing one variable are called polynomials of one variable. The 
second and fourth polynomials shown above are examples of polynomials of one 
variable. The /eading coefficient of a polynomial of one variable is the coefficient 
of the monomial with highest degree. The degree of a polynomial with one variable 
equals the exponent of the monomial with the highest power. TABLE R.2 shows sev- 
eral polynomials of one variable along with their degrees and leading coefficients. A 
polynomial of degree | is a /inear polynomial, a polynomial of degree 2 is a quadratic 
polynomial, and a polynomial of degree 3 is a cubic polynomial. 


Characterizing Polynomials 


Polynomial Degree Leading Coefficient Type | 
—98 0 —98 Constant 
ox 7 1 2 Linear 
—52+922 +7 2 9 Quadratic “il 
2x3 + 4x? +x - 1 3 -2 Cubic 
Toxt4y?+ 5 1 Fifth Degree 


TABLE R.2 


To add two polynomials, we combine like terms. 
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Adding polynomials 


Simplify. 
(a) (2x? — 3x + 7) + Bx? + 4x — 2) (b) (23 + 42 + 8) + (422 — 2 + 6) 
SOLUTION 
(a) (2x? — 3x + 7) + Bx? + 4x — 2) = 2? +r? -— Be tov + 7-2 
= (2 + 3)x? + (-3 + 4x + (7 - 2) 
= 5x7 +yx+5 
(b) (23 + 4z + 8) + (4227 -24+ 0 = 24422 + 42-7248 46 
= 2+ 422 + (4 - 1)z + (8 + 6) 
= 2+ 422 + 32+ 14 


Pa es 
| Now Try Ex 


127 | 


To subtract integers, we add the first integer and the opposite, or additive inverse, 
of the second integer. For example, to evaluate 3 — 5, we perform the following 
operations, 


Subtracting integers f-3 -—5=3+(-5) ld the opposit 
=-2 impli 


Similarly, to subtract two polynomials, we add the first polynomial and the oppo- 
site, or additive inverse, of the second polynomial. To find the opposite of a polynomi- 
al, we simply negate each term. TABLE R.3 shows three polynomials and their opposites. 


Finding the Additive Inverse 


Polynomial Opposite 
=D ob ¥ 
=5x? — 4y+ I 


x4 = 5y3 + x? — Sy + 1 


TABLE R.3 


Subtracting polynomials 


Simplify. 
(a) (y° + 3y3) — (-y4 + 2y3) — (b) (Sx? + 9x? — 6) — (Sx? — 4y? — 7) 
SOLUTION Addthe | 
(a) The opposite of (—y4 + 2y’) is (y4 — 2p). opposite. | 
(y° + 3p) — (-y! + 298) = (y5 + 3p) £ Ot = 2p") 
=p t yl + G - 2)" 
= y+ yl + 8 
(b) The opposite of (5x3 — 4x? — 7) is (—5x3 + 4x? + 7), 
(5x3 + 9x? — 6) — (5x3 — 4x? — 7) = (5x3 + 9x? — 6) + (—5x3 + 4y? + 7) 
= (5 — 5)x3 + 9 + 4)x? + (-6 + 7) 
Ox? + 13x? + 1 
13x? + 1 


ll 


| Now Try 


4(5 + x) = 20 + 4x 
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Distributive Properties 


Distributive properties are used frequently in the multiplication of polynomials, For 
all real numbers a, b, and ¢, 


ab +c)=ab+ac and 
a(b — c) = ab — ae. 


In the next example, we use these distributive properties to multiply expressions. 


ima Widnes Using distributive properties 


Multiply. 
(a) 4(5 + x) (b) -3(x - 4y) © =x — 5)) 


SOLUTION 
“~~ 
(a) 46 +x) =4+54+4+x= 20+ 4x 


al 20 Me (b) —3@: - 4y) = —3 +x — (3) + (4y) = -3x + 12y 


©) @x — 86) = 2x6 — 5+6 = 12x — 30 


Now ‘Try Exercises 47, 51, and 53 


ih dh You can visualize the product in part (a) of Example 4 by using areas of rectangles. 


5 x 
Visualize the solution 
by using areas, 
FIGURE R.17 


Ifa rectangle has width 4 and length 5 + x, its area is 20 + 4.x, as shown in FIGURE R.17. 


Multiplying Polynomials 


A polynomial with two terms is a binomial, and a polynomial with three terms is a 
trinomial. Examples are shown in TABLE R.4, 


Types of Polynomials 


crewm f[Miownin[ a? | 


Two terms {|—| Binomials 3x = 1 
Three terms +—| Trinomials | x? — 3x + 5 


TABLE R.4 


In the next example, we multiply two binomials. 


laa Wivdom Multiplying binomials 


Multiply (x + I + 3). 


SOLUTION To multiply (x + 1)(x + 3), we apply the distributive property. 
(+ D&O +3)=@ + DW + + DE) 
Sxeg C1 es P83 - 13 
xwetx+ 3x43 
= + 4x43 


ll 


Now ry Exercixe 65 


To multiply the binomials (x + 1) and (x + 3), we multiplied every term in 
x + 1 by every term in x + 3. That is, 


w+ 3xtx4+3 
x? + 4x + 3. 


(+ DG +3) 


ll 
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EXAMI PLE 6 


| EXAMPLE 7 


This process of multiplying binomials is called FOZL. You may use the name 
to remind yourself to multiply the first terms (7), outside terms (O), inside terms (J), 
and last terms (Z). 


Multiply the First terms to obtain x?. (x + Dx + 3) 
Multiply the Outside terms to obtain 3x. (x + 1)(x + 3) 
Multiply the Jnside terms to obtain x. (x + DW + 3) | 


Multiply the Last terms to obtain 3. (x + D(x + 3) 


The following box summarizes how to multiply two polynomials in general. 


| The product of two polynomials may be found by multiplying every term in the 
first polynomial by every term in the second polynomial and then combining like 
| terms, 


Multiplying binomials 


Multiply each binomial, 
(a) (2x — 1)(x + 2) (b) (1 — 3x)(2 — 4x) (c) (x? + 1)(5x — 3) 


SOLUTION 


(a) (2x — I(x + 2) = 2ve x + 2N*2—Ley—1+2 
= 2x? + 4y — x — 2 
= 2x7 + 3x - 2 
(b) (1 — 3x) - 4x) = 1+2- 1+ 4x - 3x +2 + By + 4y 
2 -— 4x — 6x + 12x? 
2 — 10x + 12x? 
(ec) (x? + I(Sx — 3) = x? + Sx — 7634+ 155-13 
"= $y3 — ay? + Sy — 3 


Il 


| Now Try Exercise: 57, 69, and 7 | 


Multiplying polynomials 


Multiply each expression, 
(a) 3x(x? + 5x — 4) (b) —x?(x4 — 2x + 5) (c) (x + 2)(x? + 4x — 3) 


SOLUTION 


(a) 3x(x? + 5x — 4) = 3x +x? + 3x + Sy — 3x4 
= 3x3 + 15x? — 12x 
(b) —x?(x4 = 2x + 5) = Hn? ext + x? + Qy — 2 5 
= —y6 + 2x7 — 5y? 
(©) @x + 2)Qx? + 4x -— 3) = ear tx dy — x34 26x74 2+4y—- 293 
= x3 + 4x? — 3x + 2x? + 8x — 6 
= x3 + 6x? + 5x — 6 


| Now Try Exercixes 67, (9, anu 73 | 


EXAMPLE 8 


EXAMPLE 9 


R.3 Polynomial Expressions R-17 


Some Special Products 


Sum and Difference The following special product often occurs in mathematics. 


ae 
Product of asum of | (a + Na 2 -b) = =ara—atbt+b:a-—beb 
two numbers and EO «ge Ss _ p 
their difference =a — abt ba-b 
a ="-b 


That is, the product of a sum of two numbers and their difference equals the differ- 
ence of their squares: (v + b\w — b)=@ = h. 


Finding the product of a sum and difference 


Multiply. 
(a) (x — 3)(x + 3) (b) (5 + 4x?)(5 — 4x?) 


SOLUTION 
(a) If we let a = x and b = 3, we can apply (« — A)(@ + 4) =? /?. Thus 


@-3I)e+3 = (@)? - GY 
= ;x?-9 The product is the 
Lt __ difference of the 
(b) Similarly, squares of x and 3. 


(5 + 4x°)(5 — 4x?) = (5)? — (4x?)? 
= 25 — 16x', 


Squaring a Binomial Two other special products involve squaring a binomial: 
(a + bP =(at+ bat bd) 
=t+abt+bat+b 
=a + ab + bP 
and 


(a — by 


(a — b)(a — b) 
@-—ab-bat+b 
=a — ab + B, 


ll 


Note that to obtain the middle term, we multiply the two terms in the binomial and 
double the result. 
Squaring a binomial 
Multiply. 
(a) (x + 5P (b) (3 — 2x? 
SOLUTION 
(a) Ifwelet a = x and b = 5, wecan apply (w + 4)? = «? + 2ub + /. Thus 
(© + 52 = @)? + 296) + 

= x? + 10x + 25. 

(b) Applying the formula (a — 6)? = a? — 2ab + b?, we find 
(3 — 2x? = (3)? — 2(3)(2x) + (2x? 
=9— 12x + 4x”, 


Now Try Exercises 85 and 91 
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Monomials and Polynomials 


Exercises 1-12: Combine like terms whenever possible. 


1, 3x3 + 5x3 2. —92z + 6z 
3, Sy? — By? 4. 9x — Tx 
5, 5x? + 8x + x? 6: Sx 28 +.10% 


7, 9x7 —x + 4x — 6x? 8, -y? - Ly 

9. x? + 9x — 2 + 4x? + 4x 

10. 6y + 4y? —6y + y? AL. 7p + 9x?p — Sy + x?p 
12. Sab — b? + Tab + 6b? 


Exercises 13-18; Identify the degree and leading coefficient 
of the polynomial. 


13. 5x? — 4x + 9 14, —9y4 + y? +5 


18. 5—x + 3x7 - 3x9 16. 7x + 4x4 — 443 


17. 8x4 + 3x9 — 4x + x5 18, 5x? — x3 + 7x4 + 10 


Adding Polynomials 


Exercises 19-28; Add the polynomials. 
19, (Sv + 6) + (—2x + 6) 


20. (Sy? + y?) + (12y? — Sy) 

21. (2x? — x + 7) + (—2x? + 4x — 9) 
22. (x3 — 5x? + 6) + (Sx? + 3x + 1) 
23. (4x) + (1 - 4.5x) 

24. (y + y) + (Sy + 4 y?) 

25, (x4 — 3x? — 4) + (-8x4 +? - 3) 
26. (32 + 24 + 2) + (—3z4 — 5 + 2?) 
27, (223 + 5z — 6) + (2? — 3z +2) 

28. (24 — 622 + 3) + (523 + 32? — 3) 


Subtracting Polynomials 

Exercises 29-34: Find the opposite of the polynomial. 
29, 7x3 30. —328 

31. 1925 — 52? + 3z 32. —x? -x +6 


33, 24-2? -9 34, 1 — 8x + 6x? - 4x3 


Exercises 35-42: Subtract the polynomials. 
35. (Sx — 3) — (2x + 4) 


36. (10x + 5) — (-6x — 4) 

37. (x? — 3x + 1) — (—5x? + 2x - 4) 

38. (-x? + x — 5) —- (x? -— x + 5) 

39, (4x4 + 2x? — 9) — (x4 — 2x? — 5) 

40. (8x3 + 5x? — 3x + 1) — (—5x3 + 6x - 11) 
41. (x4 — 1) — (4x4 + 3x + 7) 

42. (5x4 — 6x3 + x? + 5) — (x? + 11x? + 9x - 3) 


Distributive Property 

Exercises 43-54; Apply the distributive property. 
43. 5x(x — 5) 44, 3x?(—2x + 2) 
45. —5(3x + 1) 46, —(-3x + 1) 
47. 5(y + 2) 48. 4(x — 7) 

49, —2(5x + 9) 50. —3x(5 + x) 
51. (y — 3)6y 52. (2x — 5)8x3 
53. —4(5x — y) 54, —6(3y — 2x) 
Multiplying Binomials 


Exercises 55-66; Multiply the binomials. 
55. (y + 5)(y — 7) 56. (3x + 1)(2x + 1) 


57. (3 — 2x)(3 + x) 58. (7x — 3)(4 — 7x) 
59, (—2x + 3)(x — 2) 60. (z — 2)(4z + 3) 
O(x—g)(v+4) 62. (2 H)(e- 4) 
63. (x? + 1)(2x? - 1) 64. (x? — 2)(x? + 4) 
65. (x + y)(x - 2y) 66. (x? + y?)(x — y) 
Multiplying Polynomials 


Exercises 67-78: Multiply the polynomials. 
67. 3x(2x? — x — 1) 68. —2x(3 — 2x + 5x?) 


69. —x(2x4 — x? + 10) 70. —2x?(5x3 + x? — 2) 
TL. (2x? — 4x + 1)(3x?) 72, (x — py + S)(xy) 
73. (x + I(x? + 2x — 3) 74. (2x — DBx? — x + 6) 


75, (2 — 3x\(5 — 2x)(x? — 1) 


R.4 Factoring Polynomials R-19 


83, (2x — 3y)(2x + 3y) 84. (x + 2y)(x — 2y) 


16. (3 + 2)(6 — 42)(4 + 227) 85. (x + 4) 86. (c + 9? 

ys os 
Th GPF DBE 2) 87. (2x + 1) 88. (3x + 5)? 

4 32) 

78. (4 + x)(2x? — 3) 89. Ge - 17 90. (x - 7 
Special Products Ot, (2 - 3x)? 92. (5 — 6x)? 
Exercises 79-96: Multiply the expressions, 
79, (x — Tx + 7) 80. (x + 9)(x - 9) 93, 3x(x + I(x — 1) 94, —4x(3x — 5)? 
81, Gx + 43x — 4) 82. (9x — 4)(9x + 4) 95, (2 — 5x2)(2 + 5x?) 96. (6y — x?)(6y + x”) 


Factoring Polynomi 


Use common factors 
Factor by grouping 
Factor x* + bx + ¢ 
Factor trinomials by 
grouping 

Factor trinomials with FOIL 
Factor the difference of 
two squares 

Factor perfect square 
trinomials 

Factor the sum and 
difference of two cubes 


EXAMPLE 1 


Common Factors 


When factoring a polynomial, we first look for factors that are common to each term 
in an expression, By applying a distributive property, we can write a polynomial as 
two factors, For example, each term in 2x? + 4x contains a factor of 2x. 


ax? = 2x ie Factor 2x out of each term. | 
4x = 2x2 ——— 
Thus the polynomial 2x? + 4x can be factored as follows. 
2x? + 4x = 2x(x + 2) 


Apply a distributive 
property to factor, 


Finding common factors 


Factor, 
(a) 623 — 22? + 42 (b) 4x3y? + x?y3 
SOLUTION 


(a) Each of the terms 62°, 2z”, and 4z contains a common factor of 2z. That is, 
623 = 2z +327, 222 =2z+z, and 42=22°2 


Thus 623 — 22? + 4z = 2z(3z* — =z + 2). 
(b) Both 4x3y? and xy contain a common factor of x?y”. That is, 


2y3 = xryp? «ys, 


axty? = x7y?+ de and xy 
Thus 4x3y? + x2y? = x2p%(4e + »). 
J y 


Many times we factor out the greatest common factor, For example, the polynomial 
15x4 — 5x has a common factor of 5x. We could write this polynomial as 


15x* — 5x? = 5x(3x? — x). 
However, we can also factor out 5x? to obtain 
15x4 — 5x? = 5x?(3x? - 1). 


Because 5x’ is the common factor with the highest degree and largest coefficient, we 
say that 5x? is the greatest common factor (GCF) of 15x4 — 5x?. 
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Factoring greatest common factors 


Factor, 
(a) 6027? — 3mm? + 9m (b) —9x4 + 6x3 — 3x? 


SOLUTION 
(a) The GCF of 6m'n?, 3m”, and 9m is 3m. 
6nbn? = Bn Qn, 3m? = 3m’, and 9m = 3m +3 


Thus 6nn? — 3nu? + 9m = 3inQorv w + 3). 
(b) Rather than factoring out 3x?, we can factor out —3x? and make the leading 
coefficient of the remaining expression positive. 


9x4 = —3.2 +307, 6x3 = —3x?+—2a, and —3x? = —3x? 61 
Thus —9x4 + 6x3 = 3x? = <3) d 1). 


| Now 7 ry Exorciso) 


Factoring by Grouping 


Factoring by grouping is a technique that makes use of the associative and distributive 
properties, The next example illustrates the first step in this factoring technique. 
Consider the cubic polynomial 


30 + 61? + 2+ 4, 
We can factor this polynomial by first grouping it into two binomials. 
(03 + 617) + (21 + 4) iative property 
3P-(1 2) + 2(r + 2) r out common factor 
Gr + 2)¢ + 2). Factor out (t 


The following steps summarize factoring four terms by grouping. 


UPIN' 


STEP 1: Use parentheses to group the terms into binomials with common factors, 
Begin by writing the expression with a plus sign between the binomials. 


| STEP 2: Factor out the common factor in each binomial. 


STEP 3: Factor out the common binomial. If there is no common binomial, try a | 
different grouping or a different method of factoring. 


Factoring by grouping 


Factor each polynomial. 

(a) 12x? — 9x? — 8x + 6 (b) 2x — 2y + ax - ay 

SOLUTION 

(a) 12x° — 9x? — 8x + 6 = (12x93 — 9x?) + (—B¥ +6) between bin 
=3x2(4v ) 2(4a ) Pada dul nd =D 
= (x? — 2)(4x — 3) tor oul 

(b) 2x — 2p + ax — ay = (2x — 2y) + (ax — ay) jroup term 

=x — y) + ale = y) ftar out 2 and a 
- a(x = y) ctor ou 


Factor Pairs for 12 


[ Factors | 1,12 | 


Sum 13 | 38 | 7 


TABLE R.5 


Factor Pairs 


for 16 


Factors | 1, 16 
Sum 17 


TABLE R.6 


2,8 | 4,4 
10 
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Factoring x? + bx +c 

The product (x + 3)(x + 4) can be found as follows. 
(e+ 3) +4) = x? + dy + 3x + 12 
Muli uing FOL ee ata Te +h 


The middle term 7x is found by calculating the sum 4x + 3x, and the last term is 
found by calculating the product 3 + 4 = 12. 
When we factor polynomials, we are reversing the process of multiplication. To 
factor x? + 7x + 12, we must find » and » that satisfy 
w+ 7x + 12 = (x + m)(x + n). 
Because 
(x + mx +) = x? + (m + n)x + mn, 


it follows that rn = 12 and m + » = 7. To determine m and n, we list factors of 12 
and their sum, as shown in TABLE R.5. 
Because 3+ 4 = 12 and 3 + 4 = 7, we can write the factored form as 


x? + Ix + 12 = (x + 3)v + 4). 

This result can always be checked by multiplying the two binomials. 
(x + 3) (x + 4) = x? + 7x + 12 

L3,J 

+4x— 

7x « The middle term check 


FACTORING x? + bx + c ee 
To factor the trinomial x? + bx + c, find integers m and n that satisfy 
men=e and mt+tn=b. 


Then x? + bx + ¢ = (x + mx +n). 


Factoring the form x* + bx + ¢ 
Factor each trinomial. 
(a) x? + 10x + 16 (b) x? + 7x — 30 


SOLUTION 
(a) We need to find a factor pair for 16 whose sum is [(). From TABLE R.6 the required 
factor pair is m = 2 and n = 8. Thus 


x? + 10x + 16 = (x + 2)(x + 8). 
(b) Factors of —30 whose sum equals 7 are — 3 and 10). Thus 
x? + 7x — 30 = (x — av t 10). 


Now Try Exercisos 33 and 37 


Removing common factors first 

Factor completely. 

(a) 3x? + 15x + 18 (b) 5x? + 5x? — 60x 

SOLUTION 

(a) If we first factor out the common factor of 3, the resulting trinomial is easier to factor. 
3x? + 15x + 18 = 3(x? + 5x + 6) 
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AMPLE 6) 


Now we find m and » such that mn = 6 and m+n = 5, These numbers are 2 and 3, 
3x? + 15x + 18 = 3(x? + 5x + 6) 
= 3(x + 2)(v + 3) 
(b) First, we factor out the common factor of 5x, Then we factor the resulting trinomial. 
5x3 + 5x? — 60x = 5x(x? + x — 12) 
= 5x(x — 3)(x + 4) 


t 1 ee rt aR 
| Now Try Exercise: 51 and 63 | 


Factoring Trinomials by Grouping 


In this subsection we use grouping to factor trinomials in the form ax? + bx + ¢ with 
a # 1, For example, one way to factor 3? + /4v + 8 isto find two numbers mand 7 
such that mm = 4+ 8 = 24andm +n = |4, Because 2+ 12 = 24and2 + 12 = 14, 
we let m = 2 and n = 12. Using grouping, we can now factor this trinomial, 


3? + [dy + 8 = 3x? + 2x + 12n +8 

(3x? + 2x) + (12x + 8) tive propert 
= x(x + 2) + 4Gx + 2) Factor out x and 
=(v + 4)(3x + 2) Distributive propert 


Writing the polynomial as 3x? + {2x + 2x + 8 would also work, 


To factor ax? + bx + ¢, perform the following steps, (Assume that a, b, and ¢ 
have no factor in common.) 


| 1, Find numbers m and a such that nm = ae and m +n = b. This step may 
require trial and error. 
| 2. Write the trinomial as ax? + mx + nx + ¢. 
3. Use grouping to factor this expression as two binomials, 


Factoring ax* + bx + c by grouping 


Factor each trinomial. 

(a) 12y? + 5p — 3 (b) 6r? — 197 + 10 

SOLUTION 

(a) In this trinomial a = 12,b = 5, and c = —3, Because mn = acandm +n = b, 
the numbers m and n satisfy mm = —36 and m+n = 5, Thus im =9 and n= —4, 


lay? + Spy — 3 = 12y? + Op — dy - 3 rite 5) 

= (12y? + 9y) + (-4y — 3) sciative proper 
3y(4y + 3) — 1p + 3) Factor out 3y and 
= (3) 1)(4y + 3) istributive propert 


(b) In this trinomial ¢ = 6, b = —19, and c = 10, Because nm = ac and m+n =b, 
the numbers m and 7 satisfy ni = 60 and m+n 19, Thus m 4andn=-I15, 


6r? — 19r + 10 = 6? — dr — 15r + 10 Write —19 i 
= (6? — 4r) + (-15r + 10) rciative propert 
= 2r(3r 2) 5(3r 2) Factor out 27 an 
= Qr - 9)Gr - 2) Distributive prop 


| Now Try Exer 


R.4 Factoring Polynomials R-23 


Factoring Trinomials with FOIL 


An alternative to factoring trinomials by grouping is to use FOIL in reverse. For 
example, the factors of 3x? + 7x + 2 are two binomials. 


ax? + 7x t+22(_ + _ _+__) 


The expressions to be placed in the four blanks are yet to be found. By the FOIL method, 
we know that the product of the first terms is 3x7. Because 3x? = 3x + x, we can write 


3x?+ 7x +24 (3x + )Lx +__). 


The product of the last terms in each binomial must equal 2. Because 2 = | + 2, we 
can put the | and 2 in the blanks, but we must be sure to place them correctly so that 
the product of the outside terms plus the product of the inside terms equals 7x. 


(3x + 1) (x + 2) = 3x? + Tx + 2 


Determine where to place 1x | 
the 1 and 2 and then check +6x | 
the middle term. 


Correct | 


If we had interchanged the | and 2, we would have obtained an incorrect result. 
(x + 2)(x + 1) = 3x7 + Sy +2 


Incorrect | 


In the next example, we factor expressions of the form ax? + bx +c, where 
a # 1. In this situation, we may need to guess and check or use trial and error a few 
times to find the correct factors. 


loa iivhowa Factoring the form ax”? + bx + ¢ 


Factor each trinomial. 

(a) 6x? -—x -2 (b) 4x3 — 14x? + 6x 

SOLUTION 

(a) The factors of 6x? are either 2x and 3x or 6x and x. The factors of —2 are either 


—1 and 2 or | and —2. To obtain a middle term of —x, we use the following 
factors. 


(3x — 2) (2x + 1) = 6x? - x -2 


To find the correct factorization, we may need to guess and check a few times. 
(b) Each term contains a common factor of 2x, so we do the following step first. 


4x3 — 14x? + 6x = 2x(2x? — 7x + 3) 


Next we factor 2x? — 7x + 3. The factors of 2x? are 2x and x. Because the 
middle term is negative, we use —1 and —3 for factors of 3. 


4x3 — 14x? + 6x = 2x(2x? — 7x + 3) 
= 2x(2x — 1)(x - 3) 
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Difference of Two Squares 


When we factor polynomials, we are reversing the process of multiplying polynomials, 
In Section R.3 we discussed the equation 


(a — ba + b) = a — B?. 


We can use this equation to factor a difference of two squares. 


E ) 
real numbers a 


@ — b =(a- bla + bd). 


(XY The sum of two squares cannot be factored (using real numbers). For example, 


x? + y® cannot be factored, whereas x? — y? can be factored. It is important to 
remember that x? + y? % (x + yp). 


j) Factoring the difference of two squares 


Factor each polynomial, if possible. 
(a) 9x? — 64 (b) 4x? + 9y? (©) 4a - 4a 
SOLUTION 
(a) Note that 9x? = (3x)? and 64 = 8?, 
9x? — 64 = (3x)? = (8)? Factor difference of two squares, 
= (3x — 8)(3x + 8) 


(b) Because 4x? + 9y? is the sum of two squares, it cannot be factored, 
(c) Start by factoring out the common factor of 4a. 


4a° — 4a = daa? — 1) 
= 4a(a — 1)(a + 1) 
| Now Try Exercises 61, 63, and 69 


| Applying the difference of two squares 


Factor each expression. 
(a) x1 - y4 (b) 61? — 24/4 
SOLUTION 
(a) Use & — B = (a — bYa + b), with a = x? and b = y?, 
x! _ y' a (x?) _ ()? Writ ditvente al-sausr 
= (x? = yx? + y?) Difference of squat 
= (x — y)@& + GQ? + y?)—_Dilference of square 
(b) Start by factoring out the common factor of 6, 
6r? — 2414 = 6(r? — 4¢4) Factor out 6 
= 6(1? - (27)) Write as difference of squares 
= 6(r — 27)(r + 207) Difference of square 


Now Try Exercises G5 and 67 


Perfect Square Trinomials 
In Section R.3 we expanded (a + b)? and (a — b)’ as follows. 
(a+ bP =@+2ab+bh® and (a- bP =@ - 2ab+? 
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The expressions a® + 2ab + b? and a — 2ab + b” are called perfect square 
trinomials. We can use the following formulas to factor them. 


PERFECT SQUARE TRINOMIALS 
For any real numbers a and b, 


@+2ab+ bP =(a+b? and 
@ — 2ab + b= (a- bY. 


imeWwignowlin Wactoring perfect square trinomials 


Factor each expression. 
(a) x7 + 6x +9  (b) 81x? — 72x + 16 


SOLUTION 
(a) Let u? = .? and /? = 37. Ina perfect square trinomial, the middle term is 2ab. 
2ab = 2(x)G) = 6x, 
which equals the given middle term. Thus a? + 2ab + b? = (a + b)* implies 


x? + 6x +9= (vt 3% 
Perfect square trinomial ——— 


(b) Let a = (9x) and L? = 4. Ina perfect square trinomial, the middle term is 2ab. 
2ab = 2(9x)(4) = 72x, 
which equals the given middle term. Thus a? — 2ab + b? = (a — by implies 
81x? — 72x + 16 = Ox — 4)’, 


Now Try Exercises 77 and 81 
| EXAMPLE 11 | Factoring perfect square trinomials 


Factor 25a? + 10a’b + ab?. 
SOLUTION Start by factoring out the common factor of a. Then factor the resulting 
perfect square trinomial. 
25a? + 10a°b + ab? = a(25a’ + 10ab + b?) 
—_—_—_—_— Perfect square 


( an trinomial 
= ada + b — 


Now Try Exercise 89 


Sum and Difference of Two Cubes 


The sum or difference of two cubes may be factored. This fact is justified by the fol- 
lowing two equations. 


(a+ ba — ab +b?) =a + b> and 
@-b(e+ab+P=a8-8 


These equations can be verified by multiplying the left side to obtain the right 
side. For example, 


ata 

(a+ De — ab +B) = ard —arabtarP + bia ~ b+ ab+ beh 
eal @- eb +a + ab —aP +h 

a+b. 


ll 
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DIV! AN) b A 
| p 
| For any real numbers a and b, 
+b = (a+ be - ab+b?) and | 


&-B=(a-dD@ + ab +b). | 


, ee ‘ tee fan 
| Factoring the sum and difference of two cubes 


Factor each polynomial. 
(a) +8 (b) 27x37 — 64y? (©) 27p? — 89° 
SOLUTION 
(a) Because x? = (x)} and 8 = 23, we let a = x,b = 2 and factor. Substituting in 
oth = (a t+ ba — ab + 5?) 
gives +23 = (v + 2)? - +2 + 22) 
= (x + 2)(x? — 2x + 4). 


Note that the quadratic expression does not factor further. 
(b) Here, 27x* = (3x) and 64y? = (4y)', so 


27x? — 64y? = (3x)3 — (4y). 


Substituting a = 3x and b = 4y in 
e-B=(a— be + ab + 6?) 
gives (x8 — Gy)? = Gx — 4y)GxrP + 3x + dy + Gy?) 
= (3x — 4y)9x? + 12xy + 162). 
(c) Let a? = (3p3)8 and 6 = (2q?)°. Then a? — b? = (a — b)(@ + ab + 6) implies 


Greatest Common Factor Factoring by Grouping 
Exercises 1-18: Factor out the greatest common factor. Exercises 19-32: Use grouping to factor the polynomial. 
1. 10x — 15 2. 32 — 16x 19, x3 + 3x7 +2v+6 20. 4x? + 3x? + Bx + 6 
3, 2x3 - 5x 4, 3y — 9y? 21. 6x3 — 4x? + 9x -6 22, x3 — 3x? — Sy + 15 
5. 8x3 — 4x? + lox 6. —5x3 + x? — 4x 23, 2 -— 52 +2-5 24, y — Ty? + By — 56 

7, 5x4 — 15x93 + 15x? 8. 28y + 14y? — 7y° 25. y4 + 2y? — Sy? — 1Oy 26. 4e4 + 423 4+ 247 

9, 15x3 + 10x? — 30x 10. 14a‘ — 21a? + 35a 27, 2x3 — 3x? + 2x —3 28, 8x7 — 2x? + 12x — 3 
11. 6 — 84 + 12/3 12, 15r6 + 20r4 — 10/3 29, 2x4 — x3 +4x—2 30, 2x4 — 5x3 + 10x — 25 
13, 8x?y? — 24x?y3 14. 36xy — 24x3y3 31. ab — 3a + 2b — 6 32. 2ax — 6bx — ay + 3by 
15. 18 — 12073 16. 24n?n? + 1207? 


17. —4a? — 2ab + Gab? 18. —Sa’ + 10a°b? — 15ab 


R.4 Factoring Polynomials R-27 


Factoring Trinomials 81. x? — 12x + 36 82, 1624 — 2423 + 92? 
a ce one the pipe chad 83, 923 — 622 + z 84, 49y? + doy +9 
Ae iy 34, x Flas 
ie hi bod TE 86 wo mde 10 85, 9y3 + 30y? + 25y 86. 25y3 — 20y? + 4y 
ie ba 36. x* — 8x 
37, P+ 42 38. 22 — 92 + 20 87. 4x? — 12xy + 9y? 88, 25a? + 60ab + 366" 
39, 22 + Lz + 24 40. 22 + 152 + 54 89, 9a'b — 120°b + dab 90. 16a + 8a?b + ab? 
41. 24x? + 14x - 3 42. 25x? — 5x - 6 Sum and Difference of Two Cubes 
&: 6-2 =9 44. 10x2 + 3x — 1 Exercises 91-102: Factor the expression. 
oleae an : 1. x3 -1 92. x3 +1 
45, 1 + x — 2x? 46, 3 — Sx — 2x? 
93, +2 94, yy - 23 
47, 20 + 7x — 6x? 48. 4 + 13x — 12x? ; ' 
95, 8x" — 27 96. 8-2 
49, 5x3 + x? — 6x 50, 2x3 + 8x? — 24x ' 
51, 3x3 + 12x? + 9x 52, 12x} — 8x? — 20x si ie ae 
6 3 6 3 
53, 2x? — 14y + 20 54, 7x? + 35x + 42 er Pee yee 
9 6 6 3 
55, 60/4 + 23017 — 40/2 56. 24r' + 8 — 80/2 Die li 
General Factoring 


57, 4m + 10m? — 6m 58, 30m + 3m? — 9m? 
Exercises 103-152: Factor the expression completely, 


Difference of Two Squares 103. 16x* — 25 104, 25x? — 30x + 9 
Exercises 59-76; Factor the expression completely, if 105, x3 — 64 106, 1 + 8y° 

aoe ny 6. 2-16 107, x? + 16x + 64 108, 12x? + x - 6 

G1. 4x2 — 25 62. 36 - y? 109, 5x? — 38x — 16 110, 125x3 — 1 

63. 36x? — 100 64, 9x? — dy? 11, x4 + 8x 112, 2x3 — 12x? + 18x 
65, 642? — 2524 66. 100x3 — x 113. 64x? + 8y* 114, 54 — 16x? 

67. 6x4 = y! 68, x4 — 9y? 115, 3x? — 5x — 8 116, 15x? — Ilx + 2 
69. & + 4b? 70. 94 + 2504 117, 7a> + 20a? — 3a 118, b° — b? — 2b 

mm. 4-922 72, 25 — x4y? 119, 2x7 -— x? + 6x —3 120, 3x3 — Sy? + 3x — 5 
73. (v — IP - 16 74. (y +22 -1 121, 2x4 — 5x3 — 25x? 122, 10x3 + 28x? — 6x 
75, 4-(2 +3)? 16. 64 -(t - 3)? 123, 2x4 + 5x? + 3 124, 2x4 + 2x? - 4 


125, 3+ 3x7 +x+3 126, x3 + Sx? + 4x + 20 
Perfect Square Trinomials 


127, 5x3 — 5x? + 10x — 
Exercises 77-90; Factor the expression. ate Oe a ioe ae 


11, x? + 2x +1 78, x? — 6x +9 128, 5x4 — 20x37 + 10x — 40 


79, 4x? + 20x + 25 80. x? + 10x + 25 129, ax + bx — ay — by 130, ax — bx — ay + by 
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131, 18x? + 12x + 2 132, —3x? + 30x — 75 151, 3x° — 27x? + 3x? — 27 

133, —4x? + 24x? — 36x 134. 18x? — 60x? + 50x 152, 2x° — 8x3 — 16x? + 64 

135, 27x? - 8 136. 27x37 + 8 Exercises 153-158: Checking Symbolic Skills Factor 

‘ 2 5 completely. 

137, —x" — 8x 138, x° — 27x 153. (x + 2)°(x + 4)! + (x + 23x + 4) 

139, x4 - 2xn3-— yy +2 140. x4 + 3x3 +x +3 154. (x — 3)(2x + 1)? + (x — 3)°(2x + 1) 
4 A. 

141, 7° — 16 ic a 155. (6x + 1)(8x — 3) — (6x + 1)%(8x — 3° 

143, 25x? — 4a? 144, 9y? — 162? 156. 2x + 3x + I! — 2x + 3x + 1) 
4 9,4 4 _ pa 

aS 2a" 12" 1h, al B 187. 4x°(5x — 1)8 + 2x(5x — 16 

147, 9x4 + 6x? — 3x 148, 8x3 + 28x? — 16x 158, (7x +3) + x8(Tx + 3? 

149, (2 - 2? -9 150. (y + 2 -— 4 


Simplify rational 
expressions 

Multiply and divide 
fractions 

Perform multiplication 
and division on rational 
expressions 

Find least common 
multiples and 
denominators 

Add and subtract fractions 
Perform addition and 
subtraction on rational 
expressions 

Clear fractions from 
equations 

Simplify complex fractions 


| EXAMPLE 1 


Simplifying Rational Expressions 


When simplifying fractions, we sometimes use the basic principle of fractions, which 
states that 


This principle holds because land $+ | = §. Itcan be used to simplify a fraction. 
NOs SD 8 
44 22+2 22 


This same principle can also be used to simplify rational expressions. 


Factor out 2 in the numerator | 
and denominator and simplify. 


‘T 


The following principle can be used to simplify rational expressions, where A, B, 
and C are polynomials. 
| 


A- 
rz = = 4 Band Care nonzero. 
Simplifying rational expressions 
Simplify each expression. 
9x 22? — 32-9 a’ b 
a b (3 
@ 32 ) 2+ u 15 © a+b 


SOLUTION 

(a) First factor out the greatest common factor, 3.x, in the numerator and denominator. 
9x _ 3°3n 3 3 
3x2 x3 x x 
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(b) Start by factoring the numerator and denominator. 


227 -32-9 (22+ 3c — 3) __ 22 4+3 
2+2z-15 (+ 5)(z - 3) z+5 


(c) Start by factoring the numerator as the difference of squares. 


e-B (a-blw + 4) 
et 
at+b ath 


=D 
Now Try Exercises 1, 11 and 17 


Distributing or factoring out a negative sign 


Simplify each expression. 


| 2g: y= 2 3 =x 
aaa ) 448 O35 
SOLUTION 


(a) Start by distributing the negative sign over the numerator. 
1-z -(i-z)_ -l+z_ 2-1 
a=] yaaa | z- 1 z- 1 


=1 


Note that the negative sign could also be distributed over the denominator. 
(b) Factor —{ out of the numerator and 4 out of the denominator. 
-y-2 -19+2)_.1 
4y +8 4(y + 2) 4 
(c) Start by factoring —1 out of the numerator. 


3-x_ -1(-3 +x) _ -16-3)_ 


x-3 x3 x—3 
Now Try Exercises 5, 7, 9 
MAKING CONNECTIONS 


Negative Signs and Rational Expressions 
In general, (b — a) equals —i(a — b). Asa result, if a A b, then 
b-a_ -i@-b)_ 


a-b a-b 
See Example 2(c). 


Review of Multiplication and Division of Fractions 
Recall that to multiply two fractions we use the property 


For example, 2 ‘ 3 = 529 = 495 


Multiplying fractions 


Multiply and simplify the product. 


4 3 2 3 
Ogg Oras 
SOLUTION 


4.3_493_12_ 1-121 
98 98 72 612 6 


2 3 
@) 3°46 12-6 12 


Now Try Exercises 21 and 23 
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Recall that to divide two fractions we “invert and multiply.” That is, we change 
a division problem to a multiplication problem. For example, 


35 4_3+4 3 
5 


4° 4 5+4 5° 


3 . 
4 
Multiplication and Division of Rational Expressions 


Multiplying and dividing rational expressions is similar to multiplying and dividing 
fractions. 


PRODUCTS AND QUOTIENTS OF RATIONAL EXPRESSIONS 


To multiply two rational expressions, multiply numerators and multiply denominators, 
A € AC 
_—_= B ” ‘0, 
BD BD and D are nonzero 
To divide two rational expressions, multiply by the reciprocal of the divisor 
A.C_AD 
ee Doe C B, C, and D are nonzero, 


Multiplying rational expressions 


Multiply and simplify. Leave your answer in factored form when appropriate. 


Sx 4 xy-2 xt wr=-1 y+2 
Oe “Gime SM ytca sol 
SOLUTION 
5x4 20x 
(a) 3 lox? = B0x2 Multiply rational expressions. 
= “ Simplify. 
iv 
x-2 xt1 (x -— 2)(v¥ + 1) 
—  ———  — Multiply rational expressions. 
© g61 Oe=4 es De =H le i al 
__ &=- 26+) Sere 
(2x — 1)2(x — 2) pestle 
_ &+)DG - 2 j ae 7 
“Ge hie = 2 ornmutative property 
— Wt) Salie 
= 22x — 1D) _ 1 rnp lity 
(c) ¥ —s ere Ga — is ay a) Multip| 
¥ = Multiply rational expressions, 
w-4 x-1 (? - 4-1) Be ' 
(x — Dw + DW + 2) ieanaie 
(« = 2)(x + D(x ae i) Iterence o quares 
w+ DG - I~ + 2) ee 
=e = Dee 2 ommutative property 
x1 , 
= yo simplify. 


Now Try Exercises 39, 43 and 47 
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loa igAc Dividing two rational expressions 
Divide and simplify. 
@ 2422! 2 ee) I Soa | 
BR 


SOLUTION 
2 


(a) = + as = . ae vert and multiply 
eet, Multiply. 
~ xQx = 1) ti 
= : : lif 
es | simpli 
. aed Be. ers 
ei et Be LW eee “Invert and multiply 


etx-6 xt3 v+x-6 x-1 
w+Daq-D x+3 
(@—-2Dx+3) x-1 

_@&+ DW - DG + 3) 
~ (&— 2 -— DG + 3) 
a etl on 


eZ, 
Now Try Exercises 51 and 59 


Least Common Multiples and Denominators 


To add or subtract fractions and rational expressions, we need to find a common 
denominator. The least common denominator (LCD) is equivalent to the least common 
multiple (LCM) of the denominators. The following procedure can be used to find the 
least common multiple. 


Commutative property 


FINDING THE LEAST COMMON MULTIPLE _ 
The least common multiple (LCM) of two polynomials can be found as follows. 


STEP 1: Factor each polynomial completely. 


STEP 2: List each factor the greatest number of times that it occurs in either 
factorization. 


STEP 3: Find the product of this list of factors. The result is the LCM. 


The next example illustrates how to use this procedure. 


imnawignaie Finding least common multiples 


Find the least common multiple for each pair of expressions. 
(a) 4x, 5x3 (b) x? + 4x + 4,0? + 3x 42 


SOLUTION 
(a) STEP 1: Factor each polynomial completely. 
4x=2+2+x and 5X3 =Sexexee 


STEP 2: The factor 2 occurs twice, the factor 5 occurs once, and the factor x occurs 
at most three times. The list then is 2, 2, 5, x, , and x. 
STEP 3: The LCM is the product 2+ 2+ 5+. + +x, or 20x°. 
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(b) STEP 1: Factor each polynomial as follows. 
x? + dy + 4=(v + 2(v +2) and x? + 3x +2=(~ + D+ 2) 


STEP 2; The factor (x + 1) occurs once, and (x + 2) occurs at most twice. 
STEP 3; The LCM is the product (x + 1)(x + 2)?, which is left in factored 
form. 


| Now Try Exe! eines 67 and 71 | 


PSTN Aey)) Finding a least common denominator 


Find the LCD for the expressions and ; 
xi + 4x +4 eo HE Be HD. 


SOLUTION From Example 6(b), the LCM for x? + 4x + 4 and x? + 3x + 2 is 
(x + I(x + 2). 


The LCD is the same as the ae the LCD is also (x + I(x + 2). 


LCM of the denominators. | Now Try Exercise 75 


Review of Addition and Subtraction of Fractions 


Recall that to add two fractions we use ’ proper y rae e = “+2 This property 


requires /ike denominators. For example, 4 gt 35 Le 3 = t | When the denomina- 


tors are not alike, we must find a common denominator, Before adding two fractions, 
such as 3 and 1 we write them with 12 as their common denominator. That is, we 
multiply each fraction by | written in an appropriate form, For example, to write A 
with a denominator of 12, we multiply 2 3 by I, written as ' 


Zz 2.4_ 8 and 1_13_3 1. Write each fraction with 


3 ~ 3 "4 12 4 4 3 12 acommon denominator. 


Once the fractions have a common denominator, we can add them, as in 
2. 1 8 3 11 


Sib af ee 2. Add numerators. Keep 
3.64 12 12 {2° the common denominator. 


The least common denominator (LCD) for 2 and i is equal to the /east common multiple 
(LCM) of 3 and 4. Thus the least common denominator is 12. 


| EXAMPLE: 


Adding fractions 


2 
Simplify 3 i 7 


SOLUTION The LCD is 35. 


3—_2— 3 3 2 7 21 + 1031 
Se ee: 75 3535 35 


| Now Try Exercise; 


Recall that subtraction is similar to gees To subtract Ses fractions with /ike 


denominators, we use the property $ — be = 4—) For example, 3 i a = i-7 = -f. 
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pe WAM Subtracting fractions 
ee ee 
Simplify > — =. 
8 6 Multiply each fraction by 1 in 
the appropriate form. 


SOLUTION The LCD is 24. 
3s 


- 
4 24 24 24 


Now Try Exercise 35 


Addition and Subtraction of Rational Expressions 


Addition and subtraction of rational expressions with like denominators are per- 
formed in the following manner. 


SUMS AND DIFFERENCES OF RATIONAL EXPRESSIONS 


To add (or subtract) two rational expressions with like denominators, add (or subtract) 
their numerators, The denominator does not change. 


(XV If the denominators are not alike, begin by writing each rational expression, 
using a common denominator. The LCD equals the LCM of the denominators, 


| EXAMPLE 10] Adding rational expressions 


Add the expressions. 
x 3x°+ 1 1 2x 
+ —— + 
@. sae 2 re eel 
SOLUTION 
(a) The denominators are alike, so we add the numerators and keep the same 
denominator. 
—*_g See) eee eT #3 devinmorabats 
x+2 x +2 x+2 
_4xt1 Eonibitce like tern 
x+2 ombine like terms. 
(b) The LCM for x — | and x + 1 is their product, (v — 1)(x + 1). 
1 of 2x 1 at 1 2x x«-i1 Change to a common 
SOL FFL =) eh ke £1 denominator 
eel 2x(x — 1) 


+ Multiply 

@-Det+D' @+DQe-p 

x +1 + 2x? — 2x Add numerators; 
(x - I(x a 1) distributive property 

a 2x*-x4t+1 
(x - D& + 1) 


Combine like terms, 


Now Try Exercises 79 and 91 
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Subtracting rational expressions with unlike denominators 


Subtract and simplify. Leave your answer in factored form when appropriate. 
(a) Sa 4b 1 5 1 1 


as 
b 
Pe & (b) oe x+5 © xwe-3yt+2 x-x-2 


SOLUTION 
(a) The LCD is ab’. 
Sa 4b i _ Sa 4B ie 


Pr @ e PL ba? why 


rite with LCD, 


(x — L(x + 5) _ 5x 
x(x + 5) x(x + 5) 
= (x — I + 5) - Sx 
x(x + 5) 
= x? + 4x — 5 — 5x 
x(x + 5) 
wx - 5 


a Combine like term 


(©) Because x? — 3x + 2 = (x — 2)(x — 1) and x? — x — 2 = (x — 2)(x + 1), the 
LCD is (x — 1)(v + D(x — 2). 


Multiply binomial 


— to wt oO es 
G-J@-D) @+) G@-DeE+D) w-D write nat 
= (x + 1) (x -— 1) 


Multiply 


@W=QDe=-V)EeE+rtY) &=26e+ De= 1 
wW+I)-@- 1) 


(x — 2(x — Dix + D SPREE 


oe et ee , 
@-2DO-D&+) ee eee 
2 
@-2G-D@t+) simplify numerator 


Clearing Fractions 

To solve rational equations, it is sometimes advantageous to multiply each side by 
the LCD to clear, or eliminate, fractions. For example, the LCD for the equation 
a + wo = 0 is (v + 2)( — 2). Multiplying each side by the LCD results in 
the following. 


1 1 
(x + 2)(x - a(- +5 + a= 5) =0 Multiply each side by LCD 


(x + 2) — 2) in (x + 2)(x — 2) és Bik Bs wash 


ve | 
r+ 2 2 


=H Z£ 


R.5 Rational Expressions R-35 
(vw -2)+ (+2) =0 irnplify 
x=0 Combine like terr nd solve 
This technique is applied in the next example. 
bo? Wi Aomea Clearing fractions 
Clear fractions from the equation and then solve. 
ee ee 
x y?-1 xt 
SOLUTION The LCD is x(x? - 1) = xv - DW t+ 1). 
2 a x 4 rr 
x(x n(2+5% i 34 :) x(x 1)-0 
3x(x? - 1) Z soe -— 1) 4x(x? - 1) ue 
x = 1 x+1 
3x(x? - 1) . xi(c" — 1) 4x- Ir + 1) . 
x x*- 1 teil 
3(x? — 1) + x? — 4x(x - 1) = 0 
3x? -— 3 +47 - 4)? + dy = 0 
4x --3=0 
3 
“4 
The solution is 3, Check this answer. 


Complex Fractions 


A complex fraction is a rational expression that contains fractions in its numerator, 
denominator, or both, One strategy for simplifying a complex fraction is to multiply 
the numerator and denominator by the LCD of the fractions in the numerator and 


denominator, For example, the LCD for the complex fraction 


implif 


Tn the next example, we simplify another complex fraction. 


God Wiyaowed Simplifying a complex fraction 


Simplify the complex fraction. 
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x@& = 1) 


SOLUTION The LCD is the product, x(x — 1). Multiply the expression by ao 


ca. 


V(X 1) X i \ 


I 
= di nutive property 


3x(v — 1) 2x - 1) 


(x 1) x(x ) , 3x@ =) 


iy | x 

3x -— 2 - 1) 
3X = Qe 2. 
“y+ 3x —3 


x+2 


~ 4x —3 


Simplifying Rational Expressions 


Exercises 1-20: Simplify the expression. 


10x" ‘i 243 
"By? 67 
(wv — 5)(x + 5) 5-a 
3 — ees 
y= 5 " a-5 
4-1 i=? 
5. -—— - 
1-4 : h=T 
4m —n 2n + 10m 
& —dn +n = —n — 5m 
Sy a-—b 
= 10, —— 
9 yr 5 b-a 
Bs ‘ — 
U2 16 12. (x + 5)(v - 4) 
x- 4 (x + 7)(v + 5) 
x +3 2x? — 9x + 4 
= 4 > 
ax? + Sx — 3 6x? + 7x — 5 
zt+2 x? = 25 
1s, = 16. == 
42 +8 x? + 10x + 25 
4s 2 : 
xP am x= 3x = 10 
Ae aE 18, ————_ 
x? + 3x +2 x? - 6y + 5 
aa. 7 oR 
a+b a —b 
a+b Be” peed 


Review of Fractions 
Exercises 21-38: Simplify. 


m. 3.4 2, 2.5 

2, 3.5.5 m4, 2.2 
25, +3 6, 5 +0 
mie mi; As Ed 
2. 243 30, > + = 
a. - 2 gone 
33, 545 34, +5 
3, 2-5 36, 2-2 
a. 543-3 ae Babes 


Multiplication and Division 
of Rational Expressions 


Exercises 39-64; Simplify. Leave numerators and denomi- 
nators in factored form when appropriate. 


1 3x 6a 5 
39, => 40, 4. > 
x2 5 12@ 
5x. 10x 2x? + x x 
a Tae eho eS 
Xx+1 Ba 4x +8 x? 
sa w-5 xt] i Wx x+t2 
45 (x — 5)(x + 3) f x(3x — 1) 
: 3x - 1 (x -— 5) 
P+1 b-1 
ak re es 
a ee Bo. 
4). ¥ ax — 35 x b 


2x3 — 3x? ax — 14 


ax +4 x7 + 3x +2 


res eee os 

Fat n ws 4 50. J + = 
mise! a Stas 
53. = + a 

54, xvtx—12 x? 4+ 7x4 12 


2x? -9x- 5 w= Iv—4 


2 Pi obese’ 


wax 


55, 


x? + 3x +2 x? - 4 
56. —> oh 
2x" Tek 3 xe RM 


xv -3xt+2  w+x-2 


57. 3 aa 
APSE EO RAS 8 


ax? peo 1 2x? + Sx +3 


58. : 
6x? +x-2 6x? + 13x + 6 


¥-4 -x-2 


$9; = 
w+x-2 x-1 


et Bed eed 


me x-2 “2x - 4 


a a 
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ae aera 
= 3 mS 

Sead x-1° NX 
os WES. 

as x-2° x © x?-4 


Least Common Multiples 


Exercises 65-72: Find the least common multiple. 


65 
67 


. 12, 18 66. 9, 15 

. 5a, 10a 68. 6a?, 9a? 

. 22 — 42, (z — 4) 70. 22 - 1,227 +22+1 
. x2 - 6x +9,x? — Sx + 6 


. 2 — 4x? — de + 4 


Common Denominators 


Exercises 73-78; Find the LCD for the rational expressions. 


1 ot 1 1 
Ba PF i sak i 
1 1 4 1 
4a = 16 oP os 
eo x ye tn I 


22x + 1’? 2x-4 x’ x? — dy’ 2x 


Addition and Subtraction 


of 


Rational Expressions 


Exercises 79-112: Simplify. Leave numerators and denom- 
inators in factored form when appropriate. 


my <9 ota 

a ach roi a oe a 
ae ae a wd SS — 
a5, 5 - = 96, 78 - 
g7, 2-2 8. 5-5 

si rae “a 9, rer 
isees Baas 
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3 1 2x 2x 1 
Bia ge 3 = 5 117. 5 aie eerie 
2x + 1 3 x 1 1 
; - + F = 
™ x— 1 xl x-1 ae as ee 8 
x 5x ati a 1 1 
95. 96. i a asi ee SS 
~-9 x-3 e’-1l i-@ 1% ox x 
b bres y y 120, — deel 
i. a | Ye gh a vr-16 x+4 x-4 
2x ax — 1 ! 2 aw 
99, eee 121; = ———>+ =0 
nk” = Vek x +5 x-5 
X'+ 3 3 i2, —_ +! of ies 
HW Sy= 1" Tie — ae sci ial as 
101 ¥ 1 Complex Fractions 
“@- 1? GW - D@ +3) Exercises 123-134; Simplify. Leave numerators and denom- 
3 2 inators in factored form when appropriate. 
102, 
wroixy-6 w+ 5r+6 1+4 oN 
3 2 123, T 124, 1 
103. - eras Hives 
Mb a etd Po aeas a .* 
3 i 1 
104. =———_ + = ——> 1+ 
2 2 Qe Form a 
x atl x 3x +2 ps. cake 126. ¥—- 3 
x Sst — 
105, ——_ - =; x -5 x - 3 
oak x? + 4y + 4 
3 \ I 4 a-% 1 i 2 
sy ¥ 3 = x 
Wh Bien Po des | 127, ~—* me, 24 = 
Be nee Dies 
107 3H 3y x? x x 
“yoy x? =p +y? | 4 1 2 
ot +5 
¥+3'° ¥= ae 
fia, Sop BB. Pe ii 2¢— qa EES SR 6, ak 
ab ae be x-!l xtl Sie. | I 4X 
6 , Y=3 xe 1° 2 
119;. 5: = + 
vW- 36 n-6 4 2 
> Somme) v-4 
it, Oe ep eo eee 132, 
(=1°¢-2 0 7 ps i= 
BS 2 v+4 
3 I 2x 
Kg 3 x-3 ¥~ 5 x oli, a ; 
2a 2b 2x 2y 
Clearing Fractions ee a B34. 
—_—— — —_— + — 
Exercises 113-122; (Refer to Example 12.) Clear fractions er PP 3y? 3x? 
and solve, Check your answers, 
113 ds ae Pos 114 <a + s =0 
“x “y-2 xt! 
1 3x 3 4 
ae = ie +-= 
115 = + I 0 116 Tek * x 0 


Radical Notation and Rational Exponents 


= Use radical notation 
« Apply rational exponents 
= Use properties of rational 


exponents 


(17) 


4.123105626 


FIGURE R.18 


EXAMPLE 2 


R.6 Radical Notation and Rational Exponents R-39 


Radical Notation 


Square Root Recall the definition of the square root of a number a. 


‘SQUARE ROOT [a 
The number b is a square root of aif b? = a. 


Every positive number a has two square roots, one positive and one negative. 
For example, the square roots of 100 are 10 and —10. Recall that the positive square 
root is called the principal square root and is denoted Va. The negative square root is 
denoted — Va. To identify both square roots, we write + Va. The symbol + is read 
“plus or minus.” The symbol Vis called the radical sign. The expression under the 
radical sign is called the radicand, and an expression containing a radical sign is called 
a radical expression. Examples of radical expressions include 


Radicand | 


3x 


Radical sign -— Vo 5+ Vx+1, and Fs 


Radical Expressions 


Finding principal square roots 
Find the principal square root of each expression. 


@) 2 @ 17 © ; @) e,c>0 


SOLUTION 
(a) Because 5 + 5 = 25, the principal, or positive, square root of 25 is V5 = 5. 
(b) The principal square root of 17 is V17. This value is not an integer, but we can 


approximate it. FIGURE R.18 shows that V17 ~ 4.12, rounded to the nearest 
hundredth, Note that calculators do not give exact answers when approximating 
many radical expressions; they give decimal approximations. 


(c) Because $ 2a 4, the principal square root of 4 is Vi = 2, 
(@) The principal square root of c? is Ve = c,asitis given that c is positive. 


Now Try Exercises 7, 9, 11 and 13 


Cube Root Another common radical expression is the cube root of a number a, 
denoted Wa. 


J 


howd 


The number b is a cube root of a if b? = a. 


Although the square root of a negative number is not a real number, the cube root 
of a negative number is a negative real number. Every real number has one real cube root. 
Finding cube roots 
Find the cube root of each expression. 


(a) 8 (b) -27. (©) 16 (d) (e) d® 


as 
64 
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3\(16) 


2.5198421 


FIGURE R.19 


| EXAMPLE 3. 


| EXAMPLE 4 


] 
l 


SOLUTION 

(a) W8 = 2 because 23 = 2:2+2=8. 

(b) W—27 = —3 because (—3)? = (—3)(-3)(-3) = -27. 

(c) Wi6 is not an integer, FIGURE R.19 shows that WI6 ~ 2.52, 
(@) YL = + because (3)? =heqe4 = dq. 

(ec) WaS = d? because (d?)3 = d? + d? +d? = a??? = 9, 


| Now Tr y Exercises 15, 17, 19, 21, and 37 | 


nth Root We can generalize square roots and cube roots to include the nth root of a 
number a, The number d is an ath root of a if b" = a, where n is a positive integer, and 


the principal nth root is denoted Wa. The number #7 is called the index. For the square 


root, the index is 2, although we usually write Va rather than Wa, When n is odd, we 
are finding an odd root, and when 7 is even, we are finding an eyen root. The square root 


Va is an example of an even root, and the cube root Wa isan example of an odd root. 


(XE An odd root of a negative number is a negative number, but the even root of 


a negative number is nof a real number, For example, \/—8 = —2, whereas W-81 
is not a real number, 


Finding nth roots 


Find each root. 


(a) Wie (b) W—32 


SOLUTION 

(a) W16 = 2 because 24 = 2+2+2+2 = 16. Note that when 17 is even the principal 
nth root is positive. 

(b) W-32 = —2 because (—2)5 = (—2)(—2)(—2)(-2)(-2) = -32. 


| Now Try Exercises 43 and 44 


Rational Exponents 
When m and » are integers, the product rule states that aa" = a’"*", This rule can 
be extended to include exponents that are fractions, For example, 
4i2. ql = qUeti2 = gl = 4, 
That is, if we multiply 4!” by itself, the result is 4. Because we also know that 


V4+ V4 = 4, this discussion suggests that 4! = V4 and motivates the following 
definition, 


If n is an integer greater than 1, then 
at = Wa, 


| Ifa < 0 and nis an even positive integer, then a!” 


is not a real number, 


The next two examples show how to interpret rational exponents, 


Interpreting rational exponents 


Write each expression in radical notation. Then evaluate the expression (to the near- 
est hundredth when appropriate). 
(a) 362 (by 234% ~~) (Sx)! 


1,872171231 


FIGURE R.20 


EXAMPLE 5 


R.6 Radical Notation and Rational Exponents R-41 


SOLUTION 
(a) The exponent } indicates a square root. Thus 36'/? = V/36, which evaluates to 6. 


(b) The exponent 4 indicates a fifth root. Thus 23!/5 = VW23, which is not an integer. 


FIGURE R.20 shows this expression approximated in both exponential and radical 
notation. In either case 23'/5 ~ 1.87. 


(c) The exponent 4 indicates a square root, so (5x)! = V/5x. 


Now Try Exercises 45, 49, and 71 


Suppose that we want to define the expression 87/3, On the one hand, using prop- 
erties of exponents we have 
gif. giB = giBt13 — 9%, 


On the other hand, we have 
gi. gs = WR. WE =2-2=4, 
Thus 87 = 4, and that value is obtained whether we interpret 8” as either 
823 = (82)18 = WR = Wo4 = 4 or 
923 = (81/32 = wey =2=4, 
This result illustrates that 8’/° = V = (8) = 4 and suggests the following definition. 


If m and n are positive integers with 4} in lowest terms, then 


qt = Wan = (Wa 7: 


If a < 0 and vis an even integer, then a’! is not a real number. 


Interpreting rational exponents 


Write each expression in radical notation. Then evaluate the expression when the 
result is an integer. 
(a) (-27°% — (by 12% 


SOLUTION | 
(a) The exponent + indicates either that we take the cube root of —27 and then square 
it or that we square —27 and then take the cube root. 
(-27)"" = (W279 = (-3) = 9 
. ay 
(27°) = VW-27P = W729 = 9. ae 
(b) The exponent 3 indicates either that we take the fifth root of 12 and then cube it 
or that we cube 12 and then take the fifth root. Thus 
1295 = (S12)? or 1255 = W712, ——— Notan integer | 


Now Try Exercises 74 and 77 


Equal results | 


From properties of exponents we know that a" = a where 77 is a positive integer. 
We now define this property for negative rational exponents. 


THE EXPRESSION a-™/" 
m 


If m and n are positive integers with 7 in lowest terms, then 


qn a he a#0 
qin , 
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(AMPL! 6 Interpreting negative rational exponents 


Write each expression in radical notation and then evaluate. 
(a) (647 (by) (14 


SOLUTION 


re See | 1 
© OO aR Yea 4 
I I 14 


© BI = on (Very 8 27 


| Now Try Exercises 57 and 50 | 


Properties of Rational Exponents 

Any rational number can be written as a ratio of two integers. That is, if p is a rational 
number, then p = 7}, where m and n are integers. Properties for integer exponents 
also apply to rational exponents—with one exception. If 7 is even in the expression 
a” and 4} is written in lowest terms, then a must be nonnegative (not negative) for 
the result to be a real number. 


| Let p and q be rational numbers written in lowest terms. For all real numbers a 
| and b for which the expressions are real numbers, the following properties hold. 


| Laat = ars Product rule for exponents 


1 I 1 
2a? = og =a? Negative exponents 
a\? b\ ; ; 
3. a) ONG Negative exponents for quotients 
@ ‘ 
4, a ga Quotient rule for exponents 


5. (yt = a4 
6. (ab)? = aPb? 


] ay a? 
aS) Fe 


In the next example, we apply these properties. 


Power rule for exponents 
Power rule for products 


Power rule for quotients 


Applying properties of exponents 


Write each expression using rational exponents and simplify. Write the answer with a 
positive exponent. Assume that all variables are positive numbers. 


-2\-1/2 
(@) Vx Wx ) W272 (2 ) 


81 


SOLUTION 


(e) Vee Vea x'ey3 Ue, 


= yl2tiB f 
=F x/6 npli 

(ob) —-W27x? = (27x?)'8 rational exponen 
= 273x278 Power rul fae 


= 3x73 Power rul 
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2\-1/2 g1\12 
o (5) -G) 


_ (81)! 


Sr (x2)? 


Square Roots and Cube Roots 39, -W9 40. Wie + 18 + 18 
Exercises 1-6; Find the square roots of the number. a/7a Ne is 
Approximate your answers to the nearest hundredth when- 41, VQ2x) 42, Vx 
ever appropriate. 43, W/81 44, W/—1 
1. 25 2. 49 
45, W-7 46, W6 
3, 4 4, $f 
it OS * 81 
Rational Exponents 
5. 11 6. 17 
Exercises 47-52; Write the expression in radical notation, 
Exercises 7-14: Find the principal square root of the num- 47, 61/2 48, 7'3 
ber, Approximate your answer to the nearest hundredth 
whenever appropriate. 49, (xy)!? 50. x2Byl/s 
7. 144 8. 100 \2/7 
ys 2. (4) 
9, 23 10, 45 ate 52 yy 
il. 4 12. fy Exercises 53-60: Write the expression in radical notation. 
; P Then evaluate the expression when the result is an integer, 
13, bb <0 14, (xy), xy > 0 53, 2773 54, 843 
Exercises 15-22; Find the cube root of the number. 55, (-1)¥3 56. 83/4 
15, 27 16. 64 
1/3 3/4 
17, -8 18, —125 ae ala 
3/5 =1/2 
19, 4 20. ah 59, 13 60, 23 
Exercise 61-70; Use rational exponents to write each 
9 6 
a. b 22, 8x expression, 
3 
Radical Notation 61. Vi 62. Wi 
Exercises 23-46; If possible, simplify the expression by 63. VW (xe TD) 64, Vy — 3 
hand. If you cannot, approximate the answer to the nearest 65. 1 PP 1 
hundredth, Variables represent any real number, " fei aa 
xt Vx = 3 
23, V9 24, V121 : ic 
67. Var — b? 68. Vas + 
25, -V5 26. Vi 
69, 70, 
27, V0.36 28. V0.64 Vu Wi 
16 mM 
29, 25 30, 49 Exercises, 71-92: Evaluate the expression. Approximate the 
4 “f= answer to the nearest hundredth when appropriate. 
31, 16 32. 64 m1. 16!” 7, gif 
f) f) 
5 4, V6 
saab . 73, 2561/4 74, 43? 
WY 6a _W_ 
sis = ” ! 75, 32/5 76. (-32)'/5 
31. W5 38. W-13 
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_9)4/3 _ ys iam 
71. (-8) 78. (1) ta VEE a (:) 
79, 21/2. 92/3 80, 53/5. 51/10 81 
6\2/3 1/4 
a. ()” wm. ()” ws. (5) wa. (4) 
: 27 ¥ 
es GN/S « GS re ; 
83. oi; 84, 105. (5) 106. ae 
85, 412 86. 97372 J 27x 
107. VVy 108. Vax) 
87, (-8) 8 88, 497!/2 
(t)- (19)? 109. (@?)#3 110. (x73/2)2/3 
89. ig)” 90. (58) 
i 111. (a°b5)'8 112. (64x3!8)1/6 
91, (2!) 92, (59/512 


(k'Py 


(o3/4)4 


Exercises 93-122; Simplify the expression and write it with 113. (4 114, (pi/)-5 
rational exponents. Assume that all variables are positive. 

93, (x2) 94, (y'!2 115. Vb+ Wo 116, Wie Wt 

95, (x2p8)/2 96. (y!9z4y!/4 7. Vz0 WP W118, Vb» Wo» Wo 
97. Wx8 98, Vi6x! 119, p'?(p¥? + p'?) 120, a4(a"/4 — a4) 


y 


99, x 


ERD Radical expressions = = 


Apply the produ 


Simplify radical 
expressions 


ct rule 


Apply the quotient rule 
Perform addition, 


subtraction, and 


multiplication on radical 


expressions 


Rationalize the 
denominator 


| EXAM 


iti: y= 1a. Wx(Vx — Wx?) 122, AV (Ve + -W5?) 


Product Rule for Radical Expressions 


The product of two (like) roots is equal to the root of their product. 


Let a and b be real numbers, where Wa and Wb are both defined, Then 


Va: Wb = Wav. 


The product rule works only when the radicals have the same index. 


We apply the product rule in the next two examples. 
Multiplying radical expressions 
Multiply each pair of radical expressions, 


(a) V5+V20 (by) W-3- WO 


SOLUTION 
(a) V5+V20 = V5 +20 = VI100 = 10 
(b+) W-3- Wo = W-3-9 = W-27 = -3 


| Now Try Exercises 3 


Multiplying radical expressions containing variables 
Multiply each pair of radical expressions, Assume that all variables are positive. 


(@) Vxe Vb) W200 Wa ©) e.g 


EXAMPLE 4 


R.7 Radical Expressions R-45 
SOLUTION 


(a) Vx-Vx8 = Ved = Vid = 2? 
(b) W2a+ W5a = W2a+ 5a = W100? 


o fF fn FEE ses 
y x rae: ic 
sf 32x sae x6 


Now Try Exercises 27, 33, and 35 


ll 


Simplifying Radicals An integer a is a perfect nth power if there exists an integer 
b such that b" = a. Thus 36 is a perfect square because 6? = 36, 8 is a perfect cube 
because 23 = 8, and 81 is a perfect fourth power because 34 = 81. 

The product rule for radicals can be used to simplify radical expressions. For 
example, because the largest perfect square factor of 50 is 25, the expression V50 
can be simplified as 

25 is a perfect square. | 


V50 = V25+2 = V25+ V2 = 5V2. 


This procedure is generalized as follows. 


SIMPLIFYING RADICALS (nth ROOTS) 


STEP 1: Determine the largest perfect nth power factor of the radicand. 
STEP 2: Use the product rule to factor out and simplify this perfect nth power. 


Simplifying radical expressions 

Simplify each expression. 

(a) V300 (b) W16 (ce) W512 

SOLUTION 

(a) First note that 300 = 100 + 3 and that 100 is the largest perfect square factor of 300. 
300 = 100 > V3 = 10V3 

(b) The largest perfect cube factor of 16 is 8, Thus Wi6 = W8- V2 = 2w/2.z 

(c) W512 = W256 + W2 = 4W/2 because 44 = 256. 


(EQ To simplify a cube root of a negative number, we usually factor out the nega- 
tive of the largest perfect cube factor. For example, because —16 = —8 + 2, it follows 


that W—16 = W—8 » W/2 = —2/2. This procedure can be used with any odd root 
of a negative number. 


Simplifying radical expressions 


Simplify each expression. Assume that all variables are positive. 


(a) V25x4 —(b), 323 () W=16x4y5 @) W2a+ 4a 
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EXAMPLE 5 


EXAMPLE 6 


SOLUTION 

(a) V15x4 = 55? (5x?)? = 25x 

(b) V3a8 = V(i6r)2n 16n? is the largest perfect square factor. 
= Vi6n + Vian Product rule 
= 4nV2n (4n)? = 16n? 


(c) W—16x3p5 = W(—8x5p')2)? 8x"y" is the largest perfect cube factor. 

—2xyW2y? (—2xy)* = —8x3y? 

@) W2a+ Waeb = W2a)(4a°b) Product ule 
= W805 8a! is the largest perfect cube factor 
= Wa Wh Product rul 
= 2aWb (2a)? = 8a? 


The product rule for radical expressions cannot be used if the radicals do not have 
the same indexes, In this case we use rational exponents, as illustrated in the next example, 


Multiplying radicals with different indexes 
Simplify each expression. Write your answer in radical notation, 
(a) V2>W4 hh) We We 
SOLUTION 
(a) First note that W4 = W/2? = 27/3, Thus 
V0 WG = 22. 22/8 = 71242/3 = 91/6, 

In radical notation, 27/6 = W/27 = W252! = Ws Wi = 2), 
(b) Vx Wx = x18 yl = yp? = OVI 
Quotient Rule for Radical Expressions 


The root of a quotient is equal to the quotient of the roots. 


| QUOTIENT RULE FOR RADICAL EXPRESSIONS - 
Let a and b be real numbers, where Va and Wb are both defined and b # 0, Then 
fa _ Na 
b We 


Simplifying quotients 


Simplify each radical expression, Assume that all variables are positive, 


of off 


SOLUTION 
= 3/= y 
(a) iB ei WS = ME Quotient rule | 


) Jo == F because » > 0, 
d ¥ 


R.7 Radical Expressions R-47 


lod Withowa Simplifying radical expressions 


Simplify each radical expression. Assume that all variables are positive. 
V40 af 16x3 5a? 5B 

Om OF OVEN 

SOL a 

(a) Ve. ‘4 . = V4=2 
flex? — Wiox? — W16- Wx3 _ 23 

OV Ye yy 


(©) To simplify this expression, we use both the product and quotient rules. 


we 


wee 


_ sa@Va 
aa | 


(5a‘) 


Now Try Exercises 13, 19, and 53 


MAKING CONNECTIONS 
Rules for Radical Expressions and Rational Exponents The rules for radical 
expressions are a result of the properties of rational exponents. 


Wa+b = Va+ Wb is equivalent to (a+ b)!/" = allt. pln, 


ala Wa : . a I/n gin 
bt Wp is equivalent to (2) = ime 


Addition and Subtraction 
We can add 2x? and 5x? to obtain 7x? because they are like terms. That is, 
2x? + 5x? = (2 + 5)x? = 7x7, 
We can add and subtract like radicals, which have the same index and the same radi- 
cand. For example, we can add 3V2 and 5V2 because they are like radicals. 


3V2 +5V2 = 8 +5)V2 = 8V2 
Sometimes two radical expressions that are not alike can be added by changing them 
to like radicals. For example, 20 and V5 are unlike radicals. However, 


V20 = V4-5 = V4- V5 = 2V5, 

P Write V20 asa 

so it follows that ae multiple of V5. 
V0 + V5 = 2/5 + V5 = 35. 


We cannot combine x + x because they are unlike terms. Similarly, we cannot com- 
bine V2 + V5 because they are unlike radicals. 


R-48 CHAPTER R Reference: Basic Concepts from Algebra and Geometry 


Ieewiyaoey Adding radical expressions 
Add the expressions and simplify. 


(a) OVI + 4VI1 (b) 5SW6o+ Wo 


SOLUTION 
(a) Vil + 4Vil = (10 + VT = 14 
(b) 5Wo + Wo = 64+ 0W5 = 66 
(©) Vi2+7V3 = V4-34+7V3 
= V4-V34+7V3 
=2V3+7V3 
=9V3 


ioe WiidAoy Adding radical expressions 


() Vi2 + 7V3 


Now Try Exercises 63, 67, and 69 


Add the expressions and simplify. Assume that all variables are positive. 


(a) -2V4x + Vx (b) 3V3k + SV12k + 9V/48K 


SOLUTION 


(a) Note that V4x = V4aeVx = 2x, 


-2V4x + Vx = 20.) + Vx = -4Vx + Vx = -3 Vx 
(b) Note that V12k = V4» V3k = 2\/3h and V48k = VI6+ V3k = 4\V/3k, 
3V3k + SV12k + 9V48k = 3V3K + 5Q2\/ 34) + 91430) 
= (+ 10 + 36)V3k 


= 49V 3k 


Now Try Exercises 77 and 83 


Subtraction of radical expressions is similar to addition of radical expressions, as 


illustrated in the next example. 


lod Wino Subtracting radical expressions 


Subtract and simplify. Assume that all variables are positive. 


(a) 3Wxy? — 2Wxy? ) View — V3 


SOLUTION 

(a) 3Wxy? — Way? = 8 - 2Way? = Way? 

0) Vio — Vi = Vib» V8 - V8 
=4V¥- V3 
=3V33 
= 3xVx 


Multiplication 


Now Try Exercises 75 and 81 


Some types of radical expressions can be multiplied like binomials, The next example 


demonstrates this technique. 


Answers to Selected Exercises A-63 


63. Maximum: 65; minimum: 8 

65. Maximum: 66; minimum: 3 

67, Maximum: 100; minimum: 0 

6.x +y<=4,x20,y 20 71. Minimum: 6 

73, Maximum: z = 56; minimum: z = 24 

75, 25 radios, 30 CD players 77. 2.4 units of Brand A, 
1.2 units of Brand B79. $600 81. Part X: 9, part Y: 4 


CHECKING BASIC CONCEPTS FOR SECTIONS 9.1 
AND 9.2 (p. 790) 


1. d(13, 18) = 20 3.y=4+Vz- x? 
5. 


45. (a) (100, 1300); When 100 items are sold the company’s 
revenue and cost is $1300. 


(b) [0, 300, 50] by [0, 3000, 500] (ce) [100, 300, 50] by 7. (a) x — y = 22,0.8x — y = 0 (b) (110, 88); 2008: 


[0, 3000, 500 } 110 minutes, 2018: 88 minutes 
SECTION 9.3 (pp. 796-797) 
LZ . 1.No 3.2 5.Dependent 7. (0, 2, —2) is not, but 


(-1, 3, —2) isa solution. 9. Both are solutions. 


(d) [100, 300, 10] by [0, 750, 20] 11. (1, 1,3) 13. (-2,-1,1) 15. (1, 2, 3) 
17.(1,0,1) 19. (14,2) a1. (243, =2 +3, 2) 
23. No solutions 25, (-3, =2; 4) 27. No solutions 
29, (—1,,-J) at (a) 

1 

P(x) = 3x — 300; x > 100 33. (8,-11,—4) 35. (2,3, -4) 

47, (a) (28.35, 340.18) and (211.65, 2539.82) 37. 120 child, 280 student, and 100 adult tickets 

(b) [0, 300, 50] by [0, 3000, 500] (c) [28.3, 211.6, 50] by 39. No solutions; at least one student was charged 


[0, 3000, 500] incorrectly. 
41.(a) x+y+z= 180 
% —-z= 25 
—xty+z= 30 


(b) 75°, 55°, 50° 
0, 0, 
( PO) = ~0.05:2 + 12x ~ 300 A ht aA ah NAO Ht 
(e) 120 units; $420 dollars 49. Jitters ek pian RES 8 
51. 180 pounds or more 53. x = 300, y = 350 


ee : : 9P-K= 0 
55. This individual weighs less than recommended for his A 
orher height. 57 ie aw < 800, 5h — w = 170 (b) (40, 4, 36); 40 Ib of nitrogen, 4 lb of phosphorus, 
: . ates — 36 Ib of potassium 


A-64 Answers to Selected Exercises 


SECTION 9.4 (pp. 809-813) 


14.3% 1 3:2%2. &3%2 

7. Dimension: 2 X 3 9, Dimension: 3 X 4 
[ 5 7" | -3 2 I |-4 
-1 3 ]-1 $ @ =-1)] 9 

1 -3 -6|-9 
11, 3x + 2y =4 133+ y+4z= 0 
y=5 Sy + 8z = -1 
-iz= 1 


15.(a) Yes (b)No () Yes 17. (1,3) 19, (-1,-1) 
21. No solutions 23. (2,0) 25, (2, 3, 1) 
27, (3 -— 3z,1 + 2z,z) 29. No solutions 


I -2 3] § Lap 2/2 
36) 53 3 3) 2] 83/0 1 =1/2 
L 2b] s2 o # si)g 


35. (—17, 10) 37. (0,2) 39,(—2,0) 41. (0,2, —1) 
43. (-1,2,4) 45. (3,2, 1) 47. No solutions 

49, (-1 - 2,25%,2) si.(,1,1) 53. (4-44) 
55, (—2, 5, -1) 57,.No solutions 59, (—1, —2, 3) 
61, (2#4+, HEH IS 2) 63, (12,3) 65, (-2, 4,4) 
67, (4 — 22,2 — 3,z) 69. No solutions 71, (3, 2) 
73, (—2, 1,3) 75. (—2, 5,7) 77. No solutions 

79, (—9.226, —9.167, 2.440) 

81, (5.211, 3.739, —4.655) 83, (7.993, 1.609, —0.401) 
85, Pump |; 12 hours; pumps 2 and 3: 24 hours 

87, (a) F = 0.5714N + 0.4571R — 2014 (b) $5700 
89, (3,53, 1.62, 1.91) 


91, (a) x+ yt z = 5000 
Sr yo z= 0 
0.087 + O.L1y + 0.142 = 595, 


where x is amount invested at 8%, y is amount invested 
at 11%, and z is amount invested at 14% 

(b) $1000 at 8%; $1500 at 11%; $2500 at 14% 

93. (a) At intersection A, incoming traffic is equal 

to x + 5, The outgoing traffic is given by y + 7. 
Therefore, x + 5 = y + 7. The other equations can be 
justified in a similar way. 

(b) The three equations can be written as 


x- y= 
Y- 25 
y-z=1 


The solution can be written as 
{(z + 3,2 + 1,2)|z = 0}. 
(c) There are infinitely many solutions, since some cars 
could be driving around the block continually. 
95.(aQ) at b+e= 3 
25a + Sb +c = 29 
36a + 6b + c = 40 
(b) f(x) = 0.9x? + Lx + 1 
(c) [-0.5, 10,1] by [—5, 90, 10] 


(d) After 9 quarters predicted sales are f(9) = 83.8 mil- 
lion (answers may vary). 
97. (a) 199074 + 1990b + ¢ = 11 
20107a + 2010b + ¢ = 10 
203070 + 2030b +c = 6 
(b) f(x) = —0.00375x? + 14.95x — 14,889,125 
(c) [1985, 2035, 5] by [5, 12,1] 


(d) In 2015 the predicted ratio is f(2015) ~ 9.3 (answers 
may vary). 


9.4 EXTENDED AND DISCOVERY EXERCISES 

(p. 813) 

1, (1, -1, 2, 0) 

CHECKING BASIC CONCEPTS FOR SECTIONS 9.3 
AND 9.4 (p. 813) 

1. (a) (3,2,-1) (by (45%, 554, 2) 

(c) No solutions 3. (2, —1, 0) 


SECTION 9.5 (pp. 823-828) 
1, (a) a2 = 3,3. = 1,b, = 0 (b+) -2 ()x = 3 
3.x = 1,» = 1 5, Not possible 


a Gi 33 
r@at+e=[3 i wara=[? | 


_f 5 -s 
@a-s=[3 5] 


14 9 -3 
%.(a)A+B=| 4 -10 14 
4 ll 16 

149 -3 

(b)B+A=| 4 -10 14 
4 11 16 

-8§ -l 1 
(A-B=|-4 4 -10 
=—§ -1 4 


_fi -6 _ [6 18 
1.@4+B=|t ‘| wa=[8 | 


(c) 2A — 3B = [ 4 | 


a 7 

13, (a) A + B is undefined. 

3 S93) 0 

(b) 34 = 25 @ 

-12 24 -15 

(c) 2A — 3B is undefined. 

0 -—2 -6 -3 
15.(a) A+ B=] -2 2] (b)34 =] -15 3 


9 =8 6 =9 


-10 1 
(0) 24-3B=|-19 -I 
-17 9 
0 2 
17,| 13-5 w.| = 
0 1 
747 i at 
u.}477] 2A=/]1 21 
477 (201 
-1 1-1 030 
w0-[3 1 -1|,4+B=]0 3 0 
-1 1-1 030 
3 1 4 2 
n.ap=|7} sbe=[i 4] 


29, AB and BA are undefined. 


31, AB = 


33, AB is undefined. BA = [ 


=IS 22; =9 
—2 § -3|,BA= 
—32 18 6 


= 
= 


35, AB and om is — 


37, AB = 


39, AB = 


41, AB= 


43, AB = 


45, 


= 19 


21 


210 


Ee 
gi 
ce 
[I 


hs 
23 
32 
—63 
56 


co 


,BA= 


BA is undefined. 


an 


| BA is undefined. 


7 
=—32 -8 
, BA is undefined. 
Il 
—48 
—58 
92 


-8 


49, They both equal 


i 
E 


BIS 
= 


36 
—38 
13 


8 
4 
10 


. The distribu- 


tive property appears to hold for matrices. 


§1. They both equal 


50 
=6 
27 


3 12 
55. 8 
=3' 29 


. Matrices appear 


to conform to rules of algebra except that AB # BA. 


53, 


0 
0 
0 
1 


Answers to Selected Exercises A-65 


55, Person 2 


57, Cerson D Person 
59. No one likes Person 4. 
10000 
01000 
6/3 10 4 4 
11010 
11001 
63. Person 3 likes three people who like Person 1. 
533 3-03 
65.B=|3 3 3|,B-A=|3 0 3 
333 3 0 3 
33 3 3 
3000 
67.A=|3 3 3 0 
3000 
3:0 0.6 
+ 3 3.2 
pie eNO -O 3 0, 
69, (a) One possibility is A = 030 0\' 
33 3 3 
S323 
x 3 33 
@P=l5 34 3 
a oe a 
3000 
iipede yp x, (or 0° 0 6 
71. (a) One possibility is A = 30001" 
33) 3.3 
3 3) 3.3 
3.3) 3: 3 
2-13 3 43 
333 3 
12 
nma=[2 S]a-[2] 
940 wo ; 
(b) AB = 930 |* Tuition for Student 1 is $940, and 


tuition for Student 2 is $930. 


10 5 
.(a)A=| 9 8 a= (9 


i, 3 # 
950 
(b) AB = | 1100 J. Tuition for Student 1 is $950, for 
870 


Student 2 it is $1100, and for Student 3 it is $870. 
77, AB = fed The total cost of order | is $350, and 


the total cost of order 2 is $230. 


A-66 Answers to Selected Exercises 


0011 0 0 TL 
1001 0021 
i 0001 a 0010 
0010 0001 
83. There are two different 2-click paths from Page 2 to 
Page 3 
9.5 EXTENDED AND DISCOVERY EXERCISES 
(p. 828) 
1. Aquamarine is represented by (0.369, 0, 0.067) in CMY. 
R 1 (e 
3) G)/=/|1]/-| mM 
B 1 Y 
SECTION 9.6 (pp. 837-841) 
1.Yes 3,.Yes 5.No 7.k=1 
3 2 5 2 - 
13, A is.| 3 | [3 i 1. 
[® 10 —2 1-1 
21.0 0 1 23.| -5 2 -1 
L100 3. =] 1 
[-' 3-5 “1-1 
2.| 4 -1 2] 27] -2 -4 
oc: ne Od | 1 4 
L Ss Ss 
02 #0 04 
29. ee | 31/04 0 -02 
14 =] =12 
be 0.2 21 0.25 
33.0 02 L6 35, - 0.5 
Lo © =! 0.25 0.25 
flg, 24, Lal: 
15 15 15 15 
is is is is 
37. & &|§ & & 
15 15 15 15 
aed ds 19 
Lis 15 15 15 
2 33° || ¥ 7 
w.ax=| 3 ei A -[3|-2 
SHAE, 
aax=[ 3 2|[]-[4]=2 
1 i ae 0 | 5 
4.AX¥=]0 3 -1]ly]=|o6 
§ =4 =7 |. 2% 0 
4-1 3: |) 4 =2 
45.AX=]1 2 5]ly}=] u}s 
2 -3 0/Lz -1 


9k=25 A 


ain ain oe 


0.25 
0.25 
0.5 


47. (a) AX = 


wx=[ 


49, (a) AX = 


wx 


=3 


3 


F 


| 
: 
al 


1 
3 


1o1 
51.(a)AX=| 2 1 3 
“fo 4 


(b) X= 


55. (a) AX = 
(b) X¥ = E 


57. (a) AX = 


_fo7 
dali bs 


ie 
Ll 


59.(a)} 3.1 19 
AX=| 63 0 
=1 15 
0.5 
(b) ¥ = | 0.6 
0.7 
3 
61.(a) AX =] 58 
-1 
9.26 
(b) ¥ ~ | 27.39 
4.50 


—0.7 
—0.05 


°4 


2] 


i] 


5 
| i 
-7 
-13|=B 
-4 
2 
-l1/=B 
0 
0.32 
bed ae 


—0.504 
[ 0.73 | = 


-1 x 1.99 
9.9 Il y 3.78 B 
7 z $3 
ae | x 4.9 
=2.1 0 vy) =| -38) = 
0 29 jLz 3.8 


63. (a) (2,4) (b) It will translate (2, 4) to the 

left 2 units and downward 3 units, back to (0, 1); 
0 32 
1. 3} 


I 
At=|0 
0 


0 


1 


Oh 


1 0 =—3 1 e3 
65.4=|0 1 -Slandat=|0 1 5}. 
00 1 001 
A’! will translate a point 3 units to the right and 5 units 
upward. 
-2 -V2 
67.(a) BX=| 0|=Y @BTY= -V2| =X. 


1 1 
B™ rotates the point represented by Y counterclockwise 
45° about the origin. 
2 
69.(a) ABY =|2|)=Y 
1 
(b) The net result of A and B is to translate a point | unit 
101 
to the right and 1 unit upward, AB=|0 1 1 
001 
(c) Yes (@) Since AB translates a point | unit right 
and | unit upward, the inverse of AB would translate 
a point | unit left and 1 unit downward, Therefore 


10 -l 
(ABy'=|0 1 -1 
00 1 


71. A: $10.99; B: $12.99; C: $14.99 
73. (a) a + 1500b + 8e = 122 
a+ 2000b + Se = 130 
a + 2200b + 10¢ = 158 
a= 30,b = 0.04,c=4 
(by $130,000 78. (a) (127, $7, 7) 
(b) Service: 85 units; electrical; 50 units 


9.6 EXTENDED AND DISCOVERY EXERCISES 
(p. 840-841) 


0 2 
a ar=| 3 : fl (by AT=}] 15° 3 
24 9 


‘ 5 16 -9 
T 
@a he -73 2 
3, f(x) = 2.6314x + 2.2714 
[=1,6, 1] by [0, 18, 2] 


CHECKING BASIC CONCEPTS FOR SECTIONS 9.5 
AND 9.6 (p. 484) 


013 
L@A+B=|-1 53 
210 
4 =i, 0 
(b) 24 - B=|-2 -2 3 


1 8 0 


Answers to Selected Exercises A-67 


0-1 2 
( 4B=| 3 -1 -1 
=j 1 5 


_{1t -2 |x 
soar=[ Ib] 
1-1 I\x 
(by AX=|-1 1 1 
ail 


x 
y 
Zz 
¥ —2,682 
‘ 7 [ sari “i 


SECTION 9.7 (pp. 848-849) 

1. det A = 1 # 0.A is invertible. 

3, det A = 0. A is not invertible. 

5, Mi. = 10, Ay, = —10 

7, My = —15, Ax» =-15 

9, det A = 3 4 0,4! exists. 

11, det A = 0, A! does not exist. 

13,30 15.0 17,-32 19,0 21, 643.4 

23, 4.484 25. (—43,18) a7, (42,19) 29. (5, -3) 
31. (0.45, 0.67) 33,7 square units 

35, 6.5 square units 37, The points are collinear. 
39, The points are not collinear, 41.x + y = 3 
43,2x ty =5 


9.7 EXTENDED AND DISCOVERY EXERCISES 

(p. 849) 

1.(1,3,2) 3.(,-1,1) 5. (-1,0,4) 

1x2 + y2?-4=0 9, 5x? + Sy? — 15x — Sy = 0 
CHECKING BASIC CONCEPTS FOR SECTION 9.7 
(p. 849) 

1, det A = 19; A is invertible. 


CHAPTER 9 REVIEW EXERCISES (pp. 853-855) 
1,.46,9 =9 3.0, 1) 5. (1, -2) 
7, (2, 3); consistent 
9, {(x, y)|2x — Sy = 4}; consistent 

3V2 3Vv2 
a1 (22,3), (-997.3) 


2. 


2 92 
13; 15, (2, 2) 


(answers may vary) 


A-68 Answers to Selected Exercises 


17. (-1,2, 1) 19.No solutions 21, (-9, 3) 23. Vertex: V(0, 0); 25. Vertex: V(0, 0); 
23, (—2,3,0) 25. (1, —-2,3) 27, (a) 5 (b) —10 focus: F(0, 4); focus: F(2, 0); 
71 le -5 directrix: y = —4 directrix: x = —2 
w.ya+2e=| | j| SAHea lS , ao 
—4 12 
(c) -44 = i it 
-2 -4 8 -6 
ee = 7 ml sake! hae a 
307 2 =1 3 
seme ke a FASS 2 8 27, Vertex: V(0, 0); 29. Vertex: V'(0, 0); 
-1 -2 om focus: F(—1, 0); focus: F(0, —2); 
35, Yes 37, ‘ie ied directrix: y = | directrix: y = 2 
» Y 
t 31% 4 
owa-[) E)-E]- 
(b) ¥ = [1] 41. (—0.5, 1.7, -2.9) 
43, det A = 25 
45, det A = -1951 ¥ 0. A is 
invertible. 47,/= 1l,w=7 i : 
49, Both methods yield $1200 at 7%, $800 at 9%, oh, Westen PO, 0); 
51. A: $11.49; B: $12.99 53, 10.5 square units 55, 4500 focus: F(~1, 0); 


directrix: y = | 


CHAPTER 10: Conic Sections 


SECTION 10.1 (pp. 864-867) 


I, focus 3, upward; downward 5. vertical 
1, 7 9, y 


37..x? = 3y 39, y? = -8y 41, y? = dy 
2 


43. y? = —x 45. y= 4x 47, x? = —12y 
49, y? = —4x 
51, Y 


Ie 19a 21d 


55.c 57.a 

59, Vertex: V (2, —2); 
focus: F(2, 0); 
directrix; y = —4 


61. Vertex: V(2, -3); 
focus: F (1, —3); 
directrix: x = 3 


69. ea t= “hy 9) 71. yy -F = 3049 

73. ere y ‘i Wt P=} ar 

Th (y -3) 19. (y +4) Ip = $(x + 9) 
a Nace, oy + aie +9) 


Note: If a break in the graph appears near the vertex, it 
should not be there. It is a result of the low resolution of 
the graphing calculator screen. 

85. [-6,6, 1] by [4.4.1] 


BAL 1) 89, (-0.1, +039) 

at, 0, 0), @, -1) 8, p=3tt 

98. (a) y = 795%? (b) About 86.1 ft 

97, (a) (25,0) (b) 25 million mi 99. k = 6 


Answers to Selected Exercises A-69 


SECTION 10.2 (pp. 877-882) 


1, vertices 3, horizontal 
5, Foci: F(0, at V5); 
vertices: V(0, +3); 
endpoints of the 

minor axis: u (£2, 0) 


7, Foci: F( +20, 0); 
vertices: V(+6, 0); 
endpoints of the 
minor axis: U(O, +4) 


9, Foci: F(+'V300, 0); 
vertices: V(+ 20, 0); 
endpoints of the 

minor axis: uO, +10) 


11. Foci: F(O, +4); 
vertices: V(0, +5); 
endpoints of the 
minor axis: U(+3, 0) 


13.b ae © 
17. x + G = 1; vertices: V(+6, 0); endpoints of the 
minor wi U(0, +4); foci: F( (+ V20, sai. 0} 


minor any U(+2, 0); foci: F (0, +V12 
uet pal 


19.7 ae q = 1; vertices: oa +4); en va of the 


23.24% = 
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77. Four solutions: 79. (3, 0), (—3, 0) 
y 


(eV, V3) 


43.d 45.c 
47, Foci: F(,1 + 4); 49, Foci: F(-4 + V7, 2); 
vertices; V(1, 1 + 5) vertices: V(—4 + 4, 2) 

z 


81.(0, 2) _ 83, Four solutions: (\/4, +\/4 
8s. (1, V8), (1, --V8) bavi 
87. y : 


ss a je lata 2 

51,8 OL ge ou oe 
(v= 2? | (y= 4P 

55, “Te + a = 1 

ve 2. ae 
57, &+ + aS = I; center: C(—1, 1); vertices: 
V(-1, -2), V(-1, 4) 

2 2 2 
59, Gey + i = 1; center: C(—1, —1); vertices: 
¥(-1, -3), V(-1, 1) 

a aaa 2 
61, as + al = 1; center: C(—2, 1); vertices: 


v(-2- V3,1), v(-2 + V5.1) 
a oth, 3} 


vertices: v(t, 5), v(t -1) 

65. (x + 1)? + (y + 3)? = 5; Center: 

(-1, —3); Radius = V5 

67. (x — 4)? + (y — 1)? = 9; Center: (4, 1); Radius = 3 

69. (x — 1)? + (py + 4)? = 49; Center: 

(1, —4); Radius = 7 . 

71, [~6,6,1] by 73, [-4.7,4.7, 1] by 99, + age = |: sun; (0.0797, 0) 
[44,1] [=3.,3.1, 1] [-0.6, 0.6, 0.1] by {-0.4, 0.4,0,1] 


95.A = Gr ~ 18.85 ft 97, A = 20m ~ 62,83 fr? 
= 1; center: c(4, -3); 


101. 6.245in, 103, 4 = (64.03) (40) ~ 8046.25 f2 
105. 348.2 ft 107. About 21.65 ft 


109. Maximum: 668 mi; minimum: 340 mi 
111. Neptune: 0.271; Pluto: se 


& ~ o2my 
113. Neptune: aie 102 ne a 


= 1; Pluto: 


10.2 EXTENDED AND DISCOVERY EXERCISES 
(p. 882) ; 

Loe 2 = 1; y-int: (2, 0), y-int: (0, 3) 

3. oir 1; x-int: (2.5, 0), y-int: (0, 5) 

5. x-int: (+5, 0), y-int: (0, +3) 


CHECKING BASIC CONCEPTS FOR SECTIONS 10.1 
AND 10.2 (p. 882) 


1. Focus: F ( 0); 
directrix: v = -} 


3. Foci: F(0, +8); 
vertices: V(0, +10); 
endpoints of the 
minor axis: U(+6, 0) 


5.1ft 7. g— a Ty a ote 4 i 3 1; center: C(2, —1); 
vertices: V(— 2, 6. v6,- 1) 


SECTION 10.3 (pp. 889-892) 
1, vertices 3. hocennts 
5, Asymptotes: y = +4x; 7. Asymptotes: y = = +3x; 


F(+V58, 80) V(+3, 0) F(0, +52); v0, +6) 


9, Asymptotes: y = £1; 


11. Asymptotes: y = 
F(£V18, 8.0); V(43, 0) 


FO, +5); VO, £4) 


4 
ae 3% 
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= |; asymptotes: y = +By 


i e 1; asymptotes: y = +x 
|? aang 

25:35 = 7 = 1; asymptotes: y = + 3x 

2 
27, ig - 5 1; asymptotes: y = +3x 

2 
29. * x = 5 = 1; asymptotes: y = tae 
31. Vertices: V(1 +4, 2); foci: F(1 +20, 2); 


asymptotes: y = +h(x —1)+2 


33. Vertices: V(—2, 2 + 6); foci: F(-2, 2+ V40); 
asymptotes: y = +3(x + 2) +2 


35. Vertices: V(+2, 1); foci: F(+ V5, 1); 
asymptotes: y = thy +4 


37.b 39.¢ 


2 . = aye 
41. 24 _ & oY = 1; vertices: V4, —4 + 4); 


foci: F\4 a —4+V20 20); asymptotes: y = £2(x— 4) — 


A-72 Answers to Selected Exercises 


43, Vertices: V(1 + 2, 1); 
foci: F(I a V8, 1); 
asymptotes; 
y=tw-Dtl 


47.(x— 29 -2SM Ly gg, yp G+ 


51, & { 1° a ke 5 y = 1; center: C(I, 1); 

vertices; V(—1, 1, V3, 1) 

53, ae = oo = I; center: C(3, —4); 
vertices: (3, -4 - V2), v(3, -4 + V2) 
gg, & = Be 1; center; C(3, 0); 


vertices: v(3 = Vi, 0), v(3 * V2, 0) 


7 2 
57, G merle w+ = vn ee c(-1, -4); 
vertices: v( ex hice Syl ,v( -1,-4+ V5) 

59, [-15, 15,5] by [—10, HeIDAS [-9, 9, 1] by [ oe 
63, Four solutions: ( Bo £ 3) 

65, (2, 0), (—5.2, ei 

67, Four solutions: oe 2 2.) 

* (Fe vada va) 

(Je Vil Vir Vu 

71, (a) Elliptic (b) Its speed should be 4326 m/sec 
or greater. (c) If D is larger, then — Te is smaller, so 


smaller values for V satisfy V > Ve 


10.3 EXTENDED AND DISCOVERY EXERCISES 


(p. 892) 
1, (a)x = Vy? + 2.5 x 10-7; this equation 
represents the right ue of the hyper bola. 


(b) About 1.2 x 10-8 
CHECKING BASIC CONCEPTS FOR 


SECTION 10.3 (p. 892) 
1h 
16 ne 
ess. M2 » — 3)? 
3, @ SU _ OS® 21; r(14-V13,3) 


45. Vertices: V(1, —1 + 4); 
foci: F(, -1 + 5); 
asymptotes; 

y= +4 - I)-1 


CHAPTER 10 REVIEW EXERCISES (pp. 895-896) 


Y= 


74d 9%a Ile 
n= 8x E+ FH 1 1.G-E=1 
19, F(0, -1) 2, F(+V21, 0) 
Ay : 
“T 6 
4 
2 
2 6 
i 


(3, -1). 


31, [-5,5,1] by [-5, 5,1] 


ey 


Note; If breaks in the graph appear near the vertices, 
they should not be there. It is a result of the low 
resolution of the graphing calculator screen. 


25, Both foci are located at 


33. (y - 02 = —10(x + 1) 


35,2 one y yore t= = I;center: C(-1, 5); 
vertices: ret 9), v(4, 5) 

97, 24H wo 3 = 1: center: C(-2, 3); 
ae v(-4, 9), vO, a 
39, Four solutions: (+ 


3 8 +/) 


43, (a) Minimum: 4.92 million mi; maximum: 995.08 
million mi (b) 207 V 5002 + 70° ~ 2243 million miles, 
or 2.243 billion miles 45, About 29.05 ft 


CHAPTER 11: Further Topics in Algebra 


SECTION 11.1 (pp. 908-912) 

Lay = 3, ay = 5, a, = 7, a4 = 9 

3.) = 4 = ~8,43 = 16, a4 = —32 
5. a1 = pa = “$ a = 7% = q 


ans 1 
‘Ts a 9 & =a a3 = ~® a4 = 


: 


--a=han- 

Mea, = 3,0 = 8,4 = 17, a4 = 32 

13. 2, 4, 3, 5, 3, 6,4 

15, () a = ba = 2 
a3 = 4,44 = 

(b) (0, 5,1 sated 


Xa, = z a = 


17. (a) a, = 3, a = 9, 
a = 3,44 = 6 
(b) [0, 5,1] by evs 1) 


19, (@) a = 2a = 5s 2A. @anhans 
ty = 14, dg = 41 ay = 3,445 = 


(b) (0,5, 1] by [0, 45, 5] re oer 


23. (a) ay = 2.02 = 4s airs a 
BF 16, a4 = 256 ay = 6, dy = 


(b) (0, 5,1] by (0, 300, 50] (b) (0, 5, Le {o, ce 


Answers to Selected Exercises 


27. (a) a = 25 a = 3, 
ay = 6,44 = 
(b) [0, 5, 1] by [0, 20, 2] 


29. ss 


PRE etel 


(©) ay, = 2n — 1 


(b) a 7 by (0, 16, 1] 


33. (a) Sa 
RE 


(b) (0,9, 1] by (0, 12,1] (©) dy = 3n -1 


Xo) ec ue ER ERESESEREOE 
[a2 +1 -1|- =32 


(b) (0,9. re by = 44) Oa = Oe 


41. a, = —2n + 7 4.4, = 3n-8 


A-73 


A-74 Answers to Selected Exercises 


45. a, = 6n-11 47, G4 = —2n + 16 

49. a, = 5n-12 5], a, = 2n + 1 

53.4, = 3n+5 56, % = 0.5n — 6.5 

57, ay = 24)" 59,4, = 3 (—)r4 

61. a, = —3(2)""! 63, a, = 2(5)"-! 

65. dy = 22)" 67, a, = (1)! 

69. a = ~3(-5)""! 71,4, = hay 

73.No 75, Yes 77, Yes 79, Yes 

81. Yes 83.No 85, No 87, No 

89. Arithmetic 91. Geometric 93, Neither 

95, Arithmetic, d < 0,d = -] 

97. Geometric, » < 0, |r} <1 

99, The insect population density increases rapidly and 
then levels off near 5000 per acre, 

101. (a) a, = 0.84,-1, a, = 500 (b) a; = 500, 

4 = 400, a, = 320, a4 = 256, as = 204.8, and 

4% = 163,84, The population density decreases by 20% 
each year, (¢) g, = 500(0.8)"~! 

103. (a) a, = 8, 4, = 10.4, a, = 8.528 

(b) [0, 21, 1] by [0, 14,1] 


The population density oscillates above and below 
approximately 9,5, 

105. a, = 100n; ds = 500; after 5 years, 500 million cell 
phones have been thrown out, 

107. (a) 100, 194, 288, 382, 476; arithmetic 

(b) [0, 6, 1] by [0, 500, 100] 


(©) a, = 94(n — 1) + 100 

109. (a) 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144 

(b) = 1,3 = 2,4 = 15,28 = £ ~ 1.6667, 

= $= 16,21 = e = 1625, = it ~ 1.6154, 
ih = 31 ~ 1.6190, 22 = =~ 1.6176, 

iy = $5 ~ 1.6182, and $2 = to ~ 1.6180, 

The ratio appears to approach a number near 1.618, 
(n= 2a +a, - & = (1)(2) — d?=1= (-1)? 
n= 3:4, + a4 — ah = (1)(3) — 2)? = -] = (-18 
n= 4ay¢as — ay = (2)(5) — BYP =1= (-1)4 
111. (a) a, = 2000n + 28,000, or 

% = 30,000 + 2000(n — 1); arithmetic 

(b) b, = 30,000(1.05)"""!; geometric 

(c) Since ag = $48,000 > bio ~ $46,540, the first 
salary is higher after 10 years. Since ayy = $68,000 < by 
=~ $75,809, the second salary is higher after 20 years, 
(d) With time, the geometric sequence with » > 1 
overtakes the arithmetic sequence, 


(0, 30, 10] by [0, 150000, 50000] 


113, ag ~ 1.414213562, V2 = 1.414213562 
115. ag ~ 4.582581971, 21 ~ 4,589575695 
117. By definition, 
&y = ay + (4 = 1d, and b, = b+ (a= Dad. 
Then ¢, = a, + b, 
= [ay + (n = Id] + [by + (n — Id] 
=(q +b) + [a — Dd, + (n -— I)d, |} 
= +bh)+(n- Id, + dy) 
=a + - bd, 
where c, = a, + by and d= d+ do, 


SECTION 11.2 (pp. 923-925) 
1@)1,2,3,4,5 )1+24+34445 () 15 
3. (a) 1, 0, -1, —2, -3 

(b) 1 + 0 + (-1) + (-2) 4 (-3) (©) -s 

5. As + Ag + Ay + Ag + Ay 

745° 9.25 11.60 13.2 15,80 417, 1975 
19.1739 21.4100 23.31 28,460 27. 105 
29,1942 31.948 33, 545 38.255 37, 546.5 
39. 3,145,725 41. 0.625; 0.671875; 0.666015628 
43. §; 42.333333333; 34 


; 341 
45.5 47,8 49, 10 
51.5 = 0.6 + 0.06 + 0.006 + 0,0006 + +». 
53. 7; = 0.81 + 0.0081 + 0.000081 + -»- 
55.7 = 0.142857 + 0.000000142857 + +». 
57.5 89.8 612434445 = 14 
4+ 4t4e4tdegtaagn yy 
65. | + 8 + 27 + 64 + 125 + 216 + 343 = 784 
67. 12 + 20 = 32 


a 


7 7 6 
69. m1 (EL) 73, dk 75, S028 = a4 
a er) (=I . a! ) 


>, 
Il 


8 


4 24 
7. (2) 79. Dats? 81. SGn4 22) 
k= n=| n=! 


83. S10? + 270 + 180) 
n=! 
85.540 87.600 89, 1395 91. 5525 
93. 1360 95, 290 
97. Siatk = 14243405. +n is an arithmetic 
series with a, = 1 and 4, = n. Its sum equals 
S,= ne M a) = n(! : n) _ nu a 1) 
99. (a) & (b) $819,000 101. $91,523.93 103. $62,278.01 
105, Sy = 9(2 415) — 99 jogs 


we 
3 


an 
107. (a) 0.50.5)! (b) Infinitely many filters 
ki 
109, 2 


~ 2.718254, e ~ 2.718282 

113, S,=4 ~ 13333, Sy = 0 ~ 1.4815, Sg ~ 1.49977, 
Sis * 1,49999997; S = 1.5, As n increases, the partial 
sums approach S, 

115, S, = 4,2 = 3,6, Sy = 3.64, Sa = 3,636, 

Sq = 3.6364, Sg = 3.636365 S = 40 — 3.63. 

‘As n increases, the partial sums approach S, 


41.2 EXTENDED AND DISCOVERY EXERCISES (p. 925) 


; + 
1. The quantity ae represents not only the average 


of a, and a, but also the average of the terms 
yy Ay Ay v0 9 Ae This is true whether ” is odd or even. 
The total sum is equal to n times the average of the terms. 


CHECKING BASIC CONCEPTS FOR SECTIONS 11.1 
AND 11.2 (D- 925) 


1, (0,7,1] by [-10,2, 1} 


3, (a) Arithmetic; Sio = 190 

(b) Geometric; So = agt ~ 4,494 

(c) Geometric; s= § ~ 2,667 (d) Geometric; S = ! 
5, (a) 150 (b) 6622 


SECTION 11.3 (pp. 933-935) 

1, 2'9 = 1024 

4, 25410 = 33,554,432 

5, 10° + 26° = 17,576,000 

71,263 + 30 = 820,025,856 

9,3 = 243 15° = 3125 13.2 15.24 
17. 1,000,000 19. 2'2 = 4096 

21. No; there are 35,152 call letters possible. 
93,24 25, 8,000,000 27. 720 29, 3,628,800 
31,60 33,8 35.210 37. 600 39. 5040 
41.24 43,2730 45, 210 47, 30,000 
49,360 51, 362,880 53. About 6.39 x 10 
55, 6,400,000,000 57.3 59,20 61,1 
63.28 65,190 67. 575,757 69. 30 

71,50 73.7920 75. 2024 ; 

771, Pin — = ee =i = nland 


P(n,n) = gm = ut =t=al. For example, 
P(7, 6) = 5040 = P(1, 7). 


SECTION 11.4 (p. 939-940) 

1.5 3.1 5.6 7.1 9% 10 11.70 13,1 15.5 
17,2 + 2xy +” 

19, n+ 6ne2 + 12m + 8 

A, 8x? - 36x? + S4x_— 27 

23, p> - 6pq + spi? - 20p3q> + 1sp'q' - pg + 
95, 8m + 36n0n + Sdn + 270° 


Answers to Selected Exercises A-75 


41.1 — 4x? + 6x4 — 4x6 + x8 

29, 8p? — 36° + 54p? — 27 

31, x? + 2xy + y 

33, 81x¢ + 1087 + 54x? + 12x + 1 

45, 32 — 80x + g0x? — 40x? + 1ox4 - x° 

37, x8 + 8x° + 4x4 + 32x? + 16 

39, 256x* — 768x°y + 864x2y? — 432xy> + 81y" 
41, m® + 6nbn + 15ni'n® + 20ntn + Snent + 
6mm? + n° 

43, 8x? — 12x6y? + 6x34 — y8 

45, 840°? 47. 10x4y' 49. 4ox2y> 51. —516xy° 


CHECKING BASIC CONCEPTS FOR SECTIONS 11.3 
AND 11.4 (p. 940) 
1,2 = 256 3. 26 + 36 = 1,572,120,576 


SECTION 11.5 (pp. 945-946) 

een EE a 

(i) Show that the statement is true for n = \; 
2 

3() = 

3=3 

(ii) Assume that S;, is true: 

ae 

Show that Sj +1 is true: 

ae oer + et 1) = et 

Add 3(k + 1) to each side of Sj: 

Re 6H OFT 3K TET YD 

= Met 4 3k + 1) 

_ kk + 1) + 6k +1) 


es (k + Gk + 6) 
“3 4k + Wk + 2) 


Since S; implies S+1> the statement is true for every 
positive integer ". 

3-13, See the Student’s Solutions Manual. 

15,1,2 17.2,3, 4 

19. (a"y" = a” 

(i) Show that the statement is true forn = 1: 

(a")! ee qu 

@’=a" 

(ii) Assume that S; is true: 

(ays aw ak 

Show that Sy+1 is true: 

(any! a qk) 

Multiply each side of S, by @": 

(ays ; (a)! an qm oq” 

(any! a quem 

(any ss qe) 

Since S;, implies Sx+1> the statement is true for every 
positive integer ". 

21-29. See the Student’s Solutions Manual. 


Pp =3(4)") 332°-! 


A-76 Answers to Selected Exercises 


SECTION 11.6 (pp, 955-959) 
1. Yes 3.No 5. Yes 7,No 9.3 11.4 
i Le | i 
> 185 = 4 17, 0,000 
19, (a) 0.57, or 57% (b) 0.33, or 33% 
21. AUB = {10, 25, 26, 35}; ANB = {25, 26} 
23. AUB = {1,357,911}; Ang =o 
25. AUB = { Heads, Tails}; ANB =@ 


| 1 1 
27, on 37 «O31. 36 
33, 1296 ~ 0.482 35, 370,735 


37, ~~ 0.0086, or a 0.86% chance 


30% 


ud 


(b) 0.7, or 70% 

(©) Let MW denote the event of heeding help with 
math and £ the event of needing help with English, 
Then P(MUE) = P(M) + P(E) = P(MNE) 

= 0.5 + 0.45 — 0,25 = 0.7, or 70%, 


43, (0) 3 (b) x &) ih 
45, Teen = 0.00634 
223,508 456,082 
47, (a) 679,390 ~ 0.329 (bh) a70's00 ~ 0.671 
130,520 
(©) S79 ;595 ~ 0.192 
4.2=5 51, B= pf 53, (a) 0.7. (b) 0,09 
55. (a) 0.09 (b) 0.12 57, 1000 
22 28 _ 28 _ 
59. (a) 55 = 0.44 (by) 50 = 0.56 (c) 8 = 9.56 
61 sr = 75 63.1 65, 37 67. 40% 69, 4 
71. (a) 38 @y ik (©) 
BM WE ©? M; OF 
11.6 EXTENDED AND DISCOVERY EXERCISES 
(p. 958-959) 
0 0 
21 
3 16 
I 


l(a) P = 


oar — 


0 
(b) The greatest Probabilities lie on the main diagonal: 


I, 2 1; this means that a mother cell is most likely to 
produce a daughter cell like itself (answers will vary), 


CHECKING BASIC CONCEPTS FOR SECTIONS 11.5 
AND 11.6 (p. 959) 
14+8+4+ 424 “+ 4n = 2N(n + 1) 


() Show that the Statement is true for » = I; 
4(1) = 2()(1 + 1) 
4=4 


(ii) Assume that S, is true: 
4+ 8+ I2 Fo + bk = 2K + 1) 
Show that Skat is true: 

4HB ter dg yg 1) = Ak + Dk + 2) 
Add 4(k + 1) to each side of S;: 

4+8+ 2b bak + ae + 1) 

= 2kk + 1) + 4(k + 1) 

= 2? + 6h +4 

=k + Dik + 2) 

Since 5, implies Sri, the Statement is true for every 
Positive integer y, 


5 
(3) 
CHAPTER 11; REVIEW EXERCISES (pp. 963-964) 


1. ~1, -4,-7, ~19 3.0, 1, 3,7 
5. 5, 3, 1,2, 4,6 


12,4, 
Messuerecee 


(b) [0, 10, 1] by [-12,4,1 


1 — eg 
3. 16 «5. ~ 2,598,960 ~ 0.0000015 


(©) dy, = -2n + 5 

9. ay = 4n ~ 15 Il. Arithmetic 13, Geometric 
15.65 17.90 19. 3280 21, 3 

a Il + 16 + 21 + 26 


3. de 27, 1155 
c=] 


29. 0.18 + 0.0018 + 0.000018 + ++. 
31. 120 
33.143 454 + (Qn = 1) = 2 
(i) Show that the statement is true for n = |; 
41) - 1 = 2 
l=] 
(ii) Assume that Sy is true: 
L+3 454-04 (n — I= * 
Show that Skit is true: 
L+3 + HK 4 D-)=(K& + 1p 
Add 2k + 1 to each side of Sh: 
bP Rh oe Cie Th a te 1) 
= ++] 
=(k + 1)? 
Since S, implies St+1, the statement is true for every 
Positive integer n, 
35.3 37.120 39, 40 1.x 10" 41, 6,250,000 


43. (a) 4, 3.6, 3.24, 2.916, 2.6244; geometric 
(P) [0,6,1] by [0,61] (e) M% = 4(0,9)""! 


45.20 41.210 49. 7 ~ 0-758 

51. (a) 22 = 0.45 (b) B= 055 © 1B x 0,217 

53, The population density grows slowly initially, then 
increases rapidly, and finally levels off near 4,000,000 
per acre. 

[o, 16,1] by [0, 5000, 1000} 


CHAPTERS 1-11 CUMULATIVE REVIEW EXERCISES 
(PP. 964-968) 


1, 3.45 x 108; 0.000152 3. Val 5.(@) 2; Va 
(b) D = {x|x= 1}, or(-%, 1] 7-7 
9, y= Sx —-$ 11 @)§ (G-Ds (4,0) 
(fo) =}x-1 ©3 

1+ Vi3 


13.() 2 wy -$.§ © 
@-2-12 @#V3,4! (One 

in 28/3) 3/2 ‘ 
(() on ee 1.117 (h) 1077-1 = 30.623 (i) 6 


@ -352 
15. f is continuous. 


17. (a) —2, -1, 1,2 

(by {x|x < -20r-1 << lorx > 2},or 

(-2, -2)U(-1, DUG, «) 

(©) {x|-2sxs-lorl <x<2},or 
[-2,-1]U[1.2] 19 (3,34) 

2A. (a) Incr: {x| x < -2}, {x]x > 1}, or 

—o, —2), (1, %); deer: {x|-2<x< 1}, or (-2, 1) 
(b) 3.3, 0, 1.8 (c) (-2, 2); (1, -0.7) 

(d) Local minimum; —0.7, local maximum: 2 

23, (a) 3x2 — 1 + shy (b) 2x9 — Sx? + Sx 6+<44 
25, f(x) = 3x +. D@ - 3i(x + 31) 

f(x) = 3x3 + 3x2 + 27x + 27 

27, -1 £2 2%. + 18 31.(a)3 (b) -1 
et @4 as w=—go7 & f(x) = 28) 
37, $1221.61 

39, (a) D = {x|-@ << w }, or (-%, %); 

R= {x]x = Of, or (0, #) 


(c) D = {x|x > O}, or (0, %)5 
R= {x|-*<x< w},or(—%, ) 
(a) D = {x|x 4 0}, or (-~, NUM, ~); 


Answers to Selected Exercises A-77 


R= {x|x4 0}, or (-~, UO, #) 
41. log* 3 


() 


45. (a) or + 2am, + 2a Onn + oa 


Tt lla 7 
(c) mn, 6 + 2an, 6 +2nn (@d) 2 + an 


47, 5°32'24" 49. 225° 
51, sin? = 35 cosé = -#, tanéd = 4 cscO = Gs 
seco = —aFs cotd = —34 f r Py 
53. sind = —¢p cos8 = —¢, tan8 = qy> cscO = —6» 
secO = -4, cot@ = ue 
55.b = 8a ~ 36.99; B ~ 53.1° 
57, 1 — sin?@ + cot?6 — sin0 cot?@ 
= | — sin? — sin?@ cot?O + cot?@ 
= | — sin?a(1 + cot?) + cot”0 
= | — sin26(csc26) + cot”O 
=1-1+4cot?0 
= cot?0 
59, (a) b ~ 1S.4;¢ ~ 118,a@ = 107° 
(b) q © 8.5501 ~ 68.9°; By ~ O1.1° or 
a = 18; 02 ~ 11.195 By = 118.9° 
(c) a ~ 5.7; 8 ~ 58.63 y ~ 77.4 
@a ~ 51.36 = 59.27 = 69.5° 
61.(a) 5. (b) (-26,56) (©) -63 
(a) About 165.75" 


de 
65. (a) (-1,2) @) {(x, y|4x— 9 = -2} 
(©) Four solutions: (+ 3, 4 V1) 


@ (27444542) 


A-78 Answers to Selected Exercises 


67. (a) 


“2 
69, ier ee 71. (a) -11 (by 22 

2 y x2 
73. = 3x 75,5 - X= 1 7, dy = An 
79. (a) 950 (b) 3 81. 175,760,000 
83, 16x4 — 3257 + 24,2 —'gy + | 
85.35 =i 87.8 =2 89, 1465 mi 
91.0.6 hr at 7 mi/hr; 0,7 hr at 9 mi/hr 
93, ~ 2.22 hr 95, (a) C(x) = x(405 — 5x) 
(b) 25 or 56; the cost is $7000 when 25 or 56 tickets are 
purchased, (¢) $8200; the cost is $8200 when 40 or 41 
tickets are purchased, 
97. 1.125 ft 99, $ = 7 


SECTION R.1 (pp. R-5-R-7) 


1. Area: 105 ft?; perimeter: 44 ft 

3, Area: 3500 m?; perimeter: 270 m 

5. Area: 3xy; perimeter: 6x + 2y 

7. Area: 26; perimeter: 61 

9. Area: WW + 5); perimeter: 417 + 10 

11, 20cm? 13, 20in? 15, 3686,5 m2 17, 6x? 

19, $2? 21. Circumference: 8a ~ 25.1 m; area: 

l6m7 ~ 50,3 m2 23. Circumference: 38a ~ 119.4 in.; 
area: 361m ~ 1134.1 in 25, Circumference: 4irx; area: 
4mx? 27. = 61 ft; perimeter: 132 ft 

29.b = 12m; perimeter: 30cm 31, q = V51 = 7.1 mm; 
perimeter: 17 + \/5] ~ 24.1mm_ 33, Area: 9 ft 


35, Area: u V 104 ~ 56.1 in? 37, Volume: 24 ft’; 
surface area: 52 (2 39, Volume: 216 in; surface area: 
240 in? 41, Volume: 6x3; surface area: 22,2 

43, Volume: 6xyz; surface area: any + 6xz + 12yz 
45,3 47, Volume: 367 ~ 113.1 ft?; surface area: 
36m ~ 113.1 ft 

49, Volume: 43,77 = 137.3 m*; surface area: 

41.07 ~ 128.8 m? 51, Volume: bar ~ 1.6 ft: 

side surface area: 27 ~ 6.3 ft?; total surface area: 

27 ~ 7.9 f° 53. Volume: 3456 ~ 10,857.3 mm’; 
side surface area: 5767 ~ 1809.6 mm?; total surface 
area: 864 ~ 2714.3 mm2 55. Volume: 157,1 cm*; side 
Surface area: 122.7em? 87, Volume: 12.6 ft"; side surface 
area: 22.7 ft? 59, Volume: 43.4 ft}; side surface area: 


57.2? 6l.y =~ 67 63,5 = = 10.5 


SECTION R.2 (pp. R-11-R-12) 


1.No; 2 = 8and3? = 9, 3,4, 5, su» 7, omk 


9.5000 11.2? 13,44 15,39 17, 195 19, —16 
AL 23.55 28.3 27.2. 29.16 a1. 4 
33.5 38.64 =! 37, 63 39, 108 = 100,000,000 
41.3 43, ie 45.5? = 25 47,4 
49. 4x? 51% 53, 2 $5.3) = ns ae 


59, 43y6 = G4y6 61.4 = 5 8, os 


65. 2ab 67.1 69,34 ay, 1 ay 9 75, | 
i aa ~ 16 2h 52 "Ox4 . 
NAP 1% 81. git 83. 85. 87, y 


AS 
g9, 2 


SECTION R.3 (pp. R-18-R-19) 

1, 8x3 3, —3y? 5, 62 + gy 7. 3x? + 3x 

9 Sx? + 13y—~2 11, 10x?p + 2y 

13. Degree; 2; leading coefficient: 5 15, Degree; 3; 
leading coefficient: —s§ 17. Degree; 5; leading 
coefficient: | 19, 3x +12 21, 3y —~ 2 

23. 0.51 +1 28, —7x4 — 2,2 — 9 

27,223 + 22+ 22-4 29,73 7 


31, —1925 + 52? — 3, 33, -24 + 22 49 35, 3x — 7 
37, 6x? — Sy +5 39,344 4 42 — 4 
41, —3x4 — 3, — 8 43, 5x? — 255 45, —l5xy — § 


47. 5y + 10 49, -10. — 18 51, 6y? — 18y 

53. —20. + dy $5, y? — ay — 35 

57. —2x? — 3y +9 "59, —9y2 4. Ix - 6 

61x? - fyb 63, 2x4 4 42 — | 

65, x? — xp — Dy? 67, 63 — 3x? = 3y 

69, -2x5 + 9 — lox 71, 6y4 — 12y4 + 3x? 

73..x3 + 3x? — x-3 

75. 6x4 — [9x3 4 4x? + 19. — 10 

77, 3x3 — 2x? + 6x = 4 79, y2 — 49 81. 9x? — 16 
83. 4x? — Oy? 85. 42 + By + 16 87. 4x? + dy + 1 
89.07 —2v+1 O14 = Loy 4 9x? 93, 343 — 3 
95,4 — 25y4 


SECTION R.4 (pp. R-26-R-28) 

1. 5(2v = 3) 3, x(Qx?- 5) 5, 4x(2x? — y + 4) 
7. Sx*(x? — 3x +3) 9, 5y(3x2 4 2x — 6) 

11, 27503)? — dr + 6) 13, 8xy°(1 — 3y) 

15. 63 — 2nm) 17, ~2a(2a + b — 3b?) 

19. (v + 3G? +2) 21, By — 2)(2y2 + 3) 

23. (2 — 5)? + 1) 25, Wy + 2)(y? = 5) 

27, (x? + NQx = 3) 29, (x3 + 2)(2. — 1) 

31. (6 — 3)(a +2) 33, (v + 2)(v + 5) 

35. (v + 2)(v + 6) 37, (z — 6\(z + 7) 

39% (2 + 3)\(z +8) 41, (4x + 3)(6x — 1) 

43. (2x + 13x — 2) 45, (1 — X)(1 + 2x) 

47. (5 — 2x)(4 + 3x) 49, x(x — 1)(Sx + 6) 

51. 3x(v + 3)\(v + 1) 53, (x — 5)(x — 2) 

55. 10/7(¢ + 4)(6r — 1) 87. 2m(m + 3)(2m - 1) 
59. (x — Sv +5) 61, (2x — 5)(2x + 5) 


63. 43x — 5)Bx + 5) 65. 22(8 — 5z)(8 + 5z) 

67. (2x — y)(Qx + y)(4x? + y?) 69. Does not factor 
1. (2 — (2+ rt) 73. (x — 5) + 3) 

15. -(c + Iz + 5) 77.(x + 1)? 79. Qx + 5)? 
81. (x — 6 83. 2(32 — 1)? 85. yy + 5) 

87. (2x — 3y)? 89. aba — 2) 

91.(x — DO? +x+4+1) 93. (7 + Dy? - yz + 2) 
95. (2x — 3)(4x?_ + 6x + 9) 

97. x(x + 5)(x? — Sx + 25) 

99, (212 — )(4r4 + 204 + 7) 

101. 10(n — 3n2)Qn6 + 3nn? + 9n') 

103, (4x — 5)(4x + 5) 105. (x — 4)(x? + 4x + 16) 
107. (x + 8)? 109. (x — 8)(Sx + 2) 

111. x(x + 2)(x? — 2x + 4) 

113. 8(2x + y)(4x? — 2xy + y?) 115. (x + DG - 8) 
117. ala + 3)(7a — 1) 119. (x? + 3)(2x = 1) 

121, x°(x — 5)(2x +5) 123. (x? + IQx? + 3) 
125, (x? + I(x + 3) 127. 5(x? + (x - I) 

129, (a + bx — y) 131. 28x + 1) 

133, —4x(x — 3)? 135, (3x — 2)(9x? + 6x + 4) 
137. —x(x + 2)(x? — 2x + 4) 

139, (x — I(x - YO? +x4+ 1) 

141. (x — 2) + 2)0? + 4) 

143. (5x — 2a)(Sx + 2a) 

145, 2x — y)(x + yx? + y’) 

147, 3xx — Div + 1) 149. (c — Se + 1) 

151, 3(x + D(x? — x + D& — 3) + 3) 

153, 2(x + 2)°(x + 4°(x + 3) 

155, 2(6x + 1)(8x — 3)*%(x — 2) 

157, 2x(5x — 1)°(7x — 1) 


SECTION R.5 (pp. R-36-R-38) 

Lv 3xt5 51 7-1 9-1 Iex+4 
13.544 15-4 In yey 19.0 - ab +h 
at 23.2 25.4 27.4 29.1 31-4 33.3 
35.45 37.33 3% ALL 4.5% 5 

45. x(x +3) 4 SZ VETD ay, 4 


isa & 2Qx - 3), 7 
ASA x 

lar as a CO OCC) 
57. 


a 
(x - 2 - 1) 15 1 
“Sp (SL Ole 3.x 65. 36 
67. 10a? 69. 2(z — 4)? 71. (x — (x - 3 
73. 1(x +1) 75. (x + 4x — 4) 


77. 20x + (x — 2) 79.24 8-3 


3. SEE 8 A? TS 8 aT 
1s 3. a OI 
ones OF} EGET 
‘G & ae 5 Ge ie 
105, Seo 107. aa 2 2 


95. 


101 


Answers to Selected Exercises A-79 


109. Ss +25 111. oP —IN+2 143, 3 


— DW + 1) We — 2 - D 
115.-1,4 117,-1 119.-2,1 121.3 123.225 
x 2 3(v + 1) 
125.599 127-525 129.0 nO 7 


4x(x_+ 5) ab 
131, (x — 5)Qx + 5) 133. GG & b) 


SECTION R.6 (pp. R-43-R-44) 
1.-5,5 3,-4.4 5, -3.32,3.32 7.12 9.4.80 


11.3 13,-b 15.3 17,-2 19.5 21.5% 23.3 
25, -2.24 27.0.6 29.¢ 31. Not possible 33.3 
35.-4 37. 1.71 39. -x° 41.4x? 43,3. 45, -1.48 


47.V6 49. Vay Sh ge 83. V2, or (27); 9 
55, W(- 1), or (W= 1) 1 57. 3655 


59, ors ot. 2? 63. (x + DIF 
wis (Wap 


65.(x + I? 67. - BY? 69.79 1.4 
73.4 75.2 77.16 79.26 ~ 2.24 81.3 
83. 41/5 ~ 1.26 85.4 87.4 89.2 

91, 237 ~ 2.83 93.x7 95. xy 97. xy? 

x 13/6 x ve: 4 
99% 101. y/6 103.45 105. ° 107. y 
109.45 111, ab? 113.75 115. b*4 
117. 22/2, 419, p> +p 121. x56 — x 


SECTION R.7 (pp. R-50-R-51) 

1.3 3.10 5.4 7.2 94 w.¥ 13.3. 15.3 
17.-2 19.5 2.5 23, 2x? 25. wWy 27. 6x 
29, 2x2yz) 31.3. 33.5V2 35.4 37. 10V2 
39,313 41.2V2 43. -2/2. 45, 2n'V2n 

41. 2ab?V3b 49. —5xy Waxy? 51. 557? 
53,3, 55, W35 87.2°\/2° 59. xx 
6 VT? 63.93 65.2Vx- Vy 67.96 
69.9V7 7. -2V11 73.52 - V2.5. -Wxy 
77.3Vx+2 79.42 81, 4Wb (5b - 1) 
83.2032 85. Bab — 1I)Wab 87. (n — 2)Wn 


89.2 91.x-64 93.ab—c 95.x+ Vx - 56 
4Vv3 V5 V3b 34+ V2 

97.4¥3 99, ¥ 5 101. ¥2" 103.25 - 

105. Vi0 — 272 107. V7 + V6 109.2492 


11 a + 2Vab +b 
, a-b 


CHAPTER 1: RISE IN SEA LEVEL 


1 
1. 679,800 cu mi 3. 197,060,797 sq mi 5. 0 mi 


7. Flooding of coastal areas; damage to property; 
Answer may vary. 9. 24 ft 


A-80 Answers to Selected Exercises 


CHAPTER 2: ERRORS IN REAL LIFE 

1. (a) Between 69 and 71 mi/hr (b) |S—70| = 1 

(c) It may not be correct to give a ticket to someone 
traveling 71 mi/hr. 

3. They have the same absolute error, but their percent 
errors are different. Answers may vary. 

5. Absolute error although they may be more lenient at 
higher speed limits compared to a low speed limit in a 
school zone. Answers may vary, 

7. Relative error is often better when measurements are 
very large or very small. Answers may vary. 

9, Measurements involving integers might be exact, such 
as counting something. Answers may vary. 


CHAPTER 3: MODELING WEATHER 


Lx? + y? = 750 y = £V7502 = x? 
3. It reached St, Louis but not Nashville. 5, Yes 
7, Lincar or quadratic equation; Answers may vary. 


CHAPTER 3: SHOOTING A BASKETBALL FOUL SHOT 


1, (a) 23.43 ft/sec 
(b) Yes 
[=1, 16, 1) by [-1, 16,1] 


(c) 12,88 ft 
3. Yes. When the shot has a flat are, it is more likely to 
hit the front or back of the rim, 


CHAPTER 4: WAITING IN TRAFFIC 
1, (a) Rational; 0 Ss x < 10 


Dts <4 F ‘ 
(b) 7 min, if cars arrive randomly at 3 cars /min the 


Pree ae i ai , 
average wait is 7 min; | min, if cars arrive randomly at 


9 cars/min the average wait increases to | minute. 

(c) No, it increases 7 times 

(d) 10 min, if cars arrive randomly at 9.9 cars/min, the 
average wait is 10 min, 

(e) Nonlinear, it would triple 

3. (a) Rational; 0 s x < 50 

(b) 0 cars; yes, if cars arrive at 0 cars/min there are no 
cars in line 

(c) 3.2 cars; if cars arrive randomly at 40 cars/hr, the 
average line has 3.2 cars; 23.04, if cars arrive randomly 
at 49 cars/hr, the average line has about 23 cars. 

(d) —27.04, no because the line length cannot be nega- 
tive; the line becomes longer and longer because the 
attendant cannot keep up, 

(e) It drops dramatically from N(49) ~ 23 cars to 
N(24.5) = 0.5 cars 

5, Waiting in line at the Post Office or at a ticket 
counter; Answers may vary. 


CHAPTER 5: UNDERSTANDING INTEREST 


1, (a) 
| Years 1 | 2 3 4 5 
Principal | $1020.00 | $1040.00 | $1060.00 | $1080.00 } $1100.00 
+ 
Interest 


(b) Add $20 to the previous amount 

(c) S(t) = 207 + 1000 (a) Linear (e) $1400.00 

3. In Exercise 2, because you are receiving interest on 
the interest for leaving it in the account. 

5. (a) S(t) = 1000(1.12)' (b) Exponential 

(c) $9646.29; it is about 2.8 times more 

7, Compounding results in more money. Answers may 
vary. 

9, Answers may vary. 

11, Yes; your payments last longer and you pay more 
interest. Answers may vary. 


CHAPTER 5: CHOOSING A MODELING FUNCTION 
1, (a) [0, 64, 8] by [0, 1125, 125] 


(b) Quadratic with a negative leading coefficient; 
Answers may vary. 

(c) g(x) = —0.9541(x — 32)? + 1001; Answers will vary, 
(d) 619, 863; not accurate; Answers will vary. 

(e) 361, 540; S is quite accurate, Answers may vary. 

3. There is a (nearly) constant slope between data points. 
5. Approximate; larger data sets cannot usually be fit 
exactly by one formula. Answers may vary. 


CHAPTER 7: MODELING MUSICAL BEATS 
1, [ 0.15, 1.15, 0.05} by [-2,2, 1] 


3. (a) The difference in the frequencies is 4. (b) 4 beats 
(c) There are 4 beats 

5. sin (274401) + sin (277444) = 2 sin (2274420) cos (2arf) 
7. Answers will vary 


CHAPTER 9: DESIGNING AND SENDING 
A DIGITAL PHOTO 


1, Answers may vary, 

3. The “T” above could be sent as the sequence of eleven 
numbers; 33222020020 

5. What is the gray scale? How is the matrix dimension 
given in the sequence of numbers? Is the matrix being 
sent by rows or columns? Answers may vary. 


7. The color and not only the grayness needs to be sent. 
Real pictures often use an ordered triple for each pixel 
to represent the intensity of each primary color. 


APPENDIX C: Partial Fractions (p. AP-24) 


5 =10 6 8 

Latgayey 25649 * 5Qr-D 
85 fy aed 

Seer tw -D 


2 2 4 
yet tytat qe Dp 


15 =5. —6 =2 1 
11. + Piry 13.1+547 t+ Ga 


4 4 
WR TSR 


xti 


gt. Mie. el 
15.3 - x? +3Q eH +I FD 


Yas 25 9 
Igo +3 + Gy 4D * Gr -D 


3 3 -2 éxr= 3 

19, sx? ¥ 5(x? + 5) 2, Ux + 4) - 71x? + 1) 
1 -8 9x = 24 

23.45 + joe + * 


76x? + 4) 
25,58 + a he ax + 3 


rae 
2434 =). 4 
29, 5x? +e +5459 ty-T 


ch 3 
21.543 + wae 


APPENDIX D: Percent Change and 
Exponential Functions 
(pp. AP-30-AP-32) 

1. (a) 100% (b) —50% 3. (a) 2.36% (b) —2.31% 

5. (a) 44.44% (b) —30.77% 

7, (a) $1800 (b) $3300 (¢) 2.2 

9, (a) —$2200 (b) $1800 (¢) 0.45 

11, (a) —$4500 (b) $3000 (c) 0.4 

13, 5.641% 15. 5,654% 17. 4.34% 

21.9.42% 23. f(x) = 9500(0.65)* 

25, f(x) = 2500(1.05)* 27. f(x) = 1000(0.935)* 

29, C = 8,a = 1.12, 7 = 0.12 or 12% 

31. C = 1.5,a = 0.35, r = —0.65 or —65% 

33. C = l,a = 0.55," = —0.45 or —45% 

35, C =7,a =e,r =e ~ lorabout 171.8% 

37. C = 6a = hr = —¥ or about — 66.7% 

39, f(0) = 35,000(1.098)"; about 44,215 

41. f() = 1000(3)"; about 5620 

43. f() = 2)": about 0.418Jp 


45. f() = 5000(4)"5; $6864.10 47. 10 years; $4027.51 
49, 3.5 years; $1006.88 Si. 2.8 years; $3020.63 

53, 1.75% 55.2% 57.1% 59. About 2.21% 

61, They are equal. 63, $7.39 65. About 2.56% 


19, 4.07% 


Answers to Selected Exercises A-81 


APPENDIX E: Rotation of Axes (p. AP-36) 
1. Circle or ellipse or a point 

3. Hyperbola or two intersecting lines 

5, Parabola or one line or two parallel lines 

7.30° 9.60° 11, 22.5° 

13. y 


y' 


x” = -8.94y" 
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ASTRONOMY 
Comets, 867 
Halley’s comet, 881 
orbits of, 896 
Distance to a star, 522, 528, 619 
Distance to the moon, 677, 685 
Distant galaxies, 98 
Earth 
circumference of, 515 
gravity of, 356, 858 
rotation of, 513 
Hubble telescope, 356 
Lunar orbits for Jupiter, 372-373 
Moon 
diameter of, 514 
distance to, 677, 685 
gravity on, 756 
heights of lunar mountains, 528 
phases, 541-542, 547, 597, 604, 
631-632, 641 
simulating gravity on, 726 
North Star location, 513 
Orbital velocity, 881 
Planetary orbits, 734-735, 738 
of Earth, 7, 881 
Kepler’s equation, 637 
of Mars, 11, 880 
of Mercury, 528, 880 
of Neptune, 881 
period of, 363, 372, 418 
of Pluto, 871-872, 881 
of Venus, 528 
Satellite orbits, 528, 698-699, 
881, 891 
Size of Milky Way, 11 
Speed of light, 75 
Sun intensity, 560-561, 564 
Telescopes, 891 
radio telescopes, 860, 866-867 
Velocity of a star, 717 
Velocity of planets, 514 
Weight on Mars, 150 


BEHAVIORAL/SOCIAL 
SCIENCES 

Bank theft, 776 

Chicken consumption, 178 
Cigarette consumption, 67 


Corruption and human development, 


480 


Energy consumption, 67, 776 

Natural gas consumption, 
273, 291 

Standing in a line, 348, 934 

Time spent in line, 338-339, 348, 355, 
382, 934 

Urbanization of Brazil, 480 

Voter turnout, 855 


BUSINESS/FINANCE 
Annuities, 918, 924 
ATM transactions, 147 
Bank theft, 776 
Break-even point, 775-776 
Buying lunch, 796-797 
Candy mixture, 117 
Cell phone subscribers, AP-32 
Coins, 774 
Consumer spending, 134 
Consumption 
of energy, 67, 776 
of natural gas, 273, 291 
Cost-benefit of recycling, 355 
Costs 
of airline tickets, 968 
of carpet, 150, 778 
of CDs, 839 
of computer manufacture, 177 
of driving, 46, 96 
of DVDs, 797 
for food shelter, 811-812 
of heating homes, 273 
of hotel rooms, 858 
of K-12 education, 133 
of lumber, 150 
of master sound track production, 
390-391 
minimizing, 196, 354, 785, 
789, 790 
of music video production, 400 
of pet food, 789-790 
of shirts, 214-215 
of Super Bowl ads, 151 
of tuition, 76, 95, 96-97, 116, 150, 
437, 826-827, 841 
Counterfeit money, 46 
Debt 
analyzing, 11 
bankruptcies, 96 
Demand and supply, 775 


DVDs 
cost of, 797 
manufacture of, 118 
rentals, 48, 373 
Employment 
Brazil’s unemployment rate, 290 
hours worked in Europe, 97 
quality jobs, 148 
salaries, 166, 434, 457, 911, 924 
wage increase, AP-32 
Walmart employees, 216, 373 
women in the workforce, 216 
Global numbers of cars shipped, 
87, 91 
Global poverty, 911 
Growth of Square, 123-124 
Housing market, 149 
home ownership in the United 
States, 253 
home prices, 437, 797, 839 
home values, 435 
housing starts, 139-140 
Income 
median, in United States, 174 
per capita, in United States, 
116, 178 
poverty-level cutoffs, 27-28 
salary ranges, 166 
Interest, AP-25-AP-28 
on certificates of deposit, 484-485 
compound, 427, 435, 436-437, 
481, 482 
rates of, 777, 858 
Investments, 117 
in accounts, 812 
in annuities, 918, 924 
choice of, 437 
future value of, 482 
growth of, 456 
Interest, AP-8-AP-10, 
AP-30-AP-32 
interest rates and, 755, 777 
mixture of, 797 
in mutual funds, 812 
Leontief economic model, 840 
Manufacturing 
of computers, 177 
of containers, 797 
defective parts, 958 


of DVDs, 118 
1-1 


1-2 Index of Applications 


Manufacturing (continued) 
error in measurements, 167 
error tolerances for a can, 134 
error tolerances on iPhones, 
160-161 
injury rates, 146 
machine parts, 167 
quality control, 956 
of shirts, 214-215 
Maximizing storage, 790 
Medicare spending, 174 
Prices 
of carpet, 64-65 
of CDs, 855 
equilibrium quantity and, 
7167-168 
of homes, 437, 797, 839 
of landscape rock, 65 
room rentals, 260 
sale prices, 117 
of tickets, 215, 774 
Profit 
maximizing, 782-783, 789, 790 
from sale of albums, 400 
from sale of music videos, 400 
Radio stations, number of, 491 
Revenue 
determining, 208-209 
of Instagram, 198, 489 
iPhone, 95 
maximizing, 196, 260, 385, 789 
MySpace advertising, 191-192 
from sale of music videos, 400 
of technology companies, 35 
Sales 
of cars, 827 
of CDs, 116 
of iPads, 813 
of iPhones, 197 
of iPods, 87, 103, 216, 235 
of music albums in United States, 96 
of PCs, global, 197 
of plate glass, 840 
of rock music, 56 
sale prices, 117 
of tablets, 911 
of tickets, 215, 774, 796, 859 
of tires, 839-840 
of Toyota vehicles, 96 
traveling salesperson, 929, 934 
of vinyl records, 116 
Saving for retirement, 437 
Stock values, 437 
Student loans, 777, 855, 859 
Supply and demand, 775 
Traveling salesperson, 929-930, 934 


COMBINATORICS AND 
PROBABILITY 
Antibiotic resistance, 958-959 
ATM access codes, 934 
Baseball 

batting orders, 934 

positions, 934 
Birthdays, 930, 934 
Books on a shelf, 934, 935 
Car designs, 935 
College courses, 934 
College entrance exams, 956 
Committee makeup, 932, 935 
Computer packages, 934 
Defective auto parts, 958 
Dinner choices, 934 
Drawing cards, 935, 947, 951-952, 

957-958 
Drawing marbles, 968 
Electronic waste, 48, 777, 911, 959 
Eye color probability, 948 
Flower samples, 935 
Garage door opener codes, 934, 957 
Giving a speech, 934 
Heart disease likelihood, 490 
Introductions, 934 
Keys on a ring, 934 
License plates, 927 
Lock combinations, 933 
Lottery, 932, 934, 935, 957 
Musical chairs seating, 934 
Number of handshakes, 945 
Organ transplant probability, 947 
Peach samples, 935 
Polygraph test, 954 
Quality control, 956 
Radio station call letters, 934 
Rolling dice, 934, 950-951, 952, 
957, 958 

Selecting marbles, 935, 957, 958 
Sides of a polygon, 946 
Standing in a line, 348, 934 
Student characteristics, 953-954, 958 
Team selection, 935 
Telephone numbers, 927, 934, 935 
Tennis serves, 957, 958 
Test questions, 935 
Tossing a coin, 952, 957 
Tower of Hanoi, 946 


DESIGN/CONSTRUCTION 

Aluminum can, 355 

Arch bridges, 881, 896 

Box construction, 214, 260, 342-344, 
385, 756 

Construction zones, 339 


Error in measurements, 167 

Fencing an area, 195, 196-197 

Green building material, 97 

Highway design, 486-487, 523, 
528-529, 534-535, 548, 559, 
636-637, 641, 667, 686, 698 

Highway grade, 547, 604 

Housing starts, 139-140 

Landscaping, 598 

Lumber costs, 150 

Making a box, 208 

Roman Colosseum, 881 

Roof pitch, 597 

Roof trusses, 681-682, 685-686, 
691-692, 697, 768-769, 776 

Searchlight, 896 

Solar power plant, 514 

Step design, 597 

Suspension bridge, 197 

Whispering gallery, 880 


EARTH AND LIFE SCIENCE 
Altitude 
air density and, 235 
air temperature and, 39-40 
dew point and, 167 
maximizing, 197 
Animals 
cost of pet food, 789-790 
raising, 790 
trotting speeds of, 382 
Antarctic ozone layer, 150 
Archeology 
fossil age, 473-474 
height estimation, 152 
Atmosphere 
CO, concentrations in, 430-431, 813 
density of, 490 
pressure of, 483-484 
Back stress, 646-647, 651, 672 
Bacterial populations, growth of, 430, 
435, 437-438, 455, 456, 480, 
481, 482, 489, 499, 607, 755, 
858, 910, 911, AP-29-AP-30, 
AP-32 
Bears, estimating weight of, 812 
Biological rhythms, 543, 547, 548 
Birds 
diversity of, 456 
life span of robins, 481 
life span of sparrows, 481 
population of, 303-304, 314, 491 
survival rates for, 76 
wing size of, 363, 368, 372, 491 
wing span of, 491 
Body temperature, 580 


Depth of a lake, 12 
Dew point, altitude and, 167 
Discharge of water, 11 
Distance between cities, 507, 513, 604 
Dog years, 315 
Earthquakes, 455 
Earth’s gravity, 356, 858 
Electronic waste, 48, 777, 911, 959 
Eye color probability, 948 
Fertilizer mixture, 797 
Fertilizer usage, 491-492 
Fiddler crabs 
growth of, 356 
size of, 373 
Filtering water, 925 
Fish 
brown trout, 176 
growth of, 499 
overfishing, 283, 289 
populations of, 151-152, 339, 437, 
469, 480 
trout and pollution, 372 
Flower opening for sunlight, 580 
Going green, 48, 52 
Height of humans, 152, 373, 418, 777 
estimating from length of 
humerus, 152 
shoe size and, 152 
weight and, 373, 418, 777 
Highest elevations, 47-48 
Human eye color, 948 
Insects 
diversity of, 456 
populations of, 314, 339, 437, 455, 
490, 900, 902, 910, 911 
Location of a forest fire, 678-679 
Movement of the Pacific Plate, 11 
Oceans 
rise in sea level, 419, AP-l-AP-2 
salinity of, 481 
temperatures of, 266, 382 
tides in, 67 
Plants 
growth of, 781-782 
photosynthesis in, 198 
Pollution 
carbon dioxide levels, 430-431, 813 
greenhouse gases, 437, 493, 500 
indoor air pollution, 119 
methane emissions, 402-403 
reducing carbon emissions, 482 
of water, 175, 315, 437, AP-32 
Polygraph test, 954 
Population growth, AP-28—AP-29 
Pulse rate, weight and, 373 
Radioactive carbon-14, 438, 481 


Radioactive decay, 482, 499 
Radioactive half-life, AP-32 
Radioactive radium-226, 438, 481 
Radioactive strontium-90, 439 
Rainfall, 146-147 
acid rain, 455 
Reindeer survival, 439 
River current speed, 777 
Seal counts, AP-10-AP-11 
Sunrise times, 134 
Sunset times, 127-128 
Temperature 
of air, 39-40, 48, 175 
altitude and, 133 
clouds and, 133 
Tidal currents, 582 
Trees 
amount of wood in, 771, 778 
density of, 438 
growth of, 491 
height of, 117, 522, 526, 604 
Worms living without moisture, 216 


EDUCATION 
College 
classes, 956 
entrance exams, 956 
female college graduates, 134 
grades and, 117, 174 
tuition costs, 76, 95, 96-97, 116, 
150, 437, 826-827, 841 
two-year, enrollment at, 27 
Course schedule, 934 
Essay questions, 935 
Giving a speech, 934 
Head Start enrollment, 813 
High school dropouts, 149-150 
K-12, cost of, 133 
Student loans, 777, 855, 859 
Students, classes, and gender, 958 
Test answers, 927 
Test scores, 499 


GENERAL INTEREST 
Birthdays, 930, 934 
Books on a shelf, 934, 935 
Calculating pi, 914 
Combination lock, 933 
Committees, 932 
Dinner choices, 934 
Drawing cards, 935, 947, 951-952, 
957-958 
Ferris wheels, 513, 604 
Fibonacci sequence, 911 
Flower samples, 935 
Giving a speech, 934 
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Hat size, 151 

Height and shoe size, 152 

Introductions, 934 

Keys, 934 

Lottery, 932, 934, 935, 957 

Musical chairs seating, 934 

Number of handshakes, 945 

Peach samples, 935 

Poker hands, 956 

Polygraph test, 954 

Prime numbers, 958 

Ring size, 151 

Rolling dice, 934, 950-951, 952, 
957, 958 

Selecting a coed team, 935 

Selecting a committee, 935 

Selecting marbles, 935, 957, 958 

Stacking logs, 924-925 

Swimming pool maintenance, 439 

Throwing a stone, 196 

Tossing a coin, 952, 957 

Tower of Hanoi, 946 

Working together, 110, 117, 175, 178, 
385, 607, 858, 968 


GEOMETRY 
Aerial photography, 684-685, 
688, 754 
Angles 
between clock hands, 512 
of depression, 526, 527 
of elevation, 597, 604, 607, 756 
in parallelograms, 697 
Area 
of a circle, 69, 402 
covered by a sprinkler, 513 
of a hexagon, 529 
maximizing, 777 
of a polygon, 698, 946 
of a quadrangular lot, 754 
of a rectangle, 188, 195, 196-197, 
214, 260, 274, 300, 774, 777, 855 
of a square, 912, 925 
of a triangle, 274, 529, 697, 698, 
754, 855, 859 
Circles 
area of, 69, 402 
circumference of, 69, 151, 402 
radius of, 234 
translating, 239-240 
Circumference of a circle, 69, 151, 402 
Communications satellite coverage, 
598 
Cones 
dimensions of, 118 
volume of, 12, 118 
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Cylinders 

dimensions of, 769-770 

height of, 776, 855 

radius of, 214, 776, 855 

volume of, 7, 12, 235, 356, 403, 

418, 776 

Dimensions 

of an aluminum can, 858 

of a box, 314, 354, 355, 776 

of a computer screen, 214 

of a cone, 118 

of a cylinder, 769-770 

of a pen, 214 

of a picture frame, 214 

of a pool, 118 

of a rectangle, 214, 217, 297, 

859, 968 

of a square, 234 

of a television screen, 774, 855 

of two rectangles, 214 

of two squares, 214 

of a window, 117, 214 
Distance 

across a canyon, 686 

across a lake, 696 

across a river, 686 

between airports, 697 

between a ship and a rock, 697 

between a ship and a submarine, 697 

between two ships, 27, 696, 697-698 
Ellipses, perimeter of, 881 
Enclosing a swimming pool, 76 
Error tolerances for a can, 134 
GPS, 690-691 
Height 

of an antenna, 527 

of a building, 526, 527, 619 

of the Gateway Arch, 687 

of a helicopter, 686 

of a hot-air balloon, 686 

of a mountain, 527 

of a pyramid, 527 

of a tower, 687 

ofa tree, 117, 522, 526 
Hexagons, area of, 529 
Length 

of a guy wire, 527 

of a shadow, 526, 527 

of wire between two poles, 374 
Painting, 698 
Parallelograms 

angles in, 697 

diagonals of, 697 
Perimeter 

of an ellipse, 881 

of a polygon, 946 

of a rectangle, 118, 774, 855 


of a square, 925 
of a triangle, 797 
Polygons 
area of, 698, 946 
perimeter of, 946 
sides of, 946 
Radius 
of a circle, 234 
of a cylinder, 214, 776, 855 
Rectangles 
area of, 188, 195, 196-197, 214, 
260, 274, 300, 774, 855 
dimensions of, 214, 297, 859, 968 
length of, 175 
maximizing area of, 777 
perimeter of, 118, 774, 855 
width of, 175 
Shadow length, 118, 564 
Spheres, volume of, 12, 403, 418 
Squares 
area of, 912, 925 
dimensions of, 214, 234 
perimeter of, 925 
Surface area 
of a balloon, 402 
of a can, 354 
of a cone, 403 
of a cylinder, 403 
minimizing, 382, 385 
of a rectangular box, 403 
Surveying, 514, 527, 686-687, 689-690, 
693-694, 696, 753, 756 
Thickness 
of an oil film, 12 
of cement, 12 
of gold foil, 12 
of paint, 75 
Triangles 
area of, 274, 529, 697, 698, 754, 
855, 859 
equilateral, 27, 402 
isosceles, 27 
largest angle in, 797 
perimeter of, 797 
Volume 
of a balloon, 607, 858 
of a cone, 12, 118 
of a cylinder, 7, 12, 235, 356, 403, 
418, 776 
of a rectangular box, 403 
of a soda can, 7, 12 
of a sphere, 12, 403, 418 


GOVERNMENT AND HUMAN 
SERVICES 
Age 

aging in America, 290 


median, in the United States, 117 
in the United States, 65 
Cost-benefit of recycling, 355 
First-class mail, 147 
Food shelters, 811-812 
Income 
median, in United States, 174 
per capita, in United States, 116, 178 
poverty-level cutoffs, 27-28 
Medicare spending, 174 
Politics, women in, 151 
Population 
of Arizona, 479 
of California, 435 
density of, 117, 146 
estimates of, 174 
growth of, 437, 456, 466-467, 479 
of India, 480 
of Minneapolis/St. Paul, 776 
of Pakistan, 480 
US., estimating, 19 
world, 27, 260, 467-468 
Poverty 
global, 911 
poverty-level cutoffs, 27-28 
Social Security, 492 


HEALTH AND MEDICINE 
Aging in America, 290 
Antibiotic resistance, 958-959 
Blood pressure, 835-836 
Caloric intake, 481 
Cancer 
asbestos and, 487 
living with cancer, 11 
of skin, 117, 401 
Carbon monoxide exposure, 235 
Chronic health care, 813 
Crutch length, 48 
Deaths 
battlefield, 777 
due to heart disease, 490 
due to malaria, in Africa, 444 
HIV/AIDS, 235, 253 
rate of, 957 
Diseases and gender, 958 
Drug concentration, 338, 438, 482 
Epidemics, 500 
Heart disease 
death rates due to, 490 
likelihood of, 490 
Heart rate 
after exercise, 235, 777 
of an athlete, 190, 197, 205-206 
Height 
estimating from length of 
humerus, 152 


shoe size and, 152 

weight and, 373, 418, 777 
HIV/AIDS 

deaths due to, 235, 253 

living with, 146 

in United States, 214, 489, 957 
HINI flu cases, 488 
Lithotripter, 872, 880 
Malaria, deaths from, in Africa, 444 
Medicare spending, 174 
Organ transplants, 947 
Overweight Americans, 133, 911 
Portion sizes, 48 
Pulse rate, weight and, 373 
Skin, human, surface area of, 777, 778 
Weight 

height and, 373, 418, 777 

pulse rate and, 373 


PHYSICAL SCIENCE 
Atomic structure, 892 
Bouncing ball, 911, 925, 968 
Converting units, 401, 418-419, 499 
Dissolving salt, 466 
Draining a tank, 110, 146, 290, 291 
Dropping an object, 290 
Electricity, 225 
amperage, 547 
electrical circuits, 748-749 
electrical efficiency, 480 
electrical resistance, 151, 356 
Heaviside function, 289 
number of amperes, 812 
voltage, 481, 542, 547, 651-652, 672 
wattage, 658, 667 
Electromagnets, 627, 653, 672 
Energy consumption, 67 
Falling objects, 215, 382, 402, 858 
Fan blade speed, 513, 604 
Filling a tank, 146 
Filtering water, 925 
Floating ball, 314 
Flow rates, 175 
Force of friction, 151 
Fossil age, 473-474 
Frequency of a violin string, 357 
Grade resistance, 591-592, 597, 604 
Gravity, 356, 607, 726, 756, 858 
Height 
of a projectile, 274, 968 
of a streetlight, 111-112 
Ice deposit thickness, 146 
Light 
absorption of, 466, 479-480 
intensity of, 345, 437 
intensity of a lamp, 619 
refraction of, 560, 564, 598 


speed of, 75 
temperature in sunlight, 272-273 
Mixtures 
of acid, 112-113, 118, 385 
of antifreeze, 118, 175 
of fertilizer, 797 
of gasoline and oil, 118 
Musical beats, 652, 667, AP-11-AP-12 
Musical tones, 583, 641-642, 647-648, 
651, 652, 667 
Projectile motion, 209-210, 215, 
260, 565 
Pulleys, 514 
Pulling a wagon, 715 
Pumping water, 117 
Pushing a car, 715 
Radioactive carbon-14, 438, 481 
Radioactive decay, 482, 499 
Radioactive half-life, AP-32 
Radioactive radium-226, 438, 481 
Radioactive strontium-90, 439 
Radio tuners, 619 
Searchlight, 896 
Shadow length, 118, 607 
Solar heaters, 867 
Solar panels, 715 
Sound 
detection, 892 
levels in decibels, 455, 466, 482 
waves, 651 
Speed of a GPS satellite, 508 
Springs 
energy in, 620 
oscillating, 620 
stretching, 142, 150-151 
Strength of a beam, 150, 356, 778 
Swimming pools 
amount of water in, 48, 384, 
401-402 
draining, 68 
levels in, 147 
Temperature 
of air, 39-40, 48, 175 
altitude and, 167 
average, 167 
coffee cooling, 472-473 
conversion from Celsius to 
Fahrenheit, 418 
conversion from Fahrenheit to 
Celsius, 607, 858 
cooling an object, 456 
cooling a soda can, 481 
Fahrenheit to Celsius conversion, 
607, 858 
of a freezer, 166 
Newton’s law of cooling, 480, 499 
of ocean, 266 
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scales of, 118, 174 
on a summer day, 402 
in sunlight, 272-273 
urban heat islands and, 401 
volume and, 119 
warming an object, 456, 480, 481 
in winter, 314 
Tension on a cable, 715 
Throwing a stone, 196 
Touch-tone phones, 663, 667 
Velocity 
of a bicycle, 291 
of a car, 65 
of a falling object, 146 
of a racehorse, 69 
of a train, 65 
Water 
amount in a swimming pool, 48, 
384, 401-402 
draining a swimming pool, 68 
filtering, 925 
flow of, 67, 290 
flow rates of, 175 
gallons passing through a pipe, 499 
impurities in, 438 
pumping water, 811 
in a tank, 96 
Whispering gallery, 880 
Wind power, 778 


SOCIAL NETWORKING 
Facebook 
daily average users, 81 
half-life of a link, 431-432, 479 
minutes spent on, 261 
mobile only platform, 198 
number of users, 133 
number of visitors, 214 
Yahoo vs., 273 
Instagram, revenue of, 198, 489 
Most and least liked persons in, 826 
MySpace advertising revenue, 
191-192 
Participation in, 338 
SlideShare, growth of, 490 
Social distances in, 826 
Social gaming, 133 
StumbleUpon, half-life for, 438 
Twitter, half-life for, 438 
Yahoo, Facebook vs., 273 


SPORTS 
Baseball 
batting orders, 934 
flight of a baseball, 189, 196, 
723, 727 
height of a baseball, 214, 217, 234 
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Baseball (continued) 
hitting a baseball, 196 
positions, 934 
Basketball, shooting a foul shot, 
AP-5-AP-6 
Bicycles 
chain drive, 514 
pedestrian and bicycle programs, 
215 
speed of, 513 
Football, costs of Super Bowl ads, 151 
Golf 
flight of a golf ball, 726, 754, 756 
height of a golf ball, 195, 234 
hitting a golf ball, 196 
professional golfers’ putts, 438 
speed of a ball, 513-514 
Heart rate of athletes, 190, 197, 
205-206 
Horse racing 
distance traveled by a racehorse, 968 
velocity of a racehorse, 69 
Human cannonball, 167 
Jogging/running 
distance and speed of, 117, 175 
distance between runners, 385 
running time, 178 
speed of running, 111, 118, 968 
Olympic times, 27 
Shot put, 586-587, 597 
path of, 727 
Skateboard velocity, 513 
Swimming in a current, 714 
Tennis serves, 502, 508, 513, 
957, 958 
Walking 
distance walked, 925 
pedestrian and bicycle programs, 
215 
work done, 754 
Water-skiing towropes, 714, 715 


TECHNOLOGY/INFORMATION 
ATM access codes, 934 
CDs 
cost of, 839 
prices of, 855 
sales of, 116 
Computers 
color for monitors, 828 
electrical efficiency of, 469-470 
global PC sales, 197 
graphics, 716-717, 723-724 
packages, 934 
Digital photography, 826, 855, 
AP-13-AP-14 
Digitizing letters, 826 


DVDs 
cost of, 797 
manufacture of, 118 
rentals, 48, 373 
Electronic technology, 727 
Electronic waste, 48, 777, 911, 959 
Error measurement, AP-2—AP-4 
Google+ users, 273 
GPS satellite communication, 564 
Internet 
links between websites, 821-822, 
827 
time on, 776 
U.S. homes with broadband, 146 
website abandonment, 338 
Internet of Things, 195 
iPad sales, 813 
iPhones 
error tolerances on, 160-161 
revenues of, 95 
sales of, 197 
iPods 
dimensions of, 167 
iPod Touch, 52-53 
sales of, 87, 103, 216, 235 
Memory requirements, 144 
Mobile device usage, 98 
Mobile phones in India, 491 
Moore’s law, 480 
Music 
streaming, sales in United States, 
134 
subscription vs, streaming, 95 
Nanotechnology, 5, 11 
Nintendo Wii, 27 
Online shopping, 118 
Phone numbers, 927, 934, 935 
Pinterest categories, 956 
Radio stations 
broadcasting patterns, 738 
call letters for, 934 
number in United States, 491 
Robotics, 501, 509-510, 512-513, 
530, 532, 590, 597, 598, 697, 
706-707, 715, 754 
Satellite dishes, 866, 968 
Self-driving car shipments, 198 
Smart homes, 215 
Solar heaters, 867 
Tablet sales, 134 
Telecommuting, 490 
Telephone numbers, 927, 934, 935 
Television 
dimensions of screen, 774, 855 
early satellite TV, 841 
Text messaging, 146 
Video sharing, 133 


Vinyl record sales, 116 
Virtual reality, 489-490 
Yahoo, Facebook vys., 273 


TRANSPORTATION 
Air 
airplane navigation, 687, 697, 714, 
715, 753 
airspeed and groundspeed, 714 
CO, emissions, 137-138 
cost of tickets, 968 
course and groundspeed, 714 
dead reckoning, 548 
flight distance, 697 
group rates for, 385 
motion of an airplane, 248, 707 
nautical miles, 513 
number of passengers, 98 
runway bearings, 685 
runway length for, 455, 466 
runway numbers, 679-680 
runway thickness for, 439, 468-469 
safe runway speed, 215 
speed of, 117, 146, 777 
Bicycle 
distance between bicyclists, 48 
distance traveled, 96 
velocity of, 291 
Boat/ship 
boat speed, 117 
direction and speed of a boat, 754 
distance between a ship and a 
rock, 756 
distance between two ships, 27, 
696, 697-698 
distance traveled, 685, 697 
locating a ship, 685, 687 
minimizing travel time, 274 
nautical miles, 513 
propeller speed, 514 
river current speed and, 777 
ship navigation, 696, 697 
Car 
auto parts, 827 
braking distance, 214, 355, 547-548 
car designs, 935 
car sales, 827 
construction zones, 339 
cost of driving, 46, 96 
defective parts, 958 
distance between cars, 18, 27, 
132, 177 
distance traveled, 76, 132-133, 
148, 174, 178, 858, 968 
garage door openers, 934, 957 
global numbers of cars shipped, 
87, 91 


headlights, 867 
highway design, 486-487 
length of lines, 324, 339, 354 
license plates, 927 
rolling force, 715 
safe driving speeds, 229-230, 235 
self-driving car shipments, 198 
slippery roads, 339-340, 355 
speed limits, 147, 167 
speed of a car, 68, 117, 118, 146 
stopping distance, 234-235, 401 
time spent in line, 338-339, 348, 
355, 382, 934 
tire pressure, 435, 499 
tire sales, 839-840 
Toyota vehicle sales, 96 
traffic flow, 431, 438, 456, 
481-482, 812-813, 839 
velocity of, 65 
waiting in traffic, AP-6-AP-8 
Train 
curves in tracks, 339 
horsepower of, 439 
speed of, 146 
velocity of, 65 
Traveling salesperson, 929-930, 934 


WEATHER 
Acid rain, 455 
Altitude 
air density and, 235 
air temperature and, 39-40 


dew point and, 167 
maximizing, 197 
Atmosphere 
CO, concentrations in, 430-431, 
813 
density of, 490 
pressure of, 483-484 
Average precipitation, 582 
Carbon dioxide levels at Mauna Loa, 
Hawaii, 583 
Climate change, 457 
Cloud base, 526 
Daylight hours, 582, 598, 634, 641, 
672 
Dew point, altitude and, 167 
Hurricanes, 455-456, 490 
Maximum monthly sunshine, 641 
Modeling a cold front, AP-4-AP-5 
Oceans 
rise in sea level, 419, AP-I-AP-2 
temperatures of, 266, 382, 583 
Rainfall, 146-147 
acid rain, 455 
measuring, 715 
Shortest day, 598 
Temperature 
of air, 39-40, 48, 175 
average, 580-581, 672 
average, at Daytona Beach, 315, 
355 
average, at Mould Bay, Canada, 
581 
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average, for Prince George, 
Canada, 574-575 

average, in Anchorage, Alaska, 
581-582 

average, in Augusta, Georgia, 581 

average, in Austin, Texas, 273, 581 

average, in Chicago, Illinois, 581 

average, in Green Bay, Wisconsin, 
604 

average, in Minneapolis, 290 

average, in New Orleans, 
Louisiana, 607 

average, in Phoenix, Arizona, 641 

average, in Vancouver, Canada, 581 

average rate of change of, 716, 177 

at Daytona Beach, 273 

monthly high, 619 

of oceans, 266, 382, 583 

on a summer day, 402 

in sunlight, 272-273 

urban heat islands and, 401 

in winter, 314 

Wind 

predicting speed of, 456 

speed of, 514 

vectors of, 714 


A 
Abel, Niels Henrik, 316 
Absolute error, AP-3-AP-4 
Absolute maximum, 265 
Absolute minimum, 265 
Absolute value equations, 155-158 
with two absolute values, 158 
Absolute value functions, 153-155, 
AP-15 
Absolute value inequalities, 158-163 
Acute angles, 503 
Addition, See also Sum(s) 
of complex numbers, 219 
of fractions, R-32 
of functions, 387-388 
of matrices, 815-817, 818 
of monomials, R-13 
of polynomials, R-14 
of radical expressions, R-47-R-48 
of rational expressions, R-33 
of trigonometric expressions, 
621-622 
of vectors, 702-703 
Addition property of equality, 100 
Amplitude, of a sinusoidal wave, 
constant a and, 566 
Angles, 502-510 
acute, 503 
are length and, 507-509 
area of a sector and, 509-510 
central, 506 
complementary, 504-505, 524 
coterminal, See Coterminal angles 
degree measure of, 502-505 
of depression, 518 
direction, for a vector, 700 
of elevation, 518 
evaluating sine and cosine 
functions for, 530-535 
initial side of, 502 
obtuse, 503 
phase, 541-542 
positive and negative, 502 
projection, 586 
quadrantal, 533 
radian measure of, 505-506 
reference. See Reference angles 
right, 503 
of rotation, AP-34 
in standard position, 502 
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straight, 503 
supplementary, 504-505 
terminal side of, 502 
between vectors, 708-709 
vertex of, 502 
Angular speed, 502, 508 
Annuities, 918 
Approximately equal symbol (~ ), 3 
Arc length, 507-509 
Area 
determinants for finding, 
846-847 
inside an ellipse, 876 
of a sector, 509-510 
surface, R-4-R-5 
of a triangle, R-2 
Area formulas for triangles, 693-694 
Arithmetic operations, See also 
Addition; Division; 
Multiplication; Subtraction 
inverse, 404-406 
Arithmetic sequences, 903-905 
common difference of, 903 
finite and infinite, 903 
nth term of, 905 
Arithmetic series, 915-916 
Asymptotes 
horizontal, of logistic functions, 
486 
of hyperbolas, 883, 884 
Asymptotes, of rational functions, 
323-329 
horizontal, 324-326 
identifying, 326-329 
tables of values and, 325 
vertical, 323-324 
Atmospheric refraction, 560 
Augmented matrices, 799-800 
Average, 13 
Average rate of change, 58-61 
Axis(es) 
conjugate, of a hyperbola, 883 
imaginary, 739 
major and minor, of ellipses, 868 
real, 739 
rotation of. See Rotation of axes 
symmetry with respect to the 
y-axis and, 266-267 
transverse, of a hyperbola, 883 
vertical, parabolas with, 183 


B 

Backward substitution, 800-806 
Gaussian elimination with, 

801-806 
Base-a exponential equations, 
450-451 

Base-a logarithm(s), 444-446 

Base-a logarithmic equations, 451 

Base(s) of exponents, R-7-R-8 

Base-2 logarithms, 444 

Bearings, 678-680 

Binomial(s), R-15 
multiplication of, R-15-R-16 
squaring, R-17 

Binomial theorem, 935-939 
derivation of, 935-937 
Pascal’s triangle and, 937-938 

Biological rhythms, 543 

Boole, George, 262 

Boolean algebra, 262 

Boundary numbers, 125-126, 226 

Brahe, Tycho, 856 

Braking distance, 387 

Branches of a hyperbola, 883 


c 
Calculators, See Graphing calculators 
Carrying capacity, 486 
Cartesian coordinate plane, 15 
Causation, correlation and, 90 
Central angles, 506 
Change of base formula, 451, 463-464 
Circles, 19-23 

area of a sector of, 509-510 

circumference of, R-2 

completing the square to find 

center of, 21-23, 874 

finding equations of, 19-21 

general equation of, 21 

radius of, 19-20 

standard equation of, 19, 874 

unit. See Unit circle 
Circular functions, 536 
Circumference of a circle, R-2 
Clearing fractions, R-34-R-35 
Closed intervals, 36 
Coefficient(s) 

correlation, 89-90 

leading, of polynomial functions, 

263 


Coefficient matrices, 799 
Cofactors, 843-845 
Cofunction(s), 524 
Cofunction identities, 644 
Coincident lines, 759 
Column matrices, 819, 829 
Combinations, 930-932 
Combining like terms, R-13 
Common difference, 905 
Common factors, R-19-R-20 
Common logarithm(s), 442-443 
inverse properties of, 443 
Common logarithmic function, 
441-444 
Common ratio, 906 
Commutative property, matrix 
multiplication and, 821 
Complement(s), probability of, 948-949 
Complementary angles, 504-505, 524 
Complete factored form, 302-303 
Complete factorization of polynomials, 
justification for, 317-318 
Complete numerical representation of 
a function, 33 
Completing the square, 21 
finding center of a circle by, 21-23, 
874 
finding vertex by, 185-186 
solving quadratic equations 
with, 204 
Complex fractions, R-35-R-36 
Complex numbers, 217-224 
addition of, 219 
converting to trigonometric or 
polar form using a graphing 
calculator, 740-741 
division of, 220-221 
fractals and, 743 
imaginary part of, 218 
multiplication of, 220 
nonreal, 218 
powers of i and, 221 
products of, 742 
pure, 218 
quotients of, 742 
real part of, 218 
roots of, 744-746 
solutions of quadratic equations 
expressed as, 221-223 
standard form of, 218 
subtraction of, 219 
Complex plane, 739 
Composite functions 
graphical evaluation of, 394 
numerical evaluation of, 395 
symbolic evaluation of, 392-394 
writing compositions and, 396 


Composition of functions, 391-396 
Compound events, 949-952 
Compound inequalities, 127-129 
Compounding, AP-26-AP-27 
annually, 426-427 
continuous, 428 
quarterly, 427 
Compound interest, 426-427, AP-27 
Concave downward functions, 281 
Concave polynomial functions, 281 
Concave upward functions, 281 
Concavity, 281 
Conditional equations, 99, 103-104 
Conditional probability, 953-954 
Cones, volume and surface area of, 
R-4 
Conic sections. See also Ellipses; 
Hyperbolas; Parabolas 
polar equations of, 734 
with an xy-term, AP-36 
Conjugate axis of a hyperbola, 883 
Conjugate of a denominator, R-50 
Conjugate zeros theorem, 318-319 
Constant(s) 
a, amplitude of a sinusoidal wave 
and, 566, 569 
b, oscillations and, 566-567, 569 
of proportionality (variation), 142 
spring, 142 
Constant decay factor, AP-29 
Constant functions, 50, AP-18 
Constant growth factor, AP-29 
Constant polynomial functions, 276 
Constant rate of change, 50 
Constant sequences, 905 
Constraints, 782 
Continuous compounding, 428, AP-27 
Continuous functions, 139-141 
Contradictions, 103-104 
Correlation, causation and, 90 
Correlation coefficients, 89-90 
Cosecant function, 517, 518, 524, AP-17 
inverse, 592-594 
representations of, 556-557 
Cosine(s) 
law of. See Law of cosines 
periodicity of, 532 
Cosine double-angle identities, 653, 654 
Cosine function, 517, 518, AP-17 
applications of, 541-542 
evaluating by hand, 533 
evaluating for any angle, 530-535 
evaluating using the wrapping 
function, 538-539 
inverse. See Inverse cosine function 
of a real number, 535 
representations of, 540-541 
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Cosine power-reducing identities, 657 
Cosine sum and difference identities, 
642-644 
Cotangent function, 517, 518, 524, 
AP-17 
inverse, 592-594 
representations of, 557 
Coterminal angles, 503-504 
sine and cosine of, 531-532 
trigonometric values for, 550 
Counting, 926-933 
combinations and, 930-932 
fundamental counting principle 
and, 926-928 
permutations and, 928-930 
Cramer’s rule, 846 
Cross multiplication, solving rational 
equations using, 332 
Cube(s), sum and difference of, 
factoring, R-25-R-26 
Cube function, AP-15 
Cube root(s), R-39-R-40 
Cube root functions, 359-360, AP-15 
Cubic functions, AP-18 
Cubic polynomial functions, 277 
Cylinders, volume and surface area 
of, R-4 


D 
Data 
linear, 180 
nonlinear, 180 
one-variable, 13 
two-variable, 14-16 
Decay factor a, 424-425 
Decay models, AP-29-AP-30 
Decimal(s) 
in equations, 101, 102-103 
repeating and terminating, 2 
Decimal form, 4, 108 
Decreasing functions, 56-58, 408 
Degree(s) 
converting between radians and, 506 
minutes and seconds of, 504 
Degree measure, of angles, 502-505 
Degree mode, friendly windows in, 
557-558 
Degree of a polynomial function, 263 
undefined, 276 
Delta x (Ax), SI 
Delta y (Ay), 51 
De Moivre, Abraham, 744 
De Moivre’s theorem, 743-744 
Denominators 
conjugates of, R-50 
least common, R-31 
rationalizing, R-49-R-50 
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Dependent equations, 760 
Dependent events, 952 
probability of, 953-954 
Dependent variable, 31, 758 
Depression, angle of, 518 
Descartes, René, 733, 739 
Descartes’ rule of signs, 307 
Determinants, 842-847 
area of regions and, 846-847 
Cramer’s rule and, 846 
definition and calculation of, 
842-845 
of a square matrix using cofactors, 
844-845 
of a2 X 2 matrix, 846-847 
Diagonals, main, of a matrix, 800 
Diagrammatic representation of a 
function, 42 
Difference(s), See also Subtraction 
common, 905 
of domains of functions, 389 
of functions, graphical, numeri- 
cal, and symbolic evaluation of, 
389-390 
product of sums and, R-17 
of two cubes, factoring, R-25-R-26 
of two squares, factoring, R-24 
Difference identities 
cosine, 642-654 
sine, 644-645, 646-647 
tangent, 648-649 
Difference quotient, 61-63 
Dimensions of a matrix, 798 
Diminishing returns, 283-284 
Direction angle, for a vector, 700 
Directrix of a parabola, 857, 858 
Direct variation, 142-144, 344 
with nth power, 344 
Discontinuous functions, 139 
Discriminant 
factoring and, 207 
quadratic equations and, 206-207 
Disjoint sets, 948 
Distance 
braking, 387 
reaction, 387 
stopping, 387 
Distance formula, 16-18 
Distance method, 694 
Distributive properties of 
polynomials, R-15 
Division. See also Quotient(s) 
of complex numbers, 220-221 
of functions, 388, 389-390 
of polynomials by monomials, 293 
of polynomials by polynomials, 
294-296 


of rational expressions, R-31 
synthetic, 296-298 
by zero, 37 
Division algorithm for polynomials, 
296 
Domains 
of a function, 32, 37-39, 40-41 
implied, 37-39 
of inverses, 446 
of inverse trig functions, 585, 587, 
589, 592 
of power functions, 362 
of a relation, 14-15 
of sum, difference, and product of 
a function, 389 
of trigonometric functions, 549-552 
Dorsey, Jack, 120 
Dot product, 707-709 
Double-angle identities, 653-656 


E 
Eccentricity of ellipses, 734, 871 
Effective interest rate, AP-27-AP-28 
Elevation, angle of, 518 
Elimination 
Gaussian, 801-806 
Gauss-Jordan, 805-806 
Elimination method, 764-768 
solving systems of equations using, 
764-768 
solving systems of linear equations 
in three variables using, 791-793 
Ellipses, 867-877 
area inside, 876 
definition of, 868 
eccentricity of, 734, 871 
equations for, 868, 870-871 
foci of, 868 
graphs of, 868, 869-870, 873 
major and minor axes of, 868 
reflective property of, 872 
standard equations for, 873, 874 
standard form for, 869 
translations of, 873-874 
vertices of, 868 
Ellipsoids, 872 
End behavior, of graphs of polynomial 
functions, 275 
e (number), 871 
Equality, addition and multiplication 
properties of, 100 
Equal vectors, 700 
Equations 
absolute value, 155-158 
of circles, 19-21 
conditional, 99, 103-104 
contradictions, 103-104 


definition of, 99 
dependent, 760 
for ellipses, 868, 870-871 
equivalent, 99 
exponential, See Exponential 
equations 
functions defined by, 42 
general, of a circle, 21 
for hyperbolas, 884, 885 
identities, 99 
independent, 760 
involving radicals, 360-361 
involving rational exponents, 
366-367 
Kepler’s, 637 
linear, See Linear equations 
of linear functions, Se Line(s), 
equations of 
logarithmic, See Logarithmic 
equations 
matrix, representing linear systems 
with, 833-834 
nonlinear, 99-100 
of parabolas, 858-860, 861, 862-863 
parametric, See Parametric 
equations 
polar, See Polar equations 
polynomial. See Polynomial 
equations 
quadratic. See Quadratic equations 
rational, 341-344 
rectangular, 719-720 
rotation, See Rotation of axes 
satisfying, 99 
solutions to, 99 
solving, 99, 592 
standard, See Standard equations 
systems of, See Systems of equations 
trigonometric, See Trigonometric 
equations 
with two absolute values, 158 
Equilibrium price, 767 
Equilibrium quantity, 767 
Equivalent equations, 99 
Equivalent inequalities, 120 
Error, absolute and percent, 
AP-3-AP-4 
Error tolerances, 160-161 
Euler’s number (e), 428 
e (variable), 871 
Even polynomial functions, 
266-268 
Even roots, R-40 
Events 
complements, 948-949 
compound, 949-952 
dependent, 952 


independent, 926, 952 
mutually exclusive, 951-952 
probability of. See Probability 
Exponent(s), R-7-R-11. See also 
Power(s) 
bases of, R-7-R-8 
integer. See Integer exponents 
logarithms as. See Logarithm(s) 
negative, R-8 
power rule for, R-10-R-11 
product rule for, R-8-R-9 
quotient rule for, R-9 
rational. See Rational exponents 
zero, R-8 
Exponential equations, 467-474 
base-a, 450-451 
base-10, 447-449 
involving like bases, solving, 471-472 
solving symbolically, 468 
Exponential form, changing to 
logarithmic form, 449 
Exponential functions, 420-433, 
AP-18, AP-28-AP-29 
base-2, AP-16 
compound interest and, 426-427 
definition of, 421 
exponential growth and decay 
and, 424-425 
exponential models and, 430-432 
graphs of, transformations of, 425 
linear functions and, 423 
modeling data using, 430-432, 
483-484 
natural, 427-430, 428, AP-16 
polynomial functions and, 422 
properties of, 425 
Exponential growth and decay, 
424-425, 446 
modeling, 429-430 
Exponential inequalities, 476-477 
Exponential models, 483-484, 
AP-29-AP-30 
Exponential notation, R-7-R-8 
Extraneous solutions, 342, 360 
Extrapolation, 87-88 
Extrema, of polynomial functions, 
264-266 


F 

Factoring 
discriminant and, 207 
of polynomial equations, 308-309 
of polynomial functions, 301-304 
of polynomials. See Factoring 

polynomials 

of quadratic equations, 200-202 
of trigonometric expressions, 622 


Factoring polynomials, 301-304, 
R-19-R-26 
common factors and, R-19-R-20 
difference of two squares and, R-24 
with FOIL, R-23 
of form x? + by + c, R-21-R-22 
by grouping, R-20, R-22 
of perfect square trinomials, 
R-24-R-25 
sum and difference of two cubes 
and, R-25-R-26 
Factor theorem, 301 
Faraday, Michael, 653 
Feasible solutions, 782 
Fermat, Pierre, 946 
Finite arithmetic sequences, 903 
Finite arithmetic series, sum of, 915-916 
Finite geometric series, 917-918 
Finite sequences, 898 
Focus(i) 
of an ellipse, 868 
of a hyperbola, 882, 883 
of a parabola, 857, 858 
FOIL method 
factoring trinomials by, R-23 
multiplying binomials using, R-16 
Foot-pounds, 709 
Formulas, 33, R-1-R-5 
area of triangles, 693-694 
change of base, 451, 463-464 
distance, 16-18 
half-angle, 658-659 
Heron’s, 693 
midpoint, 18-19 
quadratic, 205-206 
vertex. See Vertex formula 
Four-leaved rose, 732-733 
Fractals, complex numbers and, 743 
Fractions 
addition of, R-32 
basic principle of, R-28 
clearing, R-34-R-35 
complex, R-35-R-36 
in equations, 101-102 
partial. See Partial fractions 
subtraction of, R-33 
Friendly windows, in degree mode, 
557-558 
Fujita scale, 138 
Function(s), 30-44 
absolute value, 153-155, AP-15 
arithmetic operations on, 387-391 
circular, 536 
composite. See Composite functions 
composition of, 391-396 
constant, 50, 276, AP-18 
continuous, 139-141 
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cube, AP-15 

cube root, 359-360, AP-15 

cubic, 277, AP-18 

decreasing, 56-58 

defined by equations, 42-43 

definition of, 31, 35 

determining if there is an inverse, 
406-408 

diagrammatic representation of, 42 

difference quotient of, 61-63 

discontinuous, 139 

domain of, 32, 37-39, 40-41 

exponential, See Exponential 
functions 

graphical representation of, 33 

graphing calculators and, 39-40 

greatest integer, 141-142, AP-16 

identifying, 40-41 

identity, AP-15 

increasing and decreasing, 
56-58, 408 

inverse. See Inverse functions 

involving radicals, 359-360 

linear, See Linear functions 

logarithmic, See Logarithmic 
functions 

logistic, 485 

as mappings, 42 

modeling with, 49, 135-145 

nonlinear, See Nonlinear functions 

numerical representation of, 32-33 

objective, 782 

one-to-one, 406-408 

parent, 236, 237 

periodic, 532 

piecewise-constant (step), 139 

piecewise-defined, 138-141, 282-284 

piecewise-linear, 138 

polynomial. See Polynomial 
functions 

power. See Power functions 

quadratic. See Quadratic functions 

quartic, 277 

quintic, 278 

radical, 359 

range of, 32, 40-41 

rational. See Rational functions 

reciprocal, AP-16 

sinusoidal, 541-542, AP-18. See also 
Cosine function; Sine function 

square, AP-15 

square root, 359, AP-15 

symbolic representation of, 33 

trigonometric. See Trigonometric 
functions; specific trigonometric 
functions, e.g. Sine function 

of two variables, 758 
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Function(s) (continued) 
verbal representation of, 32 
vertical line test for, 41 
without inverses, 406 
wrapping, 537-539, 553-554 
zeros of, 53 
Function notation, 31, 391 
Fundamental counting principle, 
926-928 
Fundamental rectangle, 883 
Fundamental theorem of algebra, 
316-321 
conjugate zeros and, 318-319 
justification for complete 
factorization of polynomials 
and, 317-318 
polynomial equations with 
complex solutions and, 319-320 
Fundamental theorem of linear 
programming, 783-785 


G 
Gauss, Carl Friedrich, 316, 940 
Gaussian elimination, 801-806 
Gauss-Jordan elimination, 805-806 
General equation of a circle, 21 
General term of a sequence, 898 
Geometric sequences, 905-907 
infinite, 906 
Geometric series, 917-919 
finite, 917-918 
infinite, 918-919 
Global maximum, 265 
Global minimum, 265 
Grade, 534 
Grade resistance, 534-535 
Graphical representation of a 
function, 33 
Graphing calculators 
converting complex numbers to 
trigonometric or polar form 
using, 740-741 
evaluating trigonometric functions 
using, 520-521 
finding determinants using, 845 
functions and, 39-40 
graphing hyperbolas using, 886 
graphing parabolas using, 863 
graphing rational equations using, 
331-332 
graphing with, 23-24 
inverse matrices on, 835-836 
multiplying matrices with, 822-823 
parametric equations using, 719 
polar equations and, 733-735 
reflections of graphs on, 244-245 
scientific notation on, 5-6 


selecting window size on, 24 

sequences and, 899 

simultaneous mode, 722 

solving systems of inequalities 
using, 781 

solving systems of linear equations 
in three variables using, 806-808 

viewing rectangle (window) of, 30-44 

Graphs and graphing 

with a calculator, 23-24. See also 
Graphing calculators 

of composite functions, 394 

concave, 281 

of ellipses, 868, 869-870, 873 

of exponential functions, 
transformations of, 425 

horizontal shifts (translations) of, 
237-240 

of hyperbolas, 883 

of inverse functions, 412-414 

of linear equations, 104-107 

line graphs and, 16 

of logarithmic functions, 446-447 

of nonlinear functions, 56 

of parabolas, 858 

of parametric equations, 720-721 

of polar equations, 731-733 

of polynomial functions, 275-281 

of polynomial inequalities, 345 

of polynomials with multiple 
zeros, 304-306 

of power functions having integer 
exponents, 364-366 

of quadratic formulas, 186-187 

of quadratic inequalities, 226-230 

of rational functions, 323-334 

of rational inequalities, 348-349 

reflections of, 242-245 

of relations, 15-16 

stretching and shrinking of, 
240-242, 567-568 

of the sum, difference, product, and 
quotient of two functions, 389 

symmetric with respect to the 
origin, 267-268 

symmetric with respect to the 
y-axis, 266-268 

of systems of equations, 768-771 

transformations of. See 
Transformations of graphs 

translations of, See Translations of 
graphs 

of trigonometric functions, 566-576 

vertical and horizontal shifts of, 
568-570 

Greatest common factor (GCF), 

R-19-R-20 


Greatest integer function, 141-142, 
AP-16 

Grouping, factoring polynomials by, 
R-20, R-22 

Growth factor a, 424 

Growth models, AP-29-AP-30 

Gunter, Edmund, 524 


H 
Half-angle formulas, 658-659 
Half-lives, 431-432 
Half-open intervals, 36 
Half-planes, 780 
Harmonic motion, simple, 572-574 
Heron of Alexandria, 693, 739 
Heron’s formula, 693 
Horizontal asymptotes 
logistic functions with, 486 
rational functions with, 324-326, 327 
Horizontal component, of a vector, 
700, 701 
Horizontal line(s), equations of, 
84-85 
Horizontal line test, 408 
Horizontal shifts (translations) of 
graphs, 237-240 
Horizontal stretching and shrinking 
of graphs, 241-242 
Horizontal transverse axis of a 
hyperbola, 883 
Hyperbolas, 882-889 
asymptotes for, 883, 884 
branches of, 883 
conjugate axis of, 883 
definition of, 882 
equations for, 884, 885 
foci of, 882, 883 
fundamental rectangle and, 883 
graphs of, 883 
reflective property of, 886-887 
standard equation for, 887-888 
transformations of, 887-888 
transverse axis of, 883 
vertices of, 883 


I 
Identities, 99 
quotient, 552 
reciprocal, 552, 553 
trigonometric, See Trigonometric 
identities 
Identity function, AP-15 
Identity matrix, 829-830 
Image, 42 
Imaginary axis, 739 
Imaginary part of a complex number, 
218 


Imaginary unit i, 218 

powers of, 221 
Implied domain, 37-39 
Inconsistent systems of equations, 760 
Increasing functions, 56-58, 408 
Independent equations, 760 
Independent events, 926 
Independent variable, 31, 758 
Indexes 

of nth root, R-40 

of summation, 920 
Induction. See Mathematical induction 
Inequalities 

absolute value, 158-163 


Interval notation, 36-37, 121 
Inverse(s), of matrices. See Matrix 


inverses 


Inverse arithmetic operations, 404-406 
Inverse cosecant function, 592-594 
Inverse cosine function, 587-588 


representations of, 588 


Inverse cotangent function, 592-594 
Inverse functions, 404-414 


definition of, 408 

domains of, 446 

graphical representation of, 412-414 
inverse operations and, 404-406 
numerical representation of, 411-412 


equivalent, 120 
exponential, 476-477 
linear, See Linear inequalities 
logarithmic, 476-477 
nonlinear, 120, 780-781 
polynomial, 345-347 
properties of, 121 
quadratic, See Quadratic 
inequalities 
rational, 340, 347-350 
systems of, See Systems of 
inequalities in two variables 
three-part, 127 
trigonometric, 640 
Infinite arithmetic sequences, 903 
Infinite geometric sequences, 906 
Infinite geometric series, 918-919 
Infinite sequences, 898 
Infinite series, 913-915 
Infinite sums, 914 
Infinity symbol (~), 36 
Inflection, point of, 281 
Initial point, of a vector, 700 
Initial side, of an angle, 502 
Integer(s), 2 
Integer exponents, R-8 
negative, graphs of power 
functions having, 365-366 
positive, graphs of power 
functions having, 364-365 


Intercepts, of equations of lines, 81-84 


Interest, compound, 426-427, 
AP-26-AP-27 
Interest rates 
compound interest and, 
AP-26-AP-27 


nominal and effective, AP-27-AP-28 
Intermediate value theorem, 309-310 


Interpolation, 87-88 
Intersection-of-graphs method, 
104-105, 122-123 
Intersection of sets, 948 
Intersection symbol (N), 948 


one-to-one, 406-408 
ranges of, 446 


symbolic representations of, 408-411 


Inverse matrices, 829 
Inverse properties 
of base-a logarithms, 445-446 
of common logarithms, 443 
Inverse proportionality, 344-345 
Inverse secant function, 592-594 
Inverse sine function, 584-587 
domain of, 584 
properties of, 584 
range of, 584 
representations of, 586 
Inverse tangent function, 589-590 
Inverse trigonometric equations, 
637-638 
Inverse trigonometric functions, 
584-595 
notation and, 584 
Inverse variation, with nth power, 
344-345 
Invertible matrices, 830, 842 
Irrational numbers, 2 


J 
Joint variation, 771 


K 
Kepler, Johannes, 357, 458, 856 
Kepler’s equation, 637 


L 
Lateral surface area, R-4 
Law of cosines, 688-694 
applications involving, 690-692 
area formulas and, 693-694 
derivation of, 688-689 
solving triangles using, 689-692 
Law of sines, 674-682 
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derivation of, 675 
oblique triangles and, 674 
solving triangles with, 675-680 
Leading coefficient, of polynomial 
functions, 263 
Least common denominator (LCD), 
R-31 
Least common multiple (LCM), R-31 
Least squares method, 89, 90-91 
Left branch of a hyperbola, 883 
Like radicals, R-47 
Like terms, R-13 
Line(s), equations of, 78-92 
finding intercepts for, 81-84 
horizontal and vertical lines, 
84-85 
interpolation and extrapolation 
and, 87-88 
linear regression and, 89-91 
modeling data using, 88-89 
parallel lines, 85 
perpendicular lines, 85-86 
point-slope form for, 78-79 
slope-intercept for, 79-81 
standard form for, 82 


Linear data, 180 
Linear equations, 99-114 


conditional, 103-104 

contradictions and, 103-104 

decimals in, 101, 102-103 

fractions in, 101-102 

graphical solutions to, 104-107 

identities and, 103-104 

modeling with, 88-89 

numerical solutions to, 107-108 

in one variable, 99-100 

percentages and, 108-109 

problem-solving strategies for, 
110-113 

solving for a variable, 109 

symbolic solutions to, 100-104 

systems of, See Systems of linear 
equations in three variables; 
Systems of linear equations in 
two variables 

in two variables, 758-759 


Linear functions, 49-55, 276, 420, 


AP-18 
equations of. See Line(s), 
equations of 
modeling with, 88-89, 135-138 
recognizing, 49-50 
representations of, 53-55 
slope and, 52 


ambiguous case (SSA) and, 680-682 Linear inequalities, 120-130 


applications involving, 676-680, 
681-682 


compound, 127-129 
equivalent, 120 
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Linear inequalities (continued) 
graphical solutions to, 122-125 
intersection-of-graphs method for 

solving, 122-123 
numerical solutions to, 125-126 
in one variable, 120 
properties of, 121 
solution set of, 120 
solutions to, 120 
symbolic solutions to, 121-122 
systems of, 779-780, 781-782 
three-part, 127 
visualizing solutions to, 125 
x-intercept method for solving, 
124-125 

Linear polynomial functions, 276 

Linear programming, 782-785 
fundamental theorem of, 783-785 
solving problems, 784-785 

Linear regression, 89-91 

Linear speed, 502, 508 

Line graphs, 16 

Lisicki, Sabine, 502 

Local maximum, 265 

Local minimum, 265 

Logarithm(s) 
base-a, 444-446 
base-2, 444 
basic properties of, 458-460 
change of base formula and, 451, 

463-464 
common, 442-443 
natural, 444 

Logarithmic equations, 474-476 
base-a, 451 
common, 449 
solving symbolically, 475 

Logarithmic expressions, expanding 

and combining, 460-463 

Logarithmic form, changing to 

exponential form, 449 

Logarithmic functions, 440-452, AP-18 

base-a exponential equations and, 
450-451 

base-a logarithmic equations 
and, 451 

base-10 exponential equations and, 
447-449 

common, 441-444, AP-16 

common logarithmic equations 
and, 449 

exponential growth and decay and, 
446 

graphs of, 446 

logarithms with other bases and, 
444-446 

modeling data and, 484-485 


natural, AP-16 
transformations of graphs of, 
446-447 
Logarithmic growth, 446 
Logarithmic inequalities, 476-477 
Logarithmic models, 484-485 
Logarithmic spirals, 733 
Logistic functions, 485 
Logistic models, 485-486 
Lower branch of a hyperbola, 883 
Lower limit, of a summation, 920 
Luminescence, 543 


M 
Main diagonal, 800 
Major axis, of ellipses, 868 
Mandelbrot, Benoit B., 743 
Mappings, 42 
Mathematical induction, 940-945 
generalized principle of, 943-944 
principle of, 941 
proof by, 941-943 
Mathematical models, 135 
Mathews, Max, 608 
Matrix(ces), 798-806 
addition of, 815-817, 818 
augmented, 799-800 
backward substitution and, 800 
coefficient, 799 
cofactors and, 843-845 
column, 819, 829 


determinants of. See Determinants 


dimensions of, 798 

equal, 814 

Gaussian elimination and, 
801-806 

inverses of, See Matrix inverses 

invertible (nonsingular), 830, 842 

main diagonal of, 800 

minors and, 843 

multiplication by a matrix, 819- 
822 

multiplication by a scalar, 
817-818 

multiplication with technology, 
822-823 

properties of, 812 

in reduced row-echelon form, 
804-805 

row-echelon form of, 800-801 

sign, 845 

singular, 830 

social networks and, 815 

square, See Square matrices 

subtraction of, 815-817, 818 


Matrix equations, representing linear 


systems with, 833-834 


Matrix inverses, 828-836 
finding symbolically, 831-832 
identity matrix and, 829-830 
solving linear systems with, 834-836 
Matrix notation, 814-815 
Maxima, of polynomial functions, 
264-266 
Mean, 13 
Median, 13 
Mendel, Gregor, 948 
Method of substitution. See 
Substitution method 
Midpoint formula, 18-19 
Min-max values, 188 
Minor(s), 843 
Minor axis, of ellipses, 868 
Minutes, of degrees, 504 
Model(s), 135 
decay, AP-29-AP-30 
exponential, AP-29-AP-30 
growth, AP-29-AP-30 
Modeling data 
with equations of lines, 88-89 
with exponential models, 430-432, 
483-484 
with functions, 49, 135-145 
with linear functions, 88-89, 
135-138 
with logarithmic models, 484-485 
with logistic models, 485-486 
with power functions, 362-364 
with quadratic equations, 209-210 
with quadratic functions, 189-191 
with a regression line, 90 
selecting a model for, 486-488 
simple harmonic motion and, 
573-574 
with the sine function, 543 
with transformations of graphs, 
246-248 
trigonometric functions for, 
573-576 
Monomials, addition and subtraction 
of, R-13 
Multiple-angle identities, 653-663 
double-angle, 653-656 
half-angle formulas and, 658-659 
power-reducing, 656-658 
product-to-sum and sum-to- 
product, 662-663 
solving equations and, 660-661 
triple-angle, 656 
Multiplication, See also Product(s) 
of binomials, R-15-R-16 
of complex numbers, 220 
cross, solving rational equations 
using, 332 


of functions, 388, 389-390 

of matrices by a matrix, 819-822 

of matrices by a scalar, 817-818 

of polynomials, R-15—-R-16 

of radical expressions, R-48-R-49 

of rational expressions, R-30 

of rational inequalities by a 

variable, 350 

scalar, 704-705, 818 
Multiplication property of equality, 100 
Mutually exclusive events, 951-952 


N 
Napier, John, 458 
Natural exponential functions, 
427-430, AP-16 
Natural logarithms, 444 
Natural numbers, 2 
Negative-angle identities, 616-617 
Negative angles, 502 
Negative exponents, R-8 
graphs of power functions having, 
365-366 
Negative infinity (—%), 37 
Negative numbers, square roots of, 
218-219 
Negative signs, rational expressions 
and, R-29 
Newton, Isaac, 458, 744, 856 
Newton’s law of cooling, 472-473 
n-factorial, 928 
Nominal interest rate, AP-27-AP-28 
Nonlinear data, 180 
Nonlinear equations, 99-100. See also 
Nonlinear systems of equations 
Nonlinear functions 
graphs of, 56 
recognizing, 55 
Nonlinear inequalities, 120 
systems of, 780-781 
Nonlinear systems of equations, 759, 
7162-764, 874-875 
elimination method for solving, 
7166-767 
substitution method for solving, 
7162-164 
Nonlinear systems of inequalities, 
875-876 
Nonreal complex numbers, 218 
Nonsingular matrices, 830, 842 
Notation 
exponential, R-7-R-8 
function, 31, 391 
interval, 36-37, 121 
matrix, 814-815 
radical, 358, R-39-R-40 
scientific, 4-6 


set-builder, 36 
summation, 919-922 
vector, using i and j, 703-704 
nth root, 744, R-40 
nth term of a sequence, 898 
arithmetic, 905 
Number(s) 
boundary, 125-126, 226 
complex, See Complex numbers 
irrational, 2 
natural, 2 
rational, 2 
real, See Real numbers 
sets of, 2-3 
standard (decimal) form of, 4 
whole, 2 
Number e, 428 
Number of zeros theorem, 317 
Numerical representation of a 
function, 32-33 


Oo 

Objective functions, 782 

Oblique asymptotes, 328-329 

Oblique triangles, law of sines and, 674 

Obtuse angles, 503 

Odd polynomial functions, 267-268 

Odd roots, R-40 

One-to-one functions, 406-408 

One-variable data, 13 

Open intervals, 36 

Operations, order of, 3-4 

Ordered pairs, 14 

Ordered triples, 791 

Order of operations, 3-4 

Origin, 15 

Oscillations, constant b and, 566-567, 
569 


P 

Parabolas, 181, 857-864 
definition of, 857 
directrix of, 857, 858 
equations of, 858-860, 861, 862-863 
focus of, 857, 858 
graphs of, 858 
reflective property of, 860-861 
translations of, 861-863 
vertex form for, 182-186 
vertex of, 857, 858 
with a vertical axis, standard 

form, 183 

Paraboloids, 860 

Parallel lines, equations of, 85 

Parallelogram rule, 702 

Parallel vectors, 708 

Parameters, 801 


Index 1-15 


Parametric equations, 718-725 
applications of, 722-724 
converting, 719-720, 721 
graphing, 720-721 
of a plane curve, 718 
representations of, 718-719 

Parent functions, 236, 237 

Partial fractions, AP-19-AP-24 
decomposition of rational 

expressions and, AP-19-AP-20 
distinct linear and quadratic 
factors and, AP-21-AP-22 
distinct linear factors and, AP-20 
repeated linear factors and, AP-21 
repeated quadratic factors and, 
AP-22-AP-23 
Partial numerical representation of a 
function, 33 

Partial sums, sequences of, 913-915 

Pascal, Blaise, 946 

Pascal’s triangle, 937-938 

Percentages, 108-109 

Percent change, 7-8, AP-25-AP-26 

Percent form, 108 

Perfect square trinomials, factoring, 

R-24-R-25 
Period(s), of a sinusoidal graph, 
566-567, 569 

Periodic functions, 532 

Permutations, 928-930 

Perpendicular lines, equations of, 85-86 

Perpendicular vectors, 708 

Phase(s), of the moon, 541-542 

Phase angle, 541-542 

Piecewise-constant functions, 139 

Piecewise-defined functions, 138-141 

Piecewise-defined polynomial 

functions, 282-284 
Piecewise-linear functions, 138 
Plane curves, parametric equations 

of, 718 

Point of inflection, 281 

Point-slope form of a line, 78-79 

Polar coordinates 
expressing points in, 730 
plotting points in, 728-729 
rectangular coordinates and, 728 
vectors and, 729 

Polar coordinate system, 728-730 

Polar equations, 728-735 
graphing calculators and, 733-735 
graphs of, 731-733 
polar coordinate system and, 

728-730 

representations of, 731 
solving, 735 
writing in rectangular form, 733 


1-46 Index 
Polar form, converting complex 
numbers to using a graphing 
calculator, 740-741 
Polynomial(s) 
addition of, R-14 
complete factored form of, 302-303 
complete factorization of, 
justification for, 317-318 
distributive properties of, R-15 
division algorithm for, 296 
division by monomials, 293 
division by polynomials, 294-296 
factoring. See Factoring polynomials 
multiplication of, R-15-R-16 
number of zeros of, 317-318 
subtraction of, R-14 
synthetic division of, 296-298 
terms of, R-12—R-13 
Polynomial equations 
with complex solutions, 319-320 
factoring, 308-309 
Polynomial functions, 263-285 
analyzing graphs of, 278-281 
complete factored form of, 302-303 
concave, 281 
constant, 276 
cubic (of degree 3), 277, AP-18 
definition of, 263 
of degree 0, 276 
degree of, 263 
Descartes’ rule of signs and, 307 
end behavior of graphs of, 275, 
280-281 
even, 266-268 
factoring, 301-304 
graphs of, 275-281 
identifying extrema of, 264-266 
intermediate value theorem and, 
309-310 
leading coefficient of, 263 
linear (of degree 1), 276 
with multiple zeros, graphs of, 
304-306 
odd, 267-268 
piecewise-defined, 282-284 
polynomial regression and, 284 
quadratic (of degree 2), 276-277 
quartic (of degree 4), 277 
quintic (of degree 5), 278 
with rational zeros, 306-307 
turning points of, 276 
zeros of multiplicity and, 302 
Polynomial inequalities, 345-347 
graphical solutions to, 345 
symbolic solutions to, 346-347 
Polynomial regression, 284 
Position vectors, 700 


Positive angles, 502 
Positive exponents, graphs of power 
functions having, 364-365 
Power(s). See also Exponent(s) 
of i, 221 
raising to powers, R-10 
Power functions, 357, 362-364, 
AP-18 
domains of, 362 
modeling using, 362-364 
with negative integer exponents, 
graphs of, 365-366 
with positive integer exponents, 
graphs of, 364-365 
Power-reducing identities, 656-658 
Power regression, 367-368 
Power rule for exponents, R-10-R-11 
Preimages, 42 
Principal nth root, R-40 
Principal square root, R-39 
Probability, 946-955 
of complements, 948-949 
of compound events, 949-952 
conditional, dependent events and, 
953-954 
definition of, 946-949 
of dependent events, 953-954 
of independent events, 952 
of union of two events, 950-951 
Problem solving, strategies for, 7-8, 
110-113 
Product(s). See also Multiplication 
of complex numbers, 742 
dot, 707-709 
of functions, graphical, numerical, 
and symbolic evaluation of, 
389-390 
of functions and their domains, 389 
of matrices, 819-822 
raising to powers, R-10 
of sums and differences, R-17 
Product rule 
for exponents, R-8-R-9 
for radical expressions, R-44-R-46 
Product-to-sum identities, 662 
Projection angle, 586 
Proportionality. See also Variation 
constant of, 142 
inverse, 344-345 
joint, 771 
Pure imaginary numbers, 218 
Pythagoras, 608 
Pythagorean identities, 611-616 
applications involving, 612-613 
derivation of, 612 
Pythagorean theorem, 16-17, 
R-2-R-3 


re) 
Quadrant(s), 15 
evaluating using identities, 614-616 
trigonometric functions and, 
613, 614 
Quadrantal angles, 533 
Quadratic data, modeling with 
transformations of graphs, 
246-247 
Quadratic equations, 199-211 
completing the square to solve, 204 
with complex solutions, 221-223 
definition of, 199 
discriminant and, 206-207 
factoring to solve, 200-202 
modeling data with, 209-210 
problem solving with, 207-210 
quadratic formula to solve, 205-206 
square root property and, 202-203 
Quadratic formula, 205-206 
Quadratic functions, 180-192, 
276-277, AP-18 
completing the square and, 185-186 
definition of, 180 
determining, 808 
graphs of, 181, 186-187, 276-277 
min-max values and, 188 
modeling with, 189-191 
quadratic regression and, 191-192 
vertex form of, 182-186 
Quadratic inequalities, 226-232 
graphical solutions to, 226-230 
symbolic solutions to, 230-231 
Quadratic polynomial functions, 
276-277 
Quadratic regression, 191-192 
Quartic polynomial functions, 277 
Quintic polynomial functions, 278 
Quotient(s), See also Division 
of complex numbers, 742 
raising to powers, R-10-R-11 
Quotient identities, 552, 610-611 
Quotient rule 
for exponents, R-9 
for radical expressions, R-46-R-47 


R 
Radian(s), 505 
converting between degrees and, 506 
Radian measure, of angles, 505-506 
Radian mode, evaluation of 
trigonometric functions using, 
533-534 
Radical(s) 
equations involving, 360-361 
functions involving, 359-360 
like, R-47 


Radical expressions, R-39, R-44-R-50 
addition of, R-47-R-48 
multiplication of, R-48-R-49 
product rule for, R-44-R-46 
quotient rule for, R-46-R-47 
rationalizing the denominator and, 

R-49-R-50 
simplification of, R-45-R-46 
subtraction of, R-48 

Radical functions, 359 

Radical notation, 358, R-39-R-40 

Radical sign, R-39 

Radicands, R-39 

Radioactive decay, 432 

Radius, of a circle, 19-20 

Ranges 
of a function, 32, 40-41 
of an inverse, 446 
of inverse sine function, 584 
of a relation, 14-15 

Rate of change 
average, 58-61 
constant, 50 
slope as, 50-55 

Ratio(s), 2 
common, 906 

Rational equations, 341-344 

Rational exponents, 358, R-40-43 
equations involving, 366-367 
properties of, R-42-43 

Rational expressions, R-28-R-36 
addition of, R-33 
clearing fractions and, R-34-R-35 
complex fractions and, 

R-35-R-36 
decomposition of, AP-19-AP-20 
division of, R-31 
least common denominators and, 
R-32 
least common multiples and, 
R-31-R-32 
multiplication of, R-30 
negative signs and, R-29 
simplifying, R-28-R-29 
subtraction of, R-34 

Rational functions, 322-335 
definition of, 322-335 
graphs of, 329-334 
with horizontal asymptotes, 

324-326, 327 
identifying asymptotes of, 
326-329 
with slant asymptotes, 328-329 
slant (oblique), 328-329 
transformations of, 329-331 
with vertical asymptotes, 323-324, 
327 


Rational inequalities, 340, 347-350 
graphical and symbolic solutions 
to, 348-349 
multiplication by a variable, 350 
Rationalizing the denominator, 
R-49-R-50 
Rational numbers, 2 
Rational zero test, 306 
Reaction distance, 387 
Real axis, 739 
Real numbers, 2 
trigonometric functions of, 535 
Real part of a complex number, 218 
Reciprocal function, AP-16 
Reciprocal identities, 552, 553 
Reciprocal trigonometric functions, 520 
Reciprocal trigonometric identities, 
552, 553 
Rectangles 
area of, R-1-R-2 
fundamental, 883 
perimeter of, R-1-R-2 
Rectangular box 
surface area of, R-3 
volume of, R-3 
Rectangular coordinate(s) 
converting from polar to, 730 
polar coordinates and, 728 
Rectangular coordinate plane, 15 
Rectangular equations, 719-720 
Recursive sequences, 899-900, 901-902 
Reduced row-echelon form, 804-805 
Reference angles 
solving trigonometric equations 
using, 630 
trigonometric functions and, 
628-629 
Reflections, of graphs, 242-245 
Reflective property 
of hyperbolas, 886-887 
of parabolas, 860-861 
Refraction, atmospheric, 560 
Region of feasible solutions, 782 
Regression, 89 
exponential, 484 
linear, 89-91 
logarithmic, 484-485 
logistic, 485-486 
modeling data with, 90, 483-488 
polynomial, 284 
power, 367-368 
quadratic, 191-192 
Relations, 14-15 
functions as, 35 
graphing, 15-16 
Relative maximum, 265 
Relative minimum, 265 


Index 1-17 
Remainder theorem, 298 
Resultants, of vectors, 702 
Right angles, 503 
Right branch of a hyperbola, 883 
Right triangle trigonometry, 515-525, 
531, See also Trigonometric 
functions 
applications of, 521-523 
Robots, 501 
Roots 
of complex numbers, 744-746 
cube, R-39-R-40 
even, R-40 
nth, 362, R-40 
odd, R-40 
square, R-39, R-40 
Rose curves, 732-733 
Rotation, angle of, AP-34 
Rotation of axes, AP-33—AP-36 
applying rotation equations and, 
AP-33-AP-35 
derivation of rotation equations 
and, AP-33 
Row-echelon form, 800-801 


Ss 
Sag curves, 559 
Scalar(s), multiplication of a matrix 
by, 699, 817-818 
Scalar multiples, 704 
Scalar multiplication, 704-705, 818 
Scatterplots, 15, 16 
Scientific notation, 4-6 
Secant function, 517, 518, 524, AP-17 
inverse, 592-594 
representations of, 558-559 
Secant line, 59 
Seconds, of degrees, 504 
Sectors, area of, 509-510 
Sequences, 898-908 
arithmetic, 903-905 
constant, 905 
finite, 898 
geometric, 905-907 
infinite, 898 
of partial sums, 913-915 
recursive, 899-900, 901-902 
representations of, 901-902 
terms of, 898-899 
Series, 912-922 
arithmetic, 915-916 
finite, 912, 913 
geometric, 917-919 
index of summation and, 920 
infinite, 913-915 
summation notation and, 
919-922 


1-18 Index 


Set(s) 
intersection of, 948 
of numbers, 2-3 
union of, 948 
Set-builder notation, 36 
Sigma (2), 919-922 
Sigmoidal curve, 485 
Sign(s) 
Descartes’ rule of, 307 
negative, rational expressions and, 
R-29 
of trigonometric functions, 613 
variation in, 307 
Sign matrices, 845 
Similar triangles, 515-516, R-5 
Simple harmonic motion, 572-574 
Simplification 
of radical expressions, R-45-R-46 
of rational expressions, R-28-R-29 
of trigonometric expressions, 
620-623 
Simultaneous mode, on graphing 
calculators, 722 
Sine(s), law of. See Law of sines 
Sine double-angle identities, 653, 654 
Sine function, 516-517, 518, 524, AP-17 
applications of, 541-542 
evaluating by hand, 533 
evaluating for any angle, 530-535 
evaluating using the wrapping 
function, 538-539 
inverse, See Inverse sine function 
modeling with, 543 
periodicity of, 532 
of a real number, 535 
representations of, 539-540 
Sine power-reducing identities, 656 
Sine sum and difference identities, 
644-647 
Sinusoidal functions, 541-542, 
AP-18, See also Cosine 
function; Sine function 
Slant asymptotes, 328-329 
Slope 
defining and calculating, 51-52 
interpreting, 52-53 
linear functions and, 52 
as rate of change, 50-55 
Slope-intercept form of a line, 79-81 
Solutions 
complex, polynomial equations 
with, 319-320 
complex, to quadratic equations, 
221-223 
to equations, 99 
extraneous, 342, 360 
feasible, 782 


Infinitely many, systems of linear 
equations in three variables 
with, 794-795 

lack of, systems of linear equations 
in three variables with, 794 

to linear equations, 100-108 

to linear inequalities, 120-126 

to polynomial inequalities, 345-347 

to quadratic inequalities, 226-231 

to rational inequalities, 348-349 

Solution sets, 99, 120, 759 

Solving a triangle, 515, 519, 590-592, 
675, 689 

Speed 

angular, 502, 508 

linear, 502, 508 

as magnitude of velocity, 700 

Spheres, volume and surface area of, 
R-3-R-4 

Spirals, logarithmic, 733 

Spring constant, 142 

Square(s) 

of binomials, R-17 

completing. See Completing the 
square 

difference of, factoring, R-24 

Square function, AP-15 
Square matrices, 798 
determinants of, using cofactors, 
844 
Square root(s), R-39 
principal, R-39 
Square root functions, 359, AP-15 
Square root property, 202-203 
Standard equations 

for a circle, 19, 874 

for an ellipse, 868, 873, 874 

for a hyperbola, 884, 887-888 

Standard form 

of complex numbers, 218 

converting to trigonometric form, 
740-741 

for an ellipse, 869 

of a line, 82 

of numbers, 4 

for a parabola with a vertical axis, 
183 

Standard labeling, of triangles, 
515-516, 592-593, 675 
Standard position, angles in, 502 

Standard viewing rectangle, 23 
Step functions, 139 
Stopping distance, 387 
Straight angles, 503 
Substitution method, 760-764 
backward, 800-806 
with functions, 388, 389-390 


solving systems of linear equations 
in three variables using, 
791-793 
Subtraction, See also Difference(s) 
of complex numbers, 219 
of fractions, R-33 
of functions, 388 
of matrices, 815-817, 818 
of monomials, R-13 
of polynomials, R-14 
of radical expressions, R-48 
of rational expressions, R-34 
of vectors, 705-706 
Sum(s). See also Addition 
of a finite arithmetic series, 915-916 
of a finite geometric series, 917-918 
of functions, graphical, numerical, 
and symbolic evaluation of, 
389-390 
of functions and their domains, 389 
of an infinite geometric series, 
918-919 
partial, sequences of, 913-915 
product of differences and, R-17 
of two cubes, factoring, R-25-R-26 
unbounded (“infinite”), 914 
of vectors, 702 
Sum identities 
cosine, 654 
sine, 644-647 
tangent, 648 
Summation 
index of, 920 
limits of, 920 
Summation notation, 919-922 
Sum-to-product identities, 662-663 
Superelevation, 637 
Supplementary angles, 504-505 
Surface area, R-4-R-5 
lateral, R-4 
Symbolic representation of a 
function, 33 
Symmetry, with respect to the y-axis, 
266-267 
Synthetic division, 296-298 
Systems of equations 
consistent, 760 
elimination method for solving, 
764-768 
inconsistent, 760 
linear. See Systems of linear 
equations; Systems of linear 
equations in three variables, 
Systems of linear equations in 
two variables 
method of substitution for solving, 
7160-764 


nonlinear. See Nonlinear systems 
of equations 
solutions to, 759, 874-875 
in two variables, graphical and 
numerical methods for solving, 
768-771 
Systems of inequalities in two 
variables, 778-786 
linear, 779-780, 781-782 
linear programming and, 782-785 
nonlinear, 780-781, 874-875 
Systems of linear equations 
representing with matrix 
equations, 833-834 
solving with inverses, 834-836 
Systems of linear equations in three 
variables, 791-795, 798-809 
geometric interpretation of, 804 
with infinitely many solutions, 
794-795 
with no solutions, 794 
representing with matrices. See 
Matrix(ces) 
solving with elimination and 
substitution, 791-793 
solving with technology, 806-808 
Systems of linear equations in two 
variables, 758-760 
Cramer’s rule and, 846 
graphical solution of, 770-771 
numerical solution of, 769 
symbolic solution of, 768-769, 770 
types of, 759-760 


T 
Tangent double-angle identities, 
653, 654 
Tangent function, 517, 518, 524, 
AP-17 
inverse, 589-590 
representations of, 554-556 
Tangent power-reducing identities, 657 
Tangent sum and difference 
identities, 648-649 
Term(s) 
of an arithmetic series, 916 
like, R-13 
of polynomials, R-12-R-13 
of a sequence, 898-899 
Terminal point, of a vector, 700 
Terminal side, of an angle, 502 
Test points, 780 
Test values, 126 
Three-part inequalities, 127 
Traffic intensity, 324 
Transformations of graphs, 236-250 
combining, 245-246 


horizontal stretching and 
shrinking, 241-242 
of hyperbolas, 887-888 
of logarithmic functions, 446-447 
modeling with, 246-248 
of rational functions, 329-331 
reflections, 242-245 
of trigonometric graphs, 566-570 
vertical stretching and shrinking, 
240, 242 
Translations of graphs 
of ellipses, 873-874 
horizontal, 237-240 
of parabolas, 861-863 
vertical, 236-237, 238-240 
Transverse axes of a hyperbola, 883 
Triangles 
area of, 693-694, R-2 
oblique. See Oblique triangles 
right, Pythagorean theorem and, 
16-17, R-2-R-3 
similar, 515-516, R-5 
solving, 515, 519, 590-592 
solving with the law of cosines, 
689-692 
solving with the law of sines, 
675-680 
standard labeling of, 515-516, 
592-593 
Triangulation, 693 
Trigonometric equations, 628-638 
applications involving, 634, 636-637 
basic, 630 
inverse, solving, 637-638 
reference angles and, 628-629 
solving, 631-637, 660-661 
Trigonometric expressions 
addition of, 621-622 
factoring, 622 
simplifying, 620-623 
Trigonometric form, 739-741 
converting between standard form 
and, 740-741 
converting complex numbers to using 
a graphing calculator, 740-741 
Trigonometric functions, 515-524. 
See also specific trigonometric 
functions, e.g. Sine function 
for any angle, domains of, 549-552 
applications of, 559-561 
evaluating using complementary 
angles, 524 
evaluation in radian mode, 533-534 
finding exact values for, 520 
graphs of. See Trigonometric graphs 
inverse. See Inverse trigonometric 
functions 


Index 1-19 


models involving, 573-576 
quadrants and, 613, 614 
of real numbers, 535 
reciprocal, 520 
reference angles and, 628-629 
signs of, 613 
standard labeling and, 515-516 
Trigonometric graphs, 566-576 
key points for graphing by hand, 
570-572 
transformations of, 566-570 
Trigonometric identities, 536-537, 
552-553, 609-625 
derivation of, 649 
multiple-angle. See Multiple-angle 
identities 
negative-angle, 614-616 
power-reducing, 656-658 
Pythagorean, 611-616 
quotient, 552, 610-611 
reciprocal, 552, 553, 609-611 
sum and difference, 642-650 
verifying, 623-625 
Trinomials, R-15 
factoring by grouping, R-22 
factoring with FOIL, R-23 
perfect square, factoring, 
R-24-R-25 
Triple-angle identities, 656 
Turning points, of polynomial 
functions, 276 
Two-variable data, 14-16 


U 
Unbounded sums, 914 
Undefined degree of a polynomial 
function, 276 
Union of sets, 948 
probability of, 950-951 
Union symbol (U), 37, 948 
Unit circle, 535-537 
evaluation of, 551-552 
Upper branch of a hyperbola, 883 
Upper limit of a summation, 920 


Vv 

Variable(s) 
dependent, 31, 758 
independent, 31, 758 
multiplication of rational 

inequalities by, 350 

solving equations for, 109 

Variable e, 871 

Variation 
constant of, 142 
direct with nth power, 344 
inverse with nth power, 344-345 


1-20 Index 


Variation (continued) 
joint, 771 
in signs, 307 
Vector(s), 699-710 
angles between, 708-709 
applications involving, 706-707 
determining using two points, 702 
direction angle for, 700 
dot product and, 707-709 
equal, 700 
horizontal and vertical 
components of, 700, 701 
initial and terminal points of, 700 
magnitude of, 700, 701 
operations on, 702-707 
parallel, 708 
perpendicular, 708 
polar coordinates and, 729 
position, 700 
representations of, 700-702 
unit, 701 
work and, 709-710 
Vector notation, using i and j, 703-704 
Vector quantities, 699-700 
Velocity, speed as magnitude of, 700 
Venn diagrams, 948 
Verbal representation of a function, 
32 
Verification, of trigonometric 
identities, 623-625 
Vertex(ices) 
of an angle, 502 
of an ellipse, 868 
of a hyperbola, 883 
of a parabola, 857, 858 


Vertex form 
finding by completing the square, 
185-186 
for a parabola, 182-186 
Vertex formula 
derivation of, 186 
graphical approach to, 184-185 
Vertical asymptotes, rational 
functions with, 323-324, 327 
Vertical component, of a vector, 
700, 701 
Vertical line(s), equations of, 84-85 
Vertical line test, 41 
Vertical shifts (translations) of 
graphs, 236-237, 238-240 
Vertical stretching and shrinking of 
graphs, 240, 242 
Vertical transverse axis of a 
hyperbola, 883 
Viewing rectangle, of a graphing 
calculator, 23, 24 
von Helmholtz, Hermann, 608 


Ww 
Whole numbers, 2 
Windows 
friendly, in degree mode, 557-558 
of a graphing calculator, 23, 24 
Work, vectors and, 709-710 
Wrapping function, 537-539, 553-554 


x 
x-axis, 15 
x-intercept, 53 


x-intercept method 
for solving linear equations, 105-107 
for solving linear inequalities, 

124-125 

Xmax, 23 

Xmin, 23 

Xscl, 23 

xy-plane, 15 


y 
praxis, 15 

y-coordinate of the y-intercept, 53 
y-intercept, 53 

Ymax, 23 

Ymin, 23 

Yscl, 23 


Zero(s) 
complex, of a polynomial, 319 
conjugate, 318-319 
Descartes’ rule of signs and, 307 
division by, 37 
as exponent, R-8 
of a function, 53 
imaginary, polynomials with, 318 
multiple, graphs of polynomials 
with, 304-306 
of multiplicity, 302 
number of zeros theorem and, 317 
prescribed, polynomials with, 
318-319 
rational, of a polynomial, 306 
Zero-product property, 200 


— 


Right Triangle Trigonometry 


iad side opposite side adjacent 
hypotenuse hypotenuse 
ere hypotenuse ___ hypotenuse 
side opposite side adjacent 
side opposite 
tan@d = wise VUE Lt 
side adjacent 
side adjacent Hypotenuse Side 
oN = opposite 
side opposite 
Z\ C 


A Side adjacent C 


The Unit Circle and Special Angles 


y 


Reciprocal 
sind = ae cos0 = ass tand = =s 
esc0 secO coté 
1 
6=—— =— 6=— 
a sind ae cosé a tand 
Quotient 
sind cos 6 
6 6= 
= cos@ ‘ sind 
Negative-Angle 


sin (-0) = —sin@ 
cos (—0) = cosé 
tan (—6) = —tan@ 


esc (—0) = —csc0 
sec (—0) = secO 
cot (—@) = —coté 


Trigonometric Functions and Identities 


The Unit Circle 


y: 
aaa 
eere 


sint = y cost = x tan =~ 
1 1 x 
csc t = — sect == coln='— 
y x v 
Pythagorean 


sin?@ + cos?@ = 1 
1 + tan?@ = sec? 
1 + cot? = csc?0 


Sum and Difference 

cos (a + B) = cos acos B — sina sin B 
cos (a — B) = cosacos B + sina sin B 
sin (a + 8) = sina cos B + cosa sin B 
sin (w — B) = sina cos B — cos a sin B 
tana + tanB 


+ p) =—————~ 
tanta +6) 1 — tana tan B 
tana — tanB 
fates AP) 1 + tana tan B 
Double-Angle Power-Reducing 
sin 20 = 2 sin@ cos tae 1 — cos 20 
cos 20 = cos? @ — sin? 0 Di 
ms ya 
i ne 
=1-2sin’0 2 
_ _2tano 1g — 1= 00820 
tan 2@= 1 — tan?6 aa 1 + cos 20 
Half-Angle 
0 1 —<¢o88 0 1 + cos 0 
i = 2 =t 
sin5 = 5 cos5 = + 5 
mn Soe fines sind 
2 sind an 1 + cosd 


Formulas from Geometry 


Rectangle Triangle 
Ww @ < I 
A=LW A = xbh 
L 


P=2L+2w b P=atbte 


Pythagorean Theorem Circle 
al eX CHP +P C = 2ar 
; A=ar 
Equilateral Triangle Parallelogram 
FN 4=Me ees 
4 
s 
a 
c 
b 


b P= 2a + 2b 
Trapezoid 
d = Ka + bh 
P=athb+et+d 


Ellipse 
A = wab 


+ 
P = 2,|% z 


Sum of the Angles Sum of the Angles 
a in a Triangle in a Quadrilateral 
A+B+C= 180° A+B+C+D = 360° 
Rectangular 
mt (Parallelepiped) Box 


E V = LWH 
S = 2LW + 2LH + 2WH 


Sphere Cone 
XY S = 47 | S=artarVe +i? 


Cylinder 
V=arh 


S = rh + 2m? 


Formulas from 


Basic Properties 
atb=bta 

ab = ba 
(atb)+c=at(bt+o 
(ab)e = a(be) 


ab + c) = ab + ae 


G5 8 a saated 

¢ ¢ 

@, 8 _ Me 

bd” bd 

Radicals 

qin ae WV a 

que = Wan 

ct = (al 

Vab = Va Wo 

nf = Wa 
Wh 

Distance Formula 


d = V(x — x1) + 2 - yi? 


Slope of a Line 
OY PEN 

We hs HH 

Point-Slope Form 


y=my- x) +71 
yay =m — x) 


Vertex Formula 
b 


oe 


2a 


Exponents 
dq! = qrtn 
(@"y" =a 


(aby! = a’'b" 


Special Factoring 

e-b =(a- ba+b) 

@ + ab + B= (a + bP 

@ — 2ab + B = (a- bY 
+b = (a+ d@ — ab + b’) 
a — b= (a— b@ + ab + b’) 


Midpoint Formula 


= (258 nen) 
w= (258 


Average Rate of Change 
of f from x; to x, 


Ye~ Hi, ,» Lo) — Fon 
X27 My XQ 7 


Horizontal Line 


y=ob 


Vertex (Standard) Form 
yH=ax-hP +k 


Algebra 


Logarithms 

log,x =k means x = ak 
log,1 =0 and log,a = 1 
log,m + logan = log, mn 


mam 


log,m — logan = loga ir 
log, m" = rlogym 
log, a* = x 


ql& vay 


log, x 
fad (change of base) 


log, x = 


Constants 
mw ~ 3.141593 


e ~ 2.718282 
i=V-1 


P=-l 


Quadratic Formula 


ea hE Vi = dae 


2a 


Slope-Intercept Form 


y=mx tb 
Vertical Line 
xe=k 


Standard Equation of a Circle 
(x - AP + -khP =P? 


@ Answers to 


Selected Exercises 


CHAPTER 1: Introduction to Functions 11. 16, 18, 26; no 
and Graphs 13, (a) S = {(-1,5), (2,2), (3, -1), (5, -4), 
| SECTION 1.1 (pp. 9-12) ©, —5)} (b+) D= {=1,2,3,5,9}, 
1. Rational number, real number 3. Rational number, = {-5,-4, -1, 2,5 
| 


real number 5, Real number 7, Natural number: V9; is Oa. (5) (4 me (5,6), (4,6)} 
or number: V9; integers; —3, Vo; rational numbers: 


17. (a) D = {—3, -2,0,7}, R = {—5, -3, 0, 4, 5} 
3, §, V9, 1.3; irrational numbers: 7, — Aa (b) x-min: —3; x-max: 7; y-min: —5; y-max: 5 


9. me Mature numbers: none; whole number: 0; integer: © & @) 
‘V4, 0; rational numbers: is 5.1 X 10-6, —2,33, 
-Vi, 4, 0; irrational number: V13 i Rational 

| snes 13, Natural numbers 15, Integers 

17.51 19, -84 21.0 23,5 25,8 27, —32 

29.8.2 X 10! 31, 3.65 x 10% 33, 2.45 x 10° 
| 35.5.6 X 10! 37, -8.7 x 10% 39, 2,068 x 10? 
41, 0,000001 43, 200,000,000 45. 156.7 47. 500,000 


| 49,4500 51, 67,000 53.8 x 10%; 800,000,000 19. (a) D = {—4, -3,-1,0,2}, R = {-2, -1,1,2,3} 
$8.35 x 107';0,35 57.2.1 X 103; 0.0021 (b) x-min: —4; x-max: 2; y-min: —2; y-max: 3 
( 59,5 x 107%; 0.005 61. 4.24 x 10!9 63, 8,72 x 104 © &@ 


| 65. 7.67 X 10!! 67. 5.769 69.0.058 71. 0.419 

73, -1.235 75.15.819 77.80.6% 79. 55.9% 

81. (a) 100% (b) —50% 83. (a) 2.36% (b) —2.31% 

| 85, (a) 44.44% (b) -30.77% 87. $105,000 
89, 1.4 x 107! watt 91, About 53,794 miles per hour 
93, (a) 1.4% (b) 4.48% 95. (a) 65,000,000 ft (b) Yes 
97, (a) 7.4367 ~ 23.4in> (b) Yes 


21. (a) D = {—35, —25, 0, 10, 75}, 


1.1 EXTENDED AND DISCOVERY EXERCISES (p. 12) = {—55, -25, 25, 45, 50} | (b) x-min: —355 


1.2.9 x 10cm 3.0.25 ft, or 3 in. spannaane 75: ponuiny 95 yates) 
SECTION 1.2 (pp. 26-30) (c) & @) 
a a oe: a a ee ee 
1. (a) 6 o—1 
(b) Max: 6; min: a) (c) ae er = 1,83 
3. (a) 


-30 -20 -10 0 10 20 30 40 
(b) Max: 30; min: —20  (c) Mean: 5 
5. (£30 [-30[-10] 5 | is [ 25 [45 [ 55 | ot | 


(a) Max: 61; min: —30 (b) Mean: 16 = 15,11; Line graph 
median: 15 7, ES ET 400 
(a) Max: 7°; min; V15_ (b) Mean: 5.95; median: 4.51 oo 
| 9. (@) © 2 16 2 BU 82 Eo 
| (b) Mean: 23,5; median: 23.95 F iso 
| ( | The average area of the six largest lakes is 23,500 square i 50 y 
| miles. Half of these lakes have areas below 23,950 square Oa DaeGnle BS Oo Ts Saas SE 
miles and half have areas above. (c) Lake Superior Year Year 


| A-1 


A-2. Answers to Selected Exercises 


25. Yes 27.No_29,5 31. V29 ~ 5.39,_33.17 
35.85. 37, V41.49 ~ 6.44 39.8 41.42 ~ 1.03 
43.2 ~ 0.71 45.130 47. Va + B® 49. Yes 
51. (a) 


Ss 

(b) d = V4100 ~ 64.0 miles 
53, 27 million units 55. 9.5 seconds 
§7, 2018: 7.45 million; 2022: 7.9 million 59, (3, —0.5) 
61. (10, 10) 63, (-2.1, -0.35) 65. (V2, 5 
67. (0,26) 69.5, (3,9) 71. V34, (4, -2) 

a. 69, wt Ae Center: (0,0); radius: 5 
a Center: (0, 0); radius: Vi 79. Center: (0, —3); 
radius: oe 81, Center: (2, —3); radius: 3 
83. Center: (0, —1); radius: 10 
85. (x — 1)? + (y+2)=1 
87. (x +2)? + (y-1)? = 
89. (x — 3)? + (y +5)? = 64 
OL. (x - 3)? + y? = 49 
93. (x -— 3)? + (y + 5)? = 50 
95. (x + 2)? + (y + 3)? = 25 
ma can (y - 3)? = 8 

io 


107. 


111. (-3, 1);3 


113. (3, 1); V7 


119. (-,2);3 121. Not possible 


6 
123, x-axis: 10; y-axis: 10 125, x-axis: 10; y-axis: 5 


127.b 129. 
131. [-5,5,1] by [-5,5,1] 


133. [-100, 100, 10] by 
[—100, 100, 10] 


135. (a) x-min: 2011; x-max: 2015; y-min: 25.1; 
y-max: 61.4 (b) [2010, 2016, 1] by [20, 70, 10] 
(answers may vary) 


: al | 


137. (a) x-min: 1995; x-max: 2015; y-min: 26; 
y-max: 200. (b) [ 1990, 2020, 5] by [0, 240, 40] 
(answers may vary) 


; a ' 


CHECKING BASIC CONCEPTS FOR SECTIONS 1.1 
AND 1.2 (p. 30) 

1. (a) 9,88 (b) 1.28 3, (a) 3.485 x 108 

(b) -1,2374 X 10? (ce) 1,98 x 10-7 

5, (1,3) 7. Mean = 10,762.75; median = 12,941,5 


SECTION 1,3 (pp. 44-48) 
1,[5,¢) 3,[4,19) 5. [-1,%) 


1, (-%, 1)U[3,%) 9 (-3,5] 1. (-%, -2) 


13. (—%, -2)U[1,%) 15. (—%, 2)U (2, @) 
17, (—~, -6)U (-6, %) 

19, (—%, -3)U (~3, 3) U (3, %) 

2. (-%, 1)U(1,6)U (6, %) 23, (—2, 3) 
25, f(7) = 

27, 


43, (a) g = {(-10), (2, =2); (5, 7) } 
(b) D = {-1,2,5},R = {-2,0,7} 
45. (a) g = {(1,8), (2,8), (3, 8) } 


(b) D = {1,2,3},R = {8} 

47. (a) g = {(~1,2), (0,4), (1, -3), (2,2) } 

(b) D = {=1,0, 1,2}, R = {-3, 2,4} 

49, (a) f(—2) = -8, f(5) = 125 (b) All real numbers 
51, (a) f(-3) = 18, f(2) = —2. (b) All real numbers 
53. (a) f(—1) = 5, f(4) = 10 (b) All real numbers 


Answers to Selected Exercises A-3 


55. (a) f(-3) = V6, f(5)isundefined (b) x = 0 
57. (a) f(—1) is undefined, f(a + 1) = Vat 1 
(b) Nonnegative real numbers 

59. (a) f(-1) = 9, f(a + 1) = 3 - 3a (b) All real 
numbers 61. (a) f(-1) = —2, f(a) EE 

(b)x # ~S_ 63.(@) f(4) = 16 A(-7) = as 


(b) -3;3 (c) -3;3 67. (a) D: (-%, &); 
R: (—%,2]; @)1;-2 © -2 69. (a) D: [-2, 2]; 
{-3,1]; @)-2;1 ©-2;1 71. D: [-3, 3]; 


R: 

R: [0,3]; (0) = 3 73. D: (—%, ©); R: (—%, 2]; 
{(0) =2 75. D: [-1, ®); R: (—%, 2]; f(0) = 0 
71. (a) (2) =7. O) S= {(1,7)s (27), (3,8)} 


(©) D= {1,2,3},R = {7,8} 


) 79, (a) [-4.7, 4.7, 1] 
by [-3.1,3.1,1] (b) f(2) = 1 


83, Verbal: Square the input x. 


Graphical: Numerical: 

[-10, 10, 1] by[—10, 10, 1] [To]: ]2 | 

ae Ly [sti fotits| 
f(2) =4 


85, Verbal: Multiply the input by 2, add 1, and then take 
the absolute value. 


Graphical: 
[1 [oti] 


eae eee ra 


ne f(2) =5 


87. Verbal: Subtract x from 5. 
Graphical: Numerical: 
(10, 10,1] by [-10, 10, 1] 


piumer ical: 


fQ) =3 

89, Verbal: Add | to the input and then take the square 
root of the result. 
Graphical: 

(-6, 6,1] by [-4, 4, 1] 


Ts [2[s]}e[1] 2] 
> T-e he ] 
na f(2) = V3 


Numerical: 


A-4 Answers to Selected Exercises 


91. Symbolic: f(x) = 0.50. 
Graphical: Numerical: 


y [ mies [1 [2] 3 [4]s5 [6 
[co [0.50 | 1.00 | 1.50 | 2.00 | 2.50 | 3.00 


0 20 40 60 80 100 
Miles 


93, Yes, Domain and range: (—%, %). 

95,No 97. Yes. D: [-4, 4]; R: [0,4] 

99. (a) Yes (b) Each real number has exactly one real 
cube root. 

101, (2) No (b) More than one student could have 
score x, 103, Yes, because IDs are unique. 105, No 
107. Yes 109,No 111.No 113. Yes 115. No 

117. Yes 119, g(x) = 12x; g(10) = 120; there are 
120 in. in 10 ft, 121. g(x) = 45 g(10) = 2.5; there are 
2,5 dollars in 10 quarters. 

123. g(x) = 86,400x; g(10) = 864,000; there are 
864,000 sec in 10 days. 

125, f(a + 2) = -4a — 16a — 13 

127. f(a th) = @ + 2ah+h-a-h+5 

129. f(a +h) - f(a) = 4ah + 2h? 

131, (a) Oft (b)Oft (c)2sec, 64 ft (a) [0,4]; The 
ball is in the air for 4 sec. (e) [0, 64]; The height of the 
golf ball varies from 0 to 64 ft during the 4-sec interval. 
133. (a) (4) = 1500; After 4 hr there were 1500 gal 
in the pool. (b) D: [0, 5]; The 5-hr period when the 
amount of water in the pool was recorded (ce) R: 

[ 500, 1500 ]; The amount of water in the pool over the 
S-hr period 135, (a) { (R, 37), (N, 30), (S, 17) } 

(b) D = {N,R, S}, R= {17, 30, 37} 

137, 200; 200 million tons of electronic waste will accu- 
mulate after 5 years. 

139, N(x) = 2200x; N(3) = 6600; in 3 years the aver- 
age person uses 6600 napkins, 

141, Verbal: Multiply the input x by —5.8 to obtain the 
change in temperature, 
Symbolic: f(x) = —5.8y. 
Graphical: 

(0, 3, 1] by [-20, 20, 5] 


Numerical: 


SECTION 1.4 (pp. 64-69) 
lm 2b6=5 3m 8,b=0 5.4 1 
9.0 11,-1 13,-8 15, Undefined 


17, —32 ~ -1.1143 19, 2. The graph rises 

2 units for every unit increase in.x. 21. —q. The graph 
falls ¢ unit for every unit increase in x, or the line falls 
3 units for every 4-unit increase in. 23, —1. The 
graph falls | unit for every unit increase in». 

25. (a) Zero square feet of carpet would cost $0. 


(b) Slope = 20 (c) The carpet costs $20 per square foot. 
27. (a) D(S) = 50; after 5 hours the train is 50 mi from 
the station. (b) —20; the train is traveling foward the 
station at 20 mi/hr. 29. (a) 150 mi (b) Slope = 75; 
the car is traveling away from the rest stop at 75 mi/hr. 
31. Linear, but not constant 33, Linear and constant 
35. Nonlinear 37, Nonlinear 39, Yes, m = 4 

41.No 43. (a) Slope: 2; y-int: (0, —1); x-int: (0.5, 0) 
(b) f(x) = 2x - 1 ©0.5 

45. (a) Slope: —4; y-int: (0, 2); x-int: (6, 0) 
() f(x) = -5x +2 ©6 47. f(x) = - 
49. f(x) = 18x 

51, Slope: 3; y-int: (0, 2) 


a 


53, Slope: 4; y-int: (0, -2) 


65. Incr: never; decr: (—2, 2%), 

67. Incr: (2, ©), decr: (—%, 2), 

69. Incr: (—2, —1), (0, 2); deer: (—1, 0) 

71. Incr: (—%, —2), (1, ©); deer: (—2, 1) 

73. Incr: (—8, 0), (8, ©); decr: (—%, —8), (0,8) 
75. Incr: (—%, ©); decr: never 

77. Incr: (0, ©); deer: (—%, 0) 

79, Incr: (—%, 1); deer: (1, 2) 

81. Incr: (1, ©); decr: never 


83. Incr: (—3, ©); decr: (—%, —3), 
85, Incr: (—%, ©); decr: never 

87. Incr: (—%, —2), (2, ©); decr: (—2, 2) 

89, Incr: (—%, —1), (0,2); deer: (1, 0), (2, ) 
91. (0, 2.4), (8.7, 14.7), (21,27) 

93, (1960, 1980), (1990, 2000) 

95, 1261.2 
97.(a)3 (b) 


99,7 101.0.62 103. (a) 4.475; 11.25; about —10.57. 
(b) From 1900 to 1940 cigarette consumption increased 
by 4.475 billion cigarettes per year, on average. The 
other rates may be interpreted similarly. 

105. y 


ee ae ee 
‘Time (hours) 


107, Answers may vary. 
‘i 


y=f@) 


111. (a) —2, 2 (b) x-int: (-2, 0), (2, 0) y-int: 
(0,-2) (c) Negative: (—2, 2) positive: (—4, —2), (2, 5) 
(d) Incr: (1, 5) deer: (-4,-1)  (e) Negative 
113. (a) -4.5, -2, 2, 4.5 (b) x-int: (-4.5, 0), (-2, 0), 
(2, 0), (4.5, 0) y-int: (0,4) (c) Negative: (—4.5, -2), 
(2, 4.5) positive: (—5, -4.5), (-2, 2), (4.5, 5) (d) Incr: 
(-4, 0), (4, 5) deer: (-5, —4), (0,3) (e) Zero 
115. f(3 + 4) = 98; f(3) + f(4) = 50 
117. x? + 2xh +? — 45x? + I? - 8 
119, —x? — 2xh + 3x — I? + 3h; —x? + 3x — I? + 3h 
121. (a)3 (b)0 123, (a) 2x + 2h +1 (b)2 
125. (a) 4x + 4h +3 (b) 4 
127. (a) —6x? — 12xh -— 6h? — x —h +4 
(b) -12x — 1 — 6h 
129, (a) | — x7 - 2xh — f(b) -2x - hh 
1 a 
TAD ean @) 2x (x +h) 
133. (a) 3x? + 6xh + 3h? + 1 
(b) 6x + 3h 135, (a) —x? —2xh — I? + 2x + 2h 
(b) —2x —h +2 137. (a) 2x? + 4xh + WP? -—x—h+1 
(b) 4x + 2h — 1 139. (a) x3 + 3x7h + 3iPx + IF 
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(b) 3x? + 3hx + 1? 141. (a) 8/7 + 16sh + 817 
(b) 167 + 8h (c) 64.4; the average speed of the car from 
4 to 4.05 sec. is 64.4 ft/sec. 


1.4 EXTENDED AND DISCOVERY EXERCISES (p. 69) 


1. (a) Yes; 277 inches per second (b) No; because the 
area function depends on the radius squared, the area 
function is not a linear function and does not increase at 
a constant rate. 


CHECKING BASIC CONCEPTS FOR SECTIONS 1.3 
AND 1.4 (p. 69) 

1. Symbolic: f(x) = 5280x 

Graphical: 


y 


Numerical: 


25,000 
20,000 


3 15,000 
10,000 
5000 
o12 3 4 
Miles 


3. -3 5. (a) (-#, 5] () [1, 6) 7.-7 


CHAPTER 1 REVIEW EXERCISES (pp. 74-76) 


1, Natural number: ‘VV 16; whole numbers: 
16, 0; integers; —2, 0, V 16; rational numbers: 
-2, bs 0, 1.23, V6; real numbers: 


2,4, 0, 1.23, V7, V6 

3. 1.891 x 10° 5, 15,200 7. (a) 32.07 (b) 2.62 

(c) 5.21 (a) 49.12 9, -41 11. —20% 

13.[(-3] -s[ 8 [19 [ 24] (a) Max: 24; min: —23 
(b) Mean: 4.6; median: 8 

15, (a) S = {(-15, —3), (-10, 1), (0, 1), (5,3), 
So (b) D = {-15, -10, 0, 5, 20}, 

R= {-3,-1,1,3,5} 

17, Not a function 

[-50, 50, 10] by[—50, 50,10} 19.10 21, (2, -3) 

23. Center: (1, -1); 

radius: 2 

25. (x — 2)? + (y— 5)? =17 


A-6 Answers to Selected Exercises 


35. f(x) = lox 
(0, 100, 10] by [0, 1800, 300] 


¥ 0 25 50 75 | 100 
3) © | 400 | 800 | 1200] 1600 


37. (a) f(—3) = 5, f(1.5) = 5 &h) (—=, oo) 

39. (a) f(-10) = 97, f(a+ 2) =@+4a+1 

(b) (—%, «) 

41, (a) f(-3) =~ f(a + 1) = 74g 

(b) D: (-%, 4) U (4,2) 43. No 

45, (a) Slope: —2; y-int: (0, 6); x-int: (3, 0) 

(b) f(x) = -2n +6 (©)3 47, Yes 49, Yes 51.0 
53. -} 55,0 57, Linear 59, Nonlinear 

61. Ay 


O05 10 15 2.0 
‘Time (hours) 


63. Yes; —4 65,5 
67. f(x +h) = 2x? + Axh + 2h f(x) + f(h) = 2x? + 2n2 
69, m = —2; y-int: (0, 4) 


71, 760 sec, 73, (a) 198 ft (b) 1044 ft? 

75. (a) The data decrease rapidly, indicating a very high 
mortality rate during the first year, 

(=1, 5,1] by [0, 110, 10] 


(b) Yes (ce) From 0 to 1; —90; from | to 2: —4; from 2 
to 3: —3; from 3 to 4; —1, During the first year the popu- 
lation decreased, on average, by 90 birds. The other aver- 
age rates of change can be interpreted similarly. 

77, (a) [1, 5, 1] by [40, 70, 5] 


Nonlinear 
(b) 2.5 (c) The temperature increased, on average, by 
2.5°F per hour. 


CHAPTER 2: Linear Functions and Equations 


SECTION 2.1 (pp. 93-98) 
ley = -2(v-1) +2 3a y= 
m 


F(x + 3)-1 
; 


5. y = —2.4(v — 4) + 5; y = -—2.4y + 14.6; 
f(x) = -2.4x + 14.6 


Tey = -3 (x - 1)-23 y = -by - 8 f(x) = -4y - 3 
sya H(e-4) + try fe 300) = dy -3 
Mey =3x-1 13.y=-3y +2 15.¢ 

17.b 196 y= 3-1 23. y = 5x if 


25, y = —7.8x + 5 ae -hy + 45 

29. y= —3x+5 31, tit ae By=gxth 
38.y = 4x +9 31y = 3x — 2960 3% y = 3-21 
41, yay +6 4. y=x- 20 45, yatens 
47. y =4x +3 49, y = -12x — 20 

51. x = —5; not possible 53, y = 6, f(x) = 6 

55, x = 4; not possible 57, x = 19; not possible 

§9, x-int: (5,0); y-int: 61. x-int: (7,0); y-int: 
(0-4) (0, -7) 


63. x-int: (-7,0); 


65, x-int: (—4, 0); 
y-int: (0, 6) ( , ) 


y-int: (0, 7) 


67. x-int: (4, 0); 


69. x-int: (3, 0); 
y-int: (0,2) ( ) 


y-int: (0, -5 


71. x-int: (5,0); y-int: (0,7); (a, 0) and (0, b) represent 
the x- and y-intercepts, respectively. 

73, x-int: 3, 0); y-int: (0, 3), (a, 0) and (0, 5) represent 
the x- and y-intercepts, respectively. 

Betta 1 

71. (a) x-int: (3, 0); y-int: (0,1) (4 © -3 

(d) positive: (—3, ), negative: (—%, —3) 

(e) Increasing: (—%, %); yes, (—%, —3); no, not 
decreasing (f) f(x) = dy a i 

79, (a) x-int: (1,0); y-int: (0,3) (b)-3 @©1 

(d) positive: (—%, 1), negative: (1, ©) 

(e) Decreasing: (—%, %); no, not increasing; yes, 


(-%,1) (f(x) = —3x +3 

81. (a) x-int: (K, 0); y-int: (0,6) (b) -2 

(c)k (@) positive: (—%, k), negative: (k, ») 

(e) Decreasing: (—%, %); no, not increasing; yes, 
(2k) f(x) = px +b 

83, (a) y = 1.5x — 3.2 (b) When x = —2.7, y = —7.25 
(interpolation); when x = 6.3, y = 6.25 (extrapolation) 
85. (a) py = —2.1v + 105.2 (b) When x = —2.7, 

y = 110.87 (extrapolation); when x = 6.3, y = 91.97 
(interpolation). 87. (a) f(x) = 7(x — 2008) + 3, or 
f(x) = 6.9x — 13,852.3 (answers may vary); 

approximate (b) —4% (c) Extrapolation; the result 

is negative, which is not possible. (d) 52% 

(e) Extrapolation; it is quite inaccurate because the 
percentage decreased after 2011. 

89. (a) y = 1100x — 2,184,500; the cost of attending a 
private college or university is increasing by 

$1100 per year, on average. (b) About $29,800 

91. (a) Leaving; 70 gallons (b) x-int: (10, 0) the tank is 
empty after 10 minutes; y-int: (0, 100), the tank held 100 
gallons initially. (©) y = —10x + 100; the slope is —10, 
so the water is being drained at a rate of 10 gal/min. (d) 5 
93. (a) y = —32.5x + 65,727.5 (b) Sales decreased, on 
average by 32.5 million albums per year. (¢) 370 million; 
estimate is 40 million high; interpolation 

95. (a) [2005, 2011, 1] by [150, 450, 50] 


(b) Using the first and last points gives 
f(x) = 66.25(x — 2006) + 160 (answers may vary). 
(c) [2005, 2011, 1] by [150, 450, 50] 


(d) The number of bankruptcies increased, on average, by 
66,250 per year. 

(e) 690,000 (answers may vary); extrapolation 

97, (a) y = —10.25x + 2000 (answers may vary) 

(b) Hours worked decreased, on average, by 10.25 hours 
per year. (c) About 1549 hours (answers may vary) 
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99.[0, 3, 1] by [-2,2, 1] 


(a) No, the slope is not zero. (b) The resolution of 
most calculator screens is not high enough to show the 
slight increase in the y-values in the given window. 

101. (a) They do not appear to be perpendicular in 

the standard viewing rectangle (answers may vary 

for different calculators). (b) In [-15, 15, 1] by 
[-10, 10, 1] and [-3, 3,1] by [—2, 2, 1] they appear 
to be perpendicular. 


(=10, 10,1] by [-10, 10,1] [-15, 15,1] by [—10, 10, 1] 


(-10, 10,1] by [-3, 3, 1] [-3,3, 1] by [-2,2, 1] 


(c) The lines appear perpendicular when the distance 
shown along the x-axis is approximately 1.5 times the 
distance along the y-axis. 

103. y) = X,)2 = —X, 3 =X + 2,94 = —¥ +4 
105. y, =x +4,.=x-4, 93 = —x +4, 

ya x 4 

107. y ~ —0.789x + 0.526; ~ —0.993 


[-3,4, 1] by [-3, 3,1] 


109. (a) Positive (b) y = ax + b, where a = 3.25 and 
= —2.45; 1 ~ 0.9994 (c) »y = 5.35 

111, (a) Negative (b) y = ax + b, where a ~ —3.8857 

and b ~ 9,3254; 1 ~ —0.9996 (c) » ~ —0,00028 

(because of rounding, answers may vary slightly) 

113. Both the percentages of site traffic and sales have 

increased significantly 

115, f(x) ~ 10.8457x — 21,795.3; About 70% 

117. h(x) ~ 0.58401x + 0.667449; About 41.5% 

119. (a) [—100, 1800, 100] by [—1000, 28000, 1000] 


. 


(b) y = ax + b, where a ~ 14.680 and b ~ 277.82 
(c) 2500 light-years (d) If a galaxy’s distance increases 
by | light-year, then its velocity increases by about 
14.680 miles per second. 


A-8 Answers to Selected Exercises 


SECTION 2.2 (pp. 114-119) 


1,One 3.4x—1 5, They are equal. 7, Linear 
9, Nonlinear 11, Linear 13,4 15,-4 17, -2 
19.1 21. 23.4 25,3 274 294 31-3 
33,-5 35.17 375 30.5 a1, 0 

43. (a) No solutions (b) Contradiction 

45, (a) 8 (b) Conditional 

47, (a) All real numbers (b) Identity 

49. (a) No solutions (b) Contradiction 

51. (a) All real numbers (b) Identity 

53,3 55.(a)4 (b)2 (c) —2 

57. (a) 3 (b) 1 (0 5%-1 61.2 63.1 65.4 
67,2 69,-3 71,—-5 73, about 2.294 75,3 77.1 
79.0.2 81.-1.2 83.1 85,-4 87.2 89.0.8 
91. (a) 0.35 (b) -0.0007  (c) 7.21 (a) 0.003 

93, (a) —0.055 (hb) —0.0154 (c) 1.2 (a) 0.0015 
95. (a) 37% = (b) -9.5%  (c) 190% (al) 35% 

97, (a) -12.1% (b) 140% (ce) 320% (@) —25% 


a Dy — 2LW 
9W=F7 101L=57P-W 103. H= $73 
105. y=4-3y tonx=ly +3 

109, (a) y = —2v +8 (b) f(x) = -2x + 8 
ti@)y=det+h wy s(x) = by 44 

113. (a) y = gx +g (b) f(x) =v +2 


115, 2019 117, About 1987 

119, 36 in, by S4in, 121. f(x) = 0.75x; $42.18 

123, (a) 0.043 (b) About 1,698,000 

125, (a) About 2 hours (answers may vary) 

(b) a = 1.875 hours 127, 210 mi/hr 

129, 3.2 hours at 55 mi/hr and 2.8 hours at 70 mi/hr 
131, 5 hour, or 63 minutes 133, 41.25 feet 

135, About 36.4 cubic feet 137, $ liter 

139, 8 mi/hr: 45 min; 12 mi/hr: 30 min 

141, About 8.33 liters 143, (a) S(.x) = 19x — 38,017 
(b) Sales increased, on average, by $19 billion per year. 
(c) 2013 145, —40°F is equivalent to —40°C, 

147, (a) f is linear because the amount of oil is mixed at 
aconstant rate, (b) 0.48 pint; 0.48 pint of oil should be 
added to 3 gallons of gasoline to get the correct mixture. 


(©) 12.5 gallons 149, 8 ~ 8.89 


2.2 EXTENDED AND DISCOVERY EXERCISES (p. 119) 
1. (a) Yes; since multiplication distributes over addition, 


doubling the lengths gives double the sum of the lengths. 


(b) No; for example, in the case of a square (a type of 
rectangle), the square of twice a side is four times the 
square of the side, 


3. (a) f(x) = 14,000x (b) About 1.9 hours 5, 3 miles 


CHECKING BASIC CONCEPTS FOR SECTIONS 2.1 
AND 2.2 (p. 119) 


Ly= hy + i parallel; y = -hy perpendicular: 


y= 4y (answers may vary) 3, y = Ry + 5 5, -§ 
7.(a) 2.5 (b)2.5 (ce) 2.5; The results are the same, 


SECTION 2.3 (pp. 130-135) 

1,(—,2) 3,[-l,e) 5.[1,8) 7. (-,1] 
9. (—%,5)U(5,%) 1. {x]x = 2}, or [2, 0) 
13, {x|x < 10.5}, or (2, 10.5) 15, [$, 
17, (1,%) 19 {x]x = 13}, or [13, %) 

21. {x|x < 0}, or (—%,0) 

23, {x|x = —10}, or [-10, %) 

25. {x|x > 1}, or (1,%) 27% {x]x > 4}, or (3, ») 
29. {x|3 <x <3}, or 3,3] 

31. {x|-l6< ys Lust [-16,1] 

33, {x|-20.75 < x hie or i‘ 20.75, 12.5] 


35. {x|-4<x<1 1}, or (—4, 1 

m {signe ¥}o (Ra) 

3, {lx = 4,0 [4 =) 

at. {xl} <= fh, 0 (-,-H] 

43. {z|2 < 24}, or (-~, 24] 45, (—~, 2] 
47, (3,%) 49. [0,2] 51. (-1,4] 

53. (a) 2 (b) {x |x < 2}, or (—~, 2) 


(©) {x|x = 2}, or [2, ) 

55. (a) —2 (b) fle > -2}, or (-2, ») 

(©) {x|x s 

57. {x|x < 2}, or (-~, 2] 
x|x>1},or(1,%) 61. {x]x > 2.8} 

63. {x|x s 1987.5} 65. {x|x > —1.82} 

67. {x|4 < x < 6.4}, or [4, 6.4) 

69. {x/465 xs 15.2}, or [4.6, 15.2] 

1. {x] lL <x< 5.5}, or (1, 5.5) 

73.(a)-1 (b) (—%,-1) © [-1, 2) 

75. (a)3 (b) (3,2) (©) (-%,3] 

77.(a)8 (b) {x|x < 8} 


81. {x x< —5}, or —a, ml 
83. {x|1 <x = 4}, or [1,4] 
85. {x|—5 = x < a} | 20: 30) 


87. {x|x < 31.4}, or (—%, 31.4] 
89, {x ees By, or i 
91. {x|x < 1.534}, or (—%, 1.534] 


93. (a) Car A is traveling ee. since its graph has the 
greater slope. (b) 2.5 hours; 225 miles (€()0 S x < 2,5 
95. (a) T(x) = 65 — 19x (b) D(x) = 50 — 5.8x 
(c) Below 1.14 miles (approximately) 

(d) Below 1,14 miles (approximately) 

97, (a) Revenue increased, on average, by $0.86 billion 
per year, (b) From 2012 to 2015 

99, (a) U(x) = 128.57x + 100 (b) 2011 and after 
101. (a) V(x) = 7.6x — 15,212.6 

(b) About 2007 to 2009 103. From 2018 to 2021 

105, About day 110 (April 19) to day 119 (April 28) 


107. 3.987 S 
(b) x > 1,25 
111. (a) P(x) = 0.658 — 1290.76  (b) Between 1989 
and 2005 (ec) Interpolation 


C< 4.027 109. (a) f(x) = 3x — 1.5 


2.3 EXTENDED AND DISCOVERY 
EXERCISES (p. 135) 


La<b>2a<atb<2%w>a<*44<b 


SECTION 2.4 (pp. 145-152) 

1.@) f(x) = @ f(x) = lox 

() f(x) = 0,06x + 6.50 (a) f(x) = 500 

3. f(x) =—}x +3 5. f(x) =x +5 1d 

9c 11. B(t) = 1.20 + 27; ¢ represents years after 
2010; D = {1/01 <4} 

13, T(t) = 0.087 + 0.6; ¢ represents months after 
January; D = {t|f = 0,1, 2,.. 11} 

15. V(t) = —10¢ + 580; fis time in minutes 

D= {t|(0s1= 40} 17, P(t) = 21.5 + 0.6051 
represents years after 1900; D = {1|0 = ¢ = 120} 
19, (a) W(t) = —10¢ + 300 (b) 230 gal 

(c) x-int: (30, 0), the tank is empty after 30 minutes; 
y-int: (0, 300), the tank contains 300 gallons of water 
initially. 


J d) D = {t|0 <1 < 30} 
a 


50 + 
¥ 


5 10 15 20 2 30 
‘Time (minutes) 


21. (a) f(x) = 0.044 + 1.2 (b) 1,376,000 

23, (a) f(x) = 0.25x + 0.5 (b) 1.125 inches 

25, (a) 17; 17.2; 16.6 (b) f(x) = 17x 

(c) The vehicle is getting 17 miles per gallon. 
7 


“Gascline allons) 
(d) f(30) = 510; the vehicle travels 510 miles on 30 gal- 
lons of gas. 
27, (a) Max: 55 mi/hr; min: 30 mi/hr (b) 12 miles 
(c) f(4) = 40, f(12) = 30, f(18) = 55 
(d) x = 4, 6, 8, 12, and 16, The speed limit changes at 
each discontinuity. 
29, (a) f(1.5) = 30; f(4) = 
(b) mm, = 20 indicates that the car is moving away from 
home at 20 mi/hr; m. = —30 indicates that the car is 
moving toward home at 30 mi/hr; m3 = 0 indicates 
that the car is not moving; 14 = —10 indicates that 
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the car is moving toward home at 10 mi/hr. (ce) The 
driver starts at home and drives away from home at 

20 mi/hr for 2 hours until the car is 40 miles from home. 
The driver then travels toward home at 30 mi/hr for 1 
hour until the car is 10 miles from home. Then the car 
does not move for | hour. Finally, the driver returns 
home in | hour at 10 mi/hr.  (@) Incr: 0 < x < 2; deer: 
2<x<30r4<x< 5;consti3<x<4 

31. (a) 0.97; 1.14; it costs $0.97 to mail 1.5 oz and $1.14 
to mail 3 oz. 


O05 115 2253354455 55 
Ounces 


D= {x|0<x <5} 

(oc) x = 1,2,3,4 

33. b 

35.d 37. P(2007) = 43%, P(2009) = 10%, 

sd — 10,995.5 when 2003 = x < 2007 
By + 33,158.5 when 2007 S$ x < 2009 

Is Bale when 2009 = x = 2015 

41. (a) [—5, 5] (b) f(-2) = 2, f(0) = 3, f(3) = 6 

(© 


(d) f is continuous. 


39. P = 


43. (a) [-2,2] (b) —4; 0; undefined 
(d) f is continuous. 


45. (a) [—4, 3) (b) 3; 1; undefined 
(d) f is not continuous. 
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47. (a) [-1, 2] 
(b) f(-2) = undefined, f(0) = 0, f(3) = undefined 
(c) (d) f is not continuous. 


49. (a) [- 


2, f(0) = 1 f(3) = -1 


(d) f is not continuous. 


3,3] (b) f(-2) 


3) = -10, f(1) = 4, f(2) = 4, (5) = 


(c) f is not continuous, 


53. (a) s- 
(b) [1,3 


ty +3, if-4sx<0 
55. f(x) = 4 _9 , 
avt2, if Osxs3 
57. (8) sof? 
3 vs 
300- 
200- 
100. 


x 


2000 2002 2004 2006 2008 2010, 
‘Year 


(b) 700; there were 700 people for each housing start in 
2009; small values (c) Yes 

(d) Increasing: (2005, 2011); decreasing: (2000, 2005); 
constant: never 


—9x + 18,225, 
130x — 260,470, 
13.5x — 26,421.5, 


59. (a) [—10, 10,1] by [-10, 10, 1] 


if 2000 < x < 2005 
if 2005 < x < 2009 
if 2009 < x < 2011 


(e) R(x) = 


b) f(-3.1) = -3; f(1.7) = 
63. (a) f(x) = 0.8[x/2] for 6 < x < 18 
(b) [6, 18, 1) by [0, 8,1] 


(c) {(8.5) = $3.20, f(15.2) = $5.60 

65.2.5 67.2 69. k = 2.5, y = 20 when x = 8 
Nk = 0.06 x = $85 when y = $5.10 

73. $1048, k = 65.5 

75. (a)k = 0.01 (bd) I. Imm 

TI (ayk = (by 135 i inches 

79. (a) For (150, 26), £ = 0.173; for (180, 31), 

£ = 0.172; for (210, 36), £ = 0.171; for (320, 54), 
iE = 0.169; the ratios give the force needed to push a 
pound box. (b) k ~ 0.17 (answers may vary) 

(c) [125, 350, 25] by [0, 75, 5] 


(d) 46.75 pounds 

81. (a) S(x) ~ 3.974x — 14.479 (answers may vary) 
(b) About 5.15 cm 

83. (a) f(x) ~ 0.15878x — 315.69 (answers may vary) 
(b) $3.3 million; interpolation 


2.4 EXTENDED AND DISCOVERY EXERCISES 
(pp. 151-152) 


1. About 615 fish 3, Answers will vary. 


CHECKING BASIC CONCEPTS FOR SECTIONS 2.3 
AND 2.4 (P. 152) 


1. {x|x>3} 3.(@)3 (b) {x|x > 3} or (3, &) 
(©) {x |x = 3} or (— o,3] 5. f(r) = 60¢ + 50, 
where / is in hours 

SECTION 2.5 (pp. 164-167) 

1, -3,3 3.x < —3o0rx > 3, or (—%, —3)U (3, &) 
5. It is V-shaped with the vertex on the x-axis. 7. |6a 


(a) -1 (b) Incr: x > 
or (—%, -1) 


—1,or (-1, ©); deer: x < -1, 


2); deer: x< 3, or (-, 3) 


(a) 3 (b) Incr: x > 3, or 3, 
, (b) 


13, (a) 


(c) 0 
15, (a) 


(c) 1 
17. (a) 


(c) 3 

19, (a) x-int: (0,0), (2,0); y-int: (0, 0) 

(b) f(x) > 0:(—%, 0) U(2, ©); 

f(x) < 0:(0, 2); f(x) = 0:x = 0,2 

(c) The x-intercepts are the values that make f(x) = 0, 
(d) ine: (1, ©) dec: (—%, 1) (@) Yes. f(x) is 
decreasing and positive on the interval (—2, 0) 

() D:(-%,%); Ri[= 
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21, (a) x-int: None; y-int: (0, 6) 

(b) f(x) > 0:(—%, %); f(x) < 0: none; f(x) = 0: none 

(c) There are no x-intercepts and no values that make 

f(x) =0. @ine: (2, %) dee: (—%, 2) 

(e) Yes. f(x) is decreasing and positive on the interval 
(-2, 2) (f) D: (-%, ~); R:[2, co) 

23. (a) x-int: (—1,0), (1, 0); y-int: (0, 3) 

(b) f(x) > 0:(1, Pade ) <0: (-%, 1I)UCL, *)5 
f(x) =O. = -1, 

(c) The x-intercepts are the values that make f(x) = 0, 

(a) inc: (—%,0) dec: (0,%) (@) Yes. f(x) is decreas- 

ing and positive on the interval (0,1) (f) D:(—%,%); 

R:(-%,3] 25, -2,2 27,No solutions 29, 4, 11 

31. -3,-2 331,338. -3,2 37-3 39. ik 

41, No solutions 43, 3D 19 45, No solutions 

47,-1,42 49, -1,1 $1. -3,2 

53. (a) —1,7 (b) -1 <x <7, or (-1,7) 

(c) x < -lorx > 7, or (~~, -1)U(7, &) 

55.(a) {-1,6} (b) (~1,6) © (-%, -I)U(6, *) 

57. (a) {4} (b) Nosolutions (c) (—%,4)U (4, @) 

59. (a) 1,2 (b) 1 <x < 2, or (1,2) 

(c) x < 1 or x > 2, or (—%, 1)U (2, ») 


61. wats (b) -l <x <5 @©xs-lorx=5 
63, $48 -§ < x < If or (-§.4) 
65. 1,3;x < 1 or x > 3, or (—%, 1)U (3, %) 


17 31 17 31 17), ) 73! 
67. Baal S—3y ory = = Hf, or ( 2, -3r]U[5r ) 


69, ~4, x < ~forx > 4,0r (~~, ~)UG, @) 
71, There are no solutions for the equation or inequality. 
73. (- 2 3), or -} <x<3 75, [- 1,3], or 


“lsx5} 71. (-6,6) 79. (—%, -27]U[27, @) 


81, (3,4) 83, (-~, -3)U (-2, @) 

85, (2, 1]U13, ©) 87,Nosolutions 89, (—%, ©) 
91. (3.4), or -F<x<} 

93, (—~, 1)U(2, ~), or x < lorx > 2 

95. (-, $] U (4 2), ory Ss Sor = a 

97, (—%, —8) U(16, ~), or x < —8orx > 16 

99.6 101. {—2,4] 103. [0, ~) 

105, (a) D:[ -2, 3]; R:[-6, 2] 

(b) D:[-2, 3]; R:[-11,3] © D:[=1, 4]; [1,9] 
107. D:[—2, 3]; R:[-2, 3]; D:[-2, 3]; R:[0, 3] 

109, |7 — (-10)| $5;-15 = Ts -5 

111, May 75 mi/hy; min: 40 mi/hr 

13.@) $58 @ |x- $l <i 
115, (a) 19 < T < 67 (b) The monthly average tem- 
peratures in Marquette vary between a low of 19°F anda 
high of 67°F. The monthly averages are always within 24 
degrees of 43°F. 


A-12 Answers to Selected Exercises 


117, (a) 28 = T= 72 (b) The monthly average tem- 
peratures in Boston vary between a low of 28°F and a 
high of 72°F, The monthly averages are always within 
22 degrees of 50°F. 

119, (a) 49 = T = 74 (b) The monthly average 
temperatures in Buenos Aires vary between a low of 
49°F (possibly in July) and a high of 74°F (possibly in 
January). The monthly averages are always within 

12.5 degrees of 61.5°F, 

121. (a) |T — 10.5] < 0.5 (b) 10.45 < T < 10.55; The 
actual thickness must be greater than 10.45 mm and less 
than 10,55 mm. 

123, (a) |D — 2.118] < 0,007 (b) 2.111 Ss D S 2,125; 
D must be greater than or equal to 2.111 inches and less 
than or equal to 2.125 inches, 

125, 34.3 = QO = 35,7 


2.5 EXTENDED AND DISCOVERY EXERCISES (p. 168) 
I. |x ec] <6 

CHECKING BASIC CONCEPTS FOR SECTION 2.5 

(p. 168) 


1, {2x| 3. (a) —2,3 (b) [-2,3], or -2 sx 5 3; 
(-%,-2)U(3,%),orx<—2orx>3 5-41 


CHAPTER 2 REVIEW EXERCISES (pp. 172-176) 
Ly =d(yt+3) +4 


ay = lx +5) + 6;y de I; f(x) = Ly I 
Sys R(x —-5) +0 y= 2x -— f(x) = 2y -2 

1 f(x) = -2x-1 %y = Tx + 30 
Iny=-3x+2 1ys—tv+—- 15x = 
y=3 1.x = 2.7 


21, x-int: (4,0); y-int: (0, -5) 


y 


23.7 25.4 ~ 2.143 27.3 ~ 1.592 29, -2.9 
31. (a) All real numbers (b) Identity 

33. (a) -3_ (b) Conditional 35, (—3, @) 

37. [-2,3) 39. {x]x < 3}, or (—%, 3] 

Al, {x|-2% <x < @}, or (—%, @) 

@, {x|-l<axs q}, or (-1,3] 
45, {x|x > -1}, or (-1, &) 
47,(a)2 (b)x>2 (x <2 

49. (a) f(-2) = 4, f(-1) = 6, (2) 


(b) / is continuous. (¢) x = 3 or 2 


3, /(3) =4 


51. —2,7 53. No solutions 

55. £3; x < —3 or x > 3, or (—%, -3) U (3, &) 

57. i -I;x<-lorx> 1, or (—%, -1)u(%, 2) 
59, -3 < x < 6, or (—3, 6) 

61. All real numbers 

63. (a) f(x) = 1060x + 17,700 (b) Slope 1060 means 
that median income increased, on average, by about 
$1060 per year; y-intercept 17,700 means that in 1980 
median income was $17,700 (c) $30,420; they are 
approximately equal. (d) About 2020; extrapolation 
65. (a) f(x) = 42.5y + 524  (b) Slope 42.5 means that 
spending increased, on average, by about $42.5 billion 
per year; y-intercept 524 means that in 2010 spending 
was $524 billion. (c) $779 billion; interpolation 

(d) From 2014 to 2018 

67, Initially the car is at home. After traveling 30 mi/hr 
for | hour, the car is 30 miles away from home. During 
the second hour the car travels 20 mi/hr until it is 50 
miles away. During the third hour the car travels toward 
home at 30 mi/hr until it is 20 miles away. During 

the fourth hour the car travels away from home at 

40 mi/hr until it is 60 miles away from home. During 
the last hour the car travels 60 miles at 60 mi/hr until it 
arrives home, 69, 155,590 71, 18.75 minutes 

73.0.9 hour at 7 mi/hr and 0.9 hour at 8 mi/hr 

75. (a) y = -1.2x +3 (b) y = 4.8 when v = —1.5, 
interpolation; y = —1.2 when x = 3,5, extrapolation 
(c) 377. When 0 = x = 3, the slope is 5, which 
means the inlet pipe is open and the outlet pipe is closed; 
when 3 < x = 5, the slope is 2, which means both pipes 
are open; when 5 < x S 8, the slope is 0, which means 
both pipes are closed; when 8 < x = 10, the slope is 
—3, which means the inlet pipe is closed and the outlet 
pipe is open. 79, The distance above the ground is 
from 13 kilometers to 33 kilometers. 

81. Between 52.1431 feet and 52.4569 feet 


CHAPTERS 1-2 CUMULATIVE REVIEW 
EXERCISES (pp. 176-178) 

1. 1.23 X 10555.1 x 10 3, 2.09 

5. (x + 2)? +(y — 3)? =49 7. V89 

9.(a) D= {x|-2 <x < ~},R= {yly = -2}; 
f(—l) = 1 

0b) D= {x|-3 sx 53},R= {»|-3 sys 2}; 
a ae 


Answers to Selected Exercises A-13 


11. (a) f(2) = 73 f(a -— 1) = 5a-8 =o(e- 3 -£ (6-4 

(b) D = (—~%,%) 13. No. The ee does not pass sh aa 2 2 7 ‘) _ koe 

the vertical line test. 15.1 17. (a) 3 3; (0, -2); (3, 0) 41. f(x) = —3(x + 1) + 5; (1, 5) 

() f(x) =3x-2 ©3 1.y=—-Hx -? 43. f(x) = (x + 2)? — 9; (-2, -9) 

ax = —l 23, y = 2x + II 45. f(x) = 4 (x + +4, 31 

25, aint: (~9, 0); 10% (9.2) 41. (a) (0, = al (b) y ior 0, x 0); 


decr: x > 0, or (0, %) 
49, (a) 3, —9) (b) Incr: x > 3, or 3, ©); 
decr: x < 3, or (—%, 3) 
51. (a) (1,—-1)  (b) Incr: x > 1, or (1, ~); 
deer: x < 1, or (—%, 1) 
53. (a) (0, 10) (b) Incr: x > 0, or (0, ~); 
decr: x < 0, or (—%, 0) 
55, (a 1 _38 b) Iner: x < £ or —o,1 i 

27.1 29.-Hf 31.3. 33, (5) Bae epeelnet oe 
her) ee {lx = ofall 87. (a) (-1, 7.5) (b) Inet: x < 1, or (-2, -1); 

a x< oxv= = = i Ke. : 2 ve 
45, {x|0 <x <5}, or [0,5] 47. (a) 770,000; it costs (et! ¥ > Fh OF bie ee ay 
$770,000 to manufacture 1500 computers. (b) 500; each 65.4 67.74 69.5 
additional computer costs $500 to manufacture; fixed P 
costs are $20,000. 49. (a) 9°F per hour (b) On aver- 
age, the temperature increased by 9°F per hour over 
this 2-hour period, 51, “ =~ 3,53 hours 


53. (=) f(x) = 8 (x — 2001) + 56 or 
f(x) = B(x — 2010) + 84 (b) 112 lb 


CHAPTER 3: Quadratic Functions and 
Equations 


SECTION 3.1 (pp. 193-199) 

1, Quadratic; leading coefficient: 3; f(—2) = 

3, Neither linear nor quadratic 5, Linear 
T(aya>O (b) (1,0) (@x=1 (@) Incr: x > 1, 
or (1, ©); decr: x < 1, or (—%, 1) 

(ce) D = (-», »); R = [0, ») 

(aha <0 (bd) (-3,-2) (x = -3 

(d) Incr: x < —3, or (—%, —3); decr: x > —3, or 
(-3,) (@) D = (—%, »); R = (-%, -2] 

11, The graph of g is narrower than the graph of f. 
13, The graph of g is wider than the graph of f and 
opens downward rather than upward. 

15, Vertex: (1, 2); leading coefficient: —3; 

f(x) = -3x? + 6x - 1 

17, Vertex: (4, 5); leading coefficient: —2; 

f(x) = -2x? + 16x — 27 

19, Lia a (-5, -)); leading coefficient: 3 ra 

fx) = x? ad By +17 21. f(x) = (x + 1)? 

23, fo): = 2x? 25. f(x) = (x + 1)? + 1 

27, fa) = te ay = 2 

29. f(x) = $(x - 27 - 3 

31. f(x) = -2(v + 1)? + 3 

33. f(x) = —3(x — 2)? + 6 


38. f0) = (x— 3) ~ (4) 


4-14 Answers to Selected Exercises 


99,-7 101.6x+3h-—2 103,2-2x-—h 

105. f(x) = 2x - 3% + 1 

107. f(x) = -2%r+ 1? -5 10%d Ila 

113. (a) $29 billion; $50 billion; $70 billion 

(b) They agree exactly. 

115, (a) 128 ft; downward (b) 144 ft 

(c) D: [0,6]; R: [0, 144] 117, 250 ft by 250 ft 

119. (a) R(2) = 72; the company receives $72,000 for 
producing 2000 DVD players. (b) 10,000 (ce) $200,000 
121. (a) It is a parabola that opens upward, 

(b) About 3.5¢ per copy when 7796 copies are made. 
123, (a) 32 ft (b) 34.25 ft 

(c) D: [0, 2.84]; R: [0, 34.25] 

125, (a) s(0) = -16/? — 667 + 120 

(b) Yes, because s(2) < 0. 

127. 40 ft by 80 ft 129, 146 ft after 2.75 sec 

131, 323 ft after 6.77 sec 

133, f(x) = 3431? + 20, or f(x) ~ 0.0044x? + 20 
135. f(x) = x - 1)? - 3 

137, (a) H() = 2(¢ — 4 + 90; D = {1/0 <1 = 4} 
(b) H(1.5) = 102.5 beats per minute 

139, (a) Sales increase, peak in 2011, and then decrease 
(b) No, quadratic; the scatterplot of the data is more 
parabolic than linear. (c) Downward; the data increase 
and decrease, so the vertex is the highest point, 

(d) S(x) = —5(v — 2011)? + 365 Answers may vary 
(e) (2011, 365); maximum sales correspond with the 
vertex on a parabola opening downward. 

(f) 320 million (answers may vary); interpolation 

141, f(x) = 3.125x? + 2.05x — 0.9; fG.5) ~ 44.56 


143. (a) [2015, 2020, 1] by [0, 5,1] 


FA 


f(x) = 0.105732x? — 425.8852. + 428,801.98 

(b) About $6.9 billion 

145, (a) Sales increased, but not at a constant rate 

(b) No; the data don’t have a constant rate of change, 
(c) Quadratic or other nonlinear function 

(d) Upward, if the right side of the parabola is used 

(e) S(x) = 0.45x?=1814,93y + 1,829,984 

(f) 1.34 million; too large; extrapolation with a parabola 


3.1 EXTENDED AND DISCOVERY EXERCISES (p. 199) 


wi ee led | eee oe es 
7o| 2 |_1 [6 


13 | 22 
(b) 3; 5;7;9 (c) 2x + hy 2x + 1 (A) 3; 5; 7; 9; the 


results are the same, 
3@) [x I 2 3] 4 5 
f(x) 0 -3 | -10 | -21 | -36 


(b) -3; -7; -11; -15 (©) —4v + 3 - 2h; -4y + 1 
(d) —3; —7; —11; —15; the results are the same, 


SECTION 3.2 (pp. 211-217) 
1,+2 3.Norealsolution 5.44 7, +V10 
9.-2,-1 11.2,4 13.-4,3 15,0,2 17, 0,3 


15 l 1 15 
19.-1,3 21,-3 23.4 28.-5,4 27,48 
29.-3 + V5 31, +¥8 33. No real solutions 
35.3 + 2V2,0r3 + Ve 37,14 V3 39,1 
41. St vis 43. —2,—1 45, y-intercepts: (-§ 0), 
(b, 0); y-intercept: (0, -5) 47, x-intercept: (3, 0); 
y-intercept: (0, —9) 49, x-intercepts: (3, 0), (3, 0); 
y-intercept: (0, -6) 51,-2,0 53, -2,3 
55.+V3 = +1.7 57, —0,75, 0,2 59, 0,7, 1.2 
61.-2+Vi0 63, S4V4 65,1 + MIS 


61.4426 69,32MI2 yy, 32MI7 9g, 1 4 V5 
75. {x|x # V5,x # -V5} 

77. {t|t A -1,t # 2} 

79. (—%, ~I)U(-1, INUCL, @) 

81. (—%, 0)U, UI, %) 83, (~~, ») 


8.y=+Vx;no 87 y= +} 2 —.x} flo 


89, y = =12x? + 1, i; 
y= g syes 91. y = 3; yes 
93.y=3+V9-— x7;no 95, y= ++ Bo xs no 


91. = +\/E 99, y = +\/7K 
101.6=+Ve—@ 103, 1 = 22 Ves—4s 

105. (a) 3x? — 12 = 0 (b) b? — 4ac = 144 > 0. There 
are two real solutions. (c) +2 

107. (a) x? — 2x + 1 =0 (b) b? — 4ac = 0. There is 
one real solution. (e) 1 

109. (a) x? — 4x = 0 (b) & — 4ac = 16 > 0. There 
are two real solutions. (c) 0, 4 


111. (a) x? -x +1=0 (b)b? - 4ac = -3 <0, 
There are no real solutions. 
113, (a) 2x? + Sx — 12=0 (b) b? — 4ac = 121 > 0. 


There are two real solutions. (c) —4, 3 

115. (a) x? -— 4x +4=0 (by - de = 0, There is 
one real solution. (c) 2 

117, (a) x7 + 2x + 13 =0 (b) b? — 4ac = —48 < 0. 
There are no real solutions. 

119, (a) 3x7 +x -—1=0 (b) L? - 4ac = 13> 0. 


There are two real solutions. (¢) —~~¢-—~— ee: =13Vis 
121.(a)a>0 (b)-6,2 (©) Positive 

123.(a)a>0 (b)-4 (¢) Zero 

125. (a) a <0 (b) No real solutions (c) Negative 
127. (a) 0, 2; pos (b) x-int: (0, 0), (2, 0); y-int: (0, 0) 
(c) pos: (—%, 0), (2, %); neg: (0, 2) 

(d) incr: (1, ©) decr:(—%, 1) (e)neg (f)-2 

129.4 by4 131. 8 in. by 8 in.; 4 in. by 4 in. 

133, 2.2 seconds 135, 2009 137. 13 in. by 11 in.; yes 
139, 15 in, by 25in, 141, About 1.49 in. 

143, About 18.23 in, 145, 86 shirts 

147. (a) s(t) = —16¢? + 160¢ + 32 (b) About 10.2 sec 
149, L(t) = a, +5 

151, S() = —$(1 — 5)? + 25 


155, (a) B(x) = 
(b) 2002, 2016 
157. (a) I(x) = 
(b) About 2005 and 2012 

159, (a) E(15) = 1.4; in 2002 there were 1.4 million 
Walmart employees. 


—10(x — 2009)? + 1200 


—2.277x* + IL.71x + 40.4 


(b) f(x) ~ 0.00474x? + 0.00554x + 0.205 
(answers may vary) 
(c) [0, 25, 5] by [0, 2.6, 0.2] 


(a) About 2011 (answers may vary) 


Answers to Selected Exercises A-15 


3.2 EXTENDED AND DISCOVERY EXERCISES 
(p. 216) 


1. 676 = 267; yes; 3,3 3. 69; no; 2 +Ve 


= koa Ve = Vk= |x| > Veo x= tVK 


CHECKING BASIC CONCEPTS FOR SECTIONS 3.1 
AND 3.2 (p. 217) 
1, Vertex; (1, —4); axis of symmetry: x = 1; 
x-intercepts: (-1, 0), (3, 0) 

y 


3. f(x) = 2x + 1)? + 3 
5. f(x) = (x + 2? — 7; (-2, -7); - 
7. 11 in. by 15 in. 


SECTION 3.3 (pp. 224-225) 
1.2% 3.107 5.1V23 7.21V3 9.316 
11.2 +27 13.-2 + 27V2 15.-5 17.-6 


19.372 21.81 23.-2-i 25.5 - 2li 
27,.-1+ 6 29.448 31.5-i 334-71 


wre 127 37.4 3.4 -H7 41.38 + Si 
43. -% + fi 45.37 47,5 +i 49, -18.5 + 87.41 


51. 8.7 — 6.7) 53, —117.27 + 88.11i 
55, —0.921 — 0.236 57,.-1 59.-i 61.1 63.7 


6. 4iV5 67. tif 34M ee 
1+ 


733+ MU 95-14 13 71. 
pe aye 


2 


83. (a) Two real zeros (b) -1,3 
ha 


85. (a) Two nonreal complex zeros (b) —3 + 


87. (a) Two nonreal complex zeros (b) + iV2 
8..Z=10+6F N.V=H11+2) 937=1 +i 


3.3 EXTENDED AND DISCOVERY EXERCISE (p. 225) 
L@i =1,?=-1,P=-,4=1,8=1,i1=-1, 
i7 = -i,i§ = 1, and so on. (by: Divide n by 4. 

If the remainder is r, then i” = i”, where i° = 1, 

i} =i,? =-1, and? = -i. 


SECTION 3.4 (pp. 232-236) 

1. (a) (—», -1)UC, &), or {x]x < -lorx > 1} 
(b) (-1, 1), or {x]-1 <x <1} 

3. (a) [—4,4], or {x]-4 = x = 4} 

(b) (-», -4] U[4, ), or {x|x = —40rx = 4} 


A-16 Answers to Selected Exercises 


5. (a) (—2, 2), or {x|-2 < x < 2} 

(b) (—%, —2)U(2, ), or {x] x < —2 or x > 2} 
7. (a) -3,4 (b) (-3, 4), or {x|-3 < x < 4} 
(©) (-~%, -3)UG, ), or {x]x < -30rx > 4} 
9.(a) £2 (b) [-2,2], or {x|-2 = x = 2} 
(c) (-~, -2] U[2, *), or {x|x = -2orx = 2} 
11. (a) $0 (b) [-$,0], or {x|-$ s x s 0} 
©) (=~, “81 Ufo, a or {x|x <= —Sorx = 0} 
13. (a) 1,2 (b) (1,2) (© (—%, I)UQ, ~) 

15, (a) —2,3 (b) (—%, -2)U(, ) (©) (-2, 3) 
17.(0)} b) (-», 3) UG ), or {lx < Forx > 3} 
(c) No solutions 

19. (a) 5,5) (4), or {x]} sx <j} 

(c) (20 », FU (3, 2), or {xx s forx = 3} 
2. (a) -1 + 2 (b) (-1 — V2, -1 + V2), ot 
{x|-1 - Va<x<-14+ V2} 

(© (-#, -1 - Va)U(-1 + V2, ©), or 

{x]x <-1- V2orx > -1 + V2} 

23, (a) -3 << x <2 (b) x S -30rx = 2 
25.(a)x = —2 (b)x # -2 

27, (a) No solutions @) All real Piast 


29, (a) -$,-3 (b) (-§, -4), or {x|-$ < x < -4} 
el Fi Be shee di 


31. (a) —1,3 () (—2, -)u(Z@), or 
{x]v<-lorx >} 


© (-1,2), or {x|-1 <x < J} 
33.x<-lorxy >t (b)-Ilsvysl 

35. (a) -6 <x <-2 (b+)x<-6orx= -2 
3 -TSsxs5 Des -8orxrS 2 
41.-Ssx54 43x <-Sorx=4 
45,25 x%5-05 47.x% < —3 ox >2 
49,-2 5x. 52 51, Allreal numbers 
53.15 -2orvn=3 85 -<y<} 
§7.-4 5 » = 10 59, No solutions 

61, All real numbers except g 63.x S0orxv = 1 
65.x <-2ory=3 61..-V5sxs V5 


6.x = 2ory= 224 W2sys7 


73, S -20rx 25 75, All real numbers 

Tie < ~2 = Viorx > —24+V7 

79,0 <x = 17 (ft) 

81, (a) After Ssec (b) 1 = ¢ S 4 (sec) 

83, About 35 mi/hr, but not more than 38 mi/hr 

85, 2 S 1 S 3 (inches) 

87. (a) f(0) = 160, f(2) = 131.2; initially the heart rate 
is 160 bpm, and after 2 minutes it is about 131 bpm. 
(b) About 5 = x S 10 (minutes) 

89, From 1989 to 1992 

91, From 2007 to 2008 and from 2009 to 2010 


CHECKING BASIC CONCEPTS FOR SECTIONS 3.3 
AND 3.4 (p. 236) 

L@)5i ) -3V6 (@4 + 

3. (a) [- 3,0], or {x |-3<xs oie, ~3)U(0, @), 
or {x|x < -3 or x > 0} 

(b) (-—%, ), or {x|—2 < x < &}; no solutions 

5. (a) (-~, -6] U[6, ), or {x|x S -6orx = 6} 

(b) (—~, @), or {x|-2 <x < «} 


(c) [: =v ! M4), or {x i aus Sxs l aa 


SECTION 3.5 (pp. 250-254) 
Ly=(t2? 3y= Ve 43 
S.y=|xt+2/-1 y= Vx+2-3 %¢ Iba 
13, y = (x — 2 -3 
(-10, 10, 1] by [-10, 10, 1} 


ee 
[-10, 10, 1] by [-10, 10, 1] 


17, oe tae 
[-10, 10,1] by [-10, 10, 1] 


19, (a) g(x) = 3(x + 3)? + Ax + 3) — 5 

(b) g(x) = 3x? + 2x - 9 

21. (a) g(x) = 2x — 2)? + 4 

(b) g(x) = 2(x + 8)? — 5 

23. (a) g(x) = 3(x — 2000)? — 3(x — 2000) + 72 
(b) g(x) = 3(x + 300)? — 3(x + 300) — 28 

25. (a) g(x) = —Vx-4 (b) g(x) = V-x +2 
27. (x — 3) + (y + 4) = 45 center: (3, —4); = 2 
29, (x + 5? + (y - 32 = 5; 

center: (—5, 3); = V5 
31. (a) 


Q4) 


(©) 


(b) 


Answers to Selected Exercises A-17 


39.y=-Vx-1 
Given function x-axis reflection 


4y=x+x 
Given function y-axis reflection 


43. x-axis: 


45. x-axis: 


47, 


49. Decreases 51. Increases 53, Shift the graph of 

y = x? right 3 units and upward | unit. 

55. Shift the graph of y = x? left | unit and vertically 
shrink it with factor 4. 

57. Shift the graph of y = Vx left 5 units and reflect it 
across the x-axis, 

59. Reflect the graph of y = Vx across the y-axis and 
vertically stretch it with factor 2. 


4-18 Answers to Selected Exercises 


61. Shift the graph of y = |x| right 1 unit and then 91. xl 6 1 2 [3 ]4][s5/] 
reflect it across the y-axis. w)| 0 2 1 5 6 F 
a. sl] 2[aloeli 2 
vol of a[ 6] 3 | 


95, (—12, 8), (0, 10), and (8, —2) 
97. (—10, 7), (2, 9), and (10, —3) 
99. (—12, —3), (0, —4), and (8, 2) 
101. (6, 6), (0, 8), and (—4, —4) 
103. D: [1,4]; R: [0,3] 105. D: [-1,2]; R: [-3,0] 
107. D: [-3,1]; R: [0,3] 109. D: [-2,1]; R: [0,3] 
111. D: (—%, ©); R: (—~%, —5] 
113, D: (—%, —4]; R: [-2, ») 
115. f(x) = 6(x — 2009)? + 20.7 
117. f(x) = 1.1Q¢ — 2008)? + 22 
119, g(x) = 0.00075(x — 1990)? + 0.17(¥ — 1990) + 44 
121. y = —0.4(x — 3)? + 4 (mountain) 
[-4,4,1] by [0, 6, 1] 


I 


123. (a) y = tx? - 1.6 
[=15, 15, 1] by [-10, 10,1] 


aS 


(b) » = ag(x — 2.1)? — 2.5. 
The front has reached Columbus by midnight. 
[=15, 15, 1] by [-10, 10, 1] 


125. (a) [-1,8,1] by (b) The graph of 

[-4,4, 1] y = {Qk — x) = f4- x) 
is a reflection of y = f(x) 
across the line x = 2. 


127. (a) [-15, 3,1] by (b) The graph of 
[-3,9, 1] fQk — x) = f(-12 - x) 
is a reflection of y = f(x) 
across the line x = —6. 


CHECKING BASIC CONCEPTS FOR SECTION 3.5 

(p. 255) 

1, (a) Shifted 4 units to the left 

(b) Shifted 3 units down 

(c) Shifted 5 units to the right and 3 units up 

3.(a)y =(vx- 32-4 by =x? 

Oyscrt+ 9? M@y=C& +6), ory = + OP 


5: @) =| OoLe2 414 
4 9 | uf] Rp 
x 3 


CHAPTER 3 REVIEW EXERCISES (pp. 259-261) 
L(a)a<0 (b) (2,4) @x=2 

(d) Incr; x < 2, or (—%, 2); deer: x > 2, or (2, ») 
3, f(x) = —2x” + 20x — 49; leading coefficient: -2 
5, f(x) = —(v + 1)? + 2 

7, f(x) = (x + 3? — 105 vertex: (—3, -10) 


13, 


15,-29 17.-4,5 19 +¥2 21-42 23, -2,5 
25-1 + V6 27,.24,Ml a9, y= +V2= 6 no 


31. (a) 4i (0) 473. (©) -3V3. 

33. (a) (-$,0), (4,0) (o)-$,4. 35. +37 

37, (a) (-3, 2) (b) (-%, -3] U[2, ) 

39, {x|| s x s 2}, or [1,2] 

41, {x|x = —3orx = 5}, or (—~, -3] U[S, ~) 
45, Answers may vary. 


43, Answers may vary. 


47, Answers may vary, 


Answers to Selected Exercises A-19 


49. y = -f(x) 


55, 11 ft by 22 ft 

57, (a) h(0) = 5; the stone was 5 ft above the ground 
when it was released, (b) 117 ft (c) 126 ft 

(a) After 2 seconds and 3,5 seconds 

(ce) D: [0, 5.56] approx; R: [0, 146] 

59, lin, by 15in, 61, M(x) = 30(x — 2007) + 60 


CHAPTER 4: More Nonlinear Functions 
and Equations 


SECTION 4.1 (pp. 269-274) 

1, Yes; degree: 3; 4:2 3,No 

5. Yes; degree: 4; a; -5_ 7, No 

9, Yes; degree: 0; a: 22 

11, (a) Local maximum: approximately 5.5; local 
minimum: approximately —5,5 (b) No absolute 
extrema 

13, (a) Local maxima: approximately 17 and 27; local 
minima: approximately —10 and 24 (b) No absolute 
extrema 

15. (a) Local maxima: approximately 0.5 and 2.8; local 
minimum: approximately 0 (b) Absolute maximum: 
2.8; no absolute minimum 

17, (a) Local maximum: 0; local minimum: approxi- 
mately —1000 (b) No absolute maximum; absolute 
minimum; —1000 

19, (a) Local maximum: 1; local minimum: —1 

(b) Absolute maximum: 1; absolute minimum: —1 

21, (a) Local maximum: 4; Local minimum: 0 

(b) Absolute maximum: 4; Absolute minimum: none 
23, (a) Local maximum: 1; Local minimum; —1, —2 
(b) Absolute maximum: none; Absolute minimum; —2 
25, (a) No local maxima; local minimum: approximately 
—3.2 (b) Absolute maximum: 3; absolute minimum: 
approximately —3.2 

27, (a) Local maxima: approximately 0.5 and 2; local 
minima: approximately —-2 and —0.5  (b) Absolute 
maximum: 2; absolute minimum: —2 


A-20 Answers to Selected Exercises 


29, (a) No local maxima; local minimum: —2 

(b) No absolute maximum; absolute minimum: —2 
31. (a) Local maximum: 0; Local minimum: —2, -1 
(b) Absolute maximum: 3; Absolute minimum: —2 
33, (a) No local extrema (b) No absolute extrema 
35. (a) Local minimum: 1; no local maxima 

(b) Absolute minimum: 1; no absolute maximum 
37, (a) Local maximum: 4; no local minima 

(b) Absolute maximum: 4; no absolute minimum 


39, (a) Local minimum: -1 no local maxima 


(b) Absolute minimum: -1 no absolute maximum 


41. (a) Local minimum; 0; no local maxima 
(b) Absolute minimum: 0; no absolute maximum 
43, (a) No local extrema (b) No absolute extrema 
45, (a) Local minimum: —2; local maximum: 2 
(b) No absolute extrema 
47, (a) Local maxima: 19, —8; local minimum: —13 
(b) Absolute maximum: 19; no absolute minimum 
49, (a) Local minimum: 0; local maximum: | 
(b) Absolute minimum: 0 no absolute maximum 
51, (a) Local maximum: 8; no local minima 
(b) Absolute maximum: 8; no absolute minimum 
53, Neither 55.Even 57,Odd 59,Odd 61. Neither 
63. Even 65, Even 67.Odd 69, Neither 71. Even 
73. Even 75, Even 77, Neither 79, Odd 
81. Note that (0) can be any number. 
ees 


x] -3 | -2[-1] 0 
f(x) | 21 | -12 | -25 | 1 | -2s | -12 | 21 | 


83. /(5) = 6; f(3) = -4 
85, Answers may vary. 


87. No, If (2, 5) is on the graph of an odd function 
f, then so is (-2, —5). Since f would pass through 

(—3, -4) and then (—2, —5), it could not always be 
increasing. 

89, Answers may vary. 


91, Answers may vary; yes, but it does not have to be 
quadratic, 


95. 


97. On (0, 3); on (3, 6) 

99, Both are odd; PQ = 8x4 + 4x8 101, Even; 
answers will vary. 103. P is odd, Q is even; 

PQ = x5 + 2x7; odd 105. (a) Absolute maximum: 
84°F; absolute minimum: 63°F; the high temperature 
was 84°F and the low was 63°F, (b) Local maxima: 
approximately 78°F and 84°F; local minima: approxi- 
mately 63°F and 72°F (c) 1.6<x<2.9;38<x <5 
(approximate) 107, (a) F(1) ~ 69; in January 

2009, Facebook had about 69 million unique users. 
F(12) ~ 132; in December 2009, Facebook had about 
132 million unique users. (b) No, F has no real extrema. 
(0, 13,2] by [0, 150, 25] 


(c) (1, 12) or {x] 1 < x < 12} 

109, (a) Possible absolute maximum in January and 
absolute minimum in July (b) Absolute maximum: 
$140; absolute minimum: $15; the maximum cost, $140, 
occurs in January and the minimum cost, $15, occurs in 
July. 


[1, 12,1] by [0, 150, 10] (1, 12,1] by [0, 150, 10] 


Her? c62 Yeiw0.o6054 


111. (a) Even (b) 83°F (c) They are equal. 

(d) Monthly average temperatures are symmetric about 
July. July has the highest average and January the 
lowest. The pairs June-August, May-September, April- 
October, March-November, and February-December 
have approximately the same average temperatures. 


4.1 EXTENDED AND DISCOVERY EXERCISES (p. 274) 


1, The maximum area occurs when the figure is a 
rectangle with length about 4.24 and height about 2.12. 
3. (a) About | hour 54 minutes (b) About 2 hours 

8 minutes (c) About | hour 46 minutes 


SECTION 4.2 (pp. 286-291) 


1, (a) The turning points are approximately (1.6, 3.6), 
(3, 1.2), (4.4, 3.6). (b) After 1.6 minutes, the runner is 
360 feet from the starting line. The runner turns and jogs 
toward the starting line. After 3 minutes, the runner is 
120 feet from the starting line. The runner turns and jogs 
away from the starting line. After 4.4 minutes, the run- 
ner is again 360 feet from the starting line. The runner 
turns and jogs back to the starting line. 

3. (a) 0; (0.5,0) (b)a>0 (©) 1 

5, (a) 3; (—6, 0), (-1, 0), (6,0) (bya <0 (€)4 

7. (a) 4; (—3, 0), (-1, 0), ©, 0), (1, 0), (2, 0) 

(b)a>0 (©)5 9.(a)2;(-3,0) (bya >0 ©3 
11, (a) 1; (-1,0),(2,0) (bya >0 (2 

13. (a) 4;(—1, 0), (0, 0), (1,0) (b)a <0 (©)5 
15,(a)d_ (b) (1,0) (© (1,0) (@) No local maxima; 
local minimum: 0 (e) No absolute maxima; absolute 
minimum: 0 

17. (a) b (b) (-3, 27), (1, -5) (©) (—4.9, 0), (0, 0), 
(1.9,0) (d@) Local maximum: 27; local 

minimum: —5_ (e) No absolute maximum; no 

absolute minimum 

19. (a)a (b) (—2, 16), (0, 0), (2, 16) 

(c) (—2.8, 0), (0, 0), (2.8, 0) (d) Local maximum: 16; 
local minimum: 0 (e) Absolute maximum: 16; no 
absolute minimum 

21, (a) [-10, 10, 1] by [-10, 10, 1] 


(b) (—3, 6), (3, -6) (c) Local minimum: —6; local 
maximum: 6 
23, (a) [-10, 10, 1] by [—10, 10, 1] 


(b) There are three turning points located at 

(—3, 7.025), (0, —5), and (3, 7.025). 

(c) Local minimum: —7.025; local maximum: —5 
25. (a) [-10, 10, 1] by [—10, 10, 1] 


Answers to Selected Exercises 


) (4,3) ~ (0.333, 0.667) 
(c) Local minimum: 3 ~ 0.667; no local maximum 
27. (a) [=10, 10, 1] by [=10, 10, 1] 


by (-2, 49) ~ (-2, 3.333), (1, -3) ~ (1, -1.167) 


(c) Local minimum: -} = —1.167; local maximum: 


10 x 3,333 

29. (a) Degree: 1; leading coefficient: —2 

(b) Up on left end, down on right end; 

f(x) >wasx— x, f(x) >—woaSx—> 0 
31. (a) Degree: 2; leading coefficient: 1 

(b) Up on both ends; 

fx)? 2 asx> —%, f(x) > wasx>e 
33, (a) Degree: 3; leading coefficient: —2 

(b) Up on left end, down on right end; 

f(x) > 2 asx> —%, f(xy) > -%asx>~ 
35. (a) Degree: 1; leading coefficient: 5 

(b) Up on the right end, down on the left end 
f(xy)? 2 asx> %, f(x) > —e asx > —0 
37. (a) Degree: 2; leading coefficient: —5 

(b) Down on the right end, down on the left end 
f@--@ asx— %, f(x) > -% asx —>—@ 
39, (a) Degree: 3; leading coefficient: 2 

(b) Up on the right end, down on the left end 
f(x) > 2 asx> w, f(x) > -—© asx > —@ 
41, (a) Degree: 4; leading coefficient: —1 

(b) Down on the right end, down on the left end 
fa —wasx— 2, f(x) > —-wasx 7-0 
43. (a) Degree: 3; leading coefficient: —1 

(b) Up on left end, down on right end; 
fx)? 2 asx> —, f(x) > -% asx 
45. (a) Degree: 5; leading coefficient: 0.1 

(b) Down on left end, up on right end; 
f(x) > -% asx > —%, f(x) > asx 
47. (a) Degree: 2; leading coefficient: -4 

(b) Down on both ends; 

f(x) > —~ asx —%, f(x) > -" asx 


49. (a) 


(b) Degree3 ()a <0 @) f(x) = —x? + 8x 


A-21 


A-22 Answers to Selected Exercises 


51. (a) 


(b) Degree2 (c)a >0 (d) f(x) =x? -2x-1 
53, (a) y 


(b) Degree4 (c)a <0 (@) f(x) = -x4 + 3x? - 1 
57, Answers may vary. 
y 


55, Answers may vary. 
7 


59, Not possible 
63, Answers may vary, 
; 


67. As the viewing rectangle increases in size, the graphs 
begin to look alike. Each formula contains the term 2x4, 
which determines the end behavior of the graph for large 
values of |.x|. 

(a) [-4,4, 1] by [-4, 4, 1] 


(c) [=100, 100, 10] by [—10%, 105, 105] 


69. For f: 1; for g: 0.5; for h: 0.25, On the interval [0, 0.5], 
the higher the degree of the function, the smaller the aver- 


age rate of change. 
71, (a) 12,01 (b) 12.0001 (ce) 12.000001 
The average rate of change is approaching 12. 


(b) [-10, 10, 1] by [—100, 100, 10] 


73. (a) 4.016 (b) 4.00016 (ce) 4,0000016 

The average rate of change is approaching 4, 

75. 9x? + Oxh + 3h? 77, —3x? - 3xh - I? + 1 
79. f(-2) = 5, f() = 0 

81. f(-1) ~ -1,f(0) ~ 1, fQ) = -2 

83. f(—3) = —63, f(1) = 3, (4) = 10 

85. f(—2) = 6, f(I) = 7, f(2) = 9 

87. (a) a 


(b) f is not continuous. (ce) +2 
89, (a) 


(b) f is continuous, (c) -}, 1 
91. (a) 


(b) f is not continuous, (¢) 2 
93. (a) 


95. (a) 


(b) f is continuous. (¢) -W3, Mires 

97. (a) F(3) = 6; 300 boats are able to harvest 6 thou- 
sand tons of fish, (b) Absolute max: 12; 12 thousand 
tons of fish is the maximum that can be caught. 


0; H(0) = 1; H@3.5) = 1 


99, (a) H(-2) 
(b) Y 


101. (a) Approximately (1, 13) and (7, 72) 

(b) The low monthly average temperature of 13°F occurs 
in January. The high monthly average temperature of 
72°F occurs in July. 

103. (a) 4 seconds (b) From 0 to 4 seconds; from 4 to 
7Tseconds (c)m = 36,a = —16,b = 144 

(d) x ~ 2.8 0rx ~ 5.7; the height is 100 feet at about 
2.8 seconds and at about 5.7 seconds. 105. (a) 

f(x) ~ —0.0006296x3 + 0,06544x? — 0,368x + 2.8 

(b) [-5, 60, 10] by [0, 80, 20] 


(c) f(34) ~ 41.2; f(60) ~ 80.3 

(d) 1994 (x = 34), interpolation; 2020 (x = 60), extrap- 
olation 

107. (a) 

fQ) ~ 0,001383x? — 8.2235x? + 16,295x — 10,762,916 
(b) [1955, 2005, 5] by [10, 25, 1] 


109. Conc. Up:(—~, 2) 111. Cone. Up:(—%, 0); Cone. 
Down:(0, ©) 113, Cone. Up:(—~, —1), (1, »); 
Cone. Down:(—1, 1) 


4.2 EXTENDED AND DISCOVERY EXERCISES 

(pp. 291-292) 

1. (a) D = (0, 10], or {x|0 = x = 10} 

(b) A(1) = 405; after 1 min, the tank contains 405 gal of 
water, (c) Degree: 2; leading coefficient: 5 

(d) No, more than half; yes, because the water will drain 
faster at first. 


3. (a) 
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fain [-10, 10,1] by [-10,10,1] fy in [-10, 10, 1] by [-10, 10, 1 


(b) The graph of each quadratic function has one turn- 
ing point, whereas the graph of its average rate of 
change has no turning points. The x-intercept on the 
graph of the average rate of change corresponds to the 
x-coordinate of the vertex of the quadratic function. 
(c) For any quadratic function, the graph of its average 
rate of change is a linear function. If the leading 
coefficient of the quadratic function is negative, the 
slope of the linear function is negative. If the leading 
coefficient of the quadratic function is positive, the slope 
of the linear function is positive. 

7. (a) 


fyin [-10, 10,1] by [-10,10,1] fain [-10, 10, 1] by [-10, 10, 1] 


fin [-10, 10, 1] by [-10, 10, 1] 


(b) The graph of a quartic function has one or three 
turning points; the graph of its average rate of change 
generally has two turning points. The x-coordinate of a 
turning point of the function corresponds to an 
x-intercept on the graph of the average rate of change. 
(c) For any quartic function, the graph of its average 
rate of change is a cubic function. The leading coef- 
ficients of a quartic function and its average rate of 
change have the same sign. 


CHECKING BASIC CONCEPTS FOR 

SECTIONS 4.1 AND 4.2 (p. 292) 

1. (a) Incr: (—2, 1), G, ©), or {x]-2 < x < 1}, 

{x|x > 3}; decr: (—%, —2), (1, 3), or {x]x < —2}, 
{x|1 <x < 3} (b) Local maximum: approximately 
3; local minima: approximately —13 and —-2  (c) No 
absolute maximum; absolute minimum: approximately 


= 4.001 


7 24998 


f) = 4 4 
=5)h=41 | = 4.01 
average si 0: 236 | 0.248 0.2498 
(ft/sec) 


(b) The velocity of the bike rider is 0.25 ft/sec at 4 sec. 
5. hs 


frin [-10, 10, 1] by [-10, 10,1] fa in (+10, 10, 1] by [-10, 10, 1] 


13 (d) Approximately —3.1, 0, 2.2, and 3.6; they are 
the same values. 

3. (a) Not possible 

(b) Answers may vary. 


(c) Answers may vary. 
i 


(d) Not possible 
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5, f(x) © —1.01725x* + 10.319x? — 10 


SECTION 4.3 (pp. 299-300) 
tite 8, Bg 22 Des ge Desc 

a Ix *¥~ 3y 3» 4 5S 
7, 5x — 10+ % 
9. Quotient: x? + x — 2; remainder: 0 

11, Quotient: 2x7 — 9x? + 4x — 23; remainder: 40 
13. Quotient: 3x? + 3x — 4; remainder: 6 55, (a) x-int: (2, 0); y-int: (0, —4) 
1592-1 17.42 +3x-24 4 (b) 2 has multiplicity 2 

ie 14d . = 


Ix? —x +1 We 3x? + 4x—-2+ 525 a 
Bx +2+q-24 28. 5x? - 12+ 59 
24x +5 29N7- Ix +4+55—1 


2x? + 3y + 2 
31.x3 — 8x? + I5y- 6 33.(y — 2x - 1-1 


35, (2x + DQ? = 1 +1 37. (7 + Iv - 1) +2 
39x? -3y-2 41,3x?7 + 4y + 3 


eee - EH 57, (a) x-int: (1, 0); y-int: (0, -1) 
43, x" -— x° -— 6x 45.x" +2 (b) 1 has multiplicity 3 
47, 2x4 - 2x +445, 49,3 51. -42 © 


53, L = 4x + 3; 43 ft 


SECTION 4.4 (pp. 311-315) 
1, (x + 2),(v + 1), - 1) 
3. (x + 2), (v + 1), (v — 1), — 2) 
5, f(x) = 2(x — Lr — 7) 


71. f(x) = (x + lx — DO = 3) 59. (a) x-int: (0, 0), (2, 0); y-int: (0, 0) 
9, f(x) = -2(v + 5)(x = No — 6) (b) 0 has multiplicity 1, 2 has multiplicity 2 
11. f(x) = 7(v + 3)(x — 2) (c) y 


13, f(x) = —2x(v + D(x - 1) 

15. f(x) = (x + 4)(x — 2)(x — 8) 

17, f(x) = —1(x + 8)(x + 4)(x + 2)(x — 4) 
19, f(x) = Hx + Ix — x - 3) 

21, f(x) = Hx + Ix — 1x — 2) 

23, f(x) = —2(v + 2)(v + Dv — D(x - 2) 
25. f(x) = 10(v + a(x = d) 61. (a) x-int: (—2, 0), (0, 0), (1, 0); y-int: (0, 0) 
27, f(x) = —3x(x — 2)(v + 3) (b) —2, 0, 1 have multiplicity 1 each 

29, f(x) = x(x + Dox + 9(x — 3) 

31. f(x) = (x — Iv - 3) — 5) 
33, f(x) = —4(x + 4)(x — 3)@ - 3) 


3, f(x) = x(x + 2)(x + Hor - 3) 
37, Yes 39, No 
41, —2 (odd), 4 (even); minimum degree: 5 


ee ee eau 63. (a) x-int: (—2, 0) (1, 0); y-int: (0, —4) 
es , ey is e : > 3 = 8 (b) —2, 1 have multiplicity 2 each 
47. fle) = (x + PO ~ 4) ” 


49, f(x) = -1(v + 3)? (x - 3) 

51. f(x) = 2x + 12 (e — 13 

53. (a) x-int: (—2, 0), (1, 0); y-int: (0, —2) 
(b) —2, | have multiplicity | each 


65, (a) x-int: (—2, 0), (—1, 0); y-int: (0, 4) 
(b) —2 has multiplicity 1; -1 has multiplicity 2 


(©) 


67. (a) x-int: (-2, 0), (0, 0), (2, 0); y-int: (0, 0) 
(b) 0 has multiplicity 2; -2 and 2 each have multiplicity 1 


(©) 


69. (a) 35,1) #0) = 2 + (x — {@- D 
71. (a) -2, -1, 1,3 

(by f(x) = 2(x + 2x + Dex — 1)(x - 3) 

73. (a) 4, 1,4 (b) f(a) = 3(x - $)@ — DOr - 4) 

95. (a) 1 (b) f(x) = (x + V7) - D(x - V7) 

77, Possible: 0 or 2 positive, 1 negative; actual: 0 posi- 
tive, 1 negative 

79, Possible: 1 positive, | negative; actual: | positive, 

1 negative 

81. Possible: 0 or 2 positive, 1 or 3 negative; actual: 

0 positive, | negative 

83, -3,0,2 85.—1,1 87.—-2,0,2 891 91.0, 1 
93.0,2 95. —-5,0,5 97. £2 99. —3,0,6 “is 
101.0,1 103.—4,0,$ 105, +3, 41 107. -1, +3 
109, +2,4 111.43, 44% 113, -2,3 

115, —2.01,0.12,2,99 117. —4.05, —0.52, 1.71 

119, -2.69, -1.10, 0.55, 3.98 121, 3,2 

123, -1, ppd 125.0, 4 

127. Because f(2) = —1 < 0 and f(3) = 4 > 0, the 
intermediate value property states that there exists an 
x-value between 2 and 3 where f(x) = 0. 

129, Because f(0) = —1 < Oand f(1) = 1 > 0, the 
intermediate value property states that there exists an 
x-value between 0 and | where f(x) = 0. 

131, 4, 32; yes, by the intermediate value theorem 

133, 12 A.M., 2. A.M., 4. A.M, 

135, Approximately 11.34 cm 

137. June 2, June 22, and July 12 139. (a) 

f(x) ~ —0.184(x + 6.01) (x — 2.15)(v — 11.7) 

(b) The zero of —6.01 has no significance. The zeros of 
2.15 = 2and 11.7 ~ 12 indicate that during February 
and December the average temperature is 0°F. 

141. (a) As x increases, C decreases. 

(b) C(x) ~ —0.000068x? + 0,0099x? — 0,653x + 23 


Answers to Selected Exercises A-25 


(©) [0, 70, 10] by [0, 22, 5] 


(@) 0 S x < 32.1 (approximately) 


4.4 EXTENDED AND DISCOVERY EXERCISES 

(pp. 315-316) 

1. Dividing P(x) by x — 2 synthetically results in the 
following bottom row:1 1 5 2 12. 

Since 2 > 0 and the bottom row values are all nonnega- 
tive, there is no real zero greater than 2. 

3, Dividing P(x) by x + 2 synthetically results in the 
following bottom row: 1 -1 1 —2 7. 

Since —2 < 0 and the bottom row values alternate in 
sign, there is no real zero less than —2. 

5, Dividing P(x) by x — 1 synthetically results in the 
following bottom row:3 5 1 2 1. 

Since 1 > 0 and the bottom row values are all nonnega- 
tive, there is no real zero greater than 1. 


CHECKING BASIC CONCEPTS FOR SECTIONS 4.3 
AND 4.4 (p. 316) 

Lx?-2x4+1 3. f) = -$@ + 2? - Ds 
—2 has multiplicity 2; | has multiplicity 1. 

5. The zeros are —4, —1, 2, and 4; 


fx) = (x + 4) + I - 2) - 4). 


SECTION 4.5 (pp. 321-322) 


1. Two nonreal complex zeros 

3. One real zero; two nonreal complex 

5. Two real zeros; two nonreal complex 

7. Three real zeros; two nonreal complex 

9. (a) f(x) = (x — 6) (x + 67) 

(b) f(x) = x? + 36 

11. (a) f(x) = -1Qv + I) — 21) (w+ 2/) 

(b) f(X) = —x3 — x? - 4x — 4 

13. (a) f(x) = 10(x — I + Dw — 3/)(x + 3’) 
(b) f(x) = 10x* + 80x? — 90 

15. (a) f(x) = 4+ D(x — Dw + 2 — 2) 
(b) f(x) = byt + 8x? +2 17. @) 

f(x) = -2 — (1 )) — (1 + DG — 3) 
(b) f(x) = —2x3 + 10x? — 16x + 12 

19.5, +57 21, £314 + iva 


23. (a) £51 (b) f(x) = (x — Sx + 51) 

25. (a) 0, +i (b) f(x) = 3(x — 0)(v — DW + A), or 
f(x) = 3x(@e- )@ +) 

27. (a) +i, £2i 

(b) f@) = @& — D+ DO — 2/)@ + 2/) 

29, (a) —2, £47 

(b) f(x) = (+ 2)(x + 4) — 4’) 

31.0, +7 33.2, £iV7 35.0, tiV5 


A-26 Answers to Selected Exercises 


37.0,4+ VIS 39,-2,1, 7V8 at. -2,44¥8 $5.90) =f 3) Sta) = fQ) +2 


2 


5%. gx) =fv+1)-2 61g) = ~2h(x -1) 


45, Not possible 
47, ” 


20; 
49, Not possible 


SECTION 4.6 (pp. 336-340) 

1, Yes; D = {x|x 4 3} 

3. Yes; D = all real numbers 

5, No; D = {x|x # -]} 

7. Yes; D = all real numbers 

9. No; D = {x|x # -l,x 4 0} 


Il. Yes; D = {x|x 4 —1} 65. (a) D = {x|x 4 2} (©) Horizontal: y = 1; 
13, Horizontal: y = 4; vertical: x = 2; D = {x|x # 2} (b) [-9.4, 9.4, 1] by vertical: x = 2 
15. Horizontal: y = —4; vertical: x = +2; [-6.2, 6.2, 1] 


D = {x|x 4 2,x # -2} 

17. Horizontal: y = 0; vertical: none; D = all real numbers a 
19, Horizontal: y = 1; vertical: x = +2; D: {x|x 4 +2} 

21. y = 3 23, Horizontal: y = 1; vertical: x = —1 

25. Horizontal: y = 2; vertical: x = 3 

27, Horizontal: y = 0; vertical: None 

29, Horizontal: y = 1; vertical x = +3 


! 
1 
1 
1 
1 
i} 
! 
4 
! 
1 
i 
1 
' 
| 
1 
! 


31, Horizontal: y = 2; vertical: x = 3 67. (a) D = {x|x # 2, (c) Horizontal: y = 0; 
33. Horizontal: » = 0; vertical: x = £V5 x x —2} vertical: x = +2 
35. Horizontal: none; vertical: x = —5 or 2 (b) [-9.4, 9.4, 1] by @ ; 

37. Horizontal: y = 3; vertical: x = 3 [-6.2, 6.2, 1] 


39, Horizontal: y = 3; vertical: x = | 
41. Horizontal: none; vertical: none, since f(x) = x — 3 


forx # —3 
43.b 45.d 47. f(x) = x + 4 (answers may vary) 
49. f(x) = a L 9 (answer's may vary) 
51. Horizontal: y = 0; 53. Horizontal: y = 0 - 
vertical: x = 0 vertical: x = 0 69. (a) D = {x|x # 2, (©) Horizontal: y = 0; 
y y x # —2} vertical: x = +2 
(b) [-9.4, 9.4, 1] by (d) 


[-9.3,9.3, 1] 


Answers to Selected Exercises 
71. (a) D = {x|x 4 2} 


{c) Horizontal: none, 89, (a) Slant: y = 2x + 1; 91.-3 93.1 98, 4 
( (b) [-4.7, 4.7, 1] by vertical: none, since vertical: # = 1 
[-6.2, 6.2, 1] f(x) = x + 2 for 
— x #2 


10 12 14 16 


83, (a) Slant: y = x — 1; 
vertical: x = -1 


—%, %), range: (0, ap symmetry with 
respect to the y-axis; HA: y = 0; no other asymptotes. 
ta 
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115, domain: (—,%), range: [0, 1]; symmetry with 
respect to the y-axis; HA: y = 0; no other asymptotes. 


117, (a) About 33%; the least active 98% post 5 of the 
postings. (b) About 67%; the most active 2% post E of 
the postings. , 
119, (a) 5%; at | second, there is a 5% chance that the 
visitor is abandoning the website. (b) About 1.8%; 
at 60 seconds, there is a 1.8% chance that the visitor is 
abandoning the website. 

121. (a) T(4) = 0.25; when vehicles leave the ramp at 
an average rate of 4 vehicles per minute, the wait is 
0.25 minute or 15 seconds, 7(7.5) = 2; when vehicles 
leave the ramp at an average rate of 7.5 vehicles per 
minute, the wait is 2 minutes, (b) The wait increases 
dramatically. 123, (a) N(20) = 0.5, N(39) ~ 38 

(b) It increases dramatically. (¢) x = 40 

125, (a) y = 10 

(0, 14, 1] by [0, 14, 1] 


(b) When x = 0, there are | million insects. 

(c) It starts to level off just under 10 million, 

(d) The horizontal asymptote y = 10 represents the lim- 
iting population after a long time. 

127. (a) (400) = ae = 6.35 inches. A curve designed 
for 60 miles per hour with a radius of 400 ft should have 
the outer rail elevated 6.35 in. 

(b) As the radius x of the curve increases, the elevation 
of the outer rail decreases, 

(0, 600, 100} by [0, 50, 5] 


(c) The horizontal asymptote is y = 0. As the radius of 
the curve increases without bound (x > ~), the tracks 

become straight and no elevation or banking (y — 0) is 
necessary. (qd) 200 ft 


4.6 EXTENDED AND DISCOVERY EXERCISES (p. 340) 
1 3. 


Pa geeeen | mF 3 
3? x(x + A) 2?) A2x(v + A) 
CHECKING BASIC CONCEPTS FOR 
SECTIONS 4.5 AND 4.6 (p. 340) 
1. f(x) = 3(x — 41) (x + 41) = 3x? + 48 
3. f(y) = ww - Dw - 2) (+ 21 
5. (a) (-&, INU(I1,~) 
(b) Vertical asymptote: x = 1; horizontal asymptote: 
y= 


7. (a) 


(©) 


SECTION 4.7 (pp. 351-357) 

1-3 34,2 54 72-1 928 u+V2 
13. No real solutions 15.0, +2 17. -$1 19, -14 
21. No real solutions (extraneous: 2) 23, -3 25. —4 
27. —3 (extraneous: 1) 29. 1 (extraneous: —2) 
31. No real solutions (extraneous: 1) 

33. (a) —4, —2, or 2. (b) (—4, —2) U(2, ©), or 
{x]|-4 <x < -2orx > 2} (© (-%, -4)U(-2, 2), 
or {x]x < —40r -—2 < x < 2} 

35. (a) —4, —2, 0, or 2 (b) (—4, —2) (0, 2), or 
{x]-4 <x <-2o0r0<x <2} 

(©) (-~, -4) U(-2, 0) U2, ~), or 

{x]x < —40r -2< x <0orx> 2} 

37. (a) —2,1,or2 (b) (—%, —2)U(—2, 1), or 
{x]x <-20r-2<x< 1} 

() (1, 2)U(2, ©), or {x] 1 <x < 20rx > 2} 

39, (a) 0 

(b) (—~, 0) U0, ~), or {x]x < Oor x > 0} 

(c) No solutions 41. (a) 0 or | 

(b) (—~, 0)UC, &), or {x]v < Oorx > 1} 

(c) (0, 1), or {x]0 <x < 1} 43. (a) -2, 0, or 2 
(b) (—%, —2)U(2, %)  (e) (—2, 0) U@, 2) 

45. (—1,0)U(1, #) 47. [-2,0] U[], #) 

49, (—3, —2)U(2, 3) 51. (0,) 

53. (-1,0)U(0, 1) 55. (1,~) 57. (—~%, 1) 

59. (—3, -2)U(2,3) 61. [-2,1] U[2, «), 

63. [—3, 2] 

65. (a) —2, 1,4 (b) (—%, —2)U0, 4) 

(© (-2, DUC, @) 

67. (-%, 1]U [2,4], or {xx S$ lor2 sx 5 4} 
69. (—%, 0), or {x|x < 0} 

71. (—3, ©), or {x|x > —3} 

73. (—2, 2), or {x]|-2 < x < 2} 


75. (—%, ©), or all real numbers 

77, No real solutions 79, (—, 0) or {x|x < 0} 

81. (—%, 2), or {x|x < 2} 

83, (—%, -nul o), or {x|x <-lorx> 3} 

85, (—%, —3)U(-1, 2), or {x|x < —3 or -1 < x < 2} 
87, (-1, DU (3 o), or {x|-1 <x < Lorx= 3} 
89. (3, %), or {x|x > 3} 

91, (—~, 0)U(0,4]UR, ), or {x]x < Oor 
0<xs5orx=2} 

93. (—2, 0) U[2, ~), or {x|-2 < x < Oorx = 2} 
95.(a)3 (b) (-5,3] © (-~, -5)U[3, *) 

97. (a) No real solutions (b) (—2, —2) (©) (-2, ») 
99, (a) No real solutions (b) (~~, 2)U(2, ») 

101. (a) 0 (b) [0, %) 

103. (a) 0,2 (b) (-~, 0)UQ,~) 

105. (a) About 12.4 cars per minute (b) 3 

107. Two possible solutions: width = 7 in., 

length = 14in., height = 2in,; width ~ 2.266 in., 
length ~ 4,532 in, height ~ 19.086 in. ; 

109. (a) A(x) = fq +2) CQ) = 0.1(85 + 3) 
(c) Gin. X Gin. X 3in, 

111. (a) D(0.05) ~ 238; the braking distance for a car 
traveling at 50 miles per hour on a 5% uphill grade is 
about 238 ft. (b) As the uphill grade x increases, the 
braking distance decreases, which agrees with driving 
experience. (c) x = jé; ~ 0.079, or 7.9% 

113. (a) x = 36 (approximately) (b) The average line 
length is less than or equal to 8 cars when the average 
arrival rate is about 36 cars per hour or less. 

115, (a) The braking distance increases. 

b)0<x = 03 

117, W212.8 < x s W/213.2, or (approximately) 
5.97022 = x = 5.97396 inches 

W%9k=6 121k =8 123.7= 160 125.y=2 
127, Becomes half as much 

129, Becomes 27 times as much 131. k = 0.5,n = 2 
133,k =3,n =1 135, 1.18 grams 

137, V'50 ~ 7 times as far 139. 3 ohm 


141, F decreases by a factor of x 


SECTION 4.8 (pp. 370-373) 
1.4 3.4 5-9 7.27 9.2 1.9 13. —g99 


15.16 17.4 19. x)? 21.257 23,35 25, x5/6 


217, 3/4 29, Vb 31. VVa+ Vb 33.4 
a 


oe 
35.64 37.5 39, -2 
41. y 


Answers to Selected Exercises A-29 


53.16 55.9 57-14 59%7 61.—-1 63,2,3 
65.4 67.15 69.8 71.-28 73.2 75. 65,538 
77, 50°? — 50'/? = 346.48 79. b 


87. (a) 0,8 
(b) D: s, ), R:(—%, %) 


7 


(c) increasing: none 
(e) -—~ (f) no, odd 
89, (a) 0, 16 
(b) D: (—~, ), R: [0, ©) 
y 


decreasing: (—2%, 0°) (d) ~ 


(c) increasing: (0, «) 
(e) © (f) yes, even 


decreasing: (—~,0) (a) © 


A-30 Answers to Selected Exercises 


91. (a) No solution, -4 
(b) D: (—%, 0)UQ, ~), R: (—%, 0) 


y 


(c) increasing: (0, ~) 

(d)0 (e)0 (f) yes, even 

93, (a) No solution, -} 
(b) D: (—%, 0)U(0, ©), R: (—%, 0)U(0, %) 


decreasing: (—~, 0) 


(c) increasing: None 

(0 (e)0 (f) no, odd 

95, (a) No solution, 5 
(b) D: (—%, 0)U(, ~), R: (—%, 0)U(, ~) 


decreasing: (—, 0), (0, %) 


(c) increasing: None decreasing: (~~, 0), (0, ) 
(0 (e)0 (f) no, odd 

97, Increases 27 times; decreases by 5 times 

99, Increases 4 times; decreases by 5 times 

101, (a) even, positive (b) negative 

(c) positive: none; negative: (—<, 0), (0, ) 

(a) increasing: (—°%, 0); decreasing: (0, ) 

(e) symmetry about the y-axis. (f) None 

103. (a) odd, negative (b) positive 

(c) positive: (0, ~); negative: (—~, 0) 

(d) increasing: None; decreasing: (—~, 0), (0, ») 
(e) symmetry about the line y = —x 

(f) HA: y = 0 VA: x = 0 

105, (a) even, negative (b) negative (c) positive: 
None; negative: (—%, 0), (0, ); (a) increasing: (0, ~); 
decreasing: (-%,0) (e) symmetry about the y-axis. 
(f) HA: y = 0, VA: x = 0 

107. (a) odd, positive (b) positive 

(c) positive: (0, ©); negative: (—~, 0) 

(d) increasing: (—c%, %); decreasing: None 

(e) symmetry about the origin. (f) None 

109.2 111.81 113. 432 115, +8 117. Wi6 
119. -1,-} 121. -4,5 123, -8,27 125, 4,4 
127.1 129-135 


131. About 3.5; average speed is about 3.5 mi/hr, 

133, The graph of an odd root function (not shown) is 
always increasing; the function is negative for x < 0, 
positive for x > 0, and zero at x = 0, It is an odd 
function, 135. ~ 3.63lb 137, About 58.1 yr 
139, (a) a = 1960 (b)b ~ -1.2 

(©) f(4) = 1960(4)!? ~ 371, If the zinc ion concentra- 
tion reaches 371 milligrams per liter, a rainbow trout 
will survive, on average, 4 minutes, 

141, (a) f(2) ~ 1.06 grams (b) & (e) Approximately 
Ll grams 143, a ~ 3,20,b ~ 0,20 

[1, 9,1] by [0, 6, 1] 


145, (a) f(x) = 0.005192: (Answers may vary.) 
(b) About 2.6 million; too high; extrapolation 
(c) About 1999 147, a ~ 874,54,b = —0,49789 


4.8 EXTENDED AND DISCOVERY EXERCISES 
(pp. 373-374) 


1 1 3, % +1 5, ) Hee 
. Vee VE Sy Bul + 1)? 
7. (a) 20 — x 


(b) AP = Vx? + 12; BP = V(20 — x)? + 1082 


(©) fix) = Vx? + 12 + V(20 — 2 + 16, 
0<x< 20 
(a) [0, 20, 5} by [0, 50,10] (e) 8.57 ft; 34.41 ft 


CHECKING BASIC CONCEPTS FOR SECTIONS 4.7 
AND 4.8 (p. 374) 

1.(a)5 (b) -5,4 

(c) No real solutions (extraneous: —2) 

3. (-2, -1] U[1, ©), or {x|-2 <<» S -lorx = 1} 
5.(a) -8 (bd) 4 (c)9 7,8 (extraneous; 1) 
X.a=2,b= 5 


CHAPTER 4 REVIEW EXERCISES (pp. 380-382) 
1, Degree: 3; leading coefficient: —7 

3. (a) Local minimum: —2; local maximum: 4.1 
(b) No absolute minimum; no absolute maximum 
5. Even 7,Odd 9, Odd 

11. Answers may vary. 


13. (a) (—2, 0), (0,0), (1,0) @)a< 0 ©3 
15. Up on left end, down on right end; f(x) > @ as 
x —; f(x) 7-2 asx @ 17.7 


fis continuous 
() (1) = 24/0) = -1 © 1.V6 
WW. 2x? = 3x — 1 
23, 2x? — 3x tl tapes 
25. fix) =} @ - YO-YO 3) 
a7. fx) =h@ + D@—)O- 9 
29, -3,4,2 31.0, £V3 33. ~1.88, 0.35, 1.53 
35,0, +i 
: f(x) = Ate -) (x — 3/) (x + 3’); 
f(x) = 4x? — 4x + 36x — 36 
a) = Ge + DG - D(x — (4+ 544)) x 
(x - (-4- %) 


41, Horizontal: y = i vertical: x = 5 


51.4 53. No real solutions (extraneous: 2) 

55, (a) (—%, —4) U(~2, 3), or 

{x|x < -40r-2<¥< 3} 

(b) (-4, -2) UG, &), or {x|-4 <x < -20rx > 3} 
§7, (—3, 0)U(2, %), or {x|-3 < x < Oorx > 23 
59, (-~, -2U (4, o), or {x|x < —20rx > 5} 
61.216 63.8 65.x*3 67. y'? 

69. D = {x|x= 0}; fG) ~ 15.59 71.4 73.6 
95.81 77.15 79.-2,3 81. —L, 125 

83. (a) Dog: 148; person: 69 (b) 6.4 in. 


Answers to Selected Exercises A-31 


85. (a) 81.5°F  (b) 87.3; the ocean reaches a maximum 
temperature of about 87.3°F in late July. 87. 4 sec 


CHAPTERS 1-4 CUMULATIVE REVIEW EXERCISES 
(pp. 383-385) 

1. (a) D = {-3,-1,0, 1}; R= {-2,4,5} (b) No 
3. D = {x|-2 = x = 2}, or [-2, 2} 

R= {x|0 <x <3}, or [0, 3}; £(0) = 3 

5. C(x) = 0.25x + 200; (2000) = 700; the cost of 
driving 2000 miles in one month is $700. 

718 Kys—gvty My =—S 

13, Each radio costs $15 to manufacture. The fixed cost 
is$2000, 15.3 17.0,$ 19.-2,5 21. 3-8 

23. 4 25, No solutions; contradiction 

27. \-, —), or {x|x < -h} 

29. —o, 4] U2, ), or {x]x = tory = 2} 

31. (2, —3]U[0, 3], or {x|x = —3 0rd = x = 3} 
33. (a) -3,-1,1,2 ©) (—»,-3)UC1, NUQ,~), 
or {x]x < —30r-1 <x <lorx > 2} © 

[-3, -1]U[1, 2], of {x|-3<xs-lorlsyxs 2} 
35. (a) i (b) y 


(@) 


37. (a) Incr: (—%, —2), (1, #), oF {x|x < -2}, 
{ x|x > 1}; deor: (—2, 1), or {x]-2 <x <1} 
(b) Approximately —3,3, 0, and 1.8 
(c) (—2, 3) and a, -l) 
(d) Local maximum: 3; local minimum: —1 
39, Answers may vary. 

y 


Al. (a)a-2+4 (b) 2x2 + 2x -24+ 527 
4. f(x) = 40 + I) @- 1% (x - 43 
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45.-} + Fi 47. D = {x]x # -1,x ¥ 4}, or 

(—%, -1I)U(-1, 4)U(4, ©): vertical: y = -l,x=4; 
horizontal: y = 0 49, m = 20 thousand; the pool is 
being filled at a rate of 20 thousand gallons per hour 
between noon and 2 P.M., 2 = 10 thousand: the pool 
is being filled at a rate of 10 thousand gallons per hour 
between 2 P.M, and 3 P.M., 13 = 0: the pool is neither 
being filled nor being emptied between 3 p,m, and 4 P.M., 
mg = —15 thousand: the pool is being emptied at a rate 
of 15 thousand gallons per hour between 4 p.m. and 6 p.m, 
51. 3.75 liters 53. 400 thousand toy figures 

55. (a) C(”) = 1(805 — 51) = 805; — 5/72 

(b) 25, 136; the cost is $17,000 when either 25 or 136 
tickets are purchased, (c) $32,400 when 80 or 81 tickets 
aresold 57,7 ~ 1.7in.,h ~ 3.5 in, 


SECTION 5.1 (pp. 397-403) 

1.7 3,4x° 5, The cost of x square yards of carpet 
7.) =5 ()-5 (@-3 @—t 

9. (a) 5+ (b)0 (2 (@ Undefined 

11, (a) (f + g)(x) = 2x + x? all real numbers 
(b) (f = g)(x) = 2x — x; alll real numbers 

(©) (fg)(x) = 2x3; all real numbers 

@) (f/x) = & D = {x]x ¥ 0} 

13. (a) (f + g)(x) = 2x + 1s all real numbers 
(b) (f = g)(x) = 4x — 1; all real numbers 

(c) (fg)(x) = 3x — 3x: all real numbers 

@) (f/x) = ED = {xlx 4 1} 

15. (a) (f + g)(x) = 6 all real numbers 

(b) (f = g)(x) = x — 2; all real numbers 

(©) (fg)(x) = -1y? + x + 8; all real numbers 
(@) (f/9)(x) = g*4, D = {x]x ¥ 8} 

17. (a) (f + g)(x) = 2x: all real numbers 

(b) (f = g)(x) = —2; all real numbers 

(©) (fg)(x) = x4 = 1; all real numbers 

@) (f/g)(x) = rap all real numbers 

19. (a) (f + g)(x) = 2x; D = {x|x = 1} 

(b) (f ~ g(x) = -2Vx = 1D = {x]x = 1} 
(©) (fax) =? -~ x + 5 D= {x[x 21} 
() (F/g)Q) = Y=: D = {x]x = 1} 
21, (a) (f + g(x) = 2Vx; D = {x]x = 0} 
(b) (f = g\(x) = -2;D = {x|x = 0} 

(©) (fs) = x — 1D = {x]x = 0} 

@ (4/)(x) = V4; D = {xx = 0} 

43. (a) Cf + g(x) =r Pq D = {x|x ¥ -1} 
) YF ~ a0) = -~> 3D = {x]x ¥ -1} 
(c) (fg)(x) = a = pe P= {x|x # -1} 

@ (f/a)(x) = 33 D = {x]x # -1} 


45. (a) (f + ax) = $1: D = {x]x ¥ 2} 

(b) (f — g)x) = $= D = {x]x ¥ 2} 

©) (fg)) = Oy ap D = {x]x ¥ 2} 

@ (f/9) =4 d= {x]x 4 0,x 4 2} 

27. (a) (f + g(x) = x? — 1 + |x + 1]; all real numbers 
(b) (f= g)(x) = x? = 1 = |x + 1]; all real numbers 
© (fg)(x) = (Vv? = Dix + 1|; all real numbers 


@ (f/9)0) = hs D = {wlx # =1} 


29. (a) (f + aa) = S242, p= {yy 1} 
0) (F ~ x) == S4F2 = (x]y # -1} 
©) (feXa) = EWE D = (x]x # -1} 


@) (F/e(x) = =#42, p= fy] 
31. (a) (f + g(x) = ee ae 
D= {x|x 4 lx #4 -1} 

0) (f — 9) = Gere 

D= {x|x 4 Lx # -1} 

(c) (fg)(x) = a D= {x|x 4 lax#¥ -1} 


@ (S/N) = BD. D = (aly # x #1) 


33. (a) (f + g)(x) = x! (x? — x + 1); 


-I,x # 0} 


D= {x|x = 0} 

(b) (f — g)(x) = x'? (? — x = 1); 
D= {x|x = 0} 

(©) (fg\x) = x? (x = 1); 

D= {x|x = 0} 

@) (f/2)(x) = x(x — 1); 

D= {x|x > 0} 


35.(a)-1 (b)3.5 @0 @-1 
37.(a)2 ()4 (oO @-! 

39.(a)2 (b)-3 (2 (a) —2 
41.(a)—-5 (b) -2 (c)0 (a) Undefined 
43.(a)6 (b)-2 ()3 (a3 

45. (a)5 (b)5 (c)0 (d) Undefined 

4 


x -2 1 0 2! 4 
(f+ 8) (x) 6| 5 5] 15 
(f= s)(x) | -6 | 5 9| 5 

(Sg) (x) 0} 0 | -14} 50 
(//g) (x) 0} - |-35] 2 


49. (a) g(-3) = -5 (b) gb) = 2 + 1 
©) gQ°) = 2x3 +1 @) gQx - 3) = 4y — 5 

51. (a) g(-3) = 14 (b) g(b) = 25? — 4 

(c) g(x?) = 2x6 — 4 

(d) g(2x — 3) = 2(2x — 3)? — 4 = gy? — 24y 4 14 
53. (a) g(-3) = — (b) g@) = 102 + 30-1 

© g(x7) = 4x6 + 33-1 @) gx - 3) = 2,2 — UL 
55. (a) g(-3) = 1 (b) g() = Vb +4 


Og@)=V+4 MgQxr-3) = Vax] 


57, (a) g(-3) = 14 (b) g(B) = [3b - 1] +4 
(©) g(x°) = [3x3 - 1] +4 

(d) g(2x — 3) = |6x — 10] + 4 

59, (a) g(-3) is undefined. (b) g() = ab 


b+3 
Os’) =3%5 @s@r-9= 


2Qx — 3) 
re ¥ 


61. (a)3 (b)4 63. (a) 18 (b) 23 

65, (a) (f° g(x) = 2x + 2; all real numbers 

(b) (ge f)(x) = 2x + 15 all real numbers 

(c) (f° f(x) = 4x; all real numbers 

67. (a) (fo g(x) = —8x-b all real numbers 

(b) (ge f)(x) = —8x—S; all real numbers 

(c) (fe f(x) = 4x + 3; all real numbers 

69. (a) (fe g(x) = (x? + 3x — 1); all real numbers 
(b) (go f (x) = x6 + 3x9 = 15 all real numbers 

(c) (fo f(x) = x; all real numbers 

71. (a) (f og)(x) = x4 + x? — 3x — 2; all real numbers 
(b) (go f)(x) = (x + t+ + WY — 3+ 2) - 4; 
all real numbers 

(c) (fe f(x) = x + 4; all real numbers 

73, (a) (feg)(x) = 2 - 3x3; all real numbers 

(b) (ge f (x) = 2 - 3x)'; all real numbers 

(c) (fe f(x) = 9x — 4; all real numbers 

15.(a) (fo) = iD = {xlx # -5} 

(b) (go fx) = xe D = {xlx ¥ —1} 

(© (fe f(x) = S44 D = {x]x # -Lx # 2} 
71. (a) (fe g(x) = V4 - 2x? + 4 

D = {x|-2 = x = 2} 

(b) (ge f(x) = V4 — & + 4Y 

D= {x|-6<x = ~-2} 

(c) (fe f(x) = x + 8: all real numbers 

79, (a) (fe g(x) = V3x - 1; D= {x|x = 4} 
() (gf (x) = 3Vx = D = {xlx = 1} 

© (fe fa) =VVx-l-bb= {x|x = 2} 
81. (a) (f° g(x) = 4»; all real numbers 

(b) (go f (x) = »; all real numbers 

(c) (fe f)(x) = 25x — 4; all real numbers 

83. (a) (fe g(x) = x3 D = {x|x # 0} 

(b) (go f\(x) = x5 D = {x|x 4 0} 

©) (fe fx) = 3 D= {x|x 4 0} 

85.(a) 4 (b)2 (©) -4 

87. (a) -3. (b) -2. (@)0 

89. (a) 5 (b) Undefined (©) 4 

91.(a) 10 (b)10 () 10 93.4;2 

Answers may vary for Exercises 95-107. 

95, fx) = x — 2,8(x) = Vx 

97, f(x) = 2x + 1, gQ) = 4x3 

99, fx) = 3 - Lg@) =? 

101. f(x) = x + 2,8) = ~4|>1 

103. f(x) = x - Lg@) = 2 

108. f(x) = x4, g(x) = wx 

107. P(x) = 10x — 12,000; P(3000) = $18,000 
109, (a) I(x) = 36x (b) C(x) = 2.54x 

(©) FQ) = (CoD) @F (x) = 91.44x 
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111. (a) s(x) = x + x? (b) 5(60) = 510; it takes 
510 feet to stop when traveling 60 mi/hr. 

113. (a) (go f (1) = 5.25; a 1% decrease in the ozone 
layer could result in a 5.25% increase in skin cancer. 
(b) Not possible using the given tables 

115. (a) 4.5% (b) (ge f(x) computes the percent 
increase in peak electrical demand during year x. 

117. (a) (g° f)(2) = 25°C (b) (go f (x) computes the 
Celsius temperature after x hours. 

119. (a) A(ds) = 16°F? = 164 (9); if the length of a 
side is quadrupled, the area increases by a factor of 16. 
(b) AG +9 = BC +45 + 4 =A + V3(o + Ds if 
the length of a side increases by 2, the area increases by 


V3(s + 1). 
121. C = 12a 
123. (a) 


(b) h(x) = f(x)_+ 8) 

125, S = mr? V5 
127, v = te 

* 9 

129, V = igh? 

131. Let f(x) = ax + band g(x) = ex + d. 
Then f(x) + g(x) = (ax + b) + (ex + d) 

= (a+ ox + (b + a), which is linear. 
133. (a) (f og)(x) = &; a constant function 
(b) (ge f(x) = ak + b; a constant function 


SECTION 5.2 (pp. 415-419) 

1, Closing a window 

3. Closing a book, standing up, and walking out of the 
classroom 

5, Subtract 2 from x; x + 2 and x — 2 

7, Divide x by 3 and then add 2; 3(x — 2) and } + 2 
9, Subtract 1 from x and cube the result, Wx + Land 
(x — 1) 11. Take the reciprocal of x; x and ¥ 

13. One-to-one; yes 15, Not one-to-one; no 

17. Not one-to-one; no 19, One-to-one; yes 

21. Not one-to-one; does not have an inverse 

23, One-to-one; does have an inverse 

25. One-to-one 27. Not one-to-one 

29, Not one-to-one 31. Not one-to-one 

33. Not one-to-one 35, Not one-to-one 

37. One-to-one 39,No 41. Yes 


43. fl) =x-5 45. f') = * 
47. f(x) = 25% 49. f-'Q) = x 
si. fx) = bx +5 53. f0) = 44 
55. f(x) = 3/23 

51, f(x) = Vx +1 59% FQ) = 35 


Wo 
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61. fx) = a2) 63, fy) = — 2 


Fea | 
65. f(y) =S#1 67, py) = 


¥-S 

69. f(x) = \f Lex 
71. If the domain of fis restricted to x = 0, then 
f@) = V4—x. 
73. If the domain of fis restricted to x = 2, then 
f'Q) =2+ Vx 4, 
75. If the domain of fis restricted to x = 0, then 
PQ) = (= 1" 
77, If the domain of fis restricted to 0 < x < me then 
f'@ = V25", 
79.f-\(x) = —%; Dand Rare all real numbers 
81. f(x) =6- x; D and R are all real numbers 
83. f(y) = at D and R are all real numbers 
85. f(x) = * + 1S: D and Rare all real numbers, 
87. f(x) = x9 + 5; D and Rare all real numbers, 
89. f(x) = 4x + 5; Dand Rare all real numbers, 
91. f(x) = x? + 5;D = {x]x = 0} and 

R= {yly = 5} 
93. f(x) = 4 - 3;D = {xx 4 0} and 

R= {yly 4 -3} 
95. f-\(x) = WS D and Rare all real numbers, 
97, f(y) = Vx D and R include all nonnegative real 


numbers. 


For f:D = {0,2,4}, R = {0,4, 16}; for 
S7D = {0,4, 16}, R = {0,2, 4} 


2 
103. x Oo;2/4]6 
ro folg]a]3 


105.1 107.3 109.5 111.1 113.4 

115.0 117.6 119.4 

121. (a) f(1) ~ 110 dollars (b) f~(110) ~ 1 year 
() f-'(160) ~ 5 years; f~!(x) computes the year's nec- 
essary for the account to accumulate x dollars. 

123. (a)2 (b)3 (1 @3 

125.(a)4 (b)0 ()9 (a4 

a re 


139, Y; = 3X — 1,Y, = (X + L)f3;¥os X 
(-4.7, 4.7, 1] by [-3.1, 3.1, 1] 


141. Y; = X*3/3 — 1, Y, = W(3X + 3), ¥, =X 
(-4.7, 4.7, 1] by [-3.1, 3.11] 


143. (a) Yes (b) The radius r of a sphere with volume V 


©r= V3 W@No. If Vand r were interchanged, 
then r would represent the volume and V would repre- 


sent the radius. 145, (a) 135.7 pounds (b) Yes 
@©h=%(w+@) =2w 432 @ 74: the 
maximum recommended height for a person weighing 
150 Ib is 74 in. (e) The inverse formula computes 

the maximum recommended height for a person of a 
given weight. 147. (a) (Fe Y)(2) = 10,560 represents 
the number of feet in 2 miles, (b) F7! (26,400) = 8800 
represents the number of yards in 26,400 ft. 

(©) (Y! oF) (21,120) = 4 represents the number of 
miles in 21,120 ft. 149, (a) (Q° C)(96) = 1.5 represents 
the number of quarts in 96 tbsp. 

(b) O' (2) =8 represents the number of cups in 2 qt. 
(©) (C! © Q")\(1.5) = 96 represents the number of 
tablespoons in 1.5 qt. 


5.2 EXTENDED AND DISCOVERY EXERCISES 
(p. 419) 


1. (a) f'(x) computes the elapsed time in seconds when 
the rocket was x ft above the ground. (b) The solu- 
tion to the equation f(x) = 5000 is the elapsed time 

in seconds when the rocket reached 5000 ft above the 
ground. (c) Evaluate f~!(5000). 


CHECKING BASIC CONCEPTS FOR SECTIONS 5.1 
AND 5.2 (pp. 419-420) 

L@ e+ O90) =1 OF -s(-) =3 

(©) (fg)0) = 2 @) (f/g)(2) is undefined. 

(e) (f°g)(2) = -2 () (ge f(-2) = -1 

3. (a) (f + g(x) = x? + 6x — 3 

(b) (f/x) = EE 4G 

(c) (fe g(x) = 9x? + 3x - 4 


5. (a) Yes; yes; f-' (x) = x — 1 (b) No; no 
7.(a)0 (b)2 

SECTION 5.3 (pp. 434-439) 

1436 5-18 72 91 115 


13, Linear; f(x) = —1.2x + 

15, Exponential; f(x) = af ba 

17, Exponential; f(x) = 5(2*) 

19, Linear; f(x) = 3x — 2 

21, Exponential; f(x) = gi(4)* 

23, f(x) = 2* 25, f(x) = 2x + 1 

27, No; yes for the last week of the year, the earnings 
would be only about $1.03 for the first option, whereas 
the earnings for the second option would be about 
2,251,799,813,690,000 cents. 

29,C=5,a=15 31,C=10,a=2 
33,.C=3,a=3 3. C=h,a=4 

37. f(x) = 4x + 4; 2 (x) = 4(2)* 

39, f(x) = -4x + 5; g(x) = 3(4)s 

41. C = 5000, a = 2; x represents time in hours, 

43, C = 200,000, a = 0,95; x represents the number of 
year's after 2015, 45, About 11 pounds per square inch 
47, 71.2571 49, —0,7586 

51, 
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63. 


67, C = aah 


6.C=h,a=4 

71. (a) D: (—%, %) or {x]-% <x < ©}; R:(0, &) or 
{x|x > 0} (b) Decreasing (c) y = 0 

(@) y-intercept: (0, 7); no x-intercept (e) Yes; yes 


73.()b (id (ii)a (ivyc 

75.(i)b (ii)d Gii)a (iv)e 

77, (a) D: (—%, ®), R: ©, #) (b) Greater than 1: (0, ); 
less than |: (-~,0) (©) 5 
(d) Incr: (—%, #)  (e) y-int: (0, 1), 
(f) f(x) is squared. 

79. (a) 


D:(—%,%), R:(0,%) 
87. y 


D:(—%, ~), R:(0, ~) D:(-~, @), R:(0, %) 
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89, 91, 


3 


D: (—%, 2%), R: (0, 2%) Bel Ope) Rel, ee) 
93, $841.53 95, $1730.97 97, $4451.08 
99, $1652.83 101. $586.47 103, $1592.75 
105. $14,326.78 107, Annually 
109, (a) B(x) = 2.5(3)* 
(b) About 13 million per milliliter 
111, About 0.8 million per acre 
113, About $35.08 
115. (a) About 1.5 watts per square meter 
(b) The y-intercept indicates that the intensity is 300 
watts per square meter at the surface, 
[-5, 50, 5] by [0, 350, 50] 


117, About 7.2 million 

119, (a) C ~ 0.72, a ~ 1,041 (answers may vary 
slightly) (b) 1.21 ppb (answers may vary slightly) 
121. (a) About 6,214,000 bacteria per milliliter 

(b) There will be 10 million Z. coli bacteria per milliliter 
after about 214 min, or about 3.6 hr. 

123. (a) About 92% (b) About 0,83 min 

125, T() = 100(4)/28; 715.5) ~ 25.6% 

127. (a) P(x) = 9500.9)" (b) About 11.5% 

(c) About 6.6 feet 129, About 18,935 yr 

131, About 27.3% 

133, (n) C = 2.5,a = 0.7 (b) 1.225 ppm 

135. (a) 17(30) ~ 0.42; about 0.42 horsepower is 
required for each ton pulled at 30 mi/hr. 

(b) About 2100 horsepower (¢) 2 


5.3 EXTENDED AND DISCOVERY EXERCISES 

(pp. 439-440) 

1, The formulas are equivalent. 3. $12,914.64 

5. (a) About 1.0005 (b) 1 (c) They are very similar. 
7, (a) About 0,6068 (b) About 0.6065 

(c) They are very similar, 

9, The average rate of change near x and the value of 
the function at x are approximately equal. 


SECTION 5.4 (pp. 452-457) 


Ly 10" | 10' | 10-8 1026 | 
logy | 0 4 -8 1.26 | 


3. (a) Undefined (b) —2 (c) -4 (d) 0 
5.(a) 1 ()4 (©) ~20 (@) 2° 
7. (a) 2 (v3 > (©)3 (@) Undefined 
9, (a) n = 1,log79 ~ 1,898 
(b) n = 2, log500 ~ 2.699 (c)n = 0,log5 ~ 0,699 
(d) n = —1, log0.5 ~ —0,301 
1@} ®} O-- @-! 
os > -3}, or (—3, «) 

15. {x|y < -lorx > 1}, or (~~, -1)U(I, ») 

‘ {x]-0 <x < oo}, oF (0, 0) 
19. {x|x <2}, or Si 2) 


21, | 0 28 21.26 
logax | 1,26 


23, -5.7 25.2x,x >0 27.64 29.-4 3h. 
33... —1fory>1 38.6 37.4 39-3 41,2 
43,2 45.-2 47, -1 
§3. hes n 


49.0 51.-4 
3 @un=3 


3 bn =1 On 


57. (a) 4x = log;4 (b) x = In7 (c) x = logh 
59. (ax = 8 (bF)2+x=9 W/S=K 

61. (a) —2  (b) log7 ~ 0.85 (ec) No solutions 
63. (a) —2 ) In2 ~ 0,69 (3 

65.(a)0 (b)4 (4 

67. -In3 ~ -1.10 69.2 71.2 

73,83 = 0.28 75, log,4 ~ ‘1.2677. n23 = 3.14 
79, isa: 4 ~381 81. in('3) ~ 1.28 83.8 
85. (a) 10? = 100 (b) 1073 = 0.001 

(c) 10'2 = 15,8489 

87. (a) 2° = 64 (b) 3? =4 () e? ~ 7.3891 
89, * ~ 2.2974 91,2 Peis 1000 95, 20 


97. e¥/4 ~ 2.1170 99. 7/5 ~ 4.0552 101. 16 
103. er ~ 1.6601 105.8 107,.a=5,b=2 
109, ra (x) = =Inx 111. f-! (a) = 2" 


113. Decreasing 


(b) f incr: (0, ©); f-! 


incr: (— 9, wo) 


117.x = 2 119. x =0 
y y 
4 4 
3 3 
2 2 
1 1 

x x 

+++ + —<_ tt 

aaj] 1 2f3 ee 1234 
2 2 
3 3 
123,x = 1 
i 
4 
3 
2 
r 

x x 

ed H+-+++ > 

234 324,[ 7234 


125, D = {x|x > -1} 
(6, 6, 1] by [-4, 4, 1] 


127, D = {x|x < 0} 
(-6, 6, 1] by [-4,4, 1] 


129, 4 million/mL; about 2.3 days 131, 120 dB 

133. (a) L(100) = 6; a 100-thousand-pound plane needs 
6000 feet of runway. (b) No. It increases by 3000 ft. 
(c) If the weight increases tenfold, the runway length 
increases by 3000 ft. 

135. (a) 4.7. (b) 10°5 ~ 3162 

137. (a) Yugoslavia: x = 1,000,000; Indonesia: 

x = 100,000,000 (b) 100 

139, (a) f(0) = 27, f(100) ~ 29.2. At the eye, the baro- 
metric air pressure is 27 in.; 100 mi away, it is 29.2 in. 
(b) The air pressure increases rapidly at first and then 


starts to level off. 
[0, 250, 50] by [25, 30, 1] 


(c) About 7 miles 
141. (a) About 49.4°C  (b) About 0.69 hr, or 41.4 min 
143, (a) About 0.189, or an 18.9% chance 

(b) x = -3 In (0.3) ~ 3.6 min 

145, a = 7,b = 4; about 178 km? 

147. (a) C= 3,a=2 (b) After about 2.4 days 


5.4 EXTENDED AND DISCOVERY EXERCISES 

(p. 457) 

1. (a) 1.00 (b) 0.50 (c) 0.33 (a) 0.25 

3. (a) T(x) = 6.5 In (1.3 + 1.005"); T(100) ~ 4.95. The 
average global temperature may increase by 4.95°F by 
the year 2100. 
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(b) [0, 200, 50] by [0, 1000, 100] [0, 200, $0] by [0, 10, 1] 


The carbon dioxide level graph is exponential, whereas the 
average global temperature graph is linear. (ce) Average 
global temperature rises by a constant amount each year. 


CHECKING BASIC CONCEPTS FOR 

SECTIONS 5.3 AND 5.4 (p. 457) 

1. $1752.12; $1754.74 

3. loga15 represents the exponent k such that 2k = 15. No. 
5, (a) In5 ~ 1.609 (b) log25 ~ 1.398 

(c) 10'S ~ 31.623 7, (a) About 38.1 million; in 2012 
California’s population was about 38.1 million. 

(b) (0, 37.3); in 2010 California’s population was about 
37.3 million. (c) About 1% (ad) 2017 


SECTION 5.5 (pp. 465-467) 

1. 1.447; Product rule 3. 2.197; Quotient rule 

5. 3.010; Power rule 7, logya + logob 

9.1In7 + 4Ina 11, log6 — logz 

13. 2logx — log3 15, In2 + 7Inx — In3 — Ink 
17.2 + 2log,k + 3log,x 

19, 2 + 3logsx — 4logsy 

21. 4Inx — 2Iny — yInz 

23, —1 + 3logy(x + 2) 25. 3logsx — 4log;(x — 4) 
27. Slogyx —2logz 29. 5 ln 2x + 6) - Sine + 1) 
31. glog, (x? — 1) - $log,(1 + x?) 

33.log6 35.In5~9? 37. log2 

39. log6 41, logy 5k? 43, Inv? 45. log.x*? 


34 ri 
47, ns 49. 1In2 51, nev? 


~ zy — 4 
53, log(4V x5) 58, log — Y= 27° 


= 


y 
ST. y 59, y 


61. f(x) = dy; D:(—%,%) 63. D:(—%, 0) 
65. f(x) = In(x?= 1); D: (1,%) 67. (0,%); (1,%) 


69. D:(—c, 0); (0, ») 75. "P ~ 4.644 

71, SED ~ 3.024 79, 11.610 81. 1.243 
logs | log7 _ log46 _ 

83. S85 + WET ~ 4.093 85, \/REE ~ 1.662 
log12/log2 __ log12 __ 

87. eats = Tyg ~ 2.262 894.714 91. 2.035 


93. L(x) = 1%; 1(50) ~ 5.097; yes 95. 10 decibels 
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97.1 = Ine 99, (a) x = 100In 345 
(b) About 7; the population is expected to reach 
40 million during 2017. 101, ¢ = &?-/* 
log4 In4 
103, ~ 105. ¢ 
f nlog(1 + 7) r 
107. log(1 + 2? + 33 + 44 + 55) = log 86,400,000 


EXTENDED AND DISCOVERY EXERCISES 
(p. 467) 


1, (a) 163.0000000000000000000000000000232; it is not 
an integer, 


SECTION 5.6 (pp. 478-482) 


1. (a) About 2. (b) In7.5 ~ 2.015 
3. (a) About 2. (b) Slog2.5 ~ 1.990 
5. In 1.25 ~ 0.2231 7.2 94 


11, log20 ~ 1.301 13, ~gin04 ~ 0.7636 

In0.5 log 4 
15, i303 = 6.579 17.1 + ws = 15,55 19.1 
21.5 23,1,2 25, No solutions 


log(1/3) __ log4 ye 
21, : + e875) ~ 3.199 29, toga — diog3 ~ ~ 1.710 
tog (64/3) 
3, T— 3in2 ama ~ -2.779 33. log 1.4 = 9.095 


38, 1980 + jE = 2012 37.-3 39.0,-1 At 


43,$ 45.-!2 47, 1073 ~ 4.642 49, 405 ~ 74.207 


51, + 30 = £7,071 53.6 55, —39 57, 107!! 
59.¢ ~ 2.718 61,27! ~ 4.287 63, V50 ~ 7.071 


65, — 238 67, 2 (extraneous -3) 


69,1 + V2 ~ 2.414 (extraneous 1 — V2) 
71, 2 (extraneous —2) 73, 2 (extraneous =4) 
ay : (extraneous —4) 77.In2,In4 79, In} 


12 83.e% 8% 85.031 87. 1.71 89. (—%,0] 


o1, ee 93, [1000, >) 95. (0,4e"!) 97, 2018 
99, Feet = 1Ohr 101, M025 = 11,55 ft 


103. (a) T(x) = 2300(2)*/ 0) To) ~ 2,411,724,800; 
in 2011 there were about 2.4 billion transistors on an 
integrated circuit. (c) About 1995 

105, (a) About 0,88; the Human Development Index is 
0.88, (b) 3.9 107, About 1981 

109. (a) C = l,a = 1.01355 

(b) P(2010) ~ 1.14 billion (ce) About 2030 

111. (a) Ty = 32, D = 180, a ~ 0,045 

(b) About 139°F (ec) About | hr 

113. (a) About 16.7°C  (b) About 1,09 hr 

115, About 2.8 acres 117. 100 — 10!16 ~ 85.5% 


119, (a) "445 ~ 0.0233  (b) About 1.45 billion per liter 


(c) About 2, 36% 121, 8.25 yr 

123, (a) BL? ~ 13.5 (b) $500 invested at 3% com- 
pounded continuously results in $750 after 13.5 years. 
125, About 8633 yr 127, —21n0.5 ~ 1.39 min 

129, About 3.6 hr 131, About 13.5 yr 


133, (a) 11 me party Liat (b) About 2.11 hr 


log(4/P) 
135. ¢ ~ log (1 + r/n) 


5.6 EXTENDED AND DISCOVERY EXERCISE 

(p. 482) 

1. f(x) = Ce‘ and g(x) = e*": that is, k = Ina. 
CHECKING BASIC CONCEPTS FOR SECTIONS 
5.5 AND 5.6 (p. 482) 

1, Zlogx + 3logy — jlogz 3. (a) —— 
(b) 4 5. (a) It levels off at 80°F, 


log (29/5) 
log (1.4) 
(b) 17 min 


= 5,224 


SECTIONS 5.7 (pp. 489-492) 

1, Logarithmic 3, Exponential 

5, Exponential: f(x) = 1.2(1.7)* 

7, Logarithmic: f(x) = 1.088 + 2,937 Inv 


vi ere 9.96 
9. Logistic: f(x) 1 306e5" jane 

See 
11. (a) C(x) 1 + 973,660 0960 


(b) [0, 15,1} by [0, 50, 5] 
ee 


(c) About 38,700 new cases 
13, (a) R(x) = 105,732x? + 245.339x + 46,107 
(b) [0, 5, 1] by [100, 4000, 100] 


(c) About $6944 million, or $6.944 billion 

15. (a) Quadratic: V(x) = 3.55x? + 0.21y + 1.9 
(b) 91,7 million 

17. f(x) = 9,02 + 1.03Inx 

19. (a) f(x) = 1.4734(0,99986)* 

(b) Approximately 0.55 kg/m* 


Macs 4.9955 
21. (a) f(x) = T & 49,7081 ¢ 0 O7RR 
(b) About 5 thousand per acre 
1 9. 
23. (a) C(x) = ear 
25. (a) A(w) = 1019 
(b) [0, 20, 2] by [100, 700, 50] 


(b) About 0,93 billion 


(c) About 11.2 Ib 


27, (a) 3 ft; after PAA years, the tree is 3 feet tall. 
() HQ) = ee 
(c) [0, 45, 5] by [0, 55, 5] 


(d) About 17.4 yr (e) Interpolation 
29. (a) The data are not linear. 
[-2, 32, 5] by [0, 80, 10] 


(b) f(x) = 12.42(1.066)* (ce) f(39) ~ 150; fertilizer use 
increased but at a slower rate than predicted by f. 


5.7 EXTENDED AND DISCOVERY EXERCISE 

(pp. 492-493) 

1, The data points (In x, In y) seem to be almost 

linear. Using linear regression gives the equation 

y = L5y — 8,5, Since b = 1.5 and a = 85 = 0.0002, 
we get the power function f(x) = 0.0002x!5. 

3. (a) C = 0.2; k = 0.01214 (b) 2023 


CHECKING BASIC CONCEPTS FOR SECTION 5.7 
(p. 493) 
1, Exponential: f(x) = 0.5(1.2)* 


3. Logistic: f(x) = Sore 


CHAPTER 5 REVIEW EXERCISES (pp. 497-500) 

1.(a)8 ()0 ()—-6 @) Undefined 

3.7 1 ©0 @-3 

5.(a)2 (b)1 (2 7.(a) V6 (b) 12 

9, (fo) = (4)8— (2+ 3()-2; D = {x]x # 0} 
11. °8)() ; = y; all real numbers 

13. f(x) = x? + 3, g(x) = Vx (answers may vary) 

15. Subtract 6 from x and then multiply the result by 10; 
ig + 6 and 10(x — 6) 

17. f is one-to-one. 


19, f is not one-to-one. 
21. 


Fw 


ee eee aes for 
fo: D = {1,3,4,6} and R = {-1,0,4,6} 


23, f(x) = ae 

25. (fof) = 04) = 204) - = 
ge “she plex - 1) == p*t 
27.1 piece a 
ja= eee 1} and R= {y|y = 0}; 

for f':D = {x|x =O} andR = {y|y = -1} 


Answers to Selected Exercises A-39 


= {x]x < 0} 


D = all real numbers 


37,C =2,a=2 39.$1562.71 41. In19 ~ 2.9444 
43.3 45.-21 47.2 491 51.2.631 
53, sole =~ 2,097 55. 101n5.2 - ae 
log (29/3, 
57. “og ~ —1.431 59.10 + Ton(0.78) ~ 0.869 


= 1,522)" 63. 10'S ~ 31.62 
65. oa = 29.96 67.log30x 69. Iny — 2Inx 
71,1044 ~ 1,778 73, 1200 ~ 33,333 
75. | (extraneous —4) 
77, The x-intercept is (b, 0). If (0, b) is on the graph of 
f, then (6, 0) is on the graph of f7!. 
79, (a) 11,022/mL (b) About 1.86 hr 81. A(x) = 15x 
83. x ~ 2.74; the fish weighs 50 milligrams at about 3 
weeks. 85, About 3.8 min 
87. Logistic: f(x) = Teac 
89. a ~ 3.50, b ~ 0.74 
[0, 5,1] by [0, 3,1] 


= 


CHAPTER 6: Trigonometric Functions 


SECTION 6.1 (pp. aa? 
1. (a) y i 


a tr 
a 


she 


A-40 Answers to Selected Exercises 


3, Answers may vary. 5; y 
y 
A ) 
0 


7, Answers may vary. 9, Answers may vary. 
y y 


@; Ob OF OF 
13, 510°, —210° 


21, is, 25° 23, 108.76° 25, 125°18’ 
27, 51°21'36" 29, w = 34.1°, B = 124.1° 
31. @ = 4°36'15", B = 94°36'15” 
33, a = 66°19'25", B = 156°19'25" 
35. 0 = 2 radians; 0 ~ 114,6° 
37,0 = 1.3 radians; 0 ~ 14. x 
39. (a) F (by @©-F @ -% 
41, (a) 32% (bh) 2.15 (©) -1.61 @ 4.02 
43, (a) 30° (b) 12° (ce) —300° (d) —210° 
45, (a) 45° (b) 25.71° ©) 177.62" (a) -143.24° 
47.5 = 2a. in, 49.0 = 3 2 radians 51.7 = mal 
53, 7m = aft 57. in mi 59, 2m in,; FF ie in./min 
61, 107 in.; in, ./min 63, 115° 65, 1,Sar in? 
2 17,1614 2 
67.4.5m in’ 69.3999 = 5.7227 em 
71,42 ~ 0,59 ft? 73, 240m in? 75, 42920 cm? 
77, 16,25 ft/sec 79. (a) x19 ~ 0.015 radian/sec 
(b) F ~ 1.05 ft/sec 
81. (a) 10007 ~ 3141.6 radians/min 
(b) 15,0007 ~ 47,123.89 in./min, or about 65.4 ft/sec 
83. 144.0 ft? 85.810 mi 87, About 69 ft/sec 
89, 14,5in, 91, (a) 2.5 revolutions 
(b) 8% ~ 34 ft/sec 93, (a) 78,370 mi/hr 
(b) 66,630 mi/hr  (c) 29,250 mi/hr (@) 12,160 mi/hr 


Planets farther from the sun have slower orbital velocities. 


95, 137.2m 97. (a) 388.8 m_ (b) 881.8 m 


6.1 EXTENDED AND DISCOVERY EXERCISES (p. 515) 


1s = 10 (Ee), where @ is in degrees, The formula for 
radian measure is simpler. 


SECTION 6.2 (pp. 525-529) 


csc 9 = 5, sec 0 = 3. 
21, sin 0 


csc 0 
23. sin 60° 
ese 60° 
25, sin 25° 
ese 25° 


LB cos 6 ve tan @ 2 


ES) 


, sec 0 13 , cot O = 75 
0.866, cos 60° = 0.5, tan 60° ~ 1.732, 
1.155, sec 60° = 2, cot 60° ~ 0.577 
0.423, cos 25° ~ 0,906, tan 25° ~ 0.466, 
2.366, sec 25° ~ 1,103, cot 25° ~ 2.145 
27, sin 5°35' = 0.097, cos 5°35' ~ 0.995, 
tan 5°35’ = 0.098, csc 5°35' ~ 10.278, 
sec 5°35’ ~ 1,005, cot 5°35’ ~ 10,229 
29, sin 13°45'30" ~ 0,238, cos 13°45'30" ~ 0.971, 
tan 13°45'30"” ~ 0,245, csc 13°45'30" ~ 4.205, 
sec 13°45'30" ~ 1,030, cot 13°45'30" ~ 4.084 
31, sin 1.05° ~ 0,018, cos 1.05° ~ 1.000, 
tan 1,05° ~ 0.018, csc 1.05° ~ 54,570, 
sec 1.05° ~ 1.000, cot 1,05° ~ 54.561 


33,3 35,13 37.4 39.0 ~ 13.86,b =8 
41.b ~ $.03,¢ ~ 783 43.4 ~ $.25,b ~ 6.04 
45.a ~ 16,82, ¢ ~ 23.28 


Ure 


41.4 = 12,b = 12V3, ¢ = 12V6,d = 12V3 
49,q = 43 p = 3, = V3 y = V6 
5l.a ~ 20,78 53.c ~ 168.98 

55. (a) cos 20° ~ 0.9397  (b) sin 50° ~ 0.7660 


57. (a) sec 41° ~ 1.3250 (b) csc 27° ~ 2.2027 
59, 1500 tan 37°30’ ~ 11SI ft 61.7.8 ft 63, 39.2 ft 
65. 52,000 ft 67, About 128,2 ft 69, About 194.5 ft 


71. 19,600 ft 73. 114 ft 

75, Barnard’s Star: 3.5 X 10! mi, 5.9 light-years; Sirius: 
5.1 X 10/3 mi, 8.6 light-years; 61 Cygni: 6.6 x 10'3 mi, 
11.1 light-years; Procyon: 6.7 x 10!? mi, 11.3 light-years 


71, Min: 2.9 X 107 mi; max: 4.4 X 107 mi 
79, 12,534 mi 
81, (a) About 704 ft (b) About 595 ft 

(c) Increasing 8 decreases r. 


83.d = 625s - 1) ~ 438 85.4 =e 


CHECKING BASIC CONCEPTS FOR SECTIONS 6.1 

AND 6.2 (p. 529) 

1, (a) $ OR St 3.5 = 2winy A = 12a in? 

5, sin@ = ip cos 0 = i tan 0 = * esc 0 = 2 
sec = 8, cot @ = 


SECTION 6.3 (pp. ssi 


1. sind = 3, cos 0 = 
3, sind = — penta 


5,(a) 13 (b) sind = ad = 
7.(a) 17 (b) sind = 


qa 


aed =- 
9, ti = ep eee = 7 

11, sinéd = ~ Vie 008? = Vie 
13, sin 45° = vee cos 45° = Ja = 
15, sin (—30°) = } cos (— 30°) = 
17.0,1 19.1,0 oi -1,0 23.4% 
25, sin 225° = —ae cos 225° = ee 
27, sin (—420°) = MA, cos (—420°) = 4 

29,0,1 31,0,-1 33,1,0 35, —- “10 31. Up yi eA 


39, sin F = we cos F = 5 

41, sin (- z) = —1, cos (-¥) =0 
43, sin i, 5, Cos In = 4 

45. sin(-24) = ee cos(—2%) Js 


47, sin 93.2° ~ 0.9984, cos 93.2° ~ —0.0558 

49, sin 123°50’ ~ 0.8307, cos 123°50’ ~ —0.5568 
51, sin (—4) ~ 0.7568, cos (—4) ~ —0.6536 

53, sin ™ ~ —0,9749, cos = ~ 0.2225 


55, sin @ = 3 cos 6 =4 57. sin@ = —+, cos 0 = 


13° 
59, sin} = 1, cos = 0 


2 


. 3m) _ i. 3r\ _ 1 
63. sin ( in) yh cos ( 4) wi 
65, sin = 1, cos 5 =0 


67, sin (~8) = -¥B, cos (-%) =} 69. (-1,0) 


.. It 
61, sin “| 


Answers to Selected Exercises 


71. (1,0) 73.(0,-1) 75. (0, -1) 

71. ( I, 45) 79. ( J 4) 81. a s) 
83. (1,8) 85. sin 3ar = 0, cos 3ar = ~1 

87, sin (—27) = 0, a 2m) = 1 

89, sin =-l, cos 22 = 0 

91. sin ( sn) = tues (-¥) 0 


103. (a) [—20, 2m, 1/2] by [-4,4,1] 


= {y|-3<ys 3}; £22) =-3 
(b) [-2m, 2m, 7/2] by [-4,4,1] 


R= {y|-1 syst} fC) =1 
105. (a) [—2z, 2m, 7/2] by [-4,4, 1] 


R= {y|-l sy 53}; (8) =! 
(b) [—20, 27, 7/2] by [-4,4, 1] 


R= {y|-2<y <0}; ff) = -2 
107. (a) D: (—~, »); R: [-1, 1] 


(b) Ine: (~2m, ~*2), (—$.3), (7, 2) 
Dee: (~¥, -§), (5.47) 


A-41 


A-42 Answers to Selected Exercises 


(c) —2a, —7, 0, a, 2a 

(d) Abs max: 1; Abs min: —1 

(e:) % ~ 0.212 

(f) Positive: (—27, —7), (0, 77) 
Negative: (—7r, 0), (a, 277) 


109. (a) 3% (b) 25 5.00 vitms) ~ 750 Ib 


111, First quarter: F 5 + 2an 
113. (a) [0, 24, 2] by [0, 100, 10] 


(b) 6:00 pM. (c) 6:00 A.M. 
115. (a) V is sinusoidal and varies between —310 volts 
and 310 volts. (b) V(1/120) = 0; after 1/120 second, 
the voltage is 0. (c) 310/ = 219 volts 
117. (a) 201 ft (b) 258 ft (¢) It is easier to stop going 
uphill (9 > 0) than downhill (@ < 0). 
119. (a) 31.4 ft (b) 78.3 ft (©) When the speed limit is 
higher, more land needs to be cleared on the inside of the 
curve. 
121, (a) [0, 13, 1] by [3,8, 1] 


(b) (0, 13, 1] by [3, 8, 1] 


From the dons ats fit siete, we may conclude that 
flying squirrels become active near sunset, 


6.3 EXTENDED AND DISCOVERY EXERCISES (p. 549) 
1, [-2a, 2a, 7/2] by [-2, 2, 1] 


4 r 


The translated graph and the graph of g are identical. 
SECTION 6.4 (pp. 562-565) 
ey tan 6 

3. sind = 


. 12 12 13 
1, sin @ 13> COS 0 § > CSCO = 45, 


Ht cos @ = i, 
tan 0 24 csc 0 3 sec@ = 25 cot @ = = 
5, sin 90° = 1, cos 90° = 0, tan 90° is undefined, 
esc 90° = 1, sec 90° is undefined, cot 90° = 0 

: ° o 1 
7, sin (—45°) ve cos (—45°) 


VP 
tan (—45°) = -1, ese (—45°) = — V2, 
sec (—45°) = V2, cot (-45°) = -1 

9, sin (0°) = 0, cos (0°) = 1, tan(0°) = 0, esc (0°) 
is undefined, sec(0°) = 1, cot (0°) is undefined 

11. sin (30°) = 5, cos (30°) = 8 tan (30°) = a 


V3 
csc (30°) = 2, sec(30°) = ve cot (30°) = V3 


13 5 
sec 0 3» cot = 75 


13. sin(—360°) = 0, cos (—360°) = 1, tan(—360°) = 0, 
esc (—360°) = 0, sec(—360°) = 1, cot (—360°) = 0 

15. sin (37) = 0, cos(37) = —1, tan(32r) = 0, 

csc (37r) is undefined, sec (3zr) = —1, cot (377) 

is undefined 


17. sin (2) = 1, cos (2) =0, tan (% ) is undefined, 
csc (=) = 1, sec (7 Ji is undefined, ane n) =0 


19, sin (2) —Jy cos (52) ra tan (5 4 ) i 
ese (5% mt) —V2, sec (32) = = -V2, cot (57) =1 


21. sina = 0, cosa 1, tana = 0, cse7r is undefined, 
sec 7 = —I, cot 7 is undefined 

23. sin ( 2) a cos ( 2) i, tan (-3) = -V3, 
ese (-3) = ep sec (-3) = 2, cot (-3) = + 


25. sin (-3) = =1; cos (— 2) = 0, 
tan (-2) is undefined, esc (-) =-l, 


sec (-2)i is undefined, cot (-£) = =0 


27, sin 360° = 0, cos 360° = 1, tan 360° = 0, csc 360° is 
undefined, sec 360° = 1, cot 360° is undefined 


29, sing = 
sec § = vi cot § = V3 


b cos § = ws, tang = VP esc = 2, 


31, sin dx - cos 4g -4, tan 4p V3, 
4 4 1 
csc n= = os sec 2, cot 7 ar ae 


33. sin (—225°) Vy 608 ( 225°) = TR 
tan (—225°) = —1, esc (—225°) = V2, 

sec (—225°) = —V/2, cot (-225°) = -1 

35. sin (-42) = -t, cos (-#32) = 3 

13 1 13 

tan (- ax ) mG csc ( ar ) -2, 

sec ( gn) am cot (— *) V3 

37, sin @ Tip? 008 0 Ti tan @ 4, 


csc 8 = vi, sec @ = —V 17, cot@ = -} 
The slope of ms line equals tan ” 


39, sin 8 ye cos 0 Nerd tan@ = 6, 

csc 9 = ~V, sec 0 = —V 37, cot 0 =} 

The slope of the line equals tan 0. 

4l.m=1 43.m=-V3 45,m = 2.14 
47.m=1.19 49, tang = 3, coté@ = 4, csc # = 5, 
sec 0 = 3 51. sin@ = — 8, cos @ é, tan 0 5 
cot 0 ‘ 53. sin 0 * csc 0 3. cot 0 2 
ce 55. cos 0 ¢, tand -}, esc 8 -%, 


sec @ = 


ani el ey 


= af 
cold = —3 


57. sin 0 = -} ae = 3, esc 0 = -3, 

sec 0 = -}, mi = 4 

59, sin (—77) = 0, él Tm) = —1, tan (-7m) = 0, 
esc (~77) is undefined, see (—7r) = —1, cot (~77) is 


undefined 
61, sin in = -—1, cos I = 0, tan2 7 is undefined, 
ese 2 = —l, sec Inj is rateiettied, cot 5" in = 


63, sin (-% i) = “ee cos (4) nde. 


tan (— ia) = I; ese (—3 in) = —V2, sec (32) = -V2, 
cot (2) = 65, sin =-t, cos t= 3 

tanZ a =i Ma = —2, sec In = vi 

cot = V3 67, sind = Js 52 COS 0 = Vp 

tan 0 = oe! = V2, wt V2, cot @ = 1 

69, sind = -2, cos 0 = * tan@ = -2 osc = -8, 
sec = B,cot@=-4 Th-1 73.2 78.7% 

71. sin % = 1, cos of = 0, tan on is undefined, 


ose 2 = 1, sec on is undefined, cot =0 


79, sin (—ar) = 0, cos (7) = —1, tan (—77) = 0, 


csc (—7) is undefined, sec (—7r) = —1, 

cot (—7r) is undefined 

81, sin 47 ae, cos 4 = —}, tan 4 = V3, 
ese 4 = = ~op sec Mt = -2, cot 47 = Vi 


83, (a) oisoee (b) 1.0016 85. (a) 1.4045 (b) 0.7120 
87, (a) —0.8637  (b) —1,1578 
89, (a) 0.2225 (bh) 4.4940 
91.0.900 93, 0.527 
95, Origin symmetry 

y 


97, Origin symmetry 
t. 


101, D = allreal numbers, R = {py|-1 sy = 1}, 
period = 2a 
- p= {ilr* £3, 23, BBeochs 

= all real numbers, period = 


Answers to Selected Exercises A-43 


108. D = {t\e~ +3, 43% £%%,...}, 
R= {y|l|y| = 1}, period = 2a 
107.(a) A» 


(b) Just after sunrise (¢ = 0), the shadow is very long. As 
the elevation of the sun increases, the shadow decreases 
in length until it is O when ¢ = 7/2. In the afternoon, the 
shadow i — in length in the opposite direction until 
sunset (¢ = 

109, About ab ft 111, About 17.95"; @ = SZ3sina 
113, About 41% 

115, As 6 increases, the values of y, and y2 become 
closer together. When 0 = 20°, the difference is only 
about 0.02, or 2%. 


117. [0, 20000, 5000] by [0, 4000, 1000] 


as 


(a) About (7612, 2197)  (b) About 15,223 ft 

119, tan(@) = d=» d = 4tan(@); 

sec()) = f{=>a = 4sec(0) 

121, d = 4tanw/ ord = 4 tan Fe; 

a = 4secot, or a = 4 sec5t 

6.4 EXTENDED AND DISCOVERY EXERCISE (p. 565) 
1, Using the small right triangle yields 


sin @ = me = = Opp. = Opposite side. 
Similarly, cos 8 = “hg = Ad. = Adjacent side, 


Then using the large right tr rovaie yields 
tan @ = sere = opp. = Opposite side. Similarly, 


Hyp. _ H 
secO = a = = tp. = Hypotenuse. 


CHECKING BASIC CONCEPTS FOR SECTIONS 6.3 
AND 6.4 (p. 565) 


‘ 6 6 
1, sin 0 = Gee, cos 0 ch tan 0 7s 
esc 8 = aN sec 0 ue cot @ q 


A-44 Answers to Selected Exercises 


3, Sine 


Cosine 


SECTION 6.5 (pp. 577-583) 
1. Period: 27; 
amplitude: 4 


y 


5, Period: 47; 
amplitude: 3 


3. Period: 22; 
amplitude: | 


7. Period: 2 
amplitude: 2 


11. Shorten the period of the sine graph to a and reflect 
across the x-axis. 


13. Reflect the sine graph across the x-axis and shift up 
one unit. 


15. Shift the cosine graph 7 units to the right and 
increase the amplitude to 2. 


17. Shorten the period of the sine graph to 7, increase 
the amplitude to 3, and shift the graph downward | unit. 


19, Shift the cosine graph 5 units to the left, increase the 
amplitude to 2, and reflect the graph across the x-axis, 


Answers to Selected Exercises A-45 


41. Shift the cosine graph + unit to the right, shorten the 65. Amplitude: }; 67. shraphitode, 2; 
period to 2, and decrease the amplitude to 5. period: 77; period: 7; 
: phase shift: — 


y phase shift: 0 


y 


23, Amplitude: 3; period: 5; phase shift: T; vertical shift: —4 
25, Amplitude: 4; period: 4; phase shift: 1; vertical shift: 6 69. Amplitude: 1; period: 77; phase shift: 5 
27, Amplitude: 20; period: 377; phase shift: — i; 
vertical shift: 2 

29.a=3,b=2 3lc 33b 35h 37.4 
39. Amplitude: 3; period: 477; phase shift: 0 
4i.c 43d 45a 47. = 3 sin i) 


49, y = 2sinQx) +1 Sly = 4 sin (g:) -1 


53, Amplitude: 2; 55, Amplitude: 1; | 

moose : ies oe. . 71, Amplitude = 2; 73. Amplitude = 5; 
ift: 0 i hift: period = 7; period = 4; 

phase shift phase shift y ae aie SE une e _ 


[—2a, 2a, 1/2] by [-4,4, 1] (-2m, 2a, 2/2] by [-4,4, 1) 


75, Amplitude = 2.5; 77. Amplitude = 2; 


period = 7; period = 1; i 
57, Amplitude: 1; 59, Amplitude: |; phase shift = — 7 phase shift = — 
period: 27; period: 2; (20, 2ar, 7/2] by [-4,4,1] [2a 2m, m/2] by [-4,4, 1] 


phase shift: 0 phase shift: 0 


79.b 81.d 83.c 85.a 
87, Period = 4; phase shift = 0 
Asymptotes: x = + ft a, a: Sn Bg e 


61, Amplitude: 1; 63, Amplitude: 1; 
period: 77; period: 27; 
phase shift: —a phase shift: 5 


A-46 Answers to Selected Exercises 


89, Period = 7; phase shift = t 
Asymptotes: x = 0, +a, +27 


y 


91, Period = 3; phase shift = 0 


Asymptotes: x = 0, + Sota, +30 ton 
. 


Asymptotes: y= +7, + 4m + as 


95, Period = 477; phase shift = 0 
Asymptotes: x = +47 


97, Period = 27; phase shift = 7 
Asymptotes: x = 0, tar, +2 


99. Period = 67; phase shift = 2 
Asymptotes; x = — 4n 


101. (a) s() = 2 cos (470) 

(b) s(1) = 2, The weight is moving neither upward 
nor downward, At ¢ = | the motion of the weight is 
changing from up to down, 

103. (a) s(0) = —3 cos (2.5ar/) 

(b) s(1) = 0, The weight is moving upward, 

105, 4 = 0,21,b = SS; Y; = 0,21 cos (55arX) 

[0, 0.05, 0.01] by [-0.3, 0.3, 0.1 ] 


in are die" 
YS 


107. a = 0,14,b = 1107; Y, = 0.14 cos (1107X) 
[0, 0.05, 0.01] by [-0.3, 0.3, 0.1] 


Maar & 
Can T ae ©, 


109, (a) P(x) = 40 sin (% x) + 50 (b) Noon 

(c) Midnight 

111. (a) 40°F, —40°F (b) Amplitude = 40, half the 
difference between the maximum and minimum monthly 
average temperatures; period = 12 means that the 
temperature pattern repeats every 12 months. (c) The 
months when the average temperature is 0°F 

113. (a) Amplitude = 34; period = 12; phase shift = 4,3 
(b) f(5) ~ 12.2°F; (12) ~ —26.4°R (c) About 0°F 
115, (a) [0, 25, 2] by [0, 80, 10) 


(H) f(x) = 14sin (2 (x - 4) + 50 
(€) [0, 25, 2] by [0, 80, 10] 


AS, 


117, (a) f(x) = 17 cos (E(x — 7)) + 75 

(b) Yes. The period of the graph is 12, so, for example, 
the phase shift could be ¢ = 7 + 12 = 19 or 
¢=7- 12=-85, 


119. (a) About 18.5 hr; June 21 (b) About 6 hr; 
December 21 (c) The amplitude represents half the dif- 
ference in daylight between the longest and shortest day; 
the period represents one year (answers may vary). 

121. (a) Max ~ 8in.; min ~ 0.5in. (b) Amp ~ 3.75. 
The amplitude represents half the difference between the 
maximum and minimum monthly average precipitations, 


(©) f(x) = 3.75 cos (Fx) + 4.25 
123, (a) f() = 2c0s (E(¢- 1) +4 
(b) f() = 6, f7) = 2 

125. (a) (0, 25, 2] by [60, 90, 5] 


(b) f(x) = 6.5 sin ( (x — 4) + 78.5 
127. [0, 12, 3] by [0, 50, 10] 


At 9:00 A.M. the outdoor temperature is 20°C. The temper- 
ature increases to a maximum of 35°C at 3:00 P.M. Then it 
begins to fall until it reaches 20°C again at 9:00 p.m. 

129. (a) [0, 1/100, 1/880] by [—1.5, 1.5, 0.5] 


(b) te =~ 0.00227 sec (c) 440 cycles per second 
131. y ~ 13.2 sin (0.524x — 2.18) + 49.7 
[0, 25, 2] by (30, 80, 10] 


133. y ~ 16.9 sin (0.522x — 2.09) + 75.4 
[0, 25, 2] by [50, 100, 10] 


SECTION 6.6 (pp. 595-598) 

1, one-to-one 3.7 5.0 7.5 9.—-F I. a 

13. (a) %, or 90° (b) Undefined (©) — 3, or —60° 

(a) —%, or —30° 

15. (a) on or 90° (b) a, or 180° (ce) a3 or 60° 

(a) , or 150° 17. (a) F, or 45° (b) —F, or 45° 

(c) 5, or 60° (a) bs or 30° 19. (a) Undefined 

(b) 1.47, or 84.3° (©) 1.82, or 104.5° 21.(a)B (bya 


Answers to Selected Exercises A-47 


(pf 23.1 25. aa 27. -—3 29.(a) 90° (b) 90° 

(©) 90°; sin! x + cos x = 90° whenever -1 = x = 1. 
31. Verbal: Determine the angle (or real number) 8 such 
that sin@ = 2xand-F <0 =F. 

Numerical: 


Graphical: 
[-1,1, 1] by [-2,2,1] 


33. Verbal: Determine the angle (or real number) 8 such 
that cos @ = xxand0 <0 <7. 
Numerical: Graphical: 

(-3, 3,1] by [-1,4,1] 


35. tan@ = i 
39. VI -w 4M aan 


= 1 
37. cos 8 = Viet 


45.0 = tan! ~ 163°, 6 = tan! Ux 73.7°, ¢ = 25 
41. @ = sin! §& ~ 36.9, B = cosy ~ 53.1°,b = 8 
49, B = 35°, b = woos ~ 3.5, = asp ~ Gl 
51.90 53. 45° 55. 90° 57. No solutions 59, 82.8” 
61, 80.5° 63, 68.9° 65. No solutions 67. —0.197 
69.1.102 71. -0.282 73. 1.369, 1.772 75.7 

71. -% 79,37 81.1.231 830.197 85. 0.588 


87. tan”! 32 ~ 30,5° 89.(a) 4.6" (b) 21° (©) -2.9° 
91. tan! 4 ~ 21.8° 93. (a) tan 5 ~ 14.0° 

(b) tan ~ 18.4° © tant & ~ 26.6 (a) 45° 
95.0 ~ 41.9° 97. (a) 14.9hr (b)13.8hr (©) 14.6 hr 
99.0, ~ 35,8°, 0, ~ 54,2° 

101. Let a and B represent the angles of elevation 

from the shrub to the shorter and taller buildings, 
respectively. The distance from the shrub to the shorter 
building is 100 arctan 79q/. Similarly, 


B = arctan 130 Because the angles a, 0, and B form 


astraight angle, 6 = 7 — a — B. Thatis, 


arctan 10} 


x; thus a 


15 
6 = m — arctan jog —y 


6.6 EXTENDED AND DISCOVERY EXERCISE (p. 598) 


1, The maximum value of 0 is 38.7° when x ~ 6.24. 
0, 50, 10] by [0, 50, 10] 


A-48 Answers to Selected Exercises 


CHECKING BASIC CONCEPTS FOR SECTIONS 6.5 
AND 6.6 (p. 599) 
2a 


1, Amplitude = 3; period = =" = 7; phase shift = ¢ 


3, (a) sin“!0 = 0° (b) cos™!(—1) = 180° 

() tan™(-1) = -45° @) sin“! 4 = 30° 

(e) tan”! V3 = 60° (f) cos! } = 60° 

5. (a) sin! 0.55 ~ 0.582 (b) cos”! (—0.35) = 1.93 
(c) tan”! (—2,9) = -1,24 

CHAPTER 6 REVIEW EXERCISES (pp. 602-604) 

1, (a) (b) 


60° 


— Sn 
6 


3. (a) 60° (b) 5° (©) 150") -315° 
5,2rft 7.5 Ke 1. V2 


: 8 9. 8 
13, sin é Vas? ©O8 0 Via? tan @ = 9, 
ese 0 “ 2, sec 0 vis, cot @ 2 

15, csc 0 = 3 


17, sin 25° ~ 0.423, cos 25° ~ 0,906, tan 25° ~ 0.466, 
csc 25° = 2,366, sec 25° = 1,103, cot 25° ~ 2.145 


3 ey 
19, sind Vr OS 0 
esc 9 = ~M3, sec @ = V5, cot @ = -} 


1 cs 
Ve tan 0 2, 


21, sin 0 A, cos 0 -5, tan 0 -V3, 

esc 0 = a sec 0 = —2, coté i 

23,-1 25,0 

27. tan 0 -4 csc 0 i, sec 0 = 3, cot 6 = -} 
29, Amplitude = 3; 31. Amplitude = 3; 
period = 7; period = 47; 


phase shift = 0 phase shift = a 


3 
; phase shift = 0 


33.a = 2,b 
35, Period = 


e 
2 


37. (a) —, or —90° (hb) F, or 60° (c) F, or 45° 
39, (a) —0.64, or —36.9°  (b) 1.37, or 78.7° 
(0) 1.45, or 83.1° 


41, @ = tan} ~ 59.0°, B = tan! 3 = 31.0%, 


c= V34 43,30° 45, 78.5° 47, —0,6435 

49. (a) 35 radian/sec (b) 7 ~ 3.14 ft/sec 51. 89 ft 
53, (a) sin”! ani = 3,3° (b) sin”! i = 2,0° 

55, 161 mi 


57, (a) [0, 25, 2] by (0, 70, 10] (c) [0, 25, 2] by [0, 70, 10] 


(b) (x) = 26 cos (% (x — 7) + 32 


CHAPTERS 1-6 CUMULATIVE REVIEW EXERCISES 
(pp. 604-607) 
1, 1.25 x 105; 0.00467 


3. (a) (b) 


(a) J 


5. (a) D = {x|x 4 2,x # -2} 
) S(-) = BRA) = IE 
7.90 Xy=-Fx-$ 


t1.(a) —$,12 (by In 14 = 2.64 (9 0,1,2 @5 
(e) -1,2 (f) 65,535 

13.0) (2) @(-3,3] @ (-*-3]UL3 ») 
@ [1,4] @CLOUG, ») 

15, 2 + V6 

. 2 


17, (a) Increasing: (-2, 0), (2, 2); decreasing: 
(—%, -2), (0,2) (b) -2.8, 0, 2.8 (approximate) 


(©) (-2, -4), (0, 0), (2, —4) (@) Local minimum: —4; 
local maximum: 0 


19,@) 3-143 Wx-3t+y4q 

24. («Zu (2.x); vertical: x = i; horizontal: y = 3 
23.(a) 5 (b) Undefined (c)2 (@)0 

25.(a)8 (b)0 © - g)(x) = x? + 2x 

@) (feg(x) =x x74 InC= ha=2 
29.(a)2 (b)4 (-2 M2 31. 4395 33. 
35.7 ~ 0.19 ft 3Teanage ~ 156 

39, sind = — Jp 0080 = — yp tan 8 =1, 

csc 0 = -~V2, sec 0 = -V2, cot 0 =1 
41, sind = =}, 00s 0 = 4, tan 0 = ale, 


csc = 1, seo 0 = 13 cot 0 = -% 


43, (a) y (b) J 


45. a ~ 33.49; B ~ 56.6 b = 16.7 47.24 Ib 

49. (a) fx) = 3x + 32 

(b) f -l converts degrees Celsius to degrees Fahrenheit. 
51.(a) NW) = 200,000¢!35" 

(b) N(5) = 392,807; after 5 hours, there are about 
393,000 bacteria per mL. (c) About 6.8 hours 

53, f(x) ~ 14.5sin (E(w - 4)) + 75:5 


Answers to Selected Exercises A-49 


CHAPTER 7: Trigonometric Identities 
and Equations 
SECTION 7.1 (pp- 618-620) 
1.cot@=2 3.sec0= 3 5. cos0 = -} 
7, Undefined 9. sins 11. cos?0 13. sin@ + cosd 


cos? 
15, tanéd = -}3, cscO = 3, secO = mS cot@ = -4 
17, cos = -+, tand = a cscO = -%, secO = -% 
19, tand = a coté = ue cscO = -%, secO = - 
Pe ieee oe eres ae ce ise 
21, sind = VP cosé 7m tan@ 1, coté 1 


23.1 25.1 27.1 29. cos?@ 31. tan? 
33, -tan@ 35.sec@ 37. tan2@ 39.cosx 41.1 
43. secx — cscx 45. Yes 47,No 49. Quadrant IV 


51. Quadrant IT 53. Quadrant IT 
2 


55, sin@ = —-y> tand = — 3, escO = — V7 secO = 2, 
1 
cotd = —V~;, 
it cg = © cota = —,csco = —$ 
57, sin@ = — 6 Cos8 = Gp cotd = Tp cscO =-Tp 
= ob 
secd = 6 


59. cos0 = a tan@ = F,cotd = a cscO = % 


secO = A 
61, cosd = —Y8, tand = Ug, coto = V8, cs00 = —3, 


secO = — 
v8 
63, sind = —35, cos0 = 47, tand = — Hf, csc = -% 
coté = -2 
65. sind = 3,cos0 = — “7°, 9 =~, se00 = -e 
=~? = Ap tand = ~ Vag S00" ~ Va0r 
cotd = ae 
A ay, = Zin 
67. sinx = V1 — cos*x; tanx = ae 
[eee tanx a. 2 
69, sin x ETE: = Seex V poets 
11, cotx = —Vese?x — 1; cosx = — erat 


73. cosd = V1 — x’, 0.8586 

Py eee = Se 
75. — == a 0.8899 % tand = rae 
79, —sin13° 81. —tanf; 83. secs 
85. (a) is a maximum when 6 = 0. 
[-90, 90, 45] by (-1,2,1] 


(by 1 =k - sin’ 0) 
87. (a) The sum of Land C equals 3. 
[0, 10°, 10-7] by [=1, 4, 1] 


XXX 
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(b) Let Y; = L(0, Y; = C(), and Y; = E(?). 
E(d) = 3 for all inputs 


MEM =LO+ CM 

= 3 cos*(6,000,000/) + 3 sin (6,000,0007) 

= 3(cos*(6,000,000/) + sin? (6,000,0007)) 

= 3(1) =3 
89. (a) The graph has y-axis symmetry. The monthly 
high temperatures x months before and x months after 
July are equal, 


[-6, 6, 1] by [0, 100, 10] (b) f is even, 


(©) f(—x) = f(x) 

91. (a) P = 16k cos?(27/) 

(b) Let Y; = 32(cos (27X))2, Y, has a maximum 
value of 32 when ¢ = 0, 0.5, 1, 1.5, 2.0, and Y, hasa 


minimum value of 0 when 1 = 0.25, 0.75, 1.25, 1.75. The 


spring is either stretched or compressed the most when 
Y, is maximum, 
[0, 2, 0.5] by [=1, 40, 8] 


WV 


(©) P = 16k(1 ~ sin?(2mr1)) 


SECTION 7.2 (pp. 626-627) 

I.(a) | — x? (b) cos?6 

3.(a) x? — x (b) sec? — seco 5, (a)y (b) sing 
7. (a) (vx + Di + 1) (b) (cos@ + 1)(coso + 1) 
9. (a) x(x = 2) (b) sees (secs — 2) 

IL. (a) x(1 + x?) (b) tand sec26 

13.(a) 23 (b) 2ese29 


mf 
15.(a)" (by secvescs 17, (a) y? + x? (by 1 
19.(a)x (b)cosé 21, sing 23, sind — seco 
28,2 tan’ + sec? 27, cos29 
29, (1 — tano)(1 + tand) 31, (secs — 3)(seos + 2) 
33. sec? (tan26 + 2) 
35. csc?O — cot? = 1 + cot?a — cot29 = 1 
37. (1 = sind)? = 1 — 2 sing + sin2/ (FOIL) 


39, sine + cost sint He oes = 1+ cots 


sin? ~~ sing 

41. sec?9 — 1 = (1 + tan9) — | 
= tan’@ 

tan?¢ _ sec?s — 1 
43, sect ~~ “sect 
= 1 
= secl — seq7 
= secf — cos/ 


45. cotx + | = OSX 4 sinx 


‘ siny " sinx 
= Snax (cosx + sinx) 
= cscx(cosx + sin x) 
47, —Set_ _ __ sect, cost 
“1 + sect 1 + sec? * cos? 
~ cost #1 
49. (sect — 1)(sees + 1) = sec2y — | 
= tan?/ 
1 = sin? @ _ costa _ 
51. cosd cosa — COSO 
53, Sec _ tant _ sec?s ~ tan?y 
* tan? ~ sec? sec? tan? 
— (+ tan’) — tan?y 
== sec/tan/ 
¥ 1 
~~ sec? tan? 
= cos/cotl 
cor __ esc®y ~ | 
55. or +1" scr +1 
— (eset + 1) (eset ~ 1) 
a cse¢ + I 
= eset — | 
57,—0Ol!__ _cotr_ tans 
“cotr + 1 cole + |] tans 
= __cot/tans 
sabia + tant 
= T+ tans P Las ; 
1 1 — (+ sin) + (1 - sing 
59. T= sine +] +sint sin)(1 + sind) 
~ 1 = sin? 
= ~2_ 
cos?¢ 
= 2 sec?y 


eset + cot = oscl + cotr. cscr + cotr 
61 = . 
*csct — cot? eset — coll ° eset + coll 


— (eset + cots)? 
~ esc?7 = cot?y 
(csc + cots)? 
esc? — (csc? — 1) 
= (cscs + cot /)? , 
cos*t cos*t 1 + sins 
63, T= sine T- siné* 1+ sing 
— cos?e(l + sing) 
T= sin2y 
— cos’e(1 + sing) 
> cos?¢ 
1 4 ne 


= 1 . L= sing 
65. I + sind 1 + sind’ 1 — sing 
= 1 sino 
1 — sin?9 
= 1=— sino 
cos? 
V1 — sin?@ = Vcos29 
|coso| 
cos, where @ is acute 
1+ 2siny + sin?x _ (1 + sinx)? 
cos?.y 1 — sin? 
— (+ sina + sin.x) 
(1 = sin + sin.x) 
aL # Sing 
1 — sinx 
71. (1 — cos?x)(1_ + cos?x) = sin2x (1 + (1 = sin?) 
= sin? x (2 — sin?) 
= 2sin?x — sinty 
+ = cosé 
73. cot sin@ = sing’ Sin@ 
= cosé 


a) 


75, (1 — cos?@)(1 + tan?) = sin?@ sec?0 


— sin?@ 


cos? 9 


= tan’d 
77, cos t(tant — sect) = cose (sit = aa) 
= ate a 1 
tan(-@ ~tand 
79. sin (- 0) sind 


= aso 

= secd 
81. (a) W(O = SCI — sin? (12077); W = 0 
(b) Whenever there is a peak or valley on the graph of V, 
the graph of W intersects the x-axis, which corresponds 
to a zero of W, 
(0, 1/15, 1/60] by [—30, 30, 10] 


CHECKING BASIC CONCEPTS FOR 
SECTIONS 7.1 AND 7.2 (p. 627) 

1, Quadrant III 3, (a) cos”@ — (b) tan?¢ 

5, (a) (1 — sin2@)(1 + cot?@) = cos? csc?@ 


— cos’d _ 2 
a sue a eo Q 
if so"t — | 

(b) wer = a) 

- eset I 

eset cscf 

= cse/ — sinf 
SECTION 7.3 (pp. 639-642) 


1,60° 3,85° 565° 7.2 9% 14 

13. (a) 90°; % (bd) 270°; 3 

15, (a) No solutions (b) No solutions 

17, (a) 60°, 240°; %, 4% (bh) 120°, 300°; ‘ * 

19, (a) 60°, 300°; %, 5% (hb) 120°, 240 2%, ## 

21. (a) No solutions (b) No solutions 

23, (a) § + 2an, Sn + 2an (b) + 2a, Ut + 2an 
25, (a) F + an Os 3m + arn 

27, (a) F + 2an, Se bs Qan ) on + 2a, 
29,752 31, %,°% 33.(a) 3 (b) 30°, 150° 
35. (a) 0,1 (b) 0°, 90°, 180° 

37,(a) -1,1 (by 538, 82, 

39, (a) -2,1 (0 41. 32%, 48, 5 
455,58 aE F 49.88 Ze 

51, No solutions 53, No solutions 55, 0, 5 m 7, an 
57,5, 58 89, 0 61. Tt an 63. % + 2an, °F + 2an 
65, % + an, + oan, y + 2an 

67,22 + Qan, AE + 2arn, 7 + 2nn 69. + Bt 

1. No watatioes 73.0n 75.5 +n 77.3! 

79, 2an, 5 + Qan Bl, ig + 2ny, Se + ty 

83. Sn + Tn, + Fn 85.35 + Fn 


+ 2an 


43. No solutions 


Answers to Selected Exercises A-51 


87.5 mm +5 am Me + a 89, an + er +n 
o1. = + an, 93.75 +o, 
95, 0.456 + 2 Tn, 1.638 + Ey 
97, 0.170 + ai 1.401 + an 99, 1,085, 5.198 
101, 0.737, 2.404 103. 0.659, 2.483, 3.801, 5.624 
105.0, 4.49 107.0.39, 1.96 109, 3.60 
111, 30°, 210°; 30° + 180°+n 113.1 
115, 3 ~ -0.866 117.-1 119.0 
121. J = 0,707 123.(a)0,7 = (b) [0, 7] 
125.(0) 3.5% @) (3)U(F, ¥) 
127,(a)$ (b) (0,7) 129, (a) 7 ot (b) [3° oT 
131, 60° % 360° + n, 300° + 360" sn 133, ‘About 9.1° 
135, 2.6, 10.7; near February 17 and October 22 
137, 2.6, 10.7; near February 17 and October 22 
139, (a) f(x) = 122.3sin (0.524x — 1.7) + 367 (answers 
may vary) (b) 2.98 s x = 9.51 (approximately), At 50°N 
latitude, the maximum number of monthly hours of sun- 
shine is greater than or equal to 350 hours roughly from 
March through September, 141, 0.26 
143, (a) [0, 0.01, 0.005 } by 0, 0.01, 0.005] by 
[-0.005, 0.005, 0,001]  [=0.005, 0.005, 0.001 ] 


[0, 0.01, 0.005} by [-0,005, 0.005, 0,001 ] 


(b) Maximum: P ~ 0,004 (c) No; the maximum of P; 
is 0.003, and the maximum of P is 0,002. 


SECTION 7.4 (pp. 650-652) 
Mavi 2- Vi 5,¥EzV2 7,¥izv 


9, ¥6+ v2 ‘+ V2 44, (a) The graphs of y = sin (i + 2) 
and y = cos¢ are the same, 
(b) sin (¢ + os = sin cos + cost sin 

= sin (0) x cos (1) 

= cos/ 

13, (a) The graphs of y = cos (¢ + a) and y = —cosé 
are the same, 

(b) cos (¢ + 7) = cos/cosm — sin/ sina 

= cost (—1) — sin¢ (0) 


= —cost 
15, (a) The graphs of y = sec (1 = 2) and y = esc? are 
the same. F 
(b) seo(¢ - z) ae 
cos (1 = 3) 


7 cost cosy + sin¢ sin 


© eosi(0) + sine) 


~ sing 
= eset 
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17, sin (z - ‘) = sinFcost — cosFsin/ 
= (1) cos — (0) sins 
= cos/ 


I 
19, sec (% — 4) = ————— 
sec (F i) ; an (= Z ‘ 


cos cost + sin¥ sins 
1 


= Wecosr + (sins 
1 


sint 
= csc/ 


U@és Og © Ol 

3.0) -i Wig ©-38 @IV 
25.(a)-2 ()-% OF OM 
27.(a) -33 wy -48 OB @m 
29, cos (0 — |) = cost cos% + sins sin 
= coss (¥2) + sins (%2) 

= V2 (cos + sins) 


tan/ + tan? 
4 
31. tan(¢ + 4) = ————— 
( ’) 1 = tanétanF 
tang + 1 


1 = tans(1) 
1+ tant 
I= tane 


cos(y — y) _ cosxcosy + sinysiny 
cos(y + y)  cosxcosy — sinx siny 
cOs.V cosy’ sin siny 
cosreosy + cosxcosp 


cosx cosy _ sinw siny 

cosy cosy ~ cosy cosy 

1 + tanytany 

T= tanxtany 

cos(a — B) _ cos@cosB + sina sing 
cosa sing cosa sinp 

cose cosB | sina sinB 

cosa sinB ' cosasinB 


sing 
sinp + cosa 


= cotB + tana 
= tana + cotB 
37, sin2s = sin(t + A 
= sin/cos/ + cos/sin¢é 
= 2 sin cost 
39, sin(a + B) + sin(@ — B) 
= sina cosB + cosa sinB + sina cosB 
— cosa sinB 
= sina cosB + sina cosB 
= 2sina cosp 


_ 9) = tang = tano 
41, tan(@ — 0) = T + tanz tand 


= 0 = land 
1 + (0)tano 

= -tand 

43. tan(x — y) — tan(y — x) 
tanw — tany tany — tany 


1+ tanxtany ~~ 1 + tanytany 
tany — tany — tany + tany 
1 + tanytany 
_ 2(tanx — tany) 
~ T+ tanxtany 


sin(v + y) _ sinx cosy + cosx siny 

4S. cosx cos v COSN COSY 
_ sinx cosy | cosx siny 

= cosxcosy + cosx cos 

— sinx sin y 

= cosx T cosy 

= tanx + tany 
41.745 
49, tand = tan(B — a) 

_ tanB — tana 

~ 1+ tana tang 

_ im — mM 

~ T+ myn 


51.0 = tan" ~ 32.5° 


53. (a) F ~ 409 1b (b) About 0.81, or 46,2° 
55. (a) [0, 0.02, 0.001 ] by [-6, 6, 1] 


(b) a = 5,k ~ 0.9272 
(c) 5 sin (2201 + 0.9272) 
= 5(sin (22077) cos (0.9272) 
+ cos (22077) sin (0.9272)) 
=~ 5(0.6 sin(220a/) + 0.8 cos (2207r/)) 
= 3 sin(220m/) + 4 cos (22071) 


7.4 EXTENDED AND DISCOVERY EXERCISES (p. 652) 
1, (a) [0.15, 1.15, 0.05] by [-0.01, 0.01, 0.001 ] 


There are 3 beats in | second. 
(b) (0.15, 1.15, 0.05] by [—0.01, 0.01, 0.001 ] 


There are 4 beats in | second. 

(c) When the frequencies are F, and F), the rate of beats 
per second is given by | F) — F; |. 

3. [0.2, 1.2, 0.05] by [—-0.01, 0.01, 0.001 ] 


There are 3 beats in | second. 


CHECKING BASIC CONCEPTS FOR SECTIONS 7.3 
AND 7.4 (p. 652) 
1. (a) 45° (b) 
3. (a) fe + a0 
(b) on + 2an; an + 2an; 2an 
5. sin(¢ — 7) = sin cosa — cost sina 
= sin/(—1) — cos¢(0) 
= —sin/ 


SECTION 7.5 (pp. 664-668) 
1 1 = cos 20t 3. 1 — cos 10¢ 
7 2 1 + cos jor 
5. 2sin 10x cos 10x 7, -=208 10x 


sin 10x 
9.(a) 1 (b) oi not equal 


11,(a) 1 (b) - is not equal 
13,(a)2 (b) Undefined: not equal 


15, Graphical: Graphs of y = tan2@ and y = 2 tané are 


not the same. 
Symbolic: tan20 = — 5 % 2tand, 


unless tand = 0. 


17, sin26 = a cos 20 = + tan20 = a 


19, sin20 = 336 cos 20 = 327, tan20 = #8 
21, sin2o = — 139 cos29 = 4 tan20 = — 3375 
23, sin 20 2, cos 20 37 tan20 = ue 
25.0 27.322 29, 29% 31. 33.38 
35. sin20 37. 3 sin 20 39, cos40 41.1 

43, cot?sx 45,24,%2 47,2+¥3 


SRA 
49, (a) 2+“ 

(b) \/ 2 or - TET 3-2 
51.@) \/2=%4, or V5, or V2 ~ 1 


(b) — v2 ~S V2 53, sin 30° 58, cos 25° 57. tan 20° 
re or 0 3 a1 
59, me Vin 0°82 = Vier tany = 3 


ll a 5. | 
61. sing = — 5g 082 = ae tanz = —5 
63. sing = 4 cos$ = 3 tang = 4 

65, 4 sin2x = 4(2 sinx cos 9 


= 8sinxcosx 
Sa 
67, 2 seox — a 
sec" x sec’ x 
= 2cos*x — | 
= cos2x 
69, sec2x = ssax 


as 1 

~ 1 = 2sin?x 

1. sin30 = sin(20 + 0) 

= sin 20 cos@ + cos20 sin@ 

= (2 sin6 cos@) cosO + (1 — 2 sin?6) sind 
= 2sin0 cos?6 + sind — 2sin°0 

= 2sin6(1 — sin2@) + sind — 2 sin*0 
= 2sin@ — 2sin?@ + sind — 2sin°0 
= 3sin0 — 4sin°0 

73. sin4@ = 2 sin20 cos 20 

= 2(2 sin cos@) cos 20 


= 4sin0 cos@ cos 20 
sin20 _ 2sin8 cosé 
* sind sind 


= =i retry 


Answers to Selected Exercises A-53 


79. cost@ — sin*@ = (cos?@ — sin?0)(cos?@ + sin?6) 


= (cos 26)(1) 
= cos20 i 
81. csc2t = Sa, 
= 1 
~~ 2sint cost 
— eset 
~~ 2cost . 
sin > 
83. tan} = 2 
cos 5 
x 


= engi 
2 Cos 9 COS 3 
sinx 
- 2X 
2 cos*5 


sin 
~ T+ cosx 


85. (a) 3(cin 70° — sin30°) (b) p(cordx + cos.x) 

87. (a) 5 ‘(sin 100 + sin46) (b) 5 (cos4x — cos 12x) 

89, (a) 3 sin 35° cos5° (b) 2. cos 40° cos 5° 

91. (a) 2cos50cos@ (b) 2 sin cos3* 

93,0", 180° 95, 90°, 210", 270°, 330° 97. m 99. Sn 
101. No solutions iat 1p + TN, Ty ue + 7H 

105, an, 2% + 2nn, “f+ Qn 107. % + 4a, + 4a 
109, § + 2a, & + 2nn, a + 2nn 

111. t + an, a + an, or equivalently, § + 7 
113, = bn + 4in, in + 4an 

115, § + an, ye 5 + an, or equivalently, § + 3 
117. % + nj 2% + an, 3Z + an 119, 0.333, 4.379 
121.) 0,2) [0,$] Ula] 

123. (a) 0,7 (b) (0, 7) U(a, 277) 

125.(a)% (b) (3,7 

127. (a) 0,5, 7,3. (b) No solutions 

129. (a) [0, 0.04, 0.01] by [-500, 2500, 500] 


NVM 


(b) a = —1085, k = 240, d = 1085 
131. ay + oe aan + a sec 

133. (a) d = 600(1 — cos") ~ 140.4 ft 
(b) Hint: First show that r = d +r cos8, See Student’s 
Solutions Manual. 

(c) No, since cos # 5cosB in general 

135. Let f(/) model the tone for the number 3 and g(4) 
model the tone for number 4. 

(a) f(0) = cos (139471) + cos(2954:r1) 

g(t) = cos(15407t) + cos (241870) 

(b) (0 = 2 cos (2174z#) cos (78071) 

g(t) = 2 cos(1979z1) cos (4391) 


A-54 Answers to Selected Exercises 


CHECKING BASIC CONCEPTS FOR SECTION 7.5 (p. 668) 


CHAPTER 7 REVIEW EXERCISES (pp. 671-672) 
1. Quadrant IT 
3. tand -} csc 0 3 sec0 -}, coté 3 


§. sind = — x cscO = — 6 sec@ oa coté 7 


7. sin 13° 9, sec*® 11.1 13,1 15, coso 
17, sind ~ 0.7776, cos ~ 0.6288, csc@ ~ 1.2860, 
secO ~ 1,5904, cot@ ~ 0.8086 

19, sind ~ 0,8908, tand = —1.9604, csc@ ~ 1.1226, 
secO ~ —2,2007, cot@ ~ —0.5101 
21. (sind + 1)(sind + 1) 23. (tan@ + 3)(tan@ — 3) 
25, (sec? — 1)(secd + 1) = sec? — 1 

= (1 + tan?) - 1 

= tan?0 
27, (1 + tané? = 1 + 2tané + tan?¢ 

= sec?s + 2 tant 
29. sin(x — a) = sinx cos — cosx sina 

= sinx(—1) — cosx(0) 

= —-siny 
31, sin8x = sin(2 + 4x) 

= 2sin4x cos4x 

es Hh 

33, — ee HI 

= Qeostx — 1 

35. cosy sin’ x = cos* x sin? x sin. 

= costx(1 — cos? x) sinx 

= (cost x — cos® x) sinx 

37. sec'@ — tan’@ = (sec? — tan20)(sec?@ + tan?6) 
= (1)(1 + tan? + tan?6) 

= 1+ 2 tan’ 

39,.60° 41.2% 43, % 3z 

45, (a) 60°, 240° (b) 150°, 330° 

5 5 

47, a 7 49, 5 51. tf, - 

53, § + an, —& + mn; 30° + 180° +n, —30° + 180° +n 
55, % + m;90° + 180°+n 57, 258 

59, —4.43, 1.13, 4.53 
61, (a) sin(a + B) = a (b) cos(a + B) = 16 

(c) tan(a + B) = “8 (a) Quadrant I 
63. sin 20 -# cos 20 -%, tan 20 # 

65, sin$ = V3, cos$ = 3, tan$ = V3 

67, ue 69, x = 4.7, 8.7, about April 21 and August 22 
71, (a) [0, 0.06, 0.01] by [—0.012, 0.012, 0.002] 


(b) a = 0.01, k ~ 0.6435 


(c) 0.01 sin(100a7 + 0.6435) 

= 0.01(sin (10077) cos (0.6435) 

+ cos (1007) sin (0,6435)) 

= 0.01(0.8 sin(1007/) + 0.6 cos (10077) 

= 0,008 sin (10077) + 0,006 cos (100771) 
73. W(t) = 7 — 7 sin? (24072); when Vis maximum or 
minimum, W = 0, 
75.0 ~ 30.11°, or 0.53 radian 


SECTION 8.1 (pp. 683-687) 
1.8 = 60°,a ~ 5.5,b = 4,9 
35°,a ~ IS.1le = 7.4 

80°,a = 6.5,b = 88 
115°,b = 20.8,¢ = 14.8 
79.1°,b = 3.6,¢ ~ 4,9 
11. B = 104°,a = 31.3,¢ = 52.1 
13.No 15,No 17. Yes 19, Yes 
21. B, ~ 571°, y, = 76,9, ce) = 8.1 

Bo ~ 122.9%, y2 = ILM, = 1.6 
23. There are no solutions. 
25, By ~ 67°13', y; ~ 62°35’, c, ~ 11.6 

By ~ 112°48', yo = 17°0', cy ~ 3.8 
27. y = 93°,a ~ 7.8,¢ = 14.6 
29, By ~ 261°, y, + 133.99, ¢, = 14.7 

B, ~ 153,9°, yo = 6.19, cp = 2.2 
31. y = 90°,a = 60°,a = 10V3 = 173 
33.a ~ 52,99, B ~ 25.1°b = 22.4 
35. B = 10°,a = 92.2,¢ = 101.9 
37, There are no solutions. 39, There are no solutions, 
41. a, ~ 60°56’, y; ~ 72°19',¢, ~ 6.5 

a, ~ 119°4' yy. = 141 ey = 17 
43. y = 99°45',a = 84.6,b ~ 40,9 45, 3629 ft 
47. The calculated distance to the moon changes to about 
343,000 km, a decrease of about 76,000 km, A small 
error in measuring the lunar angle could result in large 
errors in calculating the distance to the moon, 
49.d ~ 7.2mi 51, 4R; 40°; roughly northeast 
53, 240°; roughly southwest 55, About 28.8 ft 
57. About 118.0m 59, About 3.86 mi 61, About 0.49 mi 
63. AB ~ 105.4 ft 65. (a) 3.57 mi (b) 48° 67, 630 ft 


3. B 
5.7 
7.8 
Xa 


8.1 EXTENDED AND DISCOVERY EXERCISES 
(pp. 687-688) 


1, (a) 6.02 in. (b) About 7470 ft 


SECTION 8.2 (pp. 695-698) 


1.(a) SAS (b) Law of cosines 

3. (a) SSA (b) Law of sines 

5.(a) ASA (b) Law of sines 

7.(a) ASA (b) Law of sines 

9.7 11,55.8° 13,4 ~ 5.4,B ~ 40.7°, y ~ 78.3° 
15, @ ~ 22.3°, B = 108,2°, y ~ 49.5° 

17.a@ ~ 33.6°,B = 50.7°, y = 95,7° 

19.¢ ~ 28.8,a ~ 116.59, B ~ 28,5° 

21.a@ ~ 101,0°,B ~ 44.0°, y ~ 34.9° 


Angles do not sum to 180° because of rounding. 

23. a ~ 9.0, B ~ 150.99, y ~ 18.6° 

25. a ~ 23.1°,B ~ 107.2°,y ~ 49.7° 

27. b ~ 30.7,a ~ 33.5°,y ~ 24.5° 

29.a ~ 45.1°, B ~ 63.5°,y = 71.5° 

Angles do not sum to 180° because of rounding. 

31. No, sinceea +b <e 

33. No, since 89° + 112° > 180° 

35. Yes, since we are given ASA and a + y < 180° 
37.86.8 39.5.3 41,50.9 43.18.3 45.2.1 47, 18.3 
49,66 51.160.4 53,169 ft 55, About 29.8 mi 
57.4.4 ft; 7.7 ft 59. A to B: 76°; B to C; 309° 

61. (a) a ~ 75.1°,B ~ 65.6°, y ~ 39.4°; Angles do not 
sum to 180° because of rounding. (b) 6299 ft? 

63.0 ~ 40.5° 65,302 mi 67. About 1452 ft 

69. About 745 mi 71. 147.8 f? 

73. (a) 9V3 ~ 15.6 in? (b) The results are equal. 

75. 149,429 ft? 77, 21,309 ft? 


8.2 EXTENDED AND DISCOVERY EXERCISES 

(pp. 698-699) 

1. About 2000 km 

3. (a) The lengths of a, b, and c are clearly whole numbers. 


A= V5(s — as — bs — 0) 

= V18(18 — 9)(18 — 12)(18 — 15) = V/2916 = 54 
The area of 54 is a whole number. Therefore, this is a 
Heron triangle. 
(b) The lengths of a, b, and c are clearly whole numbers. 
A = Vs(s — a(s — b\(s — 0) 

= V16(16 — 4)(16 — 13)(16 — 15) = V576 = 24 
The area of 24 is a whole number. Therefore, this is a 
Heron triangle. 
(c) The lengths of a, b, and ¢ are clearly whole numbers. 
A= V3(s — a(s — bs — ©) 

= V21(21 — 13)(21 — 14)(21 - 15) = V7056 = 84 
The area of 84 is a whole number. Therefore, this is a 
Heron triangle. 
(d) The lengths of a, b, and c are clearly whole numbers. 
A= Vs(s — alls — bs - ©) 

V18(18 — 10)(18 — 10)(18 — 16) = V/2034 = 48 


The area of 48 is a whole number. Therefore, this is a 
Heron triangle. 


CHECKING BASIC CONCEPTS FOR SECTIONS 8.1 
AND 8.2 (p. 699) 

1. (a) b ~ 7.1, a ~ 63.0, y ~ 66.0° 

(b) a ~ 110.7°, B ~ 37.0°, y ~ 32.3° 

3, B = 74°, b © 16.6,¢ ~ 15.3 


SECTION 8.3 (pp. 711-716) 

L.(a)a ~ 3, ~4 (ll =5 

3. (a) a, ~ —5,a, ~ -12 (b) lll = 13 

5.(a) | vaomimy (b)¥ = (0,-20) (© 2v = (0,-40); 
this represents a 40-mi/hr north wind. —$v = (0, 10); 
this represents a 10-mi/hr south wind. 


Answers to Selected Exercises A-55 


7. (@) \yonino 

byv = (5-5), or ($2, -3 V2) 

(b)¥ Vr V2 » Or (> 2 > 

(©) 2v = ie ah or (5V2, —5\V2); this represents 


a 10-mi/hr northwest wind. -ty = (-3V2, 3/2); 
this represents a 2.5-mi/hr southeast wind. 
9. mt (b) y = (0, 30) 

v (30 Ib) 


(©) 2v = (0, 60); this represents a 60-Ib force upward. 

-} v = (0, —15); this represents a 15-Ib force downward. 
11. (a) Horizontal = 1, vertical = 1 

(b) |lvll = V2; vis not a unit vector. 

(©) |lv|| represents the length of v. 


13. (a) Horizontal = 3, vertical = —4 
(b) |lvl| = 5; v is not a unit vector. 
(©) |lvl] represents the length of vy. 


15, (a) Horizontal = 1, vertical = 0 
(b) |lvl] = 1; v is a unit vector. 
(c) |lvll represents the length of v. 

- 


17. (a) Horizontal = 5, vertical = 12 
(b) [lvl] = 13; v is not a unit vector. 
(c) |lvl| represents the length of v. 


A-56 Answers to Selected Exercises 


19..3;0° 21. V2; 135° 23, 2; 330° 25, 13; 247.4° 
27, 85; 278.8° 29, 29; 133.6° 31,—-4,0 33,-1,1 


35. 13.5, 18.6 37. 22.8, -25.3 39 (33,3) 


41, (-292, -2¥2) 43, (3.06, 2.57) 45. (4.10, -2.87) 
47, (a) By 


+3; 
| C42) 


(©) |IPO'l| = V20 
51. (a) x 


(b) PO’ = (5,-6) (@) ||PQ'| = Vor 
53,94.21b 55.24.41b 57, F = —Si + 12), |IFl| = 
59, F = (9, -22), |IRl| = V/565 

61, F = -i — 5), IF] = V26 

63, (a)(3,2) (b)(—3, 2) 

65, (a) 3i—j (b)i + 3j 

67.(a)(0,-}) (by (-2V2,3) 


e9,cay 214+ M2 t2) yy + aay 


j 
71. (a)(—4, 16) (b)(-12,0) (@(8, -8) 
73. (a)(8,0) (b)(0, 16) ()(-4, -8) 

75. (a)(0, 12) (b)(-16,-4) (e)(8, -4) 
71.(a)2 (b)4i (©) Ti + 35 

79. (a) V5 (b)(-2,4) @) (7, 4) 

81. (a) —21i + 10) (b) 17i — 105 

83. (a) (—13, 24) (b) (11, -23) 

85. (a) (43, -2) (b)(—41, -1) 

87. (a) 1 (b) 81.9°  (c) Neither 

89. (a)0 (b) 90° (c) Perpendicular 

91.(a) 122 (b) 0° (c) Parallel, same direction 


93. (a) —4 (b) 143.1° (ec) Neither 
95.150 ft-lb 97, 100,000 ft-Ib 


99, Work = 590 ft-lb, ||F|] = V500 ~ 22.4 Ib 
101. Work = 27 ft-lb, ||F|| = V34 ~ 5.8 Ib 


103.24 105.4 
107. v = (2,3), speed = V13 ~ 3.6 mi/hr 
109. v ~ (—364.6, —35.4), groundspeed ~ 366.3 mi/hr, 
bearing ~ 264.5° 
111. Ground speed ~ 431.3 mi/hr, bearing ~ 159,1° 
113, Airspeed ~ 149.3 mi/hr, groundspeed ~ 154.6 mi/hr 
115. (a) |IR|| = V5 ~ 2.2, Al] = V1.25 ~ 1.1. About 
2.2 inches of rain fell. The area of the opening of the 
rain gauge is about 1.1 square inches. 
(b) V = 1.5; the volume of rain collected in the gauge 
was 1.5 cubic inches. (c) R and A must be parallel and 
point in opposite directions, 

(b) V7 ~ 4.1 ft 


117. (a)e =a +b = (1,4) 
(c) 3a + 4b = (8,7) 

119, 67.71b 121. 70.7 1b oneach cable 123, 398 Ib 
125. W = 297,228 ft-lb 

127. Speed ~ 180 mi/hr, bearing ~ 128.2° 

8.3 EXTENDED AND DISCOVERY EXERCISES 

(pp. 716-717) 

1, Blue 3.(a) Blue (b) White 5. (a) About 56 miles 
per second (b) About 87 miles per second 


SECTION 8.4 (pp. 725-727) 


LO ppp] ® 
| 
y o}/2i;4]6 


(c) Line segment 


3. (a) manne TET) 3 
x 3 [4s 
y [i [ofa 


(c) Lower portion of a parabola 
5.(a)[ 0 


1f2qs] @ 
x 3 | Ww] ]o 
y SER ERE 


(c) Portion of a circle with radius 3 


(©) Portion of a circle with radius 3 
9y=4tx-1; 1. x = 3(y — 1) 
line parabola 


13,.x= VI -¥»; 


15. y = 4x; portion of a 
semicircle with radius | 


parabola 


17.y =x? + 4x + 5; 
portion of a parabola 


19, x? + y? = 9; 
circle with radius 3 


Saf Sh a1 


Wx? + y? = 4 
circle with radius 2 


23,.x? + y? = 9; 
circle with radius 3 


Answers to Selected Exercises A-57 


33.[0, 6, 1] by [-2, 2, 1] 


37.[-4.7, 4.7, 1] by 
(3.1, 3.1, 1] 


35. [—2, 20,2] by [-1,3, 1] 


39. [=1.5, 1.5, 0.5] by 
[-1,1,0.5] 


41.[-4.7, 4.7, 1] by [-3.1, 3.1, 1] 


Box=ty=4-2 Hxr=4y=4-07 
4.x=0+1-3,y=t 49x =2cost,y = 2sint 
Slix=t,y=e 53.5 77-Wwt+ly=t 
55.(a) The curve tracesa — (b) The curve traces a circle 
circle of radius 3 once. of radius 3 twice. 

[-4.7, 4.7, 1] by [-3.1,3.1,1]  [-4.7,4.7,1] by [-3.1, 3.1, 1] 


57. (a) The curve traces a circle of radius 3 once counter- 
clockwise, starting at (3, 0). 
[-4.7, 4.7, 1] by [-3.1, 3.1, 1] 


A-58 Answers to Selected Exercises 


(b) bisa curve traces a circle of radius 3 once clockwise, 13. (0,10) 15. (5,0) 17. {= 3 = 3v3) 19. (0, —2) 
starting at (0, 3). ° e 2 
[-4.7, 4.7, 1] by (-3.1, 3.1, 1] 21. (a) (3, 90°) (b) (3, -90°) 

hs LADY Sead 23. (a) (2, 240°) (b) (—2, 60°) 


25. (a) (V/18, 315°) (b) (—V18, 135°) 
27. (25, 1.29) 29. (13, 1.97) 
31. 90° 


59, (a) Circle of radius | (b) Circle of radius 1 
centered at (—1, 2) centered at (1, 2) 
(-4.7, 4.7, 1] by [-3.1,3.1,1]  [-4.7,4.7,1] by [-3.1, 3.1, 1] 


63. D 
(0, 6, 1] by [0, 4, 1] [0, 6, 1] by [0, 4, 1] 


65.x, = 0,9, = 26.2 =64.=005751 
67, x; = sin t, yy = cos; xy = 0, = 1 — 2; 
05/57 69, Answers may vary. 

71. The ball hit at 35° travels about 128 feet. The ball hit 
at 50° travels about 134 feet. 

73. Yes 75, About 285 feet 

77, Distance: 57.0 ft; max height: 20.5 ft 

79.[-6, 6, 1] by [-4,4, 1] 81.[—6, 6, 1] by [-4, 4, 1] 


8.4 EXTENDED AND DISCOVERY EXERCISES (p. 727) 
1. F) = 100 3. % = 300 

CHECKING BASIC CONCEPTS FOR SECTIONS 8.3 
AND 8.4 (p. 727) 

Lav = (4,4) (lvl =4V2 © (0,0) 

3.(a) —9  (b) 142.1° 


SECTION 8.5 (pp. 736-738) 


3: = 


270° 


270° 


5.Yes 7.No 9.¥es 11. (35,3), or (342, 32) 


59.7 = 300 O.0=F 6.r=3 


65.1 =2cos0 61° + y= 


1.2 +4y=3 73.4? + 


75, 7 


(-9.4,9.4,1] by [-6.2,6.2,1]  [ 


x 


9 Orv =2 


.4, 9.4, 1] by [—6.2, 6.2, 1] 


Answers to Selected Exercises A-59 


79. 81, 
(-9.4,9.4,1] by [-6.2,6.2,1]  [-9.4, 9.4, 1] by [-6.2, 6.2, 1] 


a 
AN 


85, Use radian mode with 87. Let ry = V2 sin (26) 


9: 
Osos %. and ry. = —V2 sin (26). 
[-9.4, 9.4, 1] by [-6.2, 6.2, 1] [-3,3, 1] by [-2,2,1] 


89, 30°, 150° 91, 210°, 330° 93, 30°, 150° 
95,[-30, 30, 5] by [-20, 20,5] 97.[-3, 3,1] by [-2, 2, 1] 


99, The radio signal can be received inside the “figure eight.” 
This region is generally in an east-west direction from the 
two towers, with a maximum distance of 200 miles, 

{-300, 300, 100] by [-200, 200, 100] 


8,5 EXTENDED AND DISCOVERY EXERCISES (p. 738) 
1 py = xtan (In (x? + y?)) 


t= 2 
tan (In 7?) 


tan 6 = tan (In 7?) 


¢=Inr 
6=2Inr 
Baa 
7 aime 
MRS ig 


SECTION 8.6 (pp. 747-749) 


1. Imaginary axis 3, Tmaginary axis 


pil —_ 


4-60 Answers to Selected Exercises 


5,V2 7.13 9.6 1. VIB (c) |ly|| represents the length of y. 
13, V2. (cos 135° + isin 135°) 

15. 5(cos 0° + isin 0°) 17. 4(cos 90° + isin 90°) 

19, 2(cos 120° + isin 120°) 21. 2(cos 30° + sin 30°) 
23, 2(cosm@ + isin) 25, V8 (cos 3 + isin a) 


27.-5 20.V2+iV2 31V34+i 333 


27 ae 3V3 
35, 22) = SF + iZ= Ta +h 


37, 2422 = -6,2 = 61 


Bans ea 14M; ater 43.1 


45, ~35 + 25V3; 47,2 + 27 49, 163 + 167 
SI, Lea av 53, -1,4 + 44,4 - MB; 
55,92 + M2), 32 — M8) 97,2, + 13,1 - 13 


eek hea eee 
61, +3, +37 63. Yes 65, No (b) PO’ = -21 - 4) © IIPO'll = V20 


67. (a) Z = 110 + 327 (b) V13,124 ~ 114.6 ohms 19. (a) 2a = (6,-4) (b) a — 3b = (0, -5) 
(atb=1 (6 ~ 78.7° 

8.6 EXTENDED AND DISCOVERY EXERCISES (p. 749) 21. (a) 2a = 4i + 4j (bya - 3b=-i-j 

1, (a) (2 cos 30°, 2 sin 30°) (b)(2, 30°) @a+b=4 @O=0° 

(c) 2(cos 30° + isin 30°) 23, About 207.1 Ib 

3, (a) (5 cos 323.19, 5 sin 323.1°) (b) (5, 323.19) 25.(-4.7, 4.7, 1] by [-3.1, 3.1, 1] 27.[-4.7, 4.7, 1] by[-3.1, 3.1, 1] 


(c) 5(cos 323.1° + isin 323.19) 
5. (a) Yes (b) No (c) Yes 


CHECKING BASIC CONCEPTS FOR SECTIONS 8.5 


AND 8.6 (1. 749) 

1, 3. Imaginary Axis 

180° 

5, 4 1,-4 4 Li, “if Imaginary axis 


CHAPTER 8 REVIEW EXERCISES (pp. 752-754) 

ly = 70°,a = 10.1,b ~ 6.9 

3.a ~ 5,5,B ~ 591°, y ~ 78.9° 

5.y = 115,a = 5.9,¢ ~ 16.4 

7. B ~ 14.4°,a = 145.6,a ~ 18.2 

= 13.2, 8B ~ 93.6.0 ~ 514° 

11, 53,0 13, 891.4 4 . 

15, (a) Horizontal = 3, vertical = 4 (b) |lvl| = 5 37. 32) = -8, 3% = -1 + 1V3 
39. V3 + i, -V3—7 41. About 701.6 mi 
43. 7204 ft 45, 15,600 ft? 
47.(a) 60i + 10j (b) 60.8cm (ce) 80i + 40j 
49, About 78.1 ft 


CHAPTERS 1-8 CUMULATIVE REVIEW EXERCISES 
(pp. 754-756) 


1.V65 3. {x|x<4}33 5.8 + 4h 
7, x-intercept: (—3, 0); y-intercept: (0, —4) 


9.@@)-4,44 4,4 ©-1,0,1 @ +4, +V3 
@24 ~ 1.08 8 @E Wet Fn 
() = 3 + Qan,a + 2arn, 5 + 2arn 

11.(a) (3%) @) [-12] ©, -)UG, *) 
(@) (-2,0U@,~) (01) ([-%§ 

13. (a) 3x? — 6x + 1 + 3% ya? - x + 
15. D = {x|x 4 3}; vertical asymptote: x = z 
horizontal asymptote: y = —1 

17. f-! (x) =*44 19. C = 5000; a = 274 
21.(a)-3 (b)-3 EE} @3 23.5% 

25, sin @ = Fy, cos 0 = 


1 
7 tan@ ‘ esc @ = 3 


sec @ = 2 cot @ = 2 
27, sin 0 = 
sec 0 = -3. cota = > 

29, c = 13,0 ~ 22.6, B ~ 67.4° 31. (cot @ — 1) 
33. (a) B = 96°,a ~ 7.8,¢ ~ 12.0 

(b) B ~ 25.4°,y ~ 123.6°,¢ ~ 9.7 

(c) a ~ 47.0°,y ~ 77.0°,b = 6.8 

(d) a ~ 46.6, B ~ 57.9, y =~ 75.5° 

35. (a) 25 (b)(—31,96) (c) —323  (d) About 173.6° 
7, 90° 


7. 25 
3g cscO = —F, 


x, cos @ = #4 tan 0 


39, 15 by 19 inches 

41. 12 by 6 by 4 inches or 7.4 by 3.7 by 10.5 inches 
43.2.5 feet 45. 56.2° 

47. (a) About 247 feet (b) About 18,988 ft? 


Answers to Selected Exercises A-61 


CHAPTER 9: Systems of Equations 
and Inequalities 


SECTION 9.1 (pp. 773-778) 

1, 20; the area of a triangle with base 5 and height 8 is 20. 
3.13 5.-18 7.4 9 f(x,y) = y + 2x 

11. fx, y) = ay 13,x=% Phy =e 
I5.x=y+5y=tVx—5 Ix = Wy =F 
19. (2, 1); linear 21, (4, —3); nonlinear 23, (2, 2) 
25. ( -2) 27, Consistent with solution (2, 2) 


29. Inconsistent; no solutions 
31. (0, 1); consistent, 
independent 

#4 


33. (0, —2); consistent, 
independent 


No solutions; inconsistent (2, —1); consistent, 
independent 


* 
(—2, 2); consistent, 


| {(, y)|2x — »y = —4}; 
independent 


consistent, dependent 
43.(-1,2) 45. (-2,1) 47. (5,2) 49. (6, 8) 


51. {(x, »)|3x — 2y = 5} 53. No solutions 

55. (4,3) 57. (—2,4), (0,0) 59. (2, 4), (4, 2) 

61. (2, 4), (—2, —4) 63. No real solutions 

65. {(x, y)|2x? — y = 5} 67. (-2, 0), (2, 0) 

69. (—2, —2), (0, 0), (2, 2) 

1.x — y = 2,2x + 2y = 38, where x is width and y is 
height; 10.5 in. wide, 8.5 in. high 

73.x + y = 75,4x + Ty = 456, where x is the number 
of child tickets and y is the number of adult tickets; 23 
child tickets, 52 adult tickets 75./= 7,w = 5 

77. (14, 6); consistent, independent 

79. (1, 3); consistent, independent 


A-62 Answers to Selected Exercises 


81. {(x, »)|x + y = 500}; consistent, dependent 
83, No solutions; inconsistent 

85, (-4, 12); consistent, independent 87. (2, —4) 
89. {(x, »)|7x — 3y = -17} 91. No solutions 
93, (10, 20) 95. (2,1) 97. (—5, —4) 

99. (3, 3), (—3, 3) 

101. (4, 3), (—4, 3), (3, 4), (-3, 4) 

103. (2,0), (2,0) 105. (-V8, -V8), (V8, V8) 
107. (6, 2), (—2, -6) 109.(1,-1) 111. (1, 2) 


i, \ 


113, (—1.588, 0.239), (0.164, 1.487), (1.924, -0.351) Mf 

115. (1.220, 0.429) 117. (0.714, —0.169) : MN 

119. (a) $5 (b) 22,500 (c) (5, 22,500) (d) The tL : 
quantity demanded would be higher than quantity Ce Scr ses 
supplied, resulting in a shortage of the product. : 

121, (a) $12,000 (b) $10 (c) (1200, 24000); The a \ 
company breaks even when it sells 1200 items and the a \ 
costs and revenues at this point are both $24,000. 1% by 


123, (a) C(x) = 2.50x + 1000; R(x) = 7.5x 

(b) 200 items (c) P(x) = 5x — 1000; It represents the 
break-even point, 

125, (a) x + y = 695,x — y = 105 (b) (400, 295) 

(c) Consistent; independent 

127. W, = ca ~ 109.8 Ib, W, = —300Y3_ = 134.5 1b 


1+ V3 6+ V2 
129, r ~ 1,538in.,h ~ 6.724 in. 
131, 12 by 12 by 4 in. or 9,10 by 9.10 by 6.96 in. 17, c; (2, 3) (answers may vary) 


133, (a) x + y = 1739,x — y = —95 (b) & © (917, 822) 19. d; (—1, —1) (answers may vary) 
135. (a) x + y = 3000, 0.08. + 0.10y = 264 a. 23. 


(b) $1800 at 8%; $1200 at 10% 137. There are no ay. 

solutions. If loans totaling $3000 are at 10%, then the Ny 

interest must be $300, oN 

139, Airplane: 520 mi/hr; wind speed: 40 mi/hr pi Bet pag ay 
141. (a) / = 13 ft,w = 7ft (b) A = 20w — w? to BO .4 6 8 0 
(c) 100 ft?; a square pen will provide the largest area. “Ny 

143, (a) First model: about 245 Ib; second model: about 16 opm NN 

253 lb (b) Models agree when h ~ 65.96 in. (2, 5) (answers may vary) (0, 0) (answers may vary) 
(c) First model: 7.46 lb; second model: 7.93 Ib 25. (0, 2) 27, (0, 0) 

145, About 1.77 m2 147, S(60, 157.48) ~ 1.6 m2 (answers may vary) (answers may vary) 
149,0.51 151.32.4 153, Approximately 10,823 watts » ” 


155, Approximately 2.54 cords 
157, S(av, h) = 0.0101 42549725 


SECTION 9.2 (pp. 786-790) 


’ 29. (-1, 1) 31. (2, 1) 
“10 -8 ~6 5 (answers may vary) (answers may vary) 


